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Abstract

We consider the perpetual American strangles in the geometric jump-diffusion models. We
assume further that the jump distribution is a mixture of exponential distributions. To solve
the corresponding optimal stopping problem for this option, by using the approach in [5], we
derive a system of equations that is equivalent to the associated free boundary problem with
smooth pasting condition. We verify the existence of the solutions to these equations. Then,
in terms of the solutions together with a verification theorem, we solve the optimal stopping
problem and hence find the optimal exercise boundaries and the rational price for the perpetual
American strangle. In addition we work out an algorithm for computing the optimal exercise
boundaries and the rational price of this option.
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1 Introduction

An American option is an option that can be exercised at any time prior to its expiration time.
For an American call option with a finite expiration time, Merton [11] observed that the price of
the American option(written on an underlying stock without dividends) coincides with the price
of the corresponding European option. However the American put option(even without dividends)
presents a difficult problem. We have no explicit pricing formulas and the optimal exercise boundaries
are not known. One exception is the perpetual American put option, i.e., an American put with
infinite expiration time. Within the Black-Scholes model, the perpetual American put problem was
solved by Mckean [10]. In the Lévy-based models, using the theory of pseudo-differential operators,
Boyarchenko and Levendorskii [4] derived a closed formula for prices of perpetual American put and
call options. By probabilistic techniques, Mordecki and Salminen [12] obtained explicit formulas
under the assumption of mixed-exponentially distributed and arbitrary negative jumps for the call
options, and negative mixed-exponentially distributed and arbitrary positive jumps for put options.
(For related works, see Asmussen et al. [1] and the references therein.) In this paper we consider
the pricing problem for the perpetual American strangles, which is a combination of a put and a
call written on the same security.

Mathematically the pricing problem for perpetual American contracts in the Lévy-based model
is equivalent to the optimal stopping problem of the form

Vi(z) = jlelgEx(ef”g(Xf)) (1.1)

where X = {X; : ¢ > 0} under the chosen risk-neutral probability measure P, is a Lévy process
started from Xy = x. Further, g is the nonnegative continuous reward function corresponding to the
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contract, 7 > 0 and T is a family of stopping times with respect to the natural filtration generated
by X, F = {F; : t > 0}. (Here we define, on 7 = 00, e ""g(X,) = 0.) In the literature, there are
many approaches for finding the value functions V(z) and the optimal stopping times 7* such that
V(z) = E,(e"" g(X,+)). The free boundary approach is based on the observation that, under some
suitable conditions, the value function V' (z) for the optimal stopping problem (1.1) is a solution to
the free boundary(or Stephan) problem

(Lx—7m)V(z) = 0 inC (1.2)
Viz) = g(=) on D (1.3)

where C = {z € R,V (z) > g(x)} (the continuation region) , D = {z € R,V(z) = g(x)} (the
stopping region) and Lx is the infinitesimal operator of X. (For details, see Shiryayev[17] Theorem
15 p.157.) Many authors in the literature also observed that the boundary of the stopping region D
is determined by imposing the smooth pasting condition for the value function. Then, to solve the
optimal stopping problem (1.1), it suffices to solve the above free boundary problem with suitable
pasting conditions and prove a verification theorem(a verification theorem implies that solving the
free boundary problem with smooth pasting condition(or related conditions) allow one to establish
explicit solutions of the optimal stopping problem). By this approach, we find the value functions
and the optimal stopping times for the optimal stopping problems (1.1) and, by the risk-neutral
pricing formula, we obtain the optimal exercise times and the rational prices for the perpetual
American contracts. For recent works and other approaches, see Kyprianou and Surya [9], Mordecki
and Salminen [12], Mordecki [13], Novikov and Shiryaev [14], Surya [18] and the monograph of Peskir
and Shiryaev [15].

It is worth noting that the reward functions considered above are of American put-type or
American call-type. For our financial applications, we need to consider the reward functions g of
the two-sided form as in (2.4). (In the literature there are not many works for two-sided reward
functions. See, for example, Beibel and Lerche [2], Gapeev and Lerche [7] and Boyarchenko [3].)
Then we study the perpetual American strangles in the geometric jump-diffusion models. We assume
further that the jump distribution is a two-sided mixture of exponential distributions. To solve the
corresponding optimal stopping problem for this option, by using the approach in [5], we first derive a
system of equations(see (3.3)-(3.8) below) that is equivalent to the associated free boundary problem
with smooth pasting condition. In terms of the solutions to the system of equations , together with
a verification theorem(Theorem 2.1), we find the optimal stopping time and the value function for
the optimal stopping problem(Theorem 3.1). Hence, by the risk-neutral pricing formula, we obtain
the optimal exercise boundaries and the price for the perpetual American strangle. In addition, in
the proof of the existence of solutions to the equations (3.3)-(3.8), we also work out an algorithm for
computing the optimal exercise boundaries and the rational price of the option(see Theorem 4.1 ).

The paper is organized as follows. In Section 2 we introduce our jump-diffusion setting and
provide a verification theorem for the optimal stopping problems (1.1) with a general two-sided
reward function. In Section 3 we consider the perpetual American strangles under the geometric
jump-diffusion setting. We derive a system of equations for solving the corresponding free boundary
problem with smooth pasting condition and in terms of solutions to the system of equations, we
solve the optimal stopping problem corresponding to the perpetual American strangle. In Section
4 we prove the existence of solutions to the system of equations(Theorem 4.1). Some numerical
results based on our algorithm are presented in Section 5. Section 6 concludes this paper. Long and
difficult proofs are relegated to the Appendix.

2 Optimal Stopping and Jump-Diffusion Processes

Throughout this paper, on a probability space (2, F,P), we consider a jump-diffusion process X of
the form

Ny
X, =ct+oB; + Z Y, (2.1)

n=1

where ¢ € R, 0 > 0, B = (B;,t > 0) is a standard Brownian motion, (N¢;t > 0) is a Poisson process
with rate A > 0. Also, Y = (Y,,,n > 0) is a sequence of independent random variables with identical



piecewise continuous density functions f. Assume further that B, Ny and Y are independent. A
jump-diffusion process starting from « is simply defined as z 4+ X; for ¢ > 0 and we denote its law by
P,.. For convenience we shall write P in place of Py. Also E, denotes the expectation with respect
to the probability measure P,. Under these model assumptions, we have E(e*Xt) = e!¥(2) » € iR,
where v is called the characteristic exponent ¢ of X and is given by the formula

2

P(z) = %uQ +ez+ A eV (y)dy — A (2.2)

Also the infinitesimal generator £x of X has a domain containing C2(R) and for h € C3(R),
1
Lxh(x) = 50'2h”($) +ch'(z) + A / h(x +y) f(y)dy — Ah(x). (2.3)

We define £ xh(z) by the expression (2.3) for all functions h on R such that h’, " and the integral
in (2.3) exists at x.

Given a jump-diffusion process X as in (2.1), we consider in this section the optimal stopping
problem (1.1) with the continuous reward function g given by the formula

9(x) = g1(x)1z<iyy + 92(2) L {z>1.1 (2.4)

for some —oo < I <ly < 0o. Here g1 (z) is a strictly positive C*°-function on (—o0,11) and go(x) is
a strictly positive C*°-function on (lz,00). We assume further that E, [SUPtzo eiTtg(Xt)] < oo for
all z € R. For any set I in R, we write 71 = inf{t > 0|X; € I'} and set

Vi(z) =Eyle” " g(X4,)], x €R. (2.5)

Theorem 2.1 Given I = (hy, ha)® where —oo < hy <l <l < hy < 00. Assume that the function
Vi(z) in (2.5) satisfies the following conditions:

(a) Vi(x) is the difference of two convex functions.

(b) Vi(z) is a twice continuously differentiable function except possibly at hy and hs.
(c) The limits V{'(h;£) = limp_yp, 2 V' (h), i = 1,2, exist and are finite.

(d) (Lx —r)Vi(z) <0 for all x except possibly at hy and hs.

(e) Vi(z) > g(z) for all x € (h1,ha).

Then Vi(x) is the value function for the optimal stopping problem (1.1) with the reward function g
given in (2.4).

Proof : Let V be the value function for the optimal stopping problem (1.1). Clearly, we have
Vi(xz) < V(z). It remains to show that V(z) < Vi(z). By the Meyer-It6 formula(see, for example,
Corollary 1 in Protter [16] ChIV. pp.218-pp.219), we have

t t
e~TVH(Xy) — Vi(z) = — / re=T Vi (Xs)ds + / e~TVI(X,)dX,
0 0
1 t
b3 T A = Vi) - VOX)AX.) 4 5 [ e vy ()l X
0<s<t 0

where V] (x) is its left derivative and V/'(x) is the second derivative in the generalized function sense.
By similar arguments as that in Mordecki [13] Sec. 3, we have

e V(X)) = Vi(x) = /o e "(Lx —r)Vi(Xs—)ds + M, (2.6)

where {M;} is a local martingale with My = 0. Let T}, T oo be a sequence of stopping times such

that for each n, {Mr ¢} is a martingale. Let 7 be a stopping time. By the optional stopping

theorem, we have E,[M7 atnr] = Ez[Mo] = 0. In addition, by (d), we have fOT"AMT e " (Lx —



r)Vi(Xs—)ds <0

. By (2.6), we observe E,[e " TNV (X niar)] < Vi(z). Since g(x) > 0 and
E. [supysoe”"g(X¢)]

< 00, by Dominated Convergence Theorem and (e), we have

E.le”""g(X7)] = Ex[ lim lim eir(TAMT")g(X(rAt/\Tn))} = lim lim Ez[eir(T/\t/\T")g(X(r/\t/\Tn))]

t—00 n—00 t—o0 n—oo

< lim lim Ew[e_r(T/\t/\Tn)‘/I(X(T/\t/\Tn))] < Vi().

t—o00o n—o0

Because 7 is arbitrary, we observe V(z) = sup, E,[e """ ¢g(X;)] < Vi(z). The proof is complete. [

We have the uniqueness of solutions for the boundary value problem in (1.2) and (1.3).

