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A Neural Fuzzy System with
Fuzzy Supervised Learning

Chin-Teng Lin, Member, IEEE, and Ya-Ching Lu

Abstract—A neural fuzzy system learning with fuzzy training
data (fuzzy if-then rules) is proposed in this paper. This system
is able .to process and learn numerical information as well as
linguistic information. At first, we propose a five-layered neural
network for the connectionist realization of a fuzzy inference
system. The connectionist structure can house fuzzy logic rules
and membership functions for fuzzy inference. We use «a-level
sets of fuzzy numbers to represent linguistic information. The
inputs, outputs, and weights of the proposed network can be
fuzzy numbers of any shape. Furthermore, they can be hybrid
of fuzzy numbers and numerical numbers through the use of
fuzzy singletons. Based on interval arithmetics, a fuzzy supervised
learning algorithm is developed for the proposed system. It
extends the noermal supervised learning techniques to the learning
problems where only linguistic teaching signals are available.
The fuzzy supervised learning scheme can train the proposed
system with desired fuzzy input-output pairs which are fuzzy
numbers instead of the normal numerical values. With fuzzy
supervised learning, the proposed system can be used for rule base
concentration to reduce the number of rules in a fuzzy rule base.
Simulation results are presented to illustrate the performance and
applicability of the proposed system.

1. INTRODUCTION

OME observations obtained from a' system are precise,
while some cannot be measured at all. Namely, two kinds
of information are available. One is numerical information
from measuring instruments, and the other is linguistic infor-
mation from human experts. However, some of data obtained
in this manner are hybrid; that is, their components are not
homogeneous but a blend of precise and fuzzy information.
Neural networks adopt numerical computations with fault-
tolerance, massively parallel computing, and trainable prop-
erties. However, numerical quantities evidently suffer from a
lack of representation power. Therefore, it is useful for neural
networks to be capable of symbolic processing. Most learning
methods in neural networks are designed for real vectors.
There are many applications that the information cannot be
represented meaningfully or measured directly as real vectors.
That is, we have to deal with fuzzy information in the learning
process of neural networks. Fuzzy set is a good representation
form for linguistic data. Therefore, combining neural networks
with fuzzy set could combine the advantages of symbolic and
numerical processing. In this paper, we propose a new model
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of neural fuzzy system that can process the hybrid of numerical
and fuzzy information. The main task is to develop a fuzzy
supervised learning algorithm for the proposed neural fuzzy
system.

Most of the supervised learning methods of neural net-
works, e.g., the perceptron [1], the BP (backpropagation)
algorithm [2], [3], process only numerical data. Some ap-
proaches have been proposed to process linguistic information
with fuzzy inputs, fuzzy outputs, or fuzzy weights. Tanaka
and his colleagues have proposed a series of approaches and
applications with the capacity of processing linguistic input
or/and linguistic output [4]-[6]. In their methods, the weights,
inputs, and outputs of the neural network are fuzzified using
fuzzy numbers represented by a-level sets. In [4], learning
methods of neural networks were proposed to utilize not only
numerical data but also expert knowledge represented by fuzzy
if-theri rules. In order to handle linguistic informations in
neural networks, they proposed an architecture of multilayer
feedforward neural network that can deal with fuzzy input
vectors. The fuzzy data are viewed as convex and normal
fuzzy sets represented by a-level sets. Since the a-level sets
of fuzzy numbers are intervals, the operations of real number
in the traditional neural networks are extended to the closed
intervals in their proposed model. The characteristics of their
proposed architecture are as follows:

1) fuzzy numbers are propagated through neural networks;

2) a single unit is employed for representing a fuzzy

number; ,

3) the weights and biases in neural networks are still real

numbers.

Tanaka et al. [5], [6], also proposed an architecture of
fuzzy nieural network with fuzzy weights and fuzzy biases, and
derived its learning algorithm from the modeling of nonlinear
fuzzy systems which map a real input vector to a fuzzy
output. The architecture of fuzzy neural network is the same
as that in [4], except that the numerical weights and biases
have been replaced by the fuzzy weights and biases. The
calculations in the fuzzy neural network are performed by
using interval arithmetic operations for a-level sets. Also, the
learning algorithm is derived from a cost function defined by
the a-level sets of a actual fuzzy output and a target fuzzy
output. Furthermore, they show that the learning algorithm
can be applied to the case of fuzzy input vectors and fuzzy
target outputs by slightly modifying it. They use symmetric
triangular (or trapezoidal) fuzzy numbers for fuzzy weights
and fuzzy biases and a learning algorlthm is derived from a
nonfuzzy cost function.
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Hayashi et al. [7] presented a similar method with fuzzy
signals and fuzzy weights by using triangular fuzzy numbers.
A similar learning algorithm is derived from a nonfuzzy cost
function. Hayashi et al. [3] also proposed a similar architecture
of neural network with fuzzy weights and fuzzy signals, but the
learning algorithm was completely different from the proposed
methods of Tanaka. In [8], the BP learning algorithm is directly
fuzzified based on a fuzzy-valued cost function; i.e., the rule
for changing fuzzy weights is also defined by fuzzy numbers,

The common points of the above approaches are summa-
rized as follows:

1) a-level sets of fuzzy numbers represent linguistic inputs,

linguistic outputs, fuzzy weights, or fuzzy biases;

2) the operations in nsural network are performed by using

interval arithmetic operations for a-level sets;

3) fuzzy numbers are propagated through neural networks;

4) fuzzy weights are usually triangular or trapezoidal fuzzy

numbers.

Because the real number arithmetic operations in the tra-
ditional neural networks are extended to interval arithmetic
operations for a-level sets in the above fuzzified networks, the
computations become complex (e.g., multiplication of interval)
and time-consuming. Moreover, since the fuzzy numbers are
propagated through the whole neural networks, the time of
computations and the recuired memory capacities are 2h times
of those in the traditional neural networks, where h represents
the number of a-level sets. In this paper, we attack this
problem by allowing nurnerical signals to flow in the proposed
network internally and reach the same purpose of processing
fuzzy numbers.

The objective of this paper is to explore the approach to
supervised learning of neural fuzzy systems which receive
only linguistic teaching signals. At first, we propose a five-
layered feedforward network for the network realization of a
fuzzy inference system. This connectionist structure can house
fuzzy logic rules and membership functions, and perform fuzzy
inference. We use a-level sets of fuzzy numbers to represent
linguistic information. The inpu{s, outputs, and weights of
the proposed network can be fuzzy numbers of any shape.
Since numerical values can be represented by fuzzy singletons,
the proposed system can in fact process and learn hybrid
of fuzzy numbers and numerical numbers. Based on interval
arithmetics, ‘a fuzzy supervised learning scheme is developed
for the proposed system. It generalizes the normal supervised
learning techniques to the learning problems where only
linguistic teaching signals are available. The fuzzy supervised
learning scheme can train the proposed network with desired
fuzzy input-output pairs (or, equivalently, desired fuzzy if-
then rules) represented by fuzzy numbers instead of numerical
values. With supervised learning, the proposed system can be
used for rule base concentration to reduce the number of rules
in a fuzzy rule base.

