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Application of Dynamic Neural Network Model for Nonlinear System 
Identification and Control 

 

Abstract 

The Hopfield neural network (HNN) has been widely discussed for controlling a 
nonlinear dynamical system. The weighting factors in HNN will be tuned via the 
Lyapunov stability criterion to guarantee the convergence performance. The proposed 
architecture in this paper is high-order Hopfield-based neural network (HOHNN), in 
which additional inputs from functional link net for each neuron are considered. 
Compared to HNN, the HOHNN performs faster convergence rate. The simulation 
results for both HNN and HOHNN show the effectiveness of HOHNN controller for 
affine nonlinear system. It is obvious from the simulation results that the performance 
for HOHNN controller is better than HNN controller. 

 

1. Introduction 

The Hopfield neural network (HNN) consists of a set of neuron and a corresponding 
set of unit delays forming a multiple-loop feedback system where the number of 
feedback loops is equal to the number of neurons. The HNN proposed in 1982 [1] has 
been adopted for pattern recognition [2], and image processing [3] in recent years. 
Neural networks, like HNNs, are suitable for controlling nonlinear dynamical systems 
due to their learning and memorizing capabilities. 
Functional link net methodology was first proposed in 1989 [4, 5] which have been 
combined with the neural network to create the high-order neural networks (HONNs). 
The input pattern of a functional link net an expansion of original input variables in 
HNN. There have been many considerable interests in exploring the applications of 
functional link model to deal with nonlinearity and uncertainties. The advantages of 
high-order functional link net have been shown in [6], in which the efficiency of 
supervised learning is not only greatly improved, but a flat net without hidden layer is 
also capable enough of doing the same job. However the functional link neural 
networks in [7] does not include the Hopfield neural network (HNN), and the 
weighting factors tuned via back-propagation algorithm can not guarantee the 
convergence of the nonlinear dynamical systems, especially in the real-time 
applications. 
In this paper, a new high-order Hopfield-based neural network (HOHNN) is proposed. 
It is basically a HNN with the compact functional link net and its exact analytical 
expression is also proposed. The application of HOHNN controller is explored in this 
paper to show the advantages of extra inputs for each neuron in HOHNN. A 
Lyapunov-based tuning algorithm is then proposed to find the optimal weighting 
matrix of HOHNN controller to achieve favorable approximation error. Furthermore, 
the convergence analysis with tuning weighting factors in the HOHNN controller is 



considered. The simulation results for both HNN and HOHNN controllers are finally 
conducted to show that the HOHNN controller has better effective performance for 
nonlinear dynamical system than HNN controller. 
 
2. Hopfield-based Network Models 
Based on their feedback link connection architecture, there are three different types of 
artificial neural networks. We focus attention on the recurren Hopfield-based neural 
network in this paper. Considering the noiseless dynamic model of a single neuron in 

HNN illustrated in Fig. 1, the input vector  represent 

voltages, the weighting vector  represent 

conductance, and n represents the number of neurons. The input vector  are fed 
back from the output vector 
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Fig. 1. The ith neuron in a Hopfield neural network. 
 
The nonlinear function )  ( ⋅ϕ  is a sigmoid function which limits the amplitude range 

of the sum of inputs is defined by hyperbolic tangent function: 
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where  refers to the gain of i0>ia th neuron. By the Kirchhoff’s current law, the 

following dynamic node equation can be obtained: 
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The stability analysis of the above HNN has been proved in [8], in which an energy 
function was defined and it derivative function can be shown to be negative to yield 
an asymptotical stable system. 
 
3. The Compact Functional Link Net with HNN 
The functional link net is a single layer structure in which the hidden layer is removed. 
However, such functional transforms greatly increases the dimensions of input vector. 
Hence, it was suggested in [4] that high-order terms beyond the second-order term are 
not required in the enhanced patterns of input vector and the terms with two or more 
equal indices are also omitted. Therefore, a compact functional link net can be defined 
with rigorous formulae as shown in the following Fig. 2 and equations. The input 
pattern vector Z in Fig. 2 can be defined precisely as follows: 
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Fig. 2. A compact structure of functional link net. 
 
Equation (4) says that the dimension of Z vector is N (N + 1) / 2, in which N is the 
number of original input variables. All the extra second order terms in (5) for 
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121 NNNN zzz L  are described. Further we let the input vector of HNN in 

Fig. 1 to form a compact functional link net defined in Fig. 2. This combination in 
HOHNN structure for a single neuron is shown in the following Fig. 3. 
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Fig. 3. The high-order HNN (HOHNN) for a single neuron. 

 
The input pattern of HOHNN produced from functional link net is the enhanced 
pattern in which  is the n-dimension vector of the network feedback, u is the 
M-dimension vector of the input; and  is the high-order term vectors to the system 

in Fig. 3. For this compact functional link net, the dimension of input vector has been 
expanded to N = (n + M) (n + M + 1) / 2. Thus, the N-dimension input vector Z and 
the n × N matrix of weighting factor matrix can be defined as 

Φ

hZ

[ ]ThZuΦZ =                         (6) 

and 

][ hu wwwW ϕ=                        (7) 

where , , and  represent the weighting factors of feedback input, error input 

and high-order term, respectively. 
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4. The HOHNN Controller for Nonlinear System 



The structure of HOHNN in Fig. 4 can be expressed as 
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Fig. 4. The structure of HOHNN. 