Proposition 2.1 Assume that g1 is bounded on (—o0,l1) and the function fooo g2z +y)f(y)dy,x >

la, is locally bounded. Let I = (hy,ha)¢ for some —oo < hy < li <ls < he < 0. If‘~/ 18 a solution
of the boundary value problem:

(Lx —7)V(x) =0, Yz € (h,hy)
3 (2.7)
V(z) = g(z), Ve el

and V is in C2(hy, hy) N Clhy, ho), then V(z) = Vi(z) for all z € R.

Proof: See the Appendix. O

Remark. The conclusion of Proposition 2.1 still holds if the functions g; and go are C'*°(not nec-
essary strictly positive) and satisfy the conditions in Proposition 2.1. ]

Proposition 2.2 Assume that g1 and g} are bounded on (—oc,l1) and the functions [~ go(x +
y)f(y)dy and fooo gh(x+y)f(y)dy,z > la, are locally bounded. We assume further that gi(x) — g} (x)
is positive and increasing on (—oo,l1), ga(x) — gh(x) is negative and decreasing on (l3,00) and
E.[sup;sq e "9 (X1)|] < oo for all x. Let I = (hy,h)¢ for some —oo < hy < 13 <y < hy < 00

and consider a mon-negative function ‘7(3@) on R that is C? on (hy,hs) and satisfies the following
conditions:

(a) (Lx —7)V(z) =0,Yz € (hy, ha),

(b) V(z)=g(z),Vo el

(¢) & [ V(@ +y)fydy = [V'(x+y)f(y)dy, Ve € (b, ho).

(d) V is continuous at hy and hy and V'(h;),i = 1,2, ezist and are continuous there.
Then V() > g(z) for all z € (hy, ha).

Proof: By Proposition 2.1, we have V(z) = V;(z) for all 2 € R. Note that V is C* on (hy, hy)
(for a proof, see Chen et al. [6]) and, for © € (hq, ha), we have

0= - (Lx =)V (@) = 5027"(a) + eV () = (A4 )V (@) 4 [ P/ +3) 0},
which implies that (Lx — r)V'(z) = 0 for & € (hy,hy). By condition (d), V' € C[hy,ho] and
hence by the remark after Proposition 2.1, V/(z) = E,[e"™¢/(X,,)]. This implies that V(z)
satisfies the ODE: V'(z) — V(z) = F(z), where F(z) = Ey[e™"™ (¢ (X+,) — g(X+,))]- First consider
the case that hy < x < [;. By the ODE theory and the boundary conditions, we have ‘7(3:) =
e” (f;l e_tF(t)dt—i—gl(hl)e_hl). Set H(z) = e *(V(z) — g(z)). Then H(z) = [ e TF(t)dt +



gi(h1)e™™ — g (z)e™® and
H'(z)  =e"F(z) +g1(z)e”™ — gi(z)e
e {Eq[e” (9 (X7,) = 9(Xr,))] + g1 (2) — g1 (2)}
= e {Eae T (h(Xr,) — 92(Xo,))i {rr = 771}
d ) — )i

—x

HE (e (g4 (Xry) = 91(Xa))i {71 = 77 Y + 91(2) — g ()}
> e By e (gh(Xry) — g(X il =]
+e (g1 () — gL (@) (1 = Eule™™ 3 {7 = 17 }]

where 7,7 = inf{t > 0|X; > ha} and 7, = inf{t > 0|X; < hq}. For the last inequality, we use the
facts that g1 () — g1 () is increasing and hence g; (XTI )—g (XTI ) < g1(h1)—g1(h1) < g1(x) —gi(x).
Since ga(z) — g5(x) is negative and g1 (z) — g} () is positive, we obtain H'(x) > 0 which implies that
H (z) is increasing . Therefore H(z) > H(hy) = 0 and hence V(z) > g(z). By a similar argument,
we get 17(1:) > g(x) for ls < x < hy. Since ‘7(17) =Vi(z) > 0= g(x) for Iy <z <y, we complete
the proof. O

3 Perpetual American Strangles and Straddles

A strangle is a financial instrument whose payoff function is a combination of a put with the strike
price K7 and a call with the strike price K5 written on the same security, where K; < Ks. In
particular, if K1 = K>, the strangle becomes a straddle. We model the price of the underlying
security under the chosen risk-neutral measure by a geometric jump-diffusion: S; = exp{X;}. Here
X is a jump-diffusion process of the form in (2.1). We assume further that the jump density function
f is given by the mixture of exponential distributions

.
—nTax -\ _.—n.x
= pin e Loy + Y qi (=05 )e T P lpcg (3.1)
i =1

where n; < ... <ny. <0< <. < 77]"\;+, pi’s and g;’s are positive with >, p; + ZFl g; =1
(In a Lévy model, there are infinitely many equivalent risk-neutral measures and, for pricing purpose,
we usually choose one of them by using the so-called Cramér-Esscher transform. Note that this
transform preserves the jump-diffusion structure as above. For details, see in particular Appendix
A of Asmussen et al. [1].) The characteristic exponent for this jump-diffusion process X is given by
the formula

Nt N~ —
1 pin; 457,
z) = 2 ez 4 N L+ —L ) -\
Ty y; -z ;n{—z)

The rational price for the perpetual American strangle is the value function for the optimal
stopping problem (1.1) with the reward function g given by the formula

g9(x) = (K1 — )" + (e" = K2)" = g1(2)Lat, + g2(2) Loz, (3-2)

where I; = InKq,lo = InKs,¢1(z) = K7 — €* and ga(x) = €* — K3. To find the value function, we
consider the interval (hq,hs) with hy < 3 < ly < he. First we find the function V(z) that solves
the boundary value problem (2.7). As in Chen et al. [5], we first transform the integro-differential
equation in (2.7) into the ODE

Nt N~
1
o =) [Jm; - D)(502D2 +¢eD— (AN +r)V(x)+
i=1 j=1
Nt N~ 77 g
(i J
M=) [Ty Z . +Z LNV () =0
i=1 j=1 i=1 i j= 177J o



where D = %. By the general theory of ODE theory, the function V in (hq, hs) must be of the

Nt
form V(x) = Zg:er 2 C,efe | where f3, are the roots to the characteristic polynomial ¢(z) of

the above ODE, that is,

Nt N~ 1 Nt p'77~+ N~ an
¢)= [[oF -2 [[n; — =) 50%2 ter—A+r)+ 20 77*7— +) ﬁ)
i=1 j=1 i=1 1 j=1"1

(Note that in fact we have 5y <ny < B2 <my <+ < fy- <nNy- <By-41 <0< Py—42 < ni <
o < Bn-yN+1 <My < Bn-yn+42.) For @ ¢ (hy, ho), we set V(z) = g().

To determine the coefficients C,,’s, plugging the function V into the integro-differential equation
in (2.7), we obtain the system of equations

NT+N~+2 Buh
ni2 1 K
I C e —— et 22 k=12, Nt (3.3)
el Brn =y, L=y N
NT4HN™+2 Bk
n 1 K
Z C"Lei_ = - _ehl _7_15 k:1a27"'7N7 (34)
el Bn — 1 — My

(For details, see ([5],[6]).) Also, imposing the condition (d) of Proposition 2.2 for the function V(z)
(i.e., assuming that V satisfies the continuity and smooth pasting conditions at the boundaries) gives
the equations

Nt4N—42
Z Cpefrhz = eh2 _ K, (3.5)
n=1

Nt4N—42
> CueM = K- M (3.6)
n=1

NT+N™+2

Z CpBnerhz = ehe (3.7)
n=1

Nt4+N—42

Z Cpfpelr = —eh (3.8)
n=1

Now, with the set {C4, -+ ,Cn-4n+12,h1,ho} that satisfies the equations (3.3)-(3.8), we will
show later that the function V is the value function for the optimal stopping problem (1.1). To do
this, we need some further properties for the coefficients C),’s. We consider the following conditions
on the model :

nt>1fori=1,2,..,N" (3.9)
and
NT N~ -
1, pin; q;1;
—o?4+ec—(A+7r)+ A + <0 3.10
5 A+7) ;ﬁ_l ;nj—l (3.10)

(Note that (3.9) implies that E[eX1] < oo and (3.10) guarantees E[e*1] < e”( hence the underlying
asset pays dividends continuously). If E[e*1] < e” and 0 < g(z) < A + Be® for some constants A
and B, then E[sup,» e "g(X;)] < co. For details, see Lemma 4.1 of Mordecki and Salminen [12].)
Lemma 3.1 Under the conditions (3.9) and (3.10), we have Sn-_ o > 1.