This paper is organized as follows: Section II describes the
fundamental properties and operations of fuzzy numbers and
their a-level sets. These. operations and properties will be
used in later derivation. In Section III, the structure of our
neural fuzzy system is proposed. A fuzzy supervised learning
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algorithm for the proposed system is presented in Section
IV. The learning algorithm contains structure and parameter
learning phases. In Section V, simulations are performed to
illustrate the performance of the proposed system. Finally,
conclusions and future research are summarized in the last
section.

II. REPRESENTATION OF LINGUISTIC INFORMATION

When constructing information processing Systems such
as classifier and controllers, two kinds of information are
available. One is numerical information from measuring in-
struments and the other is linguistic information from human
experts. We can naturally indicate the numerical information
using real numbers. But, how to represent the linguistic
data? It has been popular for using fuzzy sets defined by
discretized (pointwise) membership functions to represent lin-
guistic information. Fuzzy sets, however, can be defined by
the families of their a-level sets according to the resolution
identity theorem. In our model, we use a-level sets of fuzzy
numbers (i.e., convex and normal fuzzy sets) to represent
linguistic information due to their several good properties
such as closeness and good representation form. In using o-
level sets, we consider a fuzzy number to be an extension
of the concept of the interval of confidence [9]. Instead of
considering the interval of confidence at one unique level, it
is considered at several levels and more generally at all levels
from 0 to 1. Namely, the level of presumption «, & € [0,1]
gives an interval of confidence A, = [a{*’, a$™], which is a
monotonical decreasing function of «; that is,

(o > a) = (Ay C 44) ey
or )
(a/ > @) — ([alga/)’ ago/)} c [aga)’a;a)]) 2

for every a,a’ € [0,1]. ,

The expressions level of presumption are well suited to
the concept of fuzzy numbers. Moreover the intervals of
confidence at all level from O to 1 are the same as the
a-level sets of fuzzy number. In _this paper, we use a-
level sets of fuzzy number to indicate linguistic. information
because of their advantages in both theoretical and practical
considerations [10]. These advantages will be explained in
details in subsection II-C.

A. Basic Definitions of Fuzzy Numbers

Some notations and basic definitions are given in this
subsection. We use the uppercase letter to represent a fuzzy
set and the lowercase letter to represent a real number.

Let z be an element in a universe of discourse X. A fuzzy
set, P, is defined by a membership function, pp(z), as

priw — [0,1]. )

* When X is continuum rather than a countable or finite set, the

fuzzy set P is represented as

P:/X,up(x)/a: 4)
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where z € X. When X is a countable or finite set

P =" uple:)/a; )

where x; € X. We call the form in the above equation as a
discretized or pointwise membership function.
A fuzzy set, P, is normal when its membership function,
pp(x), satisfies

max pip(z) = 1. (©6)

A fuzzy set is convex if and only if each of its a-level sets
is a convex set. Equivalently, we may say that a fuzzy set P
is convex if and only if

/J,p()\l’l + (1 - )\).’L’Z) > min[ﬂp($1)7ﬂp(l‘2)] )

where 0 < A < 1,z1 € X, 29 € X.
The a-level set of a fuzzy set P, P,, is defined by

P = {2 | urle) 2 a} ®)

where 0 < a < 1,z € X.
A fuzzy set P is convex if and only if every P, is convex;
that is, P, is a closed interval of R. It can be represented by

Py = [p1™,p5"] ©)

where o € [0,1]. A convex and normalized fuzzy set whose
membership function is piecewise continuous is called a fuzzy
number. Thus, a fuzzy number can be considered as containing
the real numbers within some interval to varying degrees.
Namely, a fuzzy number P may be decomposed into its a-
level sets, P,, according to the resolution identity theorem
[11] as follows:

P= UaPa = Ua[p(la),pga)] = /éup app, (z)/z. (10)

B. Basic Operations of Fuzzy Numbers

In this subsection, we introduce some basic operations of
a-level sets of fuzzy numbers. These operations will be used
in the derivation of our model in the following section. More
detailed operations of fuzzy numbers can be found in [9].

Addition: Let A and B be two fuzzy numbers and A,
and B, their a-level sets, A = |J, ad, = U, alal®,al),
B=_.aB.=U, o[ 5$]. Then we can write

Aol ) Ba = [, 0] () 660, 557]

= [a{* + bﬁ‘*), a” + 5] an

where o € [0,1].
Subtraction: The definition of addition can be extended to
the definition of subtraction as follows:
Aa(_) o = [al (oe)}( ) [bga),béa)]

= [a§ — b5, ol — 5] (12)

where « € [0,1].

Multiplication by an Ordinary Number: Let A be a fuzzy
number in R and & an ordinary number k € &, We have -
kel kal™], if k>0
keda =01 () (@]
[ka ykaj ], if £k <0.
Multiplication: Here we consider multiplication of fuzzy

numbers in R+, Consider two fuzzy numbers A and B in
R*. For the level a of presumptlon we have

Ay( DBy = [ ga)’aéa)}( )[b(a b(oc)]
= [o B, o 7).

(13)

(14)

The reader is referred to [9] for the general case that A and
B are fuzzy numbers in R. '

" The operations on fuzzy numbers can be performed on the
basis of the extension principle. Let G(A, B) be an operation
on fuzzy numbers A and B by giving a function g(z,y). The
membership function of G(A, B), ug(4,B)(2), is obtained by
extension principle as follows:

pea, By (%)

_ 8P yyeg-1 () (malz) A s (y)),
0, ; if 71 (2)

where © € A,y € B,z € Z.

