FHRERTPELE CLET TS AR

FEEEREEERT I ERARA OT 20387
G
o= 4R GF )

O I I

*F % 5.t NSC 99-2410-H-009-025-

o HOF 1 99&087 01p3x 100077 31p
HoFHE o REREEMB AR AT

C- N PG |

FESEAR D RAFE A - JEm AR F 4
AiAriEmy 4 -z | o RlRR
FALFIE g 4 -J Eet@ A B oL R4

\ W

o= & R O 100# 107 31 p



L 4 3

2 18

A7 7E{H Francois and Morellec (2004) £ Broadie and Kaya
(2007)HYRHSE » (S oA - SHE B FEHH s —En
FEEMZAE T 2N EME By T {(EEEA A M - R R

% BRI B E SR B E) » JREISE I — (i
MRS ERE(CEV)BIE T » FEWEREFIVERGHEER o A
FEE I MTEREL - EEEVIAREE - 502 CEV EfERY5E
MEAREGH NES - A EEEEE -



“fff =

2

F 3

. H =
FrRRRARFE 4L R ALY el
FRREARIEELE € LYK %[” @A 472

e

FHEGEM R RERT Y EAARE DT AR ET R
AR

STUE EUEEE BN SR
34 %5 0 NSC 99-2410-H-009-025-
MR 2000 # 08 % 01 p 2 2011 # 072 31 p

FHEASA D FEE
LAgEA
PESEAR CFEEFIRE B

SR FA(REF PUFER TS I EEE O gxd

AN ERAEL ST REI 2

Dé\;ﬂ"]" »hl ‘\‘/{;ﬁﬂi " lgiﬂ;'—‘ _

(AL A e R L Y ,43*,JZ~ SN2

(IR R EEE R FHREZFL2H> -7
(R% & iTm s dRMAbE 22 - &

AU AR BRI RE R AR LR T R

I 'r;ujriﬂ ARG T

(2 &l 2w rEp gt (- 2] 247 2B 44



1. Introduction

The structural credit risk modeling or defaultable claim modeling is pioneered by the
seminal paper by Black and Scholes (1973) in which corporate liabilities can be viewed as a
covered call — own the asset but short a call option. Later on, Merton (1974) rigorously
elaborates the pricing of corporate debt. This Black-Scholes-Merton approach of modeling
default claims is named structural approach since the model explicitly ties default risk to the firm
value process and its capital structure. In the capital structure models, the most notable
developments are the works by Leland (1994) and Leland and Toft (1996). These two studies
extend the endogenous default approach by Black and Cox (1976) to include the tax shield of
debt and bankruptcy costs, and explicitly analyze the static tradeoff theory of capital structure.
Various important issues including the endogenous default boundary, leverage ratio, debt value,
debt capacity, yield spread, and even potential agency costs are discussed in detail. Leland (1994)
and Leland and Toft (1996) provide closed-form expressions of corporate securities as well as
comparative statics. Their methodology and stationary debt structures are widely adopted in the
literature. In addition, these two models have been served as benchmark models in the optimal

capital structure literature.

According to the Leland (1994) and Leland and Toft (1996) models, bankruptcy is triggered
when shareholders find that running the company is no longer profitable, even when the cash
flows produced by the assets may still capable of servicing the debt. Therefore, bankruptcy is
determined endogenously rather than by a certain level of net asset or cash flow constraint While
the Leland (1994) and the Leland and Toft (1996) models provide some insights of the capital
structure issues, their predicted optimal leverage and yield spreads seem not to be consistent with
historical average. Consequently, the more recent studies introduce additional realistic features in
order to meliorate the model-predicted leverage and yield spreads. A line of research has been
advanced by Fan and Sundaresan (2000) who introduce a bargaining game between shareholders
and debtholder to determine the optimal bankruptcy boundary. Later on, Francois and Morellec

(2004) further incorporate the Chapter 11 bankruptcy proceedings into the capital structure and
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bankruptcy decisions.

.The U.S. bankruptcy code, which includes a liquidation process (Chapter 7) and
reorganization process (Chapter 11), is used to deal with the issues of a firm facing financial
distress. Contractual agreements and bankruptcy laws may cause different outcome when the firm
fails to make debt payments and declares bankruptcy. For example, bankruptcy may lead to
liquidation under Chapter 7, reorganization under Chapter 11, or the debt renegotiation between
debt holders and equity holders. Due to the reorganization period granted by the bankruptcy code
of Chapter 11, one can therefore regard the corporate equity as a consecutive down-and-out
Parisian option, which permits a period of time the underlying asset can stay below the
bankruptcy boundary before liquidation.

On the other hand, in order to introduce realism into the possible movement of the firm
value, Hilberink and Rogers (2002) and Chen and Kou (2009) add jumps into the asset value
process, which implies that the asset value of the firm can suddenly drop drastically and causes a
default. Hence, default is not a predictable event any more, and the credit spread increases in the
short-term. However, stochastic volatility feature, another important and commonly adopted
assumption in option pricing, is still rare in structural modeling literature. It is also reasonable to
conjecture that the volatility of firm value process is not a constant through time. The firms value
volatility could be higher while the firm value is low (The well-known leverage effect in option
pricing).

However, in order to obtain closed-form solutions of corporate securities, researchers need to
impose some unrealistic assumptions to avoid time and path dependence, for example, the
stationary debt structure, as assumed by Leland (1994) and the Leland and Toft (1996). These
models usually price infinite maturity bonds or continuously rollover bonds although these bonds
are rarely used in practice, especially when firms are in financial distress. By contrast, for finite
maturity bonds, it is difficult to obtain analytical solutions in models of bankruptcy proceedings
that include grace periods since it introduces path dependency. To overcome the difficulties,

Broadie and Kaya (2007) are the first to introduce binomial lattice approach, widely adopted in



option pricing literature, into structural credit risk modeling. Therefore, in this study, we extend
the work by Broadie and Kaya (2007) to develop a capital structure model with the feature of

Chapter 11 bankruptcy proceedings under the CEV process.