Proof : See the Appendix. O



Example 1. Consider the case that X = c¢t 4+ o B; with %0'2 + ¢ < r. Since the process X does not
have the jump part, the system of equations (3.3)-(3.8) is reduced to the following

CrePrhz 4 Cyebehz — h2 _ |, (3.11)
CrePth 4 CoeM = Ky — M (3.12)
C1B1e712 4 Oy Baelh = e (3.13)
C1B1e" M + Oy Byl = —eM (3.14)

where (1 and 2 are solutions to the equation %0’21‘2 +cx—r =0, that is, 81 =
By = =eEVCH2re% By (3.11) and (3.12), we obtain

eB2h1 (ehQ _ KQ) — eb2h2 (KI _ eh1) eBrh2 (Kl _ €h1) — efih (ehz _ KQ)

Cy = d Cy= 3.15

! detA an 2 detA (3.15)
ePrha  oB2ha . ..

where A = B Bahy |- Hence, in terms of hy and hg, we have explicit formulas for Cy and

(5. To determine hy and hg, plugging the expressions for C; and Cs in (3.15) into (3.13) and (3.14),
we observe that equations (3.13) and (3.14) are equivalent to the equations:

(Ky — 6h1)52662h1 4 ehef2in B (6h2 _ KQ)ﬂQG'Bth _ eh2eB2ha 316
Boeb2highihi _ ef2h1 B ePrhi B BoeP2hzebiha _ of2h2 B ePrh2 (3.16)
(Kl _ ehl)ﬁle/glhl + ehl eﬁ1h1 B (ehz _ K2)/Bleﬁlh2 _ eh2e/31h2 317
Baeb2hiehihi — ef2hi B ehihs B Baeb2haehihz _ ef2h2 B efiha (3. )

Gapeev and Lerche [7] showed that there is a unique solution hf,h% to the equations (3.16) and
(3.17). Then, by a verification lemma, they verified that (h}, h3) is the continuation region for the
corresponding optimal stopping problem and the value function on (h}, h3) is given by the formula
V(z) = Cyefr® + CieP2*. Here Cf and Cj are computed by the formulas in (3.15) with hq, ho
replaced by hi and hj. For a martingale approach for this optimal stopping problem, see Beibel and
Lerche [2].

In the following, we solve the optimal stopping problem (1.1) by using the results in Section 2. Our
approach also gives an algorithm for finding the solutions to the system of equations (3.11)-(3.14).
(In fact our method will be applied later for processes with jumps.) Assume that {Cy,Cs, hy, ha} is
a solution to the equations (3.11)-(3.14). From these equations, we have ADC = K where

Bi—1 0 C K
po[P5t 0] e=[9] wan-[ %],

From this, we have

_1 (pB2h2 B2h1
[ el } _ 1 [ g1 (7 Ky 4 e K) } (3.18)

Cy T detA 52_7_11(6[31th1 + ebrha KQ)

uniquely determined by hy and hge. (By Lemma 3.1, 85 > 1. Hence C7 and C5 have the same sign.)
On the other hand, the matrix form of (3.13) and (3.14) is given by

Brefrhz Byeh2ha o] eh2
|: Bleﬁlhl 52662}“ Cy - _ehl (319)

By multiplying e~"2 to both sides of (3.13), e=™ to both sides of (3.14) and adding them together,
we have O (e(P1=Dht 4 e(Bi=Dhz) 1 0ypy(e(B2=Dh1 4 e(B2=Dh2) — ( Combining this with the
expressions for C7 and Cs in (3.18) gives

51(6(61_1)}“ + 6(51—1)h2) 52(6(52—1)h1 4 e(Bz-th) :| 0

det [ (PR, 4 M) (e Ky 4 P K

(3.20)

By multiplying e %11 to the first column of the matrix in (3.20), e=#2" to the second column and

then multiplying 51’;2 to the first row and %2 to the second row, we obtain

1 (B1—1)Ah (Ba—1)Ah
det[ L (1+ el ) (14 e ))]:0

E‘,_.

(3.21)

1 K 1 K
g (L4 g8 (14 L 2h




where Ah = hy — hy. In addition, from (3.14) and (3.18), we have

1 B1 eBrha —B2 eB2h1
—eM = ——det [fl—l ﬂﬂ2—1
detA KiePthr 4 KoePrhz [ eP2h2 Ko eP2n
Lleﬂlfu *521 eP2h1 ,3511 ﬁ,521
det 1= 2= det 1— 2—
[ Kle’d?hl + Kzeﬁlhz Kle’gghz + ngﬁzhl :| l: K+ KQéBlAh Kle'B?Ah + K>y

|

eBth eﬂ2h‘2 }

det |: ebrh1 B2l

B1Ah B2Ah
det [ € € }

1 1

which implies

B1 —B2
det B1—1 Ba—1
¢ |: K1+K26ﬂlAh K1662Ah+K2 :|
hi =log | — BiAh AR . (3.22)
det { 1 1 }

and hence, we also obtain he = hy + Ah. With this h; and hs, we compute C, Cs by (3.18).
To prove the existence of solutions to the equations (3.11)-(3.14), we show that there is a solution

Ah to (3.21) in (0,00). As Ah — 0, the left term in (3.21) tends to

:(+2) (= am=n) - (&) st om0 >

Since
Lie(F1—DAR 1| (Br—1)AR Lie(F1—VAR  —BaAh | —Ah
1—1 2—1 2 Ah 1—1 B2—1
det 1+K7;eﬁ1Ah 1+K—;eﬁ2Ah = eP28h et 1+K75531Ah efﬁgAh_i_% , (3.23)
B1 B2 B1 B2

we have, as Ah — oo,

14eP1—DAR 671322}L+€7Ah 1 0 K
-1 —1 1 1
det I sAn _BhAn | K1 —det| ™ = — <0.
I+ gye 280t 1 K
Kzﬁj - B2 = B1 K2[132 KQ(Bl - 1)62

Therefore, (3.21) has a solution Ah in (0,00) by the intermediate value theorem. With this Ah, we
compute {C1, Ca, hq, ha} by the formulas (3.22), (3.18) and he = hy + Ah. (Later in this paper, we
show that {C1,Ca, h1, ho} is a solution to the system of equations (3.11)-(3.14).) Define the function
V(z) by the formula

_ 016/31:8 + 026’8296 if ze (hl,hg)
Vi(z) —{ o) it 3 (hyho)e

where ¢ is the function in (3.2). Then V is a solution of the boundary value problem in Proposition
2.1. Hence we have V(z) = Egle” """ m2°g(X,, )] for all z € R. Also, by Proposition 2.2
, we observe V(z) > g(x) for all z. To prove that V is indeed the value function, by Theorem
2.1, it remains to verify that (Lx —r)V(x) < 0 for all © ¢ (hy, he). For x > hy, we have (Lx —
rV(z) = ";g”(m) + cg'(x) — rg(z) = (302 + ¢ — r)e® + rK,. Since 302 + ¢ < r, we observe
L(Lx —r)V(z) = (302 +c—r)e® < 0 which implies that (Lx —r)V(z) is a decreasing function on
(hg,0). In addition, we have (Lx — r)V(x) =0 for « € (hy, he) and, hence,

(Lx — V() = (Ex — V() — (Lx — 1)V (h3)
= [V () + V() — 1V ()] = [30?V" (h) + eV (hg) — 7V (b )]
= 5V = V)] = o 3 )

(The third equality holds since the function V(z) satisfies both the continuous fit and the smooth
pasting conditions at hg.) Since V(z) > 0 and C; and Cs have the same sign , we observe C; > 0
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Figure 1: Relationship of n;, 1 <¢ < N7, nj.', 1<j<NTandfB,, 1<n<N-+2.

for i = 1,2. Also we have 8; < 0 < 1 < 5. Therefore we observe (Lx —r)V(h3) = 302(e"2 —
2721:1 CpBlelnhz) < 1o%(eh2 — Zi:l CpnBnePn"2) = 0. This implies that (Lx — r)V(z) < Lx —
r)V (k) < 0 for all z > hy. By a similar argument, (Lx — 7)V(z) < 0 for < hy. The proof is
complete.

(]

Now we go back to the equations (3.3)-(3.8). From this point on, we set N = N~ + Nt and
assume that the conditions (3.9) and (3.10) hold. Subtract (3.5) from (3.7) and (3.6) from (3.8), we
have

N+2

Zc 1— B, = —K, (3.24)
N+2
ZC 1-By)em = K (3.25)

Using (3.25), (3.8) and (3.4), we have

N+2

Z Ch ﬁ” Bu(d = Bn) s g, (3.26)

~ Mk
for k=1,2,..., N~. Similarly, by (3.24), (3.7) and (3.3), we have

N+2 6 )
> Ca n( efnhz — (3.27)

n=1 77k

for k=1,2,..., NT. From equations (3.24) and (3.25), we also have

N+2
Z Cn(1 = Bn)(oefrt 4 —efnhz) = 0, (3.28)
Kz
In addition, by (3.7) and (3.8), we have
N+2
Z Cou B eBn=1h1 e(ﬁnfl)h2) = 0. (3.29)

Lemma 3.2 Assume that {Cy, -+ ,Cnyia,h1,ha} is a solution of the equations (3.3)-(3.8). Then
C; # 0 except for at most one j.

Proof : See the Appendix. O

Lemma 3.3 Assume that {Cy, -+ ,Cnyi2,h1,ha} is a solution of the equations (3.3)-(3.8). Then
C, >0 for all n.

Proof : See the Appexdix. O

Lemma 3.4 Assume that ZN+2 Cofne’m®o = e for some xy € R. Then there exists € > 0 such

that ZN+2 CpfnePr® < e for all x € (zo — €,20) . Also we have ZN+2C Bnebn® > e for all
xr > xg.



Proof: See the Appendix. a

Theorem 3.1 Let {C4,...,Cy,h1,ha} be a solution of the equations (3.3)-(3.8). Define the function
V(zx) by the formula

[ SN2 CLeP i x e (ha,ho)
V”){wml i € (. ho)e

where g is the function in (3.2). ThenV is the value function of the optimal stopping problem (1.1).
Also, we have V(z) = Egg[(i*r‘r(mw’lz)Cg(XT(hl_’hz)c )] for all x € R and hence T, p,)e is the optimal
stopping time for the optimal stopping problem (1.1).