If G(-) is addition, subtraction, or multiplication as above,
the result can be easily obtained by using the «-level sets of A
and- B as above operations. It can be proved easily that these
operations based on a-level sets and the extension principle
are equivalent [9]. When G(-) is one of the operations given

“above, if A and B are fuzzy numbers in R, then G(A, B) is

also a fuzzy number. Owing to this closed property and good

representation form, we use fuzzy numbers rather than general

fuzzy sets to represent linguistic.information in our model.
Difference: We can compute the difference between fuzzy

numbers A and B by

(4, B) = 5 3 [~ ) + o 7). 16)
[e3
Fuzzification: Fuzzification is a subjective valuation to
transform a measurement crisp value into a valuation of a
subjective value. Hence, it can be defined as a mapping from
an observed input space to labels of fuzzy sets in a specified
input universe of discourse. In this paper, we intuitively
consider fuzzification to be an operation that. calculates the
membership grade of x, up(x), to a given fuzzy number P.
The values pp(z) can be easily obtained by using the follow-
ing procedure. In this procedure, the notation s represents the
number of quantized membership grade.
Procedure: Fuzzification Search
Inputs}: The order set S = {p(o),pgl/h),p@/h) ..,p( )
pgl), .,pzo)} and a numerical value z, where S
represents the a-level sets of the interested fuzzy
number P and z is the input numerical value to be
“fuzzified. :
Output}:& indicating the membership grade of z, wp(z),
to fuzzy number P.
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membership grade
10 e
| 2 S I.-
)
c :
1
a - 40
1 1
0.0 il ]
(a)
D p(b) Xd
X
Fig. 1. Illustration of the fuzzification search procedure (the value of ¢ is

equal to &),

Step 1: Use binary search to find the correct position of
z in S; that is, to find p(® and p® such that p(@) < z <
p(b), p(“), p(b) € S. In the binary search, we compare first z to
the entry in the middle of the list S. If z is larger, it is in the
second half; with one cornparison the entire first half of the list
is eliminated from consideration. Conversely, if = is smaller
than the entry in the middle of the list, the second half the list
is eliminated from consideration. This process continues until
the right interval that z locates is found.

Step 2: - Compute the membership degree by & = a + (2 —
p(a))ﬁ%_

Step 3: Output &, and stop.

After this recursive calculation, the value & is equal to the
value of pp(x) as shown in Fig. 1. If we use the binary search
method, the processing time with this procedure is proportional
to logy, h. If we Use the sequential search method, the process-
ing time is O(h). Therefore, performing this procedure is very
éasy and not time consuming. Another method to find p,(z)
can be found in [10].

Defuzzification: In many practical applications such as con-
trol and classification, numerical (crisp) data are required. That
is, it is essential to transform a fuzzy number to a numerical
value. The process mapping a fuzzy number into a nonfuzzy
number is called “defuzzification”. Various defuzzification
strategies have been suggested in {12], [13]. In this subsection,
we describe two methods (MOM, COA) that transform a fuzzy
number in the form of a-level sets into a crisp value.

* Mean of Maximum Method (MOM)
The mean of maximum method (MOM) generates a crisp
value by averaging the support values whose membership
values reach the maximum. For a discrete universe of dis-
course, this is calculated based on membership function

by

l .
20 = ———-—2171 i (17)

where [ is the number of quantized z values which reach
their maximum membership value.

For a fuzzy number Z in the form of a-level sets,
the defuzzification method can be expressed according to
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(17) as

(0 + 6
2

where defuzzifier represents a defuzzification operation.
¢ Center of Area Method (COA)

Assuming that a fuzzy number with a pointwise member-

ship uz has been produced, the center of area method

calculates the center of gravity of the distribution for

the nonfuzzy value. Assuming a discrete universe of

discourse, we have

defuzzifier(Z) = 20 = (18)

Y vz ()

~n 19
Zj:l pz(z;) 1

20 =

~ For a fuzzy number Z with the representation form of
a-level sets, it can be approximately expressed according
to (19) as

T o + 287
23, «@ ’

C. Advantages of Using a-Level Sets of Fuzzy Numbers

defuzzifier(Z) = 2o = (20)

Fuzzy sets have been studied actively and applied in a
wide variety of areas such as system control, modeling, signal
processing, and expert systems. In this paper, we also use fuzzy
numbers to represent linguistic data. Conventionally, fuzzy
numbers are defined by membership functions, such as bell
shaped functions, triangular functions, trapezoidal functions,
etc. In these forms, we only need a few simple parameters
(e.g., the center and the width) to define them, but they can
only display some normal situations. In this paper, we use
a-level sets to define fuzzy number owing to the following
advantages [10]:

a) Theoretical

o It effectively studies the effects of the position in a
universe of discourse and the fuzziness of a fuzzy
number.

b) Practical

* It provides fast inference computations by using
hardware construction in parallel and requires less
memory capacity for fuzzy numbers defined in uni-
verses of discourse with a large number of elements.

* It easily interfaces with two-valued logic.

* It allows good matching with systems that include
fuzzy number operations based on the extension
principle.

These advantages are explained in details below. Fig. 2(b)
illustrates a discretized membership function for a fuzzy
number in a universe of discourse with a discrete space Xg.
In this figure, the discretized membership function does not
explicitly give the position of the fuzzy number in the universe
of discourse and the fuzziness. In contrast, the a-level sets
in Fig. 2(a) are more effective representation forms of fuzzy
numbers. The left and right limits of one of the a-level sets
directly give the position of the fuzzy number, and the width of
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membership grade

- Xy

@

the a-level set is directly related to the fuzziness and converge
of the fuzzy number in the universe of discourse. If fuzzy-
inference operations can be represented using parameters that
define a-level sets, namely, the left and right limits mentioned

above, the relation between the given facts and the inferred .

consequent might easily be derived with direct information on
the position and fuzziness of fuzzy numbers.

Providing hardware-related advantages is also important for
a-level-set-based formulation. Hardware systems for fuzzy
inference have been developed and studied [14] owing to
the development of fast and cost-effective fuzzy-inference
engines. In conventional fuzzy propositions based on regular
membership functions such as triangular or trapezoidal forms,
the fuzzy-inference consequent is not always triangular or
trapezoidal if fuzzy relation is adopted. As a result, the
hardware may have complex structure. Also, the required
. memory capacity for discretized membership functions must
be proportional to the number of clements in the universe
of discourse. This facts also means that fuzzy inference
operations are time-consuming processes because calculations

for inference have to be conducted for “all elements” to which

membership grades are assigned. Due to the above reasons,
the fuzzy-logic hardware based on discretized membership
functions has a disadvantage in the required memory capacity
and processing time. '

In the scheme based on a-level sets, the required mem-
ory capacity and processing time depend on the number of
membership-grade levels instead of the number of elements
in the universe of discourse. It is clear that the number of
elements in a universe of discourse is much larger than the
required number of membership-grade levels. Hence hardware
systems based on a-level sets have th¢ advantage in required
memory capacity and processing time. These advantages also
exist in adaptive fuzzy inference systems where fuzzy numbers
are adjusted in the learning process. These advantages are
considered in greater details in [10].

Fuzzy inference based on a-level sets interfaces well with
two-valued logic because a-level sets themselves are crisp
sets: This interface is useful, for example, when two-valued
decision making is needed for inference consequents. More-
over, the operations on fuzzy numbers based on the extension
principle, such as the addition and multiplication of fuzzy
numbers, can be performed efficiently using o-level sets.
Consequently, efficient calculation may be possible for both
fuzzy-inference operations.

membership grade

)

Fig. 2. Repreéentalions of fuzzy number: (a) a-level sets of fuzzy number, and (b) discretized (pointwise) membership function.