The CEV model proposed by Cox (1975) and Cox and Ross (1976) is complex enough to
allow for changing volatility and simple enough to provide a closed form solution for options
with only two parameters. The CEV process has the advantage that the volatility of the
underlying asset is linked to the level of underlying asset, which is consistent with the empirical
observation that the underlying asset volatility tend to change as the underlying asset moves up
and down. Although the CEV model is not as general and flexible as the stochastic volatility
models, its simplicity may still be worth exploring since those generalized models are expensive
to implement, especially when one applies to a capital structural model with a more realistic and
complex setting of bankruptcy proceedings. When applied to structural models, especially in the
case of Chapter 11 modeling with path-dependency, high-dimensional lattice models are very
expensive. One distinguish feature of the CEV model as opposed to other stochastic volatility
models is that it requires only a two-dimensional lattice (Nelson and Ramaswamy (1990) and
Boyle and Tian (1999)) as the models under geometric Brownian motion assumption. Its
parsimonious setting accommodates the well-known leverage effect, the inverse relationship
between the level of the underlying primitive variable and its variance of return.

This study contributes to existing literature in applying the CEV process to structural credit
risk modeling, which has not yet been explored in literature. We extend the binomial lattice
method by Broadie and Kaya (2007) to develop a capital structure model, which incorporates
finite maturity as well as the feature of Chapter 11 bankruptcy proceedings. Our numerical results
also show that the value of risky debt can be substantially affected by these features we
considered — When the reorganization period is longer or the elasticity constant Zis smaller, the
value of corporate risky debt will be lower. Moreover, as has been mentioned, this model
equipped with changing volatility feature can be implemented without too much extra

computational effort and can be used in practical applications.



The remainder of this paper is organized as follows. Section 2 reviews literature. Section 3
describes our model and how to incorporate the CEV process, Chapter 11, and finite maturity
features by using the binomial lattice method. Section 4 presents the numerical results in detail

and illustrates the model implications. Section 5 summarizes and concludes our paper.

2. Literature Review

2.1 Modeling Bankruptcy Proceedings in Capital Structure Models

We summarize related literature in two of the most relevant fields, namely, modeling
bankruptcy proceedings in capital structure models, and the CEV process and option

pricing.

(I) Modeling bargaining between holders and equity holders — The Fan and

Sundaresan Model (2000)

Fan and Sundaresan (2000) propose a game-theoretic setting which incorporates equity’s
ability to force concessions and varying bargaining powers to the debt holders and equity holders.
Two cases are discussed in their study when the firm’s asset value falls below a certain boundary:
Debt-equity swap and strategic debt service. In the case of debt-equity swap, the debtholders
exchange their claims for equity. In strategic debt service, borrowers stop making the contractual
coupon and start servicing debt strategically until the firm’s asst goes back above the boundary

again.

Some key assumptions under their framework include: (1) During the default period, the tax
benefits are lost. (2) Asset sales for dividend payments are prohibited. (3) The firm can be

liquidated only at a cost. The proportional cost isa(0<«a <1)and the fixed cost isK(K >0).

Note that debt holders have strict absolute priority upon liquidation.
(4) The asset value of the firm follows the lognormal diffusion process
dV = (u - q)Vdt + oVdB, (1)

where g is the instantaneous expected rate of return on the firm gross of all payout, andqis the
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firm’s cash payout ratio.

We present only the results of strategic debt service which will be further explored in our
study. If the equity and debt holders can reach an agreement of temporary coupon reduction when

the firm is under financial distress, the firm will not lose its potential future tax benefits. At the

trigger point for the strategic service\75 , both parties will bargain the total value of the firmv(V).

The driving force behind strategic behavior is the presence of proportional and fixed costs of
liquidation. The bargaining power of equity holder clearly depends on the liquidation

costaVg + K . Fan and Sundaresan (2000) endogenize both the reorganization boundary and the

optimal sharing rule between equity and debt holders upon default.

The total value of the firm is

v+ 2eC_ 7 i*ﬂ TcC {\\//J : when V >V
r r
v(V) = 2
V+ —A TC[ ] when V <V

2
where 1, =0.5- r_zﬂi\/{o,s_ r—ﬂ} L2r

For anyV 3\7S , Fan and Sundaresan set the optimal sharing rule between shareholders and

debtholders as
E(V)=6v(V)andD(V)=(1-6(V). ()
The Nash solution to the bargaining game can be characterized as

0" =arg max{5v0/) - 0}’7 {(1— O (V) —max[(l- )V — K’O]}l_n

(1—a)V—K’77} @

= min{n—n W)

where 77 denotes bargaining power of shareholders.

At equilibrium, Fan and Sundaresan (2000) show that debt holders accept less than the
5



contractual coupon and still permit shareholders to run the company. This results in deviations
from APR, in which the shareholders will get a bigger share and the debtholders will get a less
proportion of the firm. But both parties will be better off. Therefore, the concession of

debtholders is well explained under the Fan and Sundaresan’s framework. They then solve the

trigger point for strategic debt service (K=0 case) and the strategic service amount paid to debt

holdersS(V) = (1-na)qV .