Proof : Clearly the function V (x) satisfies conditions (a)-(c) of Theorem 2.1. Direct computation
shows that the function V' is a solution of the boundary value problem (2.7). Because C,’s are
nonnegative according to Lemma 3.3, thus, hy < I3 = InK; < InKy = Iy < hy by (3.5) and
(3.6). Also functions g; and go satisfy the conditions in Proposition 2.1. Therefore we have V(z) =
Eyle”mung(Xy, )] for allz € R. Note that functions g1 and go also satisfy the conditions in
Proposition 2.2 and V also satisfies conditions (c¢) and (d) of Proposition 2.2. Hence by Proposition
2.2, we obtain Egjf CpePn® > g(x) for x € (hi,hy). By Theorem 2.1, it remains to show that
(Lx —7)V(z) <0 for x € [hy, ha]®. Note that, on = > he > In Ko, direct calculation gives

1 N ADi J Aq;
(£Xfr)V(:v):em(§02+c+zn+:1 +Zn_ J o) = (e’ = Ka)
i=1 1l J

j=1
N~ NA2 o = -
_,_)\quenj_a: (Z 7"77J e(Brn=ny Yhz _ 777J 1= )h2 ng"i_h2>
j=1 =y~ P ny —1
NT N~
/\pz Ag; .
a +c+ —r(e’ — K
>y M) e -y
j=1"1
- N+2
+Aije"ﬂ <Z _CnPn (Bunyohs _ L e(l—nj)hz>
j=1 =i — B n; —1

(The last equality holds because of (3.5).) Let W;(z) = S0 172 nC fﬂ" (ﬁ"_"f)x—ﬁe(l_”f)” for 1 <

j < N~ and # € R. First we show that W;(ho) > 0. By (3.4) and (3.6), we have ¥;(h;) =

ﬁ e 5 0. Also, we observe Vi(z) = — ZN+2 CpBnePrni )z e=n)z — _p=n; @ (22[;2 CrBnelr® — e‘r) .

We need the fact that ZN+2 CpBneln® —e® £ 0 for all z € (hy, hy). (Indeed, if ZN+2 C,Bnelrl* —
e = 0 for some h* € (hy, hs), by Lemma 3.4, ZN+2 CpBnePn® —e® >0 for all z € [hx*, hs]. Note
that by (3.7), we have ZNH Cpfnelrhz —ehz = 0 and by Lemma 3.4, there exists ¢ > 0 such
that ZN+2 CpfnePr® —e* < 0 for all x € (hy — €, hy] which is a contradiction.) Combining this
with the fact that ZN+2 C,BnePrt — et = —2e¢M < 0, we obtain ZN+2 C,BnePr® —e® < 0
for all € [hi,hs] and hence, \If;(ac) > 0 on [hy,hs]. This implies that ¥;(z) is an increas-
ing function and hence ¥;(hy) > ¥,;(h1) > 0. Therefore, on © > hy > InK, , we observe

E(Lx =)V (@) = (a%w+zlufa+zjuf’—ww+AZ£m]<m>e"f<oth
implies that (Lx — )V (x) is a decreasing function and its maximum value is (Lx — r)V(ha+).

Because V(x) satisfies the smooth pasting condition at he and (Lx — r)V (he—) = 0, we get

wx—wVWﬁo=wx—wVWﬁo—wx—mvwr»=%ﬁ@”wﬁ»—v%m—»

1 N+2 N+2

:5 2052 ﬁnhz)< a chﬁ Fnhz) —
n=1

Therefore (Lx — r)V(x) < (Lx —r)V(hT) < 0 for all # > hy. By the same procedure, we ver-

ity (Lx — r)V(z) is an increasing function for z < h; and (Lx — )V (h1—) < 0, which implies
(Lx —r)V(z) <0 for all x < hy. The proof is complete. O
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4 Existence of Solutions to Equations (3.3)-(3.8)

In this section we prove the existence of solutions to the system of equations (3.3)-(3.8
0 (3.25)-(3.28), we have ADC = K where D is an (N + 2)

). According

x (N + 2) diagonal matrix with entries

dii = Bi(1 = By), K= [0,0, ...,O,Kl]T is an (N + 2) X 1 column vector and
M _ 1 B 1 o BNy2h T
51 M € BN+2—m1 €
1 B1h1 1 - BN+2h1
Bi—m_ _ ¢ 5N+2*77;], ¢
_ 1 _eBihs 1 eBN+2h2
A= B1—ny BN4+2—1
1 Biha % BN42h2
B1—n € Bn+2—ny, €
B GO bt (et gt
1 eﬂlh/l 66N+2h1
L 1 5N+2 J
Then, the coefficient vector C is equal to
K
Cc=—LDY (4.1)
detA

where Y is the last column of the cofactor matrix of A. T hus, if we find out the boundaries of the
continuation region (hq, hz2), then we can compute the coefficient vector C' by (4.1).

Proposition 4.1 Let {C4,...,

matriz defined by the formula

r 1
B1—ny

1
ﬁl Ny—
ﬁlh
e
B1— nf

eﬁlh

B1— 7]
1y K;eﬁlh)

B1
i 51171 (1+ e(ﬁl—l)h)

Moreover, we have
h1 = log detA1

where

Ay

1
BN42—n1

1
ﬁN+2 nﬁ{
N+2h
[3N+2 711+

1 65N+2h
BNiy2— UN+
1 K h
(14 Kz ebriah)

,3N+2
(1+ e(BNy2— 1)h)

ﬁN+2 1

— log det As,

11

BN+2—m1

ﬂN+2
,BZ,VHQAh
ﬂN+2 ny

1 eBn+28h
BN+2—m
1 Ky BNny2AR

BN+2 (1 + i, © )

BN42—1 .

CnN42,h1, ha} be a solution of the equations (3.3)-(3.8). Then Ah =
ho — hy is a solution of the equation detB(h) = 0 where for every h € R, B(h) is a (N +2)

X (N+2)

(4.2)

(4.3)



and

r 1 S S y

Br—ny BN42—11
1 1
Bi—n. _ BNt2—m _
S V.Y O ) RPN
T ¥
A2 = B1—n{ BNy2—n]
# B1Ah .. % BN424Ah
51—71;\rj+ € BN+2—77:[+ ¢
1 K Ah 1 K Ah
L R el T
L B1K1 Bri2K1 .
Proof : See the Appendix. O

Proposition 4.2 Given any h € R, define the matriz B(h) as in (4.2). There exists a positive
solution Ah to the equation detB(h) = 0.

Proof : See the Appendix. O
Theorem 4.1 Let Ah be a positive solution of the equation detB(h) = 0 and define hy by (4.3).
Set ho = hy + Ah and compute {C1,--- ,Cnia} by the formula (4.1). Then {C1, -+ ,Cny2,h1,ha}
is a solution of the equations (3.3)-(3.8).

Proof : The system of equations (3.3)-(3.8) is equivalent to ADC = K together with the smooth
pasting conditions (3.7) and (3.8). From the proof of Proposition 4.1, we know that {C1, -+ ,Cnt2, h1, ha}
satisfies ADC = K and (3.8). It remains to check that (3.7) is satisfied. By (4.1), the left hand side

12



of (3.7) is

NZH % Pnha — det
= det(A)(1 - Bn)
xdet
= det
xdet

= det(Ay) det

L oBiha 1 Bnieha T
B1—mny BN+2—m
1L Pl 1 eBniz2ha
Bi—n_ BNt2—m _
1 _pBiha 1 ePN+2h2
B1—n7 BN+4+2—n]
eBrh2 1 eBN+2h2
Br—ny 4 BN+2—n 4
L(eﬁlhl + &651’12) (65N+2h1 4 Kl eﬁN+2h2)
B1 Ko ﬂN+2
eP1h2 /*N+2hz
1-51 1-BN+2 i
_ 1 bl 1 Bni2h
Br—ny BNy2—m1
651h1 1 eBN+2h1
51* N BN+2—m_
eﬁth 1 eBN+2h2
61_771 BN+2—n]
Bihz 1 BN42h2
€ (&
,31— + Bn+2—ny,
ﬁlhl B1ha 1 5N+zh1 BN 2h2
Bl(Ke + 26 ) ﬁN+2(K1e Rale i © )
1 opih 65N+2h1
1 5N+2
1 1 7
Br—mny BN+2—11
1 1
,31— N 5N+2— -
_ePian N 5’L+2Ah
Bl*’h 5N+2*n1
ePr1Ah %eﬁz\uzﬁh
51*77 ﬁN-¢-2*77N+
Kl B1AR 1 Ky Bni2Ah
B <1+ 6 ) ,BN+2(1+ K> € )
ﬂlAh 6BN+2Ah
1-51 1-BN+2 i
1 1 11
B1—mn; BN4+2—1
1 B1ha 1
—€
Br—my— 5N+2
1~ BiAh 1 /ﬁ,ﬂm
51*7’/1 ﬁN+2 m
L Bk 1 65N+2Ah
B1—n + BN+2 77N+
L L BlAh BN+2Ah
B1 (1+ 11(26 ) ﬁN+2 (1+ )
B1K1 [3N+2K1 i
_ 1 1 -
B1—ny BNy2—my
1 1
51* 5N+2
eBlAh P S BNN+2Ah
51—771 ﬁN+2 m;
N L Bni2dh
ﬁ1—71 /BN+2 N
(1 + Kl eﬁlAh) (1 + Kl 66N+2Ah)
5N+2
[flAh EBN+2Ah
L 1—/31 1-BN42 i
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Since Ah satisfies detB(h) = 0, we have

1 .
Br—ny BN4+2—11
1 1
51 Ny— BN+2
_eP1ah B%_,_QAh
—detAq = —det Bi—ni 3N+2 ny
B1Ah % BN2AhR
[‘31*77+ € BN42— 77;_,_6
(1 + K1 eﬁ1Ah) ,6’Nl+2 (1 + gl €5N+2Ah)
L 51— BN+2 1 h
r 1 1 -
Bi—ny BN+2—11
1 1
Br—=mny _ 5N+2
1 651Ah 1 ﬁzl\:,_,_zAh
= det Br—m 5N+2 ny
3 n+ eﬁlAh ﬁe[hw_QAh
1— se—nl
Kl B1AhR K B Ah
,31(1+K26 =) 5N+2(1+K26 N2
5 e(IBI I)Ah 7 1 (5N+2 I)Ah
- 1—1 N42— J
i 1 1
Br—mny BN+2—11
1 1
51 77 5N+2
eﬂlAh ﬁIXI+2Ah
= eiAhdet Br—ny 5N+2 ny
ﬁ n eﬁlAh 5 17] eﬁN+2Ah
1= N+2
K Ah 1 K Ah
B (1 + ~ eﬂl ) BN +2 (1 + K1 efn+ )
BlAh BN+2Ah
- 51_1 ,3N+z i€

r 1

Therefore, the left hand side of (3.7) is equal to detA;'detA;eAh = ehitAh = h2,

complete.