Due to the above advantages, more and more authors rep-
resent fuzzy numbers using a-level sets rather than pointwise
membership functions [15], [16]. In this paper, the a-level
sets are also used to represent fuzzy numbers in the proposed
neural fuzzy systems. It will be oberved that the use of a-
level sets also simplifies the learning rules for updating fuzzy
weights in the network. :

III. BASIC STRUCTURE OF THE NEURAL FUZZY SYSTEM

In this section, we construct an architecture of neural fuzzy
system that can process fuzzy and crisp information. Fig. 3
shows the proposed network structure which has a total of
five layers. This five-layered connectionist structure performs
fuzzy inference effectively. Similar architectures have been
proposed in [17], [18], and [19]. Nodes at layer one are input
nodes whose inputs are fuzzy numbers or crisp numbers. Each
input node corresponds to one input linguistic variable. Layer
five consists of output nodes whose output are also fuzzy
numbers or crisp numbers. Each output node corresponds to
one output linguistic variable. Nodes at layers two and four are
term nodes which define membership functions representing
the fuzzy terms of the respective linguistic variable. Only the
nodes at layer two and five have fuzzy weights (as shown
by bold lines in Fig. 3). The other weights are numerical
(as shown by plain lines jn Fig. 3). Each node in layer two
executes a “match” action to find the match degree between
the input fuzzy number and the fuzzy weight if the input is
linguistic information. If the input is a crisp number, they
execute a “fuzzification” operation to map the input value
from an observed input space to-the fuzzy weights in nodes
at layer two. Each node at layer three is a rule node which
represents one fuzzy rule. Hence, all the layer-three nodes
form a fuzzy rule base. Links from layers two to three define
the preconditions of the fuzzy rules, and links from layer three
to four define the consequents of the fuzzy rules. Therefore, for
each rule node, there is at most one link (maybe none) from or
to some term node of a linguistic node. This is true both for
precondition links and consequent links. The links at layers
two and five are fully connected between linguistic nodes
and their corresponding term nodes. If linguistic outputs are
expected, each node in layer five “merges” all fuzzy weights
connected to it, scaled by the output values of layer four,
to produce a new fuzzy number. If numerical output values
are required, each layer-5 node execute a “defuzzification”
operation to obtain a crisp decision.
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P

~
)

X; (x,) X,

Fig. 3. The five-layered architecture of the proposed neural fuzzy system.
indicate the links with numerical weights.

We shall next describe the signal propagation in the pro-
posed network layer by layer following the arrow directions
shown in Fig. 3. This is done by defining the transfer function
of a node in each layer. Signal may flow in the reverse
direction in the learning process as we shall discuss in the
following sections. In the following description, we shall
consider the case of single output node for clarity. It can be
easily extended to the case of multiple output nodes. A typical
neural network consists of nodes, each of which has some
finite fan-in of connections represented by weight values from
other nodes and fan-out of connections to other nodes (see
Fig. 4). The notations u. and U represent the input crisp and
fuzzy numbers of the node, respectively. The notations o and_
O represent, respectively, the output crisp and fuzzy numbers.
The superscript in the following formulas indicates the layer
number. k

Layer 1 (Input): If the input is a fuzzy number, each node
in this layer only transmits input fuzzy number X; to the next
layer directly. No computation is done in this layer. That is,

0t = alol. "] = X, =l

(o1

[0, 22,

Ti1 751712 @1

If the input is a crisp number z;, it can be viewed as a fuzzy
singleton, ie.,

01 =Jolelf”

o

1(a)]

5059 (22)

Ua[xi,xi].

o

Note that there is no weight to be adjusted in this layer.
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Layer 5 : Merging
Defuzzification

Layer 4 : MAX
Layer 3 : MIN

Layer 2 : Maiching
Fuzzification

oo Layer 1 : Input

(x2)

The bold lines indicate the links with fuzzy weights and the plain lines

Layer 2 (Matching/Fuzzification): Each node in this layer
has exactly one input from some input linguistic node, and
feeds its output to rule node(s). For each layer-2 node, the
input is a fuzzy number and the output is a numerical number.
The weight in this layer is a fuzzy number W X;;. The index
1, means the jth term of the sth input linguistic variable X;;.
The transfer function of each layer-2 node is

o= diff(W X5, U;)
= 5 3 [lweld =) + (o

0@23' — a(f?]) - e_(fij) /20'

@) —ui™)’] @3

24

where ¢? is the variance of the activation function a(-).
It is a constant given in advance. The activation function
(~) is a nonnegative, monotonically decreasing function of .
% € [0,00], and a(0) is equal to 1. For example, a(:) can

also be given alternatively as

2
o = a(f}) =rfi (25)
where 0 < r < 1, or
02-*(1( 2)—___2._ (26)
9TV L oM

where A is a nonnegative constant.

Layer 3 (MIN): The input and output of the node in this
layer are both numerical. The links in this layer perform pre-
condition matching of fuzzy logic rules. Hence, the rule nodes
should perform fuzzy AND operation. The most commonly
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used fuzzy AND operations are intersection and algebraic
product [13]. If intersection is used, we have

,uy). (27

og‘ = min (uiu%, .
On the other hand, if algebraic product is used, we have
0 = udud - ul. (28)

Similar to layer one, there is no weight to be adjusted in this
layer.

Layer 4 (MAX): The nodes in this layer should perform
fuzzy OR operation to integrate the fired rules which have
the same consequent. The most commonly used fuzzy OR
operations are union and bounded sum [13]. If the union
operation is used in this model, we have

of = max (uf,u3,...,up). (29)
If the bounded sum is used, we have
of =min (1,uf +uj + - +uj). (30)

The output and input of each layer-4 node are both numerical
values.

Layer 5 (Merging/Defuzzification): In this layer, each node
has a fuzzy weight WY;. There are two kinds of operations
in this layer. When we need a fuzzy output Y, the following
formula is executed to perform a “merging” action:

0° = Ja[o;™ s<a>} Y= ————Zg uZYY 31
Namely, |
Y = U §) ]
~Uelonky o >
where
” = Zg Zy(a) (33)
i = Tt o

If the output of the neural fuzzy system is required to be a
numerical value, the output node executes the defuzzification
action. The following formulas simulate the Tsukamoto’s
defuzzification method [20]

(@) (o)
_|__
fi = defuzzifier(WY;) = Lo oy +wys) (35)
) 22&

- _ 5 Z u UZ ’L

y=of = SHOE (36)

where
0= 3 (w5 — wys). a7

(o3

According to the function processing of the proposed net-
work described in the above, our network can process both

conventional ones such as [17]=[19] (i.e.,

fuzzy numbers and numerical numbers by viewing the latter
as fuzzy singletons. It is noted that although the topology
of the proposed network is almost the same as that of the
they are all five-
layer fuzzy inference networks), their functions are quite
different. Especially, the fuzzy weights used in our network
allow the proposed system to process and adapt fuzzy data
in addition to numerical data. However, the conventional
fuzzy inference networks can only process numerical data.
Although some normal multilayer neural networks have been -
proposed‘for processing and learning fuzzy and numerical data
(e.g., [4]-[81]), they suffer the inherited problem of neural
networks—the hidden layers are opaque to the user. Hence
the outside observer cannot understand what the network has
learned -exactly. This makes-the normal multilayer networks
difficult to be used for rule extraction from fuzzy training data,
and for fuzzy rule base concentration.