The Fan and Sundaresan model shows that debt renegotiation encourages early default and
increases credit spreads on corporate debt, given that shareholders can renegotiate in distress to
avoid inefficient and costly liquidation. It might be the interest of debt holders to forgive part of
the debt service payments if it can avoid the wasteful liquidations, which can be shared by the
two claimants. If shareholders have no bargaining power, no strategic debt service takes place and
the model converges to the Leland model. Furthermore, by introducing the possibility of
renegotiating the debt contract, the default can occur at positive equity value. This is in contrast
to the Leland’s (1994) model in that the default occurs when the equity value reaches zero as a

consequence of that issuing new equity is costless and the APR is respected.

(II) Modeling Chapter 11 Bankruptcy Proceedings — Francois and Morellec (2004)

Francois and Morellec (2004) extend the Fan and Sundaresan (2000) model to incorporate
the possibility of Chapter 11 filings. Under their setup, shareholders hold a Parisian down-and-out
option on the firm’s asset, i.e., shareholders have a residual claim on the cash flows generated by
the firm unless the value of these assets reaches the default threshold and remains below that
threshold for the exclusive period. It is generally acknowledged that there are two types of
defaulting firms: First, firms that are economically sound, but default only due to temporary
financial distress, and recover under Chapter 11. Second, firms that are economically unsound,
keep on losing value under Chapter 11, and eventually liquidated under Chapter 7. The modeling
philosophy comes from the empirical studies which show that most firms emerge from Chapter

11. Only a few are eventually liquidated under Chapter 7 after filing Chapter 11.



Following the Nash bargaining game of Fan and Sundaresan’s approach®, Francois and
Morellec presume the firm renegotiates its debt obligations whenever the asset value falls below a
constant thresholdVg. However, a major difference from Fan and Sundaresan’s model is that
Francois and Morellec assume that a proportional costs ¢ are borne by the company during the
renegotiation process. The costs of financial distress incurred by the firm filing Chapter 11 are
ignored in the prior research. Even though the costs implied by private workouts generally are
low, Chapter 11 filings are associated with large costs of financial distress that may affect
shareholder’s default decision. Note that Leland (1994) only allows liquidation while Fan and

Sundaresan (2000) only permit private workouts.

Francois and Morellec solve the endogenous default barrier by maximizing equity value, and
provide closed-form solutions for corporate debt and equity values. They find that the possibility
to renegotiate the debt contract has ambiguous impact on leverage choices and increases credit
spreads on corporate debt. The sharing rule of cash flows during bankruptcy has a large impact on
optimal leverage, while credit spread on corporate debt shows little sensitivity to the varying

bargaining power.

(I1II) Binomial Lattice Method for Modeling Chapter 11 Proceedings — Broadie and Kava

(2007)

Broadie and Kaya (2007) develop a binomial lattice method that can be used handle more
real but complex structural models such as the finite maturity case of Leland (1994) or the models
of Brodie, Chernov, and Sundaresan (2007). Broadie and Kaya (2007) assume that the firm’s

asset valueV,of is independent of the capital structural choices and its evolution under the

risk-neutral measure Q as follows:

(t/t = (r —qg)dt + odW, 5)

t

! Note that the specification for the bargaining game within Francois and Morellec’s framework is slightly different
from that of Fan and Sundaresan (2000). Francois and Morellec focus on Chapter 11 filings— court-supervised debt
renegotiation in contrast to the private workouts by Fan and Sundaresan. Therefore, the automatic stay of assets
prevents shareholders from liquidating the firm’s assets. Nevertheless, renegotiation plan requires each participant to
receive a payoff that exceeds the liquidating value of its claims. As a result, bondholders’ payoff has to
exceed (1-a)Vg and this results in the difference of the specification for the bargaining game.

7



whereW, is a standard Brownian motion under Q, r is the constant risk-free rate, q is the payout

ratio (or cash flow) of the firm, o is the volatility of asset returns.

The instantaneous cash generated by the firm is denoted as 6, and 6, = qV, . They assume that

the firm issues a bond that promises to pay coupons at a continuous constant rate C , until a

default event occurs. The coupon is paid from the cash flow &, generated by the firm at time t.
Equity holders receive the remainder 5, — C in the form of dividends. In the case that cash flows
are not enough to make coupon payments, i.e.,C > J,, (o, —C)is the negative cash flow for
equity holders. Broadie and Kaya (2007) show in their Proposition 1 that this is equivalent to
dilution of equity by the firm. More importantly, this treatment does not violate the limited
liability requirement.

They next apply the standard binomial branching process and compute the claim of equity
holders after debt issuance, E. The claim of the debt holders, D, and the total firm value, F, at

each node are given as follows:
E=e"(pE, +(1-PEq) (6
D=e™(pD, +(@-p)Dg) (D
F=e™(pR +1-PFy) @

The present value of equity ignoring the current coupon payment and the cash flow is

denoted as E . If the difference between the coupon payment and the current cash flow is denoted

byC =C -5, Broadie and Kaya (2007) show that

0 if
E={~ _ .
{E>C if

This result indicates that one needs not go through tedious calculations of equity dilution at

€)

each step even if the firm’s cash flow is not enough to cover the coupon payment.
2.2 Parisian Options

Under the setup of Francois and Morellec (2004), shareholders hold a Parisian down-and-out
option on the firm’s asset in the presence of Chapter 11 filings. Parisian option is a variant of

barrier option. A barrier option is activated or deactivated as a threshold has been reached while
8



the activation of a Parisian option depends on the time spend above or below the barrier. For
example, a down-and-out option is void when the underlying spends more than a specified time
strictly below the barrier.