 
Consider the nth-order nonlinear dynamical system of the following form: 
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controllable and without losing generality, it is required that 

Rd ∈
∞<< g0 . The control 

objective is to force the system output y to follow a given bounded reference signal 
. The reference signal vector  and the error vector e are defined as ry ry
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dynamics may be unknown or perturbed, the ideal controller idealu  in (13) cannot be 

implemented. In order to control the unknown nonlinear system, an HOHNN with 
single layer, fully connection, recurrent nets and functional link model is proposed. 
The overall closed-loop diagram of direct adaptive HOHNN controller for affine 
nonlinear system is shown in the following Fig. 5. 
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Fig. 5. The closed-loop configuration of HOHNN controller for affine nonlinear 

system. 
 
Substituting  into (11) and using (13) yields idealuu =
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 vector in (16) comes from (5) in the compact functional link net shown in 

Fig. 2. The output signal can be expressed as 
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where  is the control error. In order to derive the one of main theorems in the 
following section, the following assumption is required. 
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where ϕβ , uβ , and hβ  are possible learning rates; the symmetric positive definite 

matrix P satisfies the following Riccati-like equation 
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where Q is a symmetric matrix and ρ  is a constant; the projection operators Pr[*] are 

defined as 
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then , , and  are bounded by ϕŵ uŵ hŵ
ϕϕ ww M≤ˆ , u

Mu ww ≤ˆ , and h
Mh ww ≤ˆ  for 

all 0≥t  [9, 10]. 
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Using the Riccati-like equation (23), (28) can be rewritten as 
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Using (20), we have 
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Using the knowledge that , 0≤ϕV 0≤uV  and 0≤hV , we can further rewrite (32) as 
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Integrating both sides of the inequality (37) yields 

∞<≤+−≤− ∫∫ tdgdVtV
tt T 0 

22
1)0()( for   

0

2
22

0
τερτQee .       (38) 

Since , we obtain 0)( ≥tV

∫∫ +≤
tt T dgVd
0

2
22

0 2
)0(

2
1 τερτQee .                 (39) 

Substituting (27) into (39), we can obtain 
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respectively. From (39) and since , we have 0
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where V(0) is the initial value of a Lyapunov function candidate. From (27), it is 
obvious that  for any V. Because P is a positive definite symmetric 
matrix, we have 

VT 2≤Pee

PeeeePeP TT ≤= )()( min
2

min λλ .                 (42) 

where )(min Pλ  is the minimum eigenvalue of P. Thus, from (41) and (42) we obtain 
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Therefore, the tracking error e  can be expressed in terms of the lumped uncertainty 

as 
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which can explicitly describe that the bound of tracking error e . If the initial state V 

(0) = 0, tracking error e  can be made arbitrarily small by choosing adequate ρ . 

Equation (44) is very crucial to show that the proposed HOHNN controller will 
provide the closed-loop stability rigorously in the Lyapunov sense under the 
Assumption (19). 
 
5. Simulation Results 

An inverted pendulum on a cart depicted in Fig. 6 is presented to illustrate the 



effectiveness of the proposed HOHNN controller. Consider the dynamics of the 
inverted pendulum which can be described as [11, 12]: 
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where θ  is the angular position of the pendulum, m is the mass of the pendulum, M 
is the mass of the pendulum, d is the external disturbance, and l is the half the length 
of the pendulum. The values of variables are given in Table I. 
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Fig. 6. Cart with an inverted pendulum. 

 
TABLE I 

DATA OF INVERTED PENDULUM ON A CART 
m mass of the pendulum 2 kg 
M Mass of the cart 8 kg 
l Half the length of the pendulum 0.5 m 
g acceleration due to gravity 9.81 m/s2

 
Assume the system is free of external disturbance and the reference signal )(trθ  is 

a sinusoid with the amplitude of 30/π  in this example. The learning rates of 
weights are selected as 2.11 =η  and 0.12 =η ; the slope of )tanh(⋅  at the origin is 
selected as a = 1.0. The resistance and capacitance are chosen as  and 

. Solving the Riccati-like equation in (23) for a choice of  and 

, we have . There exist two neurons and one control input for 

the HOHNN controller. The three inputs 
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515

P

)(uϕ , , and 1e 2e  are combined to form the 
full input vector { }212121 )()()( eeeueueeu ϕϕϕ=Z  which is fed into the 
HOHNN controller. The overall detailed structure for system control can be shown in 



the following Fig. 7. 
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Fig. 7. The overall diagram of cart with an inverted pendulum using HOHNN 

controller. 
 

To compare the HNN controller, the simulation results for the proposed HOHNN 
and HNN controllers with external disturbance )2sin(5.2 td =  when  second 

are shown in Figs. 8-13. This fact shows the strong disturbance-tolerance ability of 
the proposed HOHNN controller. Figure 8 shows the reference signal 

10≥t

)(trθ  and the 
actual pendulum angle )(tθ . The enlarging drawing of Fig. 8 from  second to 

 second is shown in Fig. 9. Figure 10 shows the comparison of errors using 
HNN and HOHNN controllers and their enlarging drawing are shown in Fig. 11. The 
mean squared errors using HNN and HOHNN controllers and their enlarging drawing 
are shown in Fig. 12 and 13. From the simulation results, the HOHNN controller can 
result in better acceptable tracking performance than HNN controller. 
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Fig. 8. Comparison of HNN and HOHNN controllers.       Fig. 9. Detail of Fig. 8 from t = 9.5 second to t = 12.5 second. 
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Fig. 10. Comparison of errors using HNN and HOHNN controllers.        Fig. 11. Detail of Fig. 10 from t = 9.5 second to t = 12.5 second. 
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Fig. 12. The mean squared errors using HNN and HOHNN controllers.    Fig. 13. Detail of Fig. 12 from 5.9=t  second to  second. 5.12=t

 

6. Conclusion 
This paper has proposed a high-order Hopfield-based