In the rest of this paper, we call the above proposed
five-layered neural network with fuzzy output as “Fuzzy
Connectionist Architecture with Linguistic Output” (FCLO),
and that with numerical output as “Fuzzy Connectionist Ar-
chitecture with Numerical Output” (FCNO). From the above
description we observe that only layer-1 inputs and layer-5
outputs of the FCLLO and FCNO are possibly fuzzy numbers
(in the form of a-level sets). Real numbers are propagated
internally from layer two to layer four in the FCLO and
FCNO. This makes the operations in our proposed network
less time-consuming as compared to the neural networks that
can also process fuzzy input/output data but require fuzzy
signals flowing in it. It is noted that (see subsection II-A)
the linguistic output Y must be a fuzzy number; that is, it
must be convex and normal. To guarantee this, we have to
keep the fuzzy weights in our network convex and normal.
This constraint should be satisfied in deriving weight update
rules in the following section.

IV. SUPERVISED LEARNING ALGORITHM

In this section, we shall derive a supervised learning al-
gorithm for the proposed neural fuzzy system (FCLO and
FCNO). This algorithm is applicable to the situations that
pairs of input-output training data are available. We allow the
training data (either input or output) to be numerical values
(vectors), fuzzy numbers, or mixture of them. When the system
is trained to be a fuzzy controller or fuzzy classifier, the
input and desired output are usually numerical values. On
the other hand, when the system is trained to be a fuzzy
expert system, the input and desired output are usually fuzzy
numbers (linguistic information). In this case, the fuzzy input-
output training pairs can be regarded as fuzzy if-then rules
and the trained neural fuzzy system is like a (condensed)
fuzzy knowledge base. Consider for example the following
two training fuzzy if-then rules:

Ry: IF z; is small and x5 is large, THEN ¥ is good
Ry: IF z, is large and x5, is small, THEN y is bad.

Then the corresponding two input-output training pairs are
“(small, large; good)” and “(large, small; bad),” where the
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fuzzy terms are defined by given fuzzy numbers in the form
of a-level sets. In general, the fuzzy rules for trainging are

Rp: IF z; is Xpy and -+ - and zp is Xp,, THEN y is V),

where p = 1,2,...,m, and m is the total number of train-
ing rules. These fuzzy if-then rules can be viewed as the
fuzzy input-output pairs, (Xp1, Xpe, .- ., Xpn; Yp), Wwhere p =
1,2,...,m. If the input or output are crisp data, the corre-
- sponding fuzzy elements in the training pairs become numer-
ical elements.

With the supervised learning algorithm that we shall de-
velop, the proposed system can learn fuzzy if-then rules from
numerical data. Moreover, it can learn fuzzy if-then rules
from experts’ linguistic knowledge represented- by fuzzy if-
then rules. This means that it can learn to represent a set
of training fuzzy if-then rules using another smaller set of
fuzzy if-then rules. This is a novel and efficient approach
to rule combination. The proposed neural fuzzy system can
thus be used for rule base concentration to reduce the number
of rules. This provides a useful tool for designing a fuzzy
knowledge base. A knowledge base is usually contributed
by several domain experts, so duplication of if-then rules is
inevitable. Hence, we usually need to compress the rule base
by combining similar rules into representative rules.

Before the learning of the neural fuzzy system, an initial
network structure is first constructed. Then during the learning
process, some nodes and links in the initial network are deleted
or combined to form the final structure of the network. At first,
the number of input (output) nodes is set equal to the number
of input (output) linguistic variables. The number of nodes in
the second layer is decided by the number of fuzzy partitions
of each input linguistic variable z;, |T'(z;)|, which must be
assigned by the user. The fuzzy weights WX, in layer two
are initialized randomly as fuzzy numbers. One better way is
to distribute the initial fuzzy weights evenly on the interested
domain of the corresponding input linguistic variable. As for
layer three of the initial network, there are [[, |T(z;)| rule
nodes with the inputs of each rule node coming from one
possible combination of the terms of input linguistic variables
under the constraint that only one term in a term set can be a
rule node’s input. This gives the preconditions of initial fuzzy
rules.

Finally, let us consider the structure of layer four in the
initial network. This is equivalent to determining the conse-
quents of initial fuzzy rules. We propose two approaches to
initializing the layer-4 nodes and the links from layer-3 nodes
to layer-4 nodes.

Meihod 1: The first method uses the self-organized learn-
ing technique. To use this method, the number of fuzzy
partitions of the output linguistic variable y, |T'(y)|, must be
given in advance. The initial fuzzy weights WY in layer five
are distributed evenly on the output space. We let the layer-
5 nodes to perform up-down transmission. In the up-down
transmission, the desired outputs are pumped into the network
from its output side and the operations in layer five are the
same as those in layer two. Signals from both external sides
of the network can thus reach the output points of term nodes
at layer two and layer four. Since the outputs of term nodes at
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Fig. 4. Basic structure of a node in the proposed neural fuzzy system.

layer two can be transmitted to rule nodes through the initial
architecture of layer-3 links, we can obtain the output (firing
strength) of each rule node. Based on the firing strengths of
rule nodes (0?) and the outputs of term nodes at layer four
(0?), we can decide the correct consequent links of each rule
node by unsupervised (self-organized) learning method [21].
The links at layer four are fully connected initially. We denote
the weight on the link from the sth rule node to the jth output
term node as w;;. The Hebbian learning law is used to update
these weights for each training data set. The learning rule is
described as

Aw;; = co;lof’

(38)

where ¢ is a positive constant. After the learning, only one
link with the biggest weight in the fan-out of a layer-3 (rule)
node is remained as its consequent.

Method 2: This method is simpler than Method 1, but it
requires a larger memory capacity. First, let the number of
nodes in layer four be the same as the number of rule nodes
in layer three. Also, the fuzzy weights in layer five are assigned
randomly-~The mapping from layer-3 nodes to layer-4 nodes
is one-to-one initially. That is, each layer-3 node connects to
its respective layer-4 node. Some of layer-4 links and nodes
will be eliminated properly in the structure learning process
which will be described in subsections IV-B.