Parisian option can be valued by various methods. Chesney et al. (1997) use Laplace
inversion to compute Parisian option value. Avellaneda and Wu (1999) obtain a lattice scheme for
calculating the price and sensitivities of such options. Costabile (2002) provides a discrete time
algorithm to evaluate European Parisian options. Bernard et al. (2005) develop a new inverse
Laplace transform method that is quick and appropriate to the pricing problem. Costabile (2002)
provides a discrete time algorithm to evaluate European Parisian options with flat or exponential
barriers. His approach is based on a combinatorial tool for counting the number of paths that
remains below a barrier for a period strictly smaller than a pre-specified time interval.

In this paper, we use a variant of the lattice-based method, called the forward shooting grid
(FSG), which has been successfully applied to price path-dependent options. The FSG approach
was developed by Hull and White (1993) and Ritchken, Sankarasubramanian and Vijh (1993) for
the pricing of American- and European-style Asian and lookback options. The FSG approach uses
auxiliary state vector at each node on the lattice. The state vector can be used to capture the
path-dependent feature of the option contract, like grace period of the asset price. This feature is
closely related to the Chapter 11 bankruptcy code in the context of capital structure modeling.

2.3 The CEV Process and Option Pricing

An important issue in option pricing is to find a stock return distribution that allows
returns to stock and its volatility to be correlated with each other. There is considerable empirical
evidence that the returns to stocks are heteroscedastic and the volatility of stock returns changes
with stock price. A great deal of empirical evidence indicates that stock volatility is negatively
related to stock price, and it is so-called leverage effect first discussed by Black (1976). To
accommodate this leverage effect, the Constant Elasticity of Variance (CEV) model by Cox (1975)
and Cox and Ross (1976) relaxes the constant volatility assumptions of the Black-Scholes model

and treats volatility as a deterministic function — as a power function of the price of the



underlying asset. The rationale for an inverse relationship between the stock price and its
variance of return can be explained by some simple economic arguments. Researchers use both
financial and operating leverage arguments. A decline in a leveraged firm’s stock price may lead
to an increase in its debt-equity ratio, hence the riskiness of the stock increases. Even if a firm has
no debt, the decline of the stock price can make it more difficult for the firm to meet its fixed

costs and thus has effect to increase volatility.
The CEV model assumes the diffusion process for the stock is
dS = xSdt + 557'%dz, (10)

and the instantaneous variance of the percentage price change or return, o, follows deterministic

relationship:
o’(S,t) =5°S¥2 (1)
where the elasticity of this variance with respect to the stock price equals £ .

If # =2, prices are lognormally distributed and the variance of returns is constant, which is
the same as the well-known Black-Scholes model. If g <2, the stock price is inversely related to
the volatility. Cox originally restricted0 < f <2. Emanuel and MacBeth (1982) extended his
analysis to the case > 2and discuss its properties. However, Jackwerth and Rubinstein (2001)
find that typical values of the g can fit market option prices well for post-crash period only
when <0, and they called the model with 8 <0 unrestricted CEV model?. In their empirical
study, the difference of pricing performance of restricted CEV model (£ >0) and BS model is

not significant.

When <2, the nondividend-paying CEV call pricing formula is as follows:

e , 1 | N e 1 :
C:S{Zg(s |n+1)G(K |n+1+2_ﬂ)}—Ke [gg(s |n+1+2_ﬂ)G(K |n+1)} (12)

n=0

When f>2, the CEV call pricing formula is as follows:

2 The unrestricted CEV model is mathematically legitimate. However, there are some economic arguments
supporting on a restriction on the parameter /. For example, it is inconceivable for the stock index to have a

significant probability of bankruptcy while this is likely with sufficiently negative /3 . See the detail in Jackwerth and
Rubinstein (Page 12; 2001).
10



(Eq 2.1.4)

1

C=S[1—ig(8'|n+1+2 y(13)
n=0

)G(K'|n+1)}— Ke‘”{l—Zg(S’ In+D)G(K'|n+1+ ; !
n=0

re(2-p)
whereS’ =| — 2re 5 g2/
52(2- )" -1

. 2r 25
“= LZ(Z—ﬂ)(e”W) —1)}K

—X\ M-1

I'(m)

g(x|m)= € is the gamma density function

G(x|m) = ["g(y| m)dy

C is the call price; S, the stock price; 7, the time to maturity; r, the risk-free rate of interest;

K, the strike price; and fand d , the parameters of the formula.

Schroder (1989) expressed the CEV call option pricing formula in terms of the noncentral

chi-square distribution:

When A<2,

C =S,Q(2y;2+2/(2- p),2x) —e "K(1-Q(2x;2 + 2/(2 - p),2y)) (14)
When £>2,

C=S,Q(2x2+2/(2- p),2y) —e "K(1-Q(2y;2+2/(2 - j),2x)) (15)

Q(z;v,k) is a complementary noncentral chi-square distribution function with z , v,
andk being the evaluation point of the integral, degree of freedom, and noncentrality, respectively,
where

K = 2r
SR-AE Y

X = ksZ ez

y =kK*”

11



3. The model
This section presents the details of our capital structure model under the CEV process. We
first denote the asset value of the firm V, and use it as the primitive variable. We assume that the

asset value V, is independent of the capital structure and other financial decisions. The diffusion
process follows the constant elasticity of variance (CEV) of Cox and Ross (1976) under the

risk-neutral measure Q and it is given by

i
dV, =(r—q)V,dt+oV,2dW, (16)

where W, is a standard Brownian motion under Q, qis the payout ratio of the firm, and o is
the volatility of asset returns. g is a constant, know as the elasticity factor, and 0< £<2. In

the case when =2, equation (1) reduces to geometric Brownian motion, and this implies that
geometric Brownian motion is a special case of the CEV process.
3.1 A binomial lattice under the CEV process