5 Numerical Results

In this section, we solve the system of equations (3.3)-(3.8) numerically.

The proof is

To solve the equations

(3.3)-(3.8) numerically, we first find the length of the optimal interval Ah by solving the equation
detB(h) = 0 where B(h) is the square matrix in (4.2). (Note that the equation above depends
only on h and hence we can use the simple and fast approach like the Newton method to solve it.)
Second, we compute hy by (4.3) and set ho = hy + Ah. Finally, we obtain the coefficient vector C

according to (4.1) and evaluate the value function V(z) by the formula V(z) = 25;12 CnePn® for

T € (hl, hg)

Example 3. Consider the case that NT = N~ = 1. In addition, as in Boyarchenko [3], we take
¢ = —0.105, ¢ = 0.25, r = 0.06, n* = 0%’ n- = —0%7, A= %, p = q = 0.5 and the strike prices
K, =50 and K3 = 100. Then the value function is given by V(x) = Zi:l CpnePn® in (h%, h3) where

(hi,h3) =
{B1, B2, B3, B4} =
{Clv 027 037 04}

(2.1992,6.1953)
{—3.4812, -0.2322,1.1995,6.953}
{2519.533, 61.2124,0.2183,1.4624 x 10718},
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Figure 2: The solid line is the value function V' (z) for the jump-diffusion model with N* = N~ =1
and the dash line is the one for the diffusion model, that is, N™ = N~ = 0. The optimal boundaries
are marked by circles for jump-diffusion model, and by triangles for diffusion model.

Besides, if we take NT = N~ = 0 which is the diffusion case in Example 1, then we observe
V(z) = 22:1 CpePn® in (h}, h}) where

(Wi, hy) = (3.4151,4.859)
(81,82} = {-1.5607,4.9207}
{C1,Cy} = {4037.8534,1.1088 x 107%}.

It is interesting to note that in the jump-diffusion model, the optimal interval (A}, h3) is much wider
than that for the diffusion case. This indeed makes sense because there are more opportunities to
earn large gains by the jump occurring and hence it can be expected that the investors will not exer-
cise the options in the jump-diffusion environment earlier than in the diffusion one. Figure 3 shows
the graph of the determinant of B(h) as a function of h. It shows that the zero of the determinant
(this is Ah) is unique. Besides, the graph descends sharply near the zero of the determinant. This
implies that we can get the numerical result for Ah fast and correctly. O

Example 4. Consider the jump-diffusion model with N~ = NT = 2 and let ¢ = —0.105, o = 0.25,
r=0.06, n] = 0%5’ Ny = ﬁ, N = —714,772_ = —-75 A= %, p1 =p2 = q = g2 = 0.25 and the
strike prices K; = 50 and K3 = 100. In this model, the expected value E[eX!] is the same as the one

with N~ = N* =1 in Example 3. The value function is V(z) = 30 _, Cpef* in (h}, h}) where

n=1
(hi,h3) = (2.1153,6.3801)
{B1, B2, B3, Ba, B, Be} = {—7.997,—1.9409, —0.1155, 1.1642, 3.2421, 7.0931}
{C1,Cs,C5,Cy, Cs5,Cet = {735200.1029, 240.6048, 44.1297, 0.2679, 8.8413 x 1072,

2.4671 x 1079},

As noted before, models in Example 3 and Example 4 have the same expected value E[eX!]. However
the optimal interval in Example 4 (N~ = Nt = 2) is wider than that for the case N~ = NT = 1.
|

6 Concluding Remarks

American option contracts are more complicated to analyze than their European counterparts, be-
cause an American option can be exercised at any time prior to its expiration. Mathematically
this means that we have to solve the optimal stopping problem of the form in (1.1). Instead of
the corresponding PDEs for the European counterparts, problem of this kind always leads to so
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Determinant of the length of the optimal interval
‘

11
T T

x 10

Figure 3: The figure is the graph of the determinant B(h) for finding the length Ah of the optimal

interval. It shows that there is only one zero for the determinant.

Payoff Function of Call Option
Payoff Function of Put Option

= = = Value Function For Jump Diffuse Case With N+=N-=1

Value Function For Jump Diffuse Case with N+=N-=2

Figure 4: The solid line is the value function V (z) for the jump-diffusion model with N* = N~ =2
and the dash line is the one for the model with N* = N~ = 1. The optimal boundaries for the case

N7T = N= =2 are marked by circles and by triangles for the case N~ = NT = 1.
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x 10"

Figure 5: The figure is the graph of the determinant for finding the length of the optimal interval
for the case N~ = Nt = 2. The figure has similar properties as for the case N~ = Nt = 1. In
particular, there is only one zero for the determinant.

called free boundary value problems, that is not easy to solve. Usually we have no explicit pricing
formulas for the value functions and the optimal exercise boundaries are not known. We refer to the
monograph of Peskir and Shiryaev [15] for more details and related topics about optimal stopping
and free boundary problem.

The American call and put options are the simplest American contracts. The pricing problem for
these options has been widely studied and generalized since Mckean [10] and Merton [11]. For recent
works on Lévy-model setting, we refer to Mordecki and Salminen [12], Boyarchenko and Levendorskii
[4] and Asmussen et al. [1] and the references therein.

In this paper we consider the perpetual American strangle and straddle options, which is a
combination of a put and a call written on the same security. As in Asmussen et al. (2004) and
many others, we consider the pricing problems of these options in the jump diffusion models. By the
free boundary problem approach, we solve the corresponding optimal stopping problems and hence
find the optimal exercise boundaries and the rational prices of the perpetual American strangle and
straddle options. More precisely, following the approach in Chen et al [5], we derive an equivalent
system of equations for the free boundary problem with smooth pasting condition. By solving the
system of equations, we find an algorithm for computing the rational prices and the optimal exercise
boundaries for these options. (Boyarchenko [3] studied the same pricing problems by a different
approach and assuming the smooth pasting principle for the value functions. In fact Boyarchenko
posted the verification of the smooth pasting principle for the value functions as an open problem
in [3] and we resolve this open problem in Theorem 3.1.) The present method together with the
general results in Section 2 could possibly give an alternative approach to compute prices for other
exotic options in jump diffusion models.

7 Appendix

Proof of Proposition 2.1. We follow similar argument as that in Chen et al. [5]. Fix z € (hq, ha).
Pick a sequence of functions {V,,} C C2(R) such that V, =V on [hy,ho] and V,, — V on R. Since
g1 is bounded, we can choose {V,,} such that {V,} are uniformly bounded on (—oc, ¢ for any ¢ € R,
and V,,(z) < 2go(z) for all n and all z > M. Here M > hy is a strictly positive constant(independent
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of n). By Dynkin’s formula, we have

For every u < 77 A t, we have X, € (h1, he) and hence YZL(

efr(t/\‘rl ) ‘777,

Ey

(Lx —r)V(X,) -

and hence

(Lx = )[V(Xu) = Val(Xa)]

By Dominated Convergence Theorem and (7.2), for all u < tA77, (£x —1) Vi (Xy)
as n — 00. By (7.3) and Dominated Convergence Theorem, we have

w{/om (L — ) T(X )du} _E, Mm e~TU(Ly — )V (X )du].

Note that |V,,(z)| < sup, SUpP,< s [V (2)] + 2g(z) and E, [sup;>p e~ "g

lim E

n— oo

<

(XT,M)} =E, UOWI e"(Lx — 1)Vl u)du} + V().

(Lx — T)?n(Xu)

sup
2<M+|hy|+]|h2|

7@ +1Va(2)]] +

X,) =V(X

J [P+ = Tatta )] f0)dy

h1<x<ha

«)- This gives

sup

/OO
M+|hy]

for both sides of (7.1) together with the dominated convergence theorem gives

E, |:e_7.(t/\7'1)‘7(XTI/\t):| =E, [/OMTI e "Ly — r)V(Xu)du} +V(z) =V(z).

(7.

(7.

(7.

(7.

Note that the last equality follows from the assumption that (Lx — )V =0 in (hy, hy). Since

E, [sup e

>0

rtf/'(Xt):|
y<ho

< sup V(y) + E, [

supe "
>0

‘9060 < ox,

)

2)

3g2(z +y) f(y)dy < oco.

3)

— (['X _T)‘7<Xu)

(X:)] < oo. Letting n — oo

4)

our result follows by letting ¢ — co in both sides of the equality in (7.4) and the Dominated Con-
vergence Theorem. This completes the proof.

O

Proof of Lemma 3.1. First consider the case that N* = 0. Then By- 5 is the unique solution to

the equation ¢(x) = 0 in (0,

00). Observe that lim,_,oc ¢(2)lim, 1 ¢(x) = —oo. Our result follows

by the intermediate value theorem. Next assume that N* > 1. Then By-,» is the unique solution
to the equation

¢(z) =

n (0,77). Alsowe have ¢(1) = [T, (n —1) [T}, (n; —1 )[ o +c—(>\+7“)+A(ZZ+1

+ - —
and ¢(ni") = Apunf TSt — 5 T2, (=i

H(m—+ — ) H(n{

which implies By- 4o > 1.