With the above initialization process, the network is ready
for learning. We shall next propose a two-phase supervised
learning algorithm for our five-layered neural fuzzy system.
In phase one, a parameter learning scheme is used to adjust
the fuzzy weights. In phase two, a structure learning scheme is
used to delete or combine some nodes and links in the neural
fuzzy system.

A. Parameter Learhing Phase

A gradient-descent-based backpropagatibn algorithm [21],
[22] is employed to adjust fuzzy weights in layer two and
layer five of the proposed network. If the FCLO is used, the
error function to be minimized is

1 o [ed
LS [ - )+

o7

o = dift(Y, D) - () - )

(39)
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Fig. 5. Ilustration of consequent combination.
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Fig. 6. Ilustration of rule combination. '

where Y = |, oy (a),yé )] is the current fuzzy output and

D =, a[d®,dS™] is the desired fuzzy output. If the FCNO
is used, the error function to be minimized is
1 2

= 5(d-y) 40)
where y is the current output and d is the desired output. We
assume that W = {J, afw®, w{®] is the adjustable fuzzy
parameter in layer two and layer five. Then to update fuzzy
weights means to update the parameters w'® and wi®. We
shall next derive the update rules for these parameters layer
by layer based on the general learning rule

de

w(t + 1) —-w(t)+n(—%> 4D

where w represents w® or w’®, and 7 is the learning rate.

Layer 5: If an FCLO is used and the desired output is fuzzy
number Y, the update rules of wyff ) are derived

from (33) and (34) as follows:

and wyz(g )

Jde de 8y§a) o (@) ub
= = d L (42)
dwy oy dwylY ( Y
de - de  ays) (@) . a)y U
= (5 = d L (43)
8wyf§ ) Byéa) awyfg ) ( ? ? )Zz u?

~

~,

“® ® -
000 céo\oo
e/ ./ o/

Xl XZ XJ

The error signals to be propagated to the preceding layer are

_ 9l

de
65(0‘) — —_ y(o‘) _ d(a) (44)
805 gyl ( )
de del)
65(04) — — 2 _ y(o‘) _ d(a) (45)
2 aog(a) ayéa) ( 2 2 )
where
ega) 5 (yga) d(a)) (46)
o) = Ly _ g0y, 47)

2

If an FCNO is used and the desired output is numerical
value y, the update rules of the parameters are derived from
(35) and (36) as follows:

de  Oe 5y dy

y—d)— (48)
8wy<°‘) ay Ow (a) )ﬁwygfo
where
by _ oy ofi oy oo
oy @~ 0F: guy @ " 001 @
uE‘O'Z o
Z ulo; 2 Za a
WS \ub o )b
_ (21 ’L 1) fZ (Z 7,sz1)@1 (49)

(sufor)’
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Fig. 7. The membership functions of the input linguistic value “very small” (X1), “small” (X2), “large” (X 3) ,in Example 1.
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and
Oe de dy Ay
@ =@ =W
owy,s dy owy;y owy,,
where
9y Oy 9f; dy oy
duyly)  Ofiowyy)  90i gy
_ U?O”i _ (67
S ufei 2y,

+

(S, uloi)ulfi — (X, uloifi)ul
(Zz u?ai)2 .

12 14 16 18, 20

iterations

The error signal to be propagated to the preceding layer is

50
(50) _ Oe 52)

Layer 4: In this layer, there is no weights to be adjusted.
Only the error signals need to be computed and propagated.
If an FCLO is used, the error signal &} is derived from (29)
as follows:

Je oy, e(a)-l—e(a) N N
st = o = PRl 29 5 (10 4a)

3 o

G
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Fig. 9. The actual fuzzy outputs, Y'1,Y 2,73, of the learned neural fuzzy system and the corresponding desired fuzzy outputs, D1, D2, D3, in Example 1.
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Fig. 10. The learned fuzzy weights of the FCLO in Example 1.

where If FCNO is used, the error signal 6% is derived from (29)
as follows: .
sH@) _ e _ 9l 903 4 Oe de do®

il - 803 - 8051)(04) 80? ¢ 8‘Oil - %58_02*
« « (Ziuiai)f'a‘ - Ziuiaifi 0i
_ 65(0&) ay:(la) — 65(&) wyz(l) - Zz uﬁswy’b(l) (54) = 55 = 5( 2 ) ’

BRI (3, u)? . (Xiwie)

T T
i) Hel®) 96l g5 Layer 3: As in layer four, only the error signals need to
6 = o = 2 2 be computed. According to (27), this error signal 62 can be
Ho? 80°(@)  do* *
© U0y v derived as

(56)

(a) (@) 5,00, (0) ‘
6§(a) 9y :5?(@“’%2 — 20 W WY . (55) 3 Oe de do}

o] (Tt | T 908 = o o8



LIN AND LU: NEURAL FUZZY S$YSTEM WITH FUZZY SUPERVISED LEARNING 755

0.9

0.7F

05}

AUCISILE

}Ae—l-.—-lﬁ-

0.4
03f
0.2}

0.1F

0 02 04 06 08 1
The change in Weights WX1(..), WX2(-)
(@)

0.9}

0.8

0.7+

YRR RN
DCISIp

0.5f

Cm

..
M
1
>
¥

03

0.2F

i}

0 02 0.4 06 08 1
The change in Weights WY1(.), WY2(-)

®)

Fig. 11. (a) Time evolving graph of fuzzy weights W X1, W X2, during the learning process in Example 1. (b) Time evolving graph of fuzzy weights
WY1,WY?2, during the learning process in Example 1.

_ {6;-* if 0} = max (uf,...,u}) (57) Where
0  otherwise. 9o} _ [1  if of; = min(u,...,u}) (60)
80?]- 10 otherwise
Layer 2: 1In this layer, there are fuzzy weights WX to be
adjusted. The update rules can be derived from (23) and (24) and '
. 002 2f2 Y e
as follows: 0ij 2 ij ij
‘ o0z @ i\ T 26 | Guml@
W, wx,; .
de Be &i 30?]- _§3 9o} 30?]- 58) ij1 , ijl
awxz(?f 90} do; awxﬁj‘f " 90; szf—;’l) = —O?jﬁ(wm% - u?l(a)), (61)
3 2 3 2 2 2
_Oe _ 0c 00} B0y 0000 90y g 0% g2 i o) 200y 62)
Swz'® 902 002 5z’ ' 902 9wzt () & T g2 g2l
WL, 5 P 1 OWL; 49 i QW59 awxijZ
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Fig. 12. The neural fuzzy system before and after learning in Example 1.