We construct a discrete approximation for the CEV process using the binomial method.
Nelson and Ramaswamy (1990) derived a binomial approximation of the stochastic process
described in (1) in which a “computationally simple binomial tree” is proposed in order to let the

number of nodes in the tree structure grows linearly with number of time intervals. We let
y=y(tV).
Applying Ito’s Lemma, the stochastic differential equation for y is

oy oy 1 o’y oy 2
dy, =| =+(r-q)V,==+=0V,” —= |dt + =0V, 2dW 17
4 (8’[ ( q) t@V 2 ' 6V2 oV ' ' ( )

In order to have a constant diffusion coefficient for the Y-process, we let

N 5
Wﬁvtz =0, (18)

for some positive constant o . Equation (3) is equal to

oy Bv_g,

N o

For g # 2, the transformation can be given by

12



yt = —V 2 (1 9)

1%
y, =—In(V,)
Thus we can build up a computationally simple binomial tree to approximate the y -process. The

two-dimensional grid in the (t, y)-space can be built as follows. The value y, of the process at

time t, after one period at timet +1, can rise to y, + vV At or decrease toy, —o~/At . In this way,

we can build up the value of the y -process as
Vi = Yo +(2i—i)oVAt, i=0,...,n, j=0,..,i

where y/.. represents the value on the binomial tree under y -process at time t+iAt after |
up steps and i—j down steps. Next, to build up a binomial tree with V -process on the

two-dimensional grid in the(t,V) space, we can use the inverse transformation of (19)

1

0(1—%) 4 _
Vol , ify >0 (20)

t L

0, otherwise.

Once we have constructed the binomial tree with V -process, we can define the probability of

each up step. First we define V.  to be the greatest V), , j=0,..,i , making
eVl iy Vil 20 , and V), to be the smallest V!, , j=0,..i , making
Vilise =€V, 1) 2 0. The probability with (t,V) space makes an up steps is
erAtvj ) _lerl .
j t:r(lfl)At j t+iAt if Vtiim >0
p”(i—l)At - VtiiAt _VtIiAt 21
0 otherwise

The probability of down steps is thus g s =1- ptj+(i_1)m. With the definition given above,
pti(i_l)m represents a probability for the evolution of the value of underlying asset in the binomial

tree.
13



Next, we would like to compute the value of equity, debt and firm on the lattice. We denote

equity value as E , the value of the debt holder as D, and the total firm value by F . For simplicity,

we drop the indexes of the probability pt‘;(H) hereafter. At current node, the present value of the

At
equity is given by
E=e"(pE,+(1-p)E,) (22)
The values of D and F also can be calculated in the same way:
D=e"(pD,+(1-p)Dy) (23)
F=e™(pF,+(1-p)F,) (24)
Assume that at the current node, the firm has to pay coupon payment C and firm’s cash

flow is o, . The present value of equity which do not consider current coupon payment and current

firm cash flow is given by

E=e"(pE,+(1-p)E,) (25)
We denote the difference between the coupon payment and firm cash flowC = C — ¢, . When the

coupon payment is less than the firm cash flow, C is negative and it means that excess firm cash
flow over the coupon payment can be receive by equity holders. If C is positive, it means equity
holders should raise money by equity dilution. Broadie and Kaya (2007) have shown that equity

value at the current node is as follows:
0 ifE<C
E-= _ (26)

This result indicates that one needs not go through tedious calculations of equity dilution at
each step even if the firm’s cash flow is not enough to cover the coupon payment.
3.2 Setup for the bankruptcy with grace period and bargaining

In the real world, the equity holders can liquidate the firm under Chapter 7 of the U.S.
bankruptcy code or renegotiate debt payments under Chapter 11. Under Chapter 11, the
bankruptcy court allows the firm to restructure its debt during a certain grace period. Chapter 11

also prevents debt holders from liquidating the firm’s asset. Therefore, a firm may declare
14



bankruptcy under Chapter 11 when it is in financial distress, and it spends some time as a
bankruptcy firm which does not make full coupon payment, and then recover to become a healthy
firm.

Following Francois and Morellec (2004), we assume that equity holders decide to declare
bankruptcy at a certain level of the firm asset valueV,, and a grace period G is granted by
bankruptcy court. If the firm does not come out from bankruptcy at the end of the grace period,
the firm is liquidated. When the firm is in bankruptcy, distress cost @ reduces the net firm cash
flow. When the firm asset value is under the default boundaryV,, debt is serviced strategically. At
the time bankruptcy is declared, the debt service is determined by the bargaining game between
debt holders and equity holders.

We follow the setting of Fan and Sundaresan (2000) to determine the debt service using a

Nash bargaining game. Denote the proportional liquidation cost as« . If the firm is liquidated at
the bankruptcy point, the debt holders receive (1-a )V, and equity holders receive nothing. If
the firm is not liquidated, firm asset value will be F,_, and will be share between debt holders and

equity holders.
We assume the bargaining power of the equity holders is 7 and the bargaining power of

debt holders is1—7 . If we denote the sharing rule at the bankruptcy point asé, the incremental

value gained by equity holders is 0F, and the incremental value gained by debt holders
is(1-6) R, -(1-a)V; .