Proof of Lemma 3.2. Set Ah = hy

— )

2

Then, by(3.24)-(3.27), we have AC = K where

L B1— 77N+

1
Bi—ny

Bi—ny_
1 o prioh

1
N
—€
B1—nf

eﬁlAh

1
BN42—n1
1
BN+2—m_

eBn+22h
BN+2—1]

1 Buiadh
BNt2—m1
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= 1

j= 1M T

and K =

Pﬂ?l

1 i
—o%x* +ex — (N+7) —&—AZ pint +Z 975 )| =0

Ry

- ogin;
Jj= 177_ 1

). By (3.9) and (3.10), we obtain ¢(1 )¢(771 ) <0

O

— hp and put C'n = b1 - 3,)B,Cp for 1 <n < N +2.

)



Let Fy(x) = sz\s;z ¢ and Fy(z) = Zfiﬁz Cidknilely Clearly, Fi(z) = — @) ang Fy(z) =

. Bi—x Bi—x L5 (Bi—x)
%, where
N+2 N+2 N+2 N+2
Z Cn H —z) and So(z Z enArC H (7.5)

i=1,i#n i=1,i#n

Then S;(z) and Sz(x) are polynomials with degree at most N + 1. Also, by the fact AC = K, we
have S1(0) = K; Hf\ff i, S2(0) = — K Hl 1 i, S1(n, ) =0for 1 <k < N~ and Sg(r],j) =0 for

1 <k < NT. By (7.5), we have

& _ S51(Bn) _ ehahgy(8,) (7.6)

C LB B) I (B — Ba)
for 1 <n < N+ 2. From this, we have S2(3,,) = S1(6,) = 0 if and only if S2(8,) — S1(8.) = 0.
In addition, we have C,, = 0 if and only if S3(8,) — S1(8.) = 0. Also if S1(Bk) and Sa2(Sk)

are nonzero for some 1 < k < N + 2, Sgégz) = A" Tt remains to show that |©| < 1 where

O = {Bn|S1(Bn) — S2(Bn) =0, for 1 <n < N+ 2} and |0] is the cardinality of ©. To do this, we
need the following facts :

(1) If Sa(x) # 0 on (7, , Br+1] for some k, 1 < k < N7, then Sp(z) — Si(z) = 0 has a solution in
(M » Brs1)-

(2) If So(x) # 0 on [Bk,n;, ) for some k, 1 < k < N, then Sy(x) — Si(x) = 0 has a solution in

(3) If Si(z) # 0 on (9, By-1ork) for some k, 1 < k < N7, then Sp(x) — S1(z) = 0 has a solution
i (0, BN +24k)-

(4) If Si(z) #0 on [By- 414k, m; ) for some k, 1 < k < N7, then Sp(x) — S1(z) = 0 has a solution
in (By-414k: 75 )-

(5) If So(z) # 0 on [By-41,0), then Sq(z) has a solution in (Bx-1,0).
(6) If S1(z) # 0 on (0, By- 2], then Sz(z) has a solution in (0, By-42).

To prove (1), we assume that Sy(z) # 0 for all « € (1, Bry1]. Let ™ = sup{x € [, , fry1]|S1(z) =

0}. Note that z* exists because S (7, ) = 0 and 2* < 1. Because gfg is continuous on (z*, Bi41],
0 < gfggiii; = efrr1dh < 1 and limg, g4 5222 = 00, by the intermediate value theorem, there

exists z € (z*, Br41) such that g?gé; = 1. This completes the proof of the fact (1) above. Facts
0

(2)-(4) are verified by similar arguments.
Next , we verify the fact (5) and assume that Sa(x) # 0 for all x € [By-1,0). Then

N+2

sgn(Sa(Bn-+1)81(By-+1)) = sgn | ePn- 180 C2 II Bi-8y-+1)7| >0,
i=1,iAN=+1

and sgn(S2(0)51(0)) = sgn(—K1 K> HN+2 B?) < 0, which imply that Si(z) has a solution in
(BN-41,0). The proof of the fact (6) is similar.

Let S(z) = Sa(x) — S1(x). Then S(z) is a polynomial with degree at most N + 1 and S(8x) =0
whenever 3 € ©. Let

= A{lPn-+1,0)n-+1 € ©IUL(0, By-12]|Bn-42 ¢ O}

U{[Bka”}:)'ﬂk ¢ @a 1 < k < N_} U {(T]]:aﬁk-‘rl]'ﬂk-‘rl ¢ @; 1 < k < N_}

U{[BN 148 ) IBN 4145 £ ©,1 <k < NTYU{(n, By otk lAn-424k € 0,1 <k < NTL
Note that II is a collection of intervals and |II| = the number of intervals in IT > 2(N + 1) — 2|©)|.

Let II = {I € II|S(z) = 0 has no solution in I}. Since [{z|S(z) = 0,z ¢ O} < N +1— 0],
I} >2(N+1)-2|0| - (N+1)—|©]) = N +1—|0|. For any I € II, by facts (1)-(4), we obtain
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(a) if sup,c; @ < Bn-41, then the equation Sa(z) = 0 has solutions in I.
(b) if infyer & > By- 2, then the equation Si(x) = 0 has solutions in I.

Also, by fact (5),51(z)S2(z) = 0 for some x € [Sn-11,0). Similarly, by fact (6), S1(x)S2(x) = 0 for
some z € (0, By-y2]. From these observation, combining with the fact that for I, Io € II, I1 NIy = ¢
or I; NIy C ©° we have

[{2|Sa(2) = 0,2 < By 42,2 & O} + [{2[S1(x) = 0,2 > By 41,2 ¢ O} > [T > N 41— O] (7.7)
Recall that Si(n, ) =0for 1 <k < N~ and Sg(n,;',’) =0 for 1 < k < NT. Therefore,
2(N +1) = {z[S1(z) = 0} + [{z[S2(x) = 0}|
~ [{z1S1(@) = 0,0 > By, 2 ¢ O} + [{alSi(0) = 0,0 < By, 0 ¢ O}
+[(alSa(0) = 0,0 < B0 ¢ O} + |{a]S2(2) = 0,2 2 B 5w ¢ O} + 2/{ale € O
>N+1—|0]+ N + Nt +2[0|=2N+1+|0|. (7.8)
This implies that |©] < 1. The proof is complete. |

Proof of Lemma 3.3. We define S, Sz, O, H II, and C s as in the proof of Lemma 3.2. Since
C = e FnM(1-3,)8,C, and, by Lemma 3.1, we observe C,, > 0 if and only if C < 0. Besides, by
Proposition (2.1), we obtain ZN+2 CpePr® = B le” " 2 g(Xr,, )] which is nonnegative for
all z € (hy, h2). To prove C,, > 0 for all n, it suffices to show that the én’s have the same sign. By
Lemma (3.2), |©] =0 or 1. First, we consider the case that |©| = 1, that is, S1(Bk,) = S2(Bk,) =0
for some 1 < kg < N + 2. Then |II| > 2N and by (7.7),

|{$|52(l’) = O,Jf < BN*—&-QV/E 7& ﬁko}' + ‘{J?‘Sl(l‘) = O,J? > /BN*-‘,-lax 7é ﬁkoH > |ﬁ‘ > N+1-1=N.

By (7.8), we obtain [{z|S2(x) = 0}| + |[{z|S1(z) = 0}| = 2N + 2. Hence Si(x) and Sy(z) are
polynomials with degree N + 1 and all roots of S7(x) and of Sy(x) are simple. In addition

2(N +1) = [{z[S1(z) = 0} + {z[52(2) = 0}|
)=

> Hz]S2(x) =0,2 < By-12,% # B} + {z]|S1(x) = 0,2 > By-11,% # B }
+{z|S2(x) = 0,2 > Bn- 12, # By} + {z]|S1(2) = 0,2 < By-11,% # Bry } +2
> N+ |{$|SQ($) =0,z > ﬁN*+2’x 7é ﬂko” + |{l‘|S1(aj) =0,z < 5N*+17x 7é /Bko}| +2

and hence, N > [{z|S2(x) = 0,2 > By-10,% # Biot| + {z]|S1(z) = 0,2 < Bn-11,2 # By}
Since S2(n;7) =0 for 1 <k < NT and Si(n;,) =0 for 1 < k < N, we obtain {z|S1(z) = 0,2 <
Br-11:@ # Bro}t = {ny [1 <k < N7} and {2[S2(2) = 0,2 > By-y2,2 # B} = {nf 1 <k < NT}
Now we consider the case that kg = 1, that is S1(f1) = S2(f1) = 0. Because 7, is the unique root
for Sy(x) in [8;, Bit1], 2 < i < N—, we obtain S1(5;)S1(8i+1) < 0. By similar arguments, we also
have S5(8;)S2(Bj4+1) <0 for N~ +2 < j < N + 1. By (7.6), we have

G G — e P18 Gy (Bn1) e 2055 (Bn)
T8 1 (Bi = Buet) I (B — Bu)
67(5"’1+B")Ah52(ﬂn—l)%(ﬂn)(ﬁn = Bn=1)" (Bt — Bn) 7t
122 (Bi = Ba1)(Bi = Ba) T2 1 (B — Bu1)(Bj — Bn)
_ S1(Bn=1)S1(Bn)(Bn = Bn=1) " (Bao1 — Bn) !
127 (B = Bu1)(Bi = Bo) Tt 1 (B = Bu1)(B; = Bn)

Therefore, the elements in C~ = {C,|2 < n < N~ + 1} have the same sign and this is also true for
elements in C*t = {C,|N~ +2 <n < N +2}. Because AC = K, if the elements in C'~ are positive
W2 < 0 if the

elements in C~ are negative and the ones in CT are positive, then we get another contradiction, i.e.,

and the ones in C'" are negative, then we get the contradiction that K =
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—K ZN+QC

the proof is the same

eBnAh

> 0. Therefore, C’ s must have the same sign. For the case kg = N~ + 1,
For the case 1 < ko < N~ + 1, by a similar argument as above, we

obtain the elements in € = {Ch|l < n < ko —1}, C5 = {Culko +1 < n < N~ + 1}, and
Ct ={C,|N~+2 < n < N +2} have the same sign, respectively. There are eight situations for the

signs of C7, Cy, and C'* :