When fuzzy weights are adjusted by (42)~(62), two unde-
sirable situations may happen. That is, the lower limits of the
a-level sets of fuzzy weights may exceed the upper limits, and
the updated fuzzy weighted may become nonconvex. In order
to cope with these undesirable situations, we do necessary
modifications on the updated fuzzy weights to make sure that
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they are legal fuzzy numbers after updating. This process is
described as follows:
Procedure: Fuzzy Number Restoration
Imputs:} Fuzzy weights W = |J, a[w&a),wg’)] adjusted
by (42)(62).
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Outputs:} The modified fuzzy weights W = jf , ("M < wgﬁi—ll then w§*/™) = wék—fi—l)

U, o[@{®, %5™] which are legal fuzzy else $F/M = /M,

numbers. ‘ Step 3:
Step 1: Output W, and stop.
k=1 : : )
i wgk) > wék) then w&k) _ wék) and wék) _ wgk), B. Structure Learning Phase
elsemgk) — w§k) and ﬁ,gk) — wgk)' In this subsection, we propose a structure learning algorithm
Step 2: for the proposed neural fuzzy system to reduce its node and

link number. This structure learning algorithm is divided into

For (kk /f) h= % i‘f ;)vn to 0, ((i(/) r) (EELy two parts: One is to merge the fuzzy terms of input and output
if wy >y " 7, then g = " linguistic variables (term-node combination). The other is to

else ﬁ)gk/h) = wgk/h)

do rule combination to reduce the number of rules. We shall
and discuss these two parts separately below.



758 IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS—PART B: CYBERNETICS, VOL. 26, NO. S, OCTOBER 1996

Blembenkip Grade
gegese

[ 02 04 [ 03 )
Desiced (-YActual {..) Outpots
Fig. 15. The actual fuzzy outputs, Y'1,Y 2,73, of the learned neural fuzzy

system and the corresponding desired fuzzy outputs, D1, D2, D3, in Example
2.

Term-Node Combination Scheme: Term-node combination
is to combine similar terms in the term sets of input and output
linguistic variables. We shall present this technique for the
term set of output linguistic variables. It is applied to the term
set of input linguistic variables in exactly the same way. We
have proposed two methods to initialize the nodes and links
in layer four of FCLO and FCNO in the initialization process.
If Method 1 is used, the consequents of the rule nodes have
been established by self-organized learning in the initialization
process. Hence no further structure learning is necessary in the
consequent parts of the rule nodes if Method 1 of initialization
process is used. On the other hand, if Method 2 is used, further
actions should be taken to eliminate redundant nodes and links
in layer four. The whole learning procedure using Method 2
of initialization is described as follows:

Step 1: Perform parameter learning until the output error
is smaller than a given value; ie., e < error_limit, where
error_limit is a small positive constant.

Step 2: Aiff(WY;,WY;) < similar_limit and similar_limit
is a given positive constant, remove term node 7 with fuzzy
weight WY and its fan-out links, and connect rule node j in
layer 3 to term node ¢ in layer four (see Fig. 5).

Step 3: Perform the parameter learning again to optimally
adjust the network weights.

The term-node combination scheme in Step 2 can automat-
ically find the number of fuzzy partitions of output linguistic
varjables. The rationale of this stepis described mathemati-
cally in the followings. Let us consider the supervised learning
of FCLO. If Step 2 is not performed (see Fig. 5(a)), FCLO
does the following operations in layer 4

of =u},0f=uj (63)
wiWY; +utWY; +C
AR M e ME (64)
U Fuitc

where ¢ is the sum of other input values and C is the sum
of the other products of the input values and fuzzy weights
in layer four.

2 8
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Fig. 16. The learned fuzzy weights of the FCLO in Example 2.
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Fig. 17. Generalization test of the learned neural fuzzy system in Example 2.

On the other hand, if Step'2 is performed (sée Fig. 5(b)),
FCLO does the following operations:

of = min(1,uf +ul). (65)
If uf +uj < 1, then

(it + )W v
uf+ui+c

Y, = (66)

Notice that in (65), the bounded sum is used for fuzzy OR
operation. From (64) and (66), we find that if WY, is very
similar to WY (as the required condition in Step.2) and (uf +
u;‘) < 1, then Y, ~ Y;. This means that the networks before
and after the rule combination process is nearly equivalent.
We can obtain the same result for the supervised learning of
FCNO. Hence, the proposed term-node combination scheme
is appropriate and accurate. The operations in Step 2 can be
equally applied to the term set of input linguistic variables.
Rule Combination Scheme: After the fuzzy parameters and
the consequents of the rule nodes are determined, the rule
combination scheme is performed to reduce the number of
rules. The idea of rule combination is easily understood
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Fig. 19. The learned fuzzy weights in Example 3.

through the following example. Consider a system contains
the following fuzzy if-then rules: ‘

Ry: IF 1 is small and z is small, THEN y is good
Ry: IF z7 is medium and x5 is small, THEN y is good
Rg: IF z; is large and x, is small, THEN y is good

where the fuzzy partitions of input linguistic variable z; are
“small,” “medium,” and “large”. The three rules R;, R and
R3 can be merged to one rule as follows:

R: IF z9 is small, THEN y is good.

That is, the input variable x; is not necessary in this situa-
tion. The conditions for applying rule combination has been
explored in [17] and are given as below.

1) These rule nodes have exactly the same consequents.

2) Some preconditions are common to all the rule nodes,
that is, the rule nodes are associated with the same term
nodes.

3) The union of other preconditions of these rule nodes
composes the whole terms set of some input linguistic
variables.

. @ign |
] [ Sl

Fig. 20. Generalization test of the learned neural fuzzy system in Example 3.
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Fig. 21. The structures before and after learning of the FCLO in Example 4.

If some rule nodes satisfy these three conditions, then these
rules can be combined into a single rule. An illustration in
shown in Fig. 6. It should be noted that the proposed rule
combination scheme is exactly only for max-min composition.

V. ILLUSTRATIVE EXAMPLES

In this section, we shall use some examples to illustrate
the performance of the proposed fuzzy supervised learning
algorithm on FCLO and FCNO. All the following simulations
are run on a Sun SPARCstation.