The optimal sharing rule is

0" =arg max{[eFvB T'[(1-6)R, -(1-a)F, ]1"’} @7
and its solution is
0 = z{l—%} 28)

As a result, at the bankruptcy point, the value of the claim of the equity holders is

0F, =n(FR, —(1-a)V,) (29)
15



and the value of the claim of the debt holders is
(1-0")R, =(1-7)(R, —(1-a)Vs ) +(1-a)V; (30)
The bargaining game determines the value of equity and debt at the bankruptcy point through
equation (29) and (30). Thus we do not need to know how the debt is serviced when firm is in
bankruptcy, just need to know the total firm value F;.
3.3 Binomial lattice computations
We use the binomial lattice under the CEV process as described in section 3.1. If the bond is
a consol bond, the bankruptcy boundary will be constant and time independent. However, if the
bond has finite maturity, the bankruptcy boundary will be time dependent. First we price infinite
maturity debt. The bankruptcy boundaryV is assumed to be known at each time step in the lattice.
The optimal level ofV, can be solve numerically later. We assume that the default boundary V,
fits with the level of nodes on the lattice. If it is not on the lattice, we use the first node level that
is higher than V, to approximateV,. We assume firm has issued a consol bond with coupon
payment C. The effective tax rate is = and all interest payments are tax deductible. In the
binomial lattice, due to discrete time steps, the total firm cash flow at a certain node with asset
value is given by:
S, =Ve* -V, 31)
Following Broadie and Kaya (2007), according to the position of nodes on lattice, we next

perform the binomial lattice computation among the following three conditions.

Condition (i): The firm is in a healthy condition ( Nodes withV >Vpg)

The firm is in a healthy state in these nodes, the coupon payments are paid either by firm
cash flow or equity dilution if firm cash flow is not enough to pay the coupon payments. The
effective tax rate isz . Equity, debt, and firm value can update as follows:

If E+6,>(1-7)CAt: E=E+5,—(1-7)CAt,
D =CAt+e™(pD, +(1-p)D,), (32)
F=0+e"™(pF, +(1- p)F, )+CAt.
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If E+0,<(1-7)CAt: E=0,
D=(1-a)(V,+6,),
F=(1-a)(V,+6,).

where E is given in (10) and o, isgivenin (16).

Condition (ii): The firm is in bankruptcy (Nodes with V <Vpg)

The firm is in bankruptcy. The debt is serviced strategically and we do not know how the
firm cash flow is shared between debt holders and equity holders. We can use equation (29) and
(30) to determine the value of debt and equity at the bankruptcy point, so we only need to track of
the firm value F when the firm is in bankruptcy. In addition, there are no tax benefits while the
firm is in bankruptcy.

The total time spent below the default boundary V; needs to be recorded. Let g record

the length of time the firm spends in bankruptcy. Because we are working on the binomial lattice,

g can only take discrete values. Let g denote the maximum number of time steps that the firm

can spend in bankruptcy. We haveg:%t, whereG is the grace period. Assume J is an

integer, and then g will be the value in[O,l,...,g—l, g]. For a given node and a given g, there

exists three possibilities in the next time steps. First, the firm comes out of bankruptcy next time

step. Second, if g=g—1 in the current node, and V <V; in the next time step, then the grace

period will be in expiration and the firm will be liquidated. Finally, the firm can still be in

bankruptcy without expired grace period in the next time step. Thus the value of g will be one

higher than the current node. For each node, we need to keep track of the firm value in every

possible state of g. Thus, F [|] will represent the firm value at the current node wheng =i. We

can update the firm value as follows:

i :{Et+em‘(p|:u[i+1]+(1— p)F,[i+1]) fori=1...g-1 )

(1-a)(V,+5,) fori=g
where

é_‘t :Vte(q_w)At -V, (34)
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and &, represents the distress cost adjusted cash flow of the firm.

Condition (iii): The last healthy state before the firm into bankruptcy or the first state after the

firm out of bankruptcy — (Nodes with V =V;)

This node is the last healthy state before firm goes into bankruptcy or the first healthy state
the firm just comes out from bankruptcy. The equity and debt values can be calculated using
equation (29) and (30) after firm value is computed. We update equity, debt, and firm values as

follows:
F[0]=06,+e™ (pF, +(1- p)F, [1]),
Fli]=6,+e"™ (pF, +(1-p)F,[1]) fori=1....3,
E=n(F[0]-(1-a)Vs),
D=(1-7)(F[0]-(1-a)V;s ) +(1-a)V,.

(35)

F[O] represents the value of the firm at the bankruptcy boundary V, that has never been in
bankruptcy, and it is the value for the node reaching V, from above. The F [l] is the value of
the firm at the bankruptcy boundary V; just coming out from bankruptcy. As the result, F [l]

takes into account the distress cost, while F [O] does not.

3.4 Pricing finite maturity debt
We can use the procedure described in Section 3.3 for pricing finite maturity bond with
coupon C, face value P and maturity T .At maturity, the face value and the coupon payment

should be paid; otherwise the firm will be liquidated. If the firm is still under the bankruptcy

boundary V, when the bond matures, the firm will be liquidated. The terminal values will be

calculated as follows:

1. Nodes with V >V,

If V; +6;, >(1-7)CAt+P: E=V; +5; —(1-7)CAt-P
D=CAt+P
F =V, +0; +rCAt

If V;+6; <(1-7)CAt+P: E=0
D=(1-a)(V; +5,)
F=(1-a)(V; +5,)

(36)
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2. Nodes with V =V,
Fli]=(1-a)(V; +6;) for i=1...,§ 37)

3. Nodes with V <V,

If V; +6;, >(1-7)CAt+P: E=V,; +5; —-(1-7)CAt-P
D=CAt+P
F[0]=V; + 6, +7CAt
Fli]=V; +6, +7CAt fori=1...,7

If V;+6; <(1-7)CAt+P: E=0
D=(1-a)(V; +5;)
F[0]=(1-a)(V; +6;)
Fli]=(1-a)(V; +&;) fori=1...,g

(38)

Optimal bankruptcy boundary

We assume that V, is a vector that contains the bankruptcy boundary for each time steps.
The optimal V; in the finite maturity setting will not be constant, but will be time dependent
since the remaining value of the bond is changing over time. Therefore, we assume a functional
form for the bankruptcy boundary and let the equity holders choose a parameter of that function
to maximize the equity value. Following Broadie and Kaya (2007), we use a linear function of the

riskless bond price.