(1) C;7 <0,C; <0,and C* <0, (2) C; >0,Cy; >0, and C* > 0,

(3)C; <0,Cy <0,and Ct >0, (4)Cy >0,C; >0, and C* <0, (5) C] <0, Cy >0, and
Ct>0,(6)Cy >0,C; <0,and CT <0, (7) C; <0,Cy >0,and Ct <0, (8) C] >0,C5 <0,

and C* > 0. (We write C >

(<)0 if all elements in C are greater(smaller) than zero.) We show

that cases (3)-(8) are impossible. The arguments for disproving cases (3) and (4) are the same as
for the case kg = 1. Note that

Br<m <PBa<my <---
<6N*+2<771+<

< Bro < Mgy < Bro <
- < Bnt1 < Mis < Bnsa

< By <ny- <Byn-41<0<1

Because AC = K, Comparing with the (ko—1)-th entries in AC and K, we obtain ZN+2 -

n
Bn— Wko 1

0. Therefore, it is impossible for cases (5) and (6). Note that the entries of A satisfy the following:
(a) AIL‘J‘ < 0 for {(Z,])H <3< < N7—|—1}U{(Z’,j)|N7+2 <i<N+2/1 S]<Z} and AiJ >0,

otherwise.
(b) If A; ; and A;1; ; are negative, then A; ; < A;11 ;.

(c) If A;; and A;1, ; are positive, then A4; ; < A;y1 ;.

For the case (7), we get the contradiction K1 = (An-41 — Ako_l)a < 0 and for the case (8), we
get the contradiction —K3 = (Anx-19 — Ag,—1)C > 0 where A; is the ith row of A. Therefore, we
complete the proof for the case that [©] = 1 and 1 < kg < N~ + 1. The proof for the case that

Ol =1and N~ +2 < ko <N +2 is similar.

Consider the case that |©] = 0 which implies that C,’s are nonzero. Then we have III| = 2N +2
and by (7.7), [{z|S2(z) = 0,2 < Bn-12} + [{z|S1(x) = 0,2 > By-41}| > [II] > N + 1. Therefore

2(N +1) = {z[S1(z) = 0} + [{z[S2(z) = 0}

0} = N* or {z|r < By-—41,51(z) = 0}]
0}| = N*, or equivalently, {z|z > By-12,S2(z) = 0} = {nf -

>

>

{x]S2(x) = 0,2 < By—12} + {z[S1(2) = 0,2 > By}
+{z[S2(x) = 0,2 > By—y2}| + [{z]51 (2

)= 0,2 < Bn—s1}] +20)

N+ 1+ [{z[S2(z) = 0,2 > By—yo}| + [{z[S1(2) = 0,2 < Bn—y1 }|

which implies N +1 > [{z|S2(z) = 0,2 > By-42}H + {z|S1(z) = 0,z < Bn-11}|. Because
{z]S2(z) = 0,2 = By-4o}| + {2[S1(2) = 0,2 < By-41}| = N, we have [{z|z > By- 4o, S2(x) =

0} = N7, then we have {z|z < By-41,51(x)
for the case |©]

same. If |[{z|z < Bn-41,51(z) = 0}
has two roots in (Bk,, Bre+1) for some 1 < kg < N~
that the elements in C~

= 1 imply that the elements in C'~

=0t ={m -ny-} -

= N~. First, we consider the case [{z|x > Bn-12,52(z) =
M+ b I a2l < By, Si(x) =

Similar arguments as

= {CuJ1 <n < N 41} and in Ct =
{ChLIN~ 42 < n < N + 2} have the same sign, respectively, and hence, the sign of C),’s are the

= N~ +1, then either S;(x) has a root in (—oo, 81) or Si(z)
. For the case (—o0, 31), we can get as above
={Ch1 <n <N +1}and in Ct = {Cp,[N" +2 < n < N+ 2}

have the same sign, respectively. If Sj(x) has two roots in (Bk,, Bko+1) for some 1 < kg < N~

we also observe that the elements in C; = {Cp|1 < n < ko — 1}, Cy = {Chlko <n < N~ + 1}
and CT = {C’n|N + 2 < n < N + 2} have the same sign, respectively. By the same argument
as for the case |©] = 1, we know that the coefficients have the same sign. The proof for the case

|z < By-41,51(x) = 0}

Proof of Lemma 3.4. Let F(z) = Y02

Because g1 < By < - -+

Lemma 3.3,

n=1

N+2

(o) = 3 Cafehneo -
n=1

21

CpBnePn® —e*. Then F'(x)
<BN-41<0<1<By-—42<BN-43<--

N+2

n=1

= N~ is similar and hence, we omit it.

e’ > Z C,,Bneln®o — e%0 =,

O

= N2, B2efn et
< BN+2, and by Lemma 3.2 and

(7.9)



which implies that F(z) is strictly increasing in some neighborhood Uy, of xy and hence, we com-
plete the proof of the first part of the lemma. Assume that there exists @’ > z¢ such that F(z') < 0.
Let ¥ = sup{z|zg < z < 2/, F(z) = 0}. Then ¥ < 2/, F(Z) = 0 and as shown for (7.9), we have
F'(Z) > 0. Therefore, there exists a neighborhood Uz of Z such that for all z € Uz with « > 7,
F(z) > F(z) = 0. This is a contradiction because F(z) < 0 for all z € (Z,z') and hence, we
complete the proof of the lemma. O

Proof of Proposition 4.1. Substitute (4.1) into (3.29), we have

2 Ky
n e(Brn—1)h (Bn=Dh2y _ 7.10
Dy LR (710

where y,, is the nth entry of the column vector Y. (7.10) is equivalent to

r _ 1 Bl ... 1 BN t2h1 .
51 n € 5N+2*771_6
3 17_. eBrha .. E— 1 —~ eﬂN+2h1
1= N+2

1Y ebrh2 6BN+2h2
B1— Bny2—n, —
det 1 + 1 =0.
7' B1h2 . 1 BN t2h2
B1— TI+ € BN42— 7] €
Bi( 651h1 + 6ﬂ1h2) .. ,5‘1\/1+2 (K1 65N+2h1 + eﬁN+2h2)
i 151( (31*1)’11 4 e(ﬁl—l)h2) 1—,31N+2( eBry2=1h1 | 6(6N+27 )hz) |

Multiply e=#1 to the i-th column for each i and then —e™ to the last row, we observe that
Ah = hy — hy is a solution of the equation detB(h) = 0. Substitute (4.1) into (3.8), we have

Tty 81, B MDY = —eti. Note that
[Bleﬂlhl,...,ﬂneﬁ”hl]D71Y
1
Ee I 0 - 0
0
1—
= [Bleﬁlhlv'“vﬁneﬁnhl] . ,62( %) .
: - 0
1
0 0 0 Brr2(1—Bn+2)
[ _ 1 B 1 BN+2h1 7
Bl N ¢ ﬁN+2*77fe
Bihi 1 BN42h1
Bi— 77 € Bn+2=ny ¢
eﬂlhz 1 65N+2h2
— det B1— 771 BN+2=11
Bihz 1 . BNi2h2
B1— U 6 BN+42— 77;+6
B oy | o (FE v
eB1h1 ePN+42h1
L 1*51 1-BN42 |
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Therefore

K
h h nh —1
—eh d t( )[B 651 L _,Bneﬁ I}D Y
M ebrha 1 eBni2ha ]
/31—771 BN4+2—"n1
1 bl 1 eBnt2h
Bri—n_ 5N+2—TIN,
1 __eBihe 1 eBN+2h2
= det B1—n; BN+2—n]
5 17;"' ebrh2 5 177 eﬁN+2h2
et/ N+2=N 4
1 (eﬁlhl 4 K €ﬁ1h2) (€5N+2h1 4 Ky e,BN+2h2)
6N+2
eBihi 5N+2h1
L 1-p1 1-BN+2 ]
r 1 ehiha 1 Byl
B1—n; BN+2—n1
1 ePrha 1 eBN+2h1
Br—=my_ BNt2—ny_
1 - eBihz 1 eBN+2h2
xdet Bi—mny BN+2—m
1 eBrh2 1 - eBn+2h2
Br—ny 4 BNt2—n, 4
ﬁi( 1 oB1h1 + 1 eﬂlhz) 3 1 (K 66N+2h1 + eBN+2h2)
1 2 N+2 N K1
1 Bl e,@N+2h1
L B1 ,3N+2
- 1 1 -
B1—mny BN4+2—m
1 1
51* ﬂN+2
_ePiah S R BIVN+2Ah
— det 517771 BN+42—1
eﬂlAh 1 65N+2Ah
ﬁl* BN+2—1 4
1 Kl B1AR 1 K1 Bny22h
51(1+11( € ) 5N+2(1+I1<26 )
L 151 1-BN+2 4
— 1 1 - 71
Br—ny BN+2—m1
1 1
51* ﬁN+2* ~
eﬁlAh P ﬁY\r+2Ah
xdet 51—711 51\14-2—711+
B1AR 1 BN124Ah
(& &
/31— + /3N+2 77;+
(1 + Kl eﬁlAh) (1 + Kl e,BN+2Ah)
1 5N+2 1
o ﬁlKl ﬁN+2K1 J
= —detAl/detAg

which verifies (4.3).
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Proof of Propositin 4.2. Note that detB(h) = 0 if and only if detB(h) = 0 where