Example 1 - Fuzzy Input and Fuzzy Output: Consider the
following three fuzzy if-then rules for training:

Ry: IF z is very small (X1), THEN y is very large (D1)

Ry: IF 2z is small (X2), THEN y is large (D2)

R3: TF z is large (X3), THEN y is small (D3)
where the fuzzy numbers “small,” “large,” “very small” are
given in Fig. 7. Because input and desired output are linguis-
tic, an FCLO is used in this example. Using Method 2 of
initialization process, we set up an FCLO with two layer-2
nodes and two layer-4 nodes (and thus, two layer-3 (rule)
nodes). Fig. 8 shows the learning curve. The total learning
time is 0.853 s. The error tolerance is 0.0001 and the number
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Fig. 23. The actual outputs of the learned FCLO in Example 4.

of a-cuts is 6. After supervised learning, the fuzzy outputs of
the learned FCLO and the corresponding desired outputs are
shown in Fig. 9. The figure shows that they match closely.
The two learned (representative) fuzzy rules after learning
(condensing) are

IF zis WX1, THEN y is WY1
and
IF z is W X2, THEN y is WY2

where the fuzzy weights after learning are shown in Fig. 10.
For illustration, Fig. 11 shows the change of fuzzy weights in
the learning process. The five-layered network structure of the
neural fuzzy system used in this example is shown in Fig. 12.
In the figure, the fuzzy weights before and after learning

0.6 0.8 i
Input

are shown, where the exact fuzzy weights after learning can
be found in Fig. 10. It is observed that these weights grow
to fuzzy numbers from the initial numerical numbers (fuzzy
singletons) when the network is trained with fuzzy input/output
data. Three fuzzy input numbers and the corresponding fuzzy
output numbers are also shown in Fig. 12 for illustration.
Hence the original three fuzzy rules have been condensed to
two rules, and these two sets of rules represent equivalent
knowledge. As a comparison, when we solved the problem
in this example using the approach in [4], the learning time
needed to obtain the same learning result is 2.455 s. There
are two major reasons that the proposed system can learn
faster -than the compared one. First, the proposed system
allows numerical signals to flow in the network. Second,
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Fig. 25. The structure of the FCNO in Example 5.

the proposed system is a structured neural network (a fuzzy
inference network), but the one in [4] is a normal multilayer
neural network.

Example 2 - Fuzzy Input and Fuzzy Output: In this simula-
tion, we train an FCLO having the same structure
as that in Example 1 wusing fuzzy training data
{(X1,D1),(X2,D2),(X3,D3)} shown in Figs. 13 and
15. Here we set the number of a-level sets as 2; ie.,
a = {0,1} to emulate the triangular membership function that
is used widely. The learning curve shown in Fig. 14 indicates
that it takes a little bit more iterations to converge for smaller
number of quantized membership grade. The total learning
time is 1.572 s. (The learning time needed for the approach
in [4] is 4.828 s.) The fuzzy outputs (Y1,Y2,Y3) of the
learned FCLO and the corresponding desired outputs are
shown in Fig. 15. The figure shows that they match perfectly.
The learned fuzzy weights are shown in Fig. 16. We also
use novel fuzzy inputs to test the generalization capability of

the learned FCLO. The results shown in Fig. 17 demonstrate
its good interpolation and extrapolation capability, where the
squares correspond to the o = 0 level sets.

Example 3 - Fuzzy Input and Fuzzy Output: In this exam-
ple, we train an’' FCLO with five training fuzzy number
pairs shown in Fig. 18. In this figure, the stacked rectangles
represent different a-level sets. Five level sets corresponding
to @ = 0,0.25,0.5,0.75,1 are used for each fuzzy number.
In the initial FCLO, there are four nodes in each of layers 2,
3, and 4. That is, there are four fuzzy rules initially. After
the structure and parameter learning, we obtain an FCLO
containing three fuzzy rules (i.e., there are three nodes in
each of layers 2, 3, and 4). The total learning time is 2.627 s.
(The learning time needed for the approach in [4] is 8.422 s.)
Fig. 19 shows the learned fuzzy weights. In order to examine
the generalization capability of the trained FCLO, we present
three novel fuzzy numbers to its input nodes for testing. The
results shown in Fig. 20 (the dashed rectangles) indicate the
good generalization capability of the learned FCLO. '

Example 4 - Crisp Input and Fuzzy Output: In this exam-
ple, we train an FCLO with training pairs containing numer-
ical inputs and fuzzy outputs. With Method 2 of initializa-
tion process, the initial structure of the FCLO is shown in
Fig. 21(a). The eleven training data pairs are shown in Fig. 22,
where each input is a point, and the desired output is repre-
sented by the interval corresponding to the level set of o = 0.
Five level sets corresponding to o = 0,0.25,0.5,0.75, 1 are
used for each fuzzy number. After learning, the final FCLO
is shown in Fig. 21(b), and its the actual outputs with respect
to the training inputs are shown in Fig. 23. The total learning
time is 2.392 s. (The learning time needed for the approach
in [4] is 7.348 s.) The learned weights are shown in Fig. 24,
where the layer-2 weights are crispy, and the layer-4 weights
are fuzzy.

Example 5 - Crisp Input and Crisp Output: In this exam-
ple, we train an FCNO with numerical training data pairs.
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Fig. 27. The learning curve in Example 5. \ Fig. 29. The learned output fuzzy weights in Example 5.
b M T T T i N shown in Fig. 26, where the circle has desired output of O and
o9} 1 the star has desired output of 1. Eleven level sets are used
o8}t . in this example. The learning curve is shown in Fig. 27. The
art ' | total learning time is 5.841 s. (The learning time needed for
g a6 the approach in [4] is 16.2 s.) The learned weights are shown
. ’ in Figs. 28 and 29. It is observed that the final learned weights
ash 1 2 \WX22 ] o
could be fuzzy numbers even though the training data are all
o4 ~ 1 numerical.
o3f ]
02k 4
oy \ ] VI. CONCLUSION
3 Yy 'Yy 06 03 N 2 In this paper, we proposed a neural fuzzy system that
L weight X can process both numerical and linguistic information. The

proposed system has some characteristics and advantages:
1) The inputs and outputs can be fuzzy numbers or numer-
ical numbers.

2) The weights of the proposed neural fuzzy system are
FCNO is shown in Fig. 25. The twelve training data pairs are fuzzy weights. :

Fig. 28. The learned input fuzzy weights in Example 5.

With Method 1 of initialization process, the structure of the
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3) Owing to the representation forms of the a-level sets,
the fuzzy weights, fuzzy inputs, and fuzzy outputs can
be fuzzy numbers of any shape.

4) Except the input and output layers, numerical numbers
are propagated through the whole neural fuzzy system;
thus the operations in the proposed neural fuzzy sys-
tem are not time-consuming and the required memory
capacity is small.

The proposed system has fuzzy supervised learning capability.
With fuzzy supervised learning, the proposed system can be
used for a fuzzy expert system, fuzzy system modeling, or
rule base concentration. When learning with numerical values
(real vectors), the proposed system can be used for an adaptive
fuzzy controller. Computer simulations satisfactorily verified
the performance of the proposed neural fuzzy system. We
are currently extending the fuzzy supervised learning scheme
proposed in this paper to a fuzzy reinforcement learning
scheme with the expectation that a neural fuzzy system can
learn teacher’s oral (linguistic) instructions.
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