Vs =¢R (39)
V, is the bankruptcy boundary at an intermediate time t, P is the riskless bond price at time
t,and ¢ is a positive number that is time independent. Also, if V, is not on the lattice, we use

the first node level that is higher than V; to approximateV, .
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4. Numerical Result
4.1 Numerical method
4.1.1 The FSG (Forward Shooting Grid) approach

We have already described the binomial lattice computation under the CEV process in
section 3. The most crucial and time consuming part is to deal with the path-dependent feature of
the grace period. In this paper, we adopt the Forward Shooting Grid (FSG) approach developed

by Hull and White (1993) to cope with nodes which are under the bankruptcy boundary. Let

g (k, j) denote the grid function. The binomial tree of the FSG algorithm can be represented by
VIm-1, jk]={pV[m j+Lg(k j+1) ]+ pV[m j+Lg(k j+)]e™  (40)
gk, J)=(k+1)1, ., @1

Note that before we move to next time step, it is necessary to compute V [m, j;k] for all index

k for k=g9-1,g-2, ---, 0. In order to shorten the computation time and enhance efficiency,
we do not compute k in all nodes. We only need to compute the nodes which are under the
bankruptcy boundary. In addition, it is also not necessary to compute V of various k for the
nodes which are below the bankruptcy boundary for more than g levels. This is because the
asset value of the firm can by no means go back to the level of bankruptcy boundary within grace
period.
4.1.2 Determination of optimal bankruptcy boundary

The optimal bankruptcy boundary must be chosen to maximize the equity value numerically.
In the case of infinite maturity debt, we choose an arbitrary bankruptcy boundary that is lower
than optimal boundary. And next we start to increase the boundary on the lattice and reprice the
equity value. The equity value first increases and then starts to decrease after it reaches the
maximum value when we move the boundary up on the boundary. Therefore, we stop moving the
boundary when the equity value starts to decrease. As a result, we can obtain the discrete

observation points and fit a cubic spline interpolation to approximate the exact functional form

and use it to find the maximum value of equity and the optimal bankruptcy boundary. In the finite
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maturity debt case, under the assumption of Vi =¢P, equity holders will choose a ¢ to
maximize the equity value. Similar to the case of infinite maturity debt, we choose arbitrary ¢s
and reprice the equity values. We then need to search for the appropriate ¢ and fit a cubic spline

interpolation for the maximum equity value. Figure 1 illustrates the cubic spline interpolation to

find the equity maximizing boundary, V; = ¢P,, of finite maturity debt case.

Figure 1 Illustration of Cubic Spline Interpolation for Equity

The model parameters are V, =100, o =20%, C =3, P =60, r =5%, q=3%, « =50%,
w=1%, 7=25%, n=50%, G=1 p=1 T =5 At=0.005years equity is 45.4476
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4.1.3 Convergence of the binomial lattice method

To decide the appropriate number of time steps in our numerical study, the convergence of
lattice approach must be analyzed. Therefore, we compute the equity and debt values with 5000
time steps and set them as the true values. Then we analyze our pricing results by comparing the
values obtained from the lattice approach with the “true value” describe above. Figure 2 and
Figure 3 show, under # =1 and B =0.5, respectively, the convergence of equity and debt pricing
errors as the number of time steps increases. The oscillation of pricing errors is due to the relative

positioning of the lattice nodes and the bankruptcy boundary. Since the bankruptcy boundary is
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determined endogenously by maximizing equity value, there is no way to force the bankruptcy
boundary to be laid on the lattice node to solve the oscillating behavior of the errors. Nonetheless,
one can observe that the size of pricing errors is relatively small when we use more than 1000
time steps. The largest error is less than 0.2% of the true value, and thus we will use At =0.005
(=5/1000) to perform the numerical study in the later section.

Figure 2. Convergence of Equity and Debt Errors ( 5=1)
The model parameters are V, =100, o =20%, C =3, P =60, r =5%, q=3%, « =50%,
0=1%, 7=25%, n=50%, G=1 p=1 T =5.The true value of equity is 45.4671, and the
true value of debt is 55.0929.
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Figure 3. Convergence of Equity and Debt Errors ( 5=0.5)
The model parameters areV, =100, o =20%, C =3, P =60, r =5%, q =3%, « =50%,
0=1%, 7=25%, n=50%, G=1 pA=0.5, T=5.Thetrue value of equity is 45.8437, and
the true value of debt is 54.9405 .
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4.2 Application and Analysis: Numerical Example

In this section, we first investigate the debt prices and the yield spreads of coupon bond with
finite maturity under various elasticity parameter 5 of the CEV process, and next extend the
analysis to the effect of different grace periods. We are aware of that the length of the granted
grace period in the Chapter 11 setting may have different impact on bonds with different maturity.
Therefore, we first set G=0 to examine the effect of maturity on debt value and yield spreads in
Figure 4. It is apparent that as the debt maturity increases, the price of the finite maturity coupon
bond converged to the price of the consol bond.