[ m=(d ier_l)h) W(lﬂ%(ﬁ”“ RON
Bri—ny 5N+2 m
i . i
~ _ B1— BNt2—n,_
B(h) = 7-(1 + i ey L(1+ &Neﬁfmh)
BN 42 Ko
651h - 1 cBN42h
,81 771 ﬂN+2_77j—
_— ﬁl e % ﬂN+2h
L B1— 7IN+ € 5N+2*7];+ € _
As h =0, detB(0) = 2(1 + K )detZ(N“) where
r 1 PR 1 T
Bi—ny BN+2—m1
U S
Bi—mn _ B -
Z(N+2) _ IL N“l N
51*77;— 5N+2*nr
R S
L 51*77;4_ 5N+2*77;+ i

We show that detZ(N+2) > 0. For simplicity, we set a; = 1, Opt1 =1, for1 <n < N7, ay-42 =0,

and an- o1, =1t for 1 < m < Nt. Then the entry z(N+2) of ZIN+2) is equal to ﬁ,i Note
J
that for 2 <i < N + 2, zfjj+)>01fz<]andz( +)<Olfl>] For 2 <k < N +1,let Z*) be

(k) _ _(N+2) 1
the £ x k matrix with entries z; ij = AN42- ki N+2—kt) = Bniaovi —aniar: for 1 <i,7 < k. First

we show that detZ(®) >0 for 2< k< N +1. For k = 2, we have

1 1
detZ(2) = det ﬁN-%—lIOtN-Fl 5N+2I0£N+1

BNt1—aNt2  PBNi2—ani2

1 1
B (Bys1— ant1)(Brntz — ans2)  (Bniz — an1)(Bye1 — ans2)
1 1

- - 0
(BN+1 = Mie ) Bz —mhs) Bz — s )(BNgr — 03s) g

Before proceeding, we need the fact that detZ®*) # 0 for 3 < k < N + 2. Indeed, assume that
Z® [ = 0 for some column vector L = (Iy,---,1)". Let

= Glw) (7.11)

Z 5N+2 ktj — T Hﬁ:1(5N+2fk+n —z)

where Gy (z) = Z?Zl l; Hi=17n¢j(ﬁN+2_k+n — z) is a polynomial with deg(Gy(x)) < k — 1. Since

k
Grlonto-ryi) = [[(Bysa-kin — anyo ki) Fr(anio ki) =0 1<i<k.

Gr(z) has at least k distinct roots which implies G (z) = 0. Besides, from (7.11), we have

Gr(BN+2—k+j)

i Tk =0 forl1<j<k.
[Tzt (BN+2—k4n — BN+2-k+5)
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This implies Z*) L = 0 has no nontrivial solutions and hence detZ¥) # 0. Suppose that detZ®*) > 0
for some 2 < k < N. Consider the system of equations Z G+ [ (k+1) — eng) where L+t and

egkﬂ) =1[1,0,---,0]" are (k4 1) x 1 column vectors. Let

k+1 Z(k—i—l) ékﬂ(ﬂﬁ)

Z ﬂN+2 (k+1)4j — a Hﬁﬂ(ﬁz\m_k_un - z)

Fiopa (2

Then Gjiq1(z) = Zkﬂﬂkﬂ) | (BN42—(k+1)+n — T) is a polynomial with deg(Gria(z)) < k

J=1"j n=1,n#j
and
o~ k ~
Grir(ansa—any+i) = | [ (Byso—(est)en—ansa— )i Frerr(@nio— o)) =0, 2<i < k+1.
n=1

Therefore, we have {z|Gj4q(z) = 0} = {anto-(kt+1)+i2 <@ <k + 1} which implies

ék+1(5N+2—(k+1)+i)ék+l(ﬁN+2—(k+1)+i+1) <0 for1<i<k-1

Since
TT ék-ﬁ-l(6N+27(k+1)+j)ék+1(ﬁN+27(k+1)+j+1)
G+l = T [
L1 i1z (BNto— (et 1y4n — Byo— ks 1)45) It izjpt (B2 (k41 10 — BN+2— (k1) +j+1)
Gk+1(5N+2—(k+1)+j)Gk+1(5N+2—(k+1)+j+1)
%
Hng,n#,jﬂ(ﬁwfz (k+1)4n — Bi)2(BNt2—(k+1)+j — BN+2—k+i+1) (BNt2— (k4 1)4j+1 — BN+2—(kt1)+5)
>0

for1 <j <k, l s have the same sign. In addition, because the entries of the first row in Z*+1)
are positive and Fk+1(aN+2 (k+1)+1) = 1, we obtain l >0foralll <j<k+1. On the other

hand, by Cramer’s rule, we know that l1 = % Therefore, detZ*+1 > 0. Since detZ® > 0,
by induction, this implies detZ (") > 0 for 1 < n < N+ 1. Consider the system of equations

Z(N+2)L~— e1 where L and e; = [1,0,0,...,0]" are (N + 2) x 1 column vectors. Let Fyo(z) =

l; G T ~ . . .
Z;'V:tz Bz = HnNg;EZ:—)m)' Then GNH(x) = EN+2Z Hg?n#( — z) is a polynomial with

deg(éN+2) < N + 1. By the equation ZWN+ T, = e1, we have GNH(an) =0for2<n<N+2.
By similar arguments as above, we know that the entries of L have the same sign. By Lemma
3.1, Fyi2(z) is well-defined on [0,1] and in addition, Fxi2(z) € C([0,1]) N C1(0,1). Besides,
ZWN+2) T ey implies FN+2( )=1and FN+2( ) = 0. Therefore, by the mean value theorem, there

exists o € (0,1) such that 1 = F(1)— F(0) = F’(x0)(1—0) = S+ L (= which implies that the

=1 (Bi—
entries of L are positive. On the other hand, by Cramer’s rule, we have l1 = %. Therefore,
detZN+2) > 0.
Consider the determinant detW where
- 1 1 -
. 1 0 e 0
Bi—1 By—q—1
Blf'r]l_ BN*+17771_
: . : : . :
_ cee — 1 0 0
W — ﬁlffN, ﬁN7+117nN* L
+ e R oy
0 1 ... 1
By— o1 BNt2—n7
0 0 _r ... %
L 6N*+2_n;+ BN+2— 77N+ J

25



Let

_1
B1—1
1

w —

Bi—mny

1

Br—=my_

BN*+17
1

1
1

5N*+1*7717

1

5N*+1_7];j,

and W2 =

1

BN*+2
1

—1
ﬁN*+27771

1
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1
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1
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1
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By similar arguments for the proof of the invertibility of Z(*), we observe that W) and W® are in-

vertible. Therefore,

1

1

1

1
PRE

’ ﬁN*+171

is a basis of RV ! and hence,

detW = det

1
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1

B1—ny

1
Bi—mn,_

o

1
ﬁz\r*+171
1

ﬁN*+1 -

1

BN—41— My

0

Bi—ny
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0
1
6NI+2

—1
BN*+27771

1

R
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5N*+1_771
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Br—my_ T Ba—s1— My
0
= detW W detw 2,
:BN+2

1
3N+2*77fr
I
/3N+2—77;+ i

We show that detW < 0. Consider the system of equations WML = ¢, where L and e! =

[1,0,0,...,0)" are (N~ + 1) x 1 column vectors. By the same arguments for detZ!

that the entries of L have the same sign and detW® > 0 where

Because w(l) <Oforalll<j< N~ +1and ZN’H lj,

13

other hand, by Cramer’s rule, we have lAl =

1
B2—mny

W
1
Ba—ny_

detw (V)
detW (1)

5N*+1_n17

Jj=1  B;
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BN—+1_77;,7

N+1) we observe

1, the entries of L are negative. On the

and hence, detW () < 0. By a similar argument,



we obtain detW® > (0 and hence detW < 0. Since

. detB(h)
lim —xm————
h—o0 ezi:N_+2 Bih
[ 14eB1—Dh 1+6(BN_+171)h efﬁN_+2hr+efh e BNt2hyo—h ]
B1—1 By-y1—1 By-42—1 BNi2—1
1 1 e PN—42” e PN+2h
Bi—ny BN—417M1 BN—42—N1 BN+42—1N1
1 1 e PN— g2l e BN42h
— im det Bi—ny_ BN—er*U;,,h 3gr—+2*h77;,, BNt2—n,
hesoo 1+%651h 1+%e N—41 e PN—+2 +% 6*5N+2h+%
B1 Bn— 11 Bn— 2 BN+2
ePih eBN_‘Hh 1 1
31*771*— ﬂNerl*’If— 5N7+2*7ZT 5N+2*77f—
ef1h eﬁN*Jrlh 1 1
T + + oo
L ﬁl_nN+ ﬁN—+1—77N+ BN7+2_77N+ 5N+2_"7N+ .
_ 1 1 -
B1—1 By-41—1
1
61_77; 5N7+1—1717
1 1 0 0
Bi—n BN—11" My
_ N N=417 M-
= det a1 1 K1 K1
B1 Bn-11 K> 5f77+2 K> 51N+2
O -+ -
[—— Bntz—n]
0 0 I N S
L BN*+2777;+ 5N+2777;\r,+ |
_ 1 1 0 0 -
B1—1 By—41—1
1 — Ll 0 0
ﬁ1—?7f BN—+1_77;
1 -1 0 0
Bi—mn BN, -
— N— +1 N~
= det 0 0 K1 K1
K> 5i\,—+2 Ko ,31N+2
0 -+ -
By 42— BNt2—n)
0 0 1 R S
L ﬁN*+2*";+ 5N+2*77;+ J
K
= —detW <0,
K>

we observe that for sufficiently large h, detB(h) < 0. In addition, we have detB(0) = 2(1 +
%)detZ (N+2) > (. By the intermediate value theorem, this implies that detB(h) = 0 has a positive
solution Ah and hence we complete the proof. ]
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