Figure 4 presents relationship between debt maturities and yield spread, equity value, and
debt value. The yield spread is defined as Credit Spreads=C/D-r , where r is a risk-free rate.
Consistent with the results of Leland and Toft (1996), under moderate leverage (V=100 and
P=60), the yield spread first rises with the increase of debt maturity until it reaches the peak for
around 5 to 6 years to maturity. The yield spreads then decrease at a decreasing rate as maturities
prolonged. Since a company under financial distress may not easily issue new debts, it is crucial
that term structure of yield spread in our study agrees with prior literature without having to have

the restrictive assumption about the continuously rollover debt.
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In addition, the yield spreads are negatively related to the elasticity parameter § of the CEV

process. This is in line with the fact that the value of equity increases and the value of the debt

decreases as the [ decreases. The results are reasonable because the decrease in g is
associated with the rise of asset volatility. Therefore, equity, which can be viewed as a call option

on asset value®, increases its value. In contrast, debt holders who expect the firm to have steady

cash flow may suffer from the higher volatility caused by the lower 3.
Figure 4. Effect of Maturity on Yield Spreads, Equity, and Debt for a Coupon Bond for
Various /3

The model parameters areV, =100, o =20%, C =3, P =60, r =5%, q=3%, a =50%,
w=1%, 7=25%, 1 =50%, G=0.The time increment in the lattice is At = 0.005 years.
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® Note that Leland and Toft (1996) indicated that equity in the capital structure model is not precisely analogous to
an ordinary call option for several reasons: First, default may occur at any time but not only at debt maturity. Second,
the bankruptcy boundary may vary with the risk of the firm's activities. Last and most importantly, the existence of
tax benefits and their potential loss in bankruptcy imply that debt and equity holders do not split a claim whose value
depends only on the underlying asset value.
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Figure 5 extends the analysis to the cases in the presence of grace period. Similar to the
previous results without grace period, when the £ of the CEV process decreases, the value of
the equity increases and the value of the debt decreases. The reason is the same as before since
the volatility comes into play. Furthermore, it appears that as the grace period increases, the
equity value and yield spread increase at a decreasing rate and eventually converge to a certain
level. By contrast, debt value goes down as grace period prolonged. This is because the existence
of the grace period can benefit equity holders via reorganization while debt holders could not

benefit from it. Intuitively, from the viewpoint of equity holders, if there is no grace period in the
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case of bankruptcy, the firm is liquidated immediately and equity holders may receive nothing.
But if there is grace period for equity holders, equity holders can wait for firm recovery from
financial distress, not just only residual value after liquidation. More importantly, as indicated by
Francois and Morellec (2004), Chapter 11 filings involves potential debt service reduction and

lead to higher leverage ratio and hence higher yield spread.

Figure 5. Effect of Grace Period on Equity, Debt and Yield Spread

for a Coupon Bond with Various
The model parameters areV, =100, o =20%, C =3, P =60, r =5%, q=3%, a =50%,
®w=1%, 7=25%, n=50%, T =5 The time increment in the lattice is
At =0.005 years

Yield Spread
220
W o —* beta=2
200 .?:: X —=— beta=1.5
beta=1
180
§ beta=0.5
2160 1 —%— beta=0
140 4 cla=-0.
120
100
0 1 2 3
G (years)

27



Equity T=5

47.5
47 N °
1/ —— beta=2
465 “
/*' —®—ep=1.5
46 T
=t beta=1
=455
i ( . beta=0.5
u% i X/V —X— beta=0
44.5 ¢ —8— beta=-0.5
44 r
435
43
0 1 2 3
G (years)
Debt T=5
57
—8— beta=2
56.5 [
—— beta=1.5
36 [ beta=1
E beta=0.5
5555 - 4[ eta=0.
> o
= \K\ || =% beta=0
g 55 ~\ o
° ® - betaZ-O.S
545
54 T
53.5
0 1 G (years) 2 3

5. Conclusion

In this paper, we introduce constant elasticity of variance (CEV) process into the popular
structural modeling framework of capital structure analysis. The CEV process allows the asset
volatility to change with the current level of asset value, and thus give the risky corporate debt
pricing model a more realistic touch. We extend the work by Francois and Morellec (2004) and

Broadie and Kaya (2007) to develop a capital structure model, which incorporates finite maturity
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as well as the feature of Chapter 11 bankruptcy proceedings. While evaluating a single corporate
debt with finite maturity or complex bankruptcy proceedings, no analytical solution is available
and one needs to resort to numerical methods. Therefore, we adopt a lattice approach to price
risky corporate debt and generate results that are consistent with the limited liability of equity
principle. Furthermore, our study can be beneficial to corporate debt pricing model as well. While
many existing models use infinite maturity bonds to obtain a close-form solution, our method can
be used to price finite maturity debt.

In general, our numerical results for finite maturity debt are consistent with those of
previous literature. We first analyze the term structure of yield spreads for finite maturity debt
and leave out the Chapter 11 bankruptcy code. We find that under moderate leverage yield
spreads first rise up and then drop with the increase of debt maturity at a decreasing rate to a
certain stable level. Under different grace periods in Chapter 11 bankruptcy proceedings, the
equity value increases and the debt value decreases when the grace period prolonged. The results
are as expected because increasing in grace period is the extra benefit for equity holders while it
could potentially hurt debtholders. Furthermore, we also examine the effect of parameter 5 of the
CEV process. It is apparent that the decrease of # under the CEV process, implying higher
volatility, leads to a lower debt value, a higher yield spreads, and a higher equity value.

The future work of our study could be adding empirical investigation to examine the model
implications: Whether or not the low-asset-value firm indeed has a lower g (high volatility)?
Whether the grace period of Chapter 11 bankruptcy proceeds is positively associated with yield
spread and equity value? In addition to empirical aspects, improving the efficiency of the
numerical approach to shorten the computing time should be crucial for applying our model in

pricing risky bonds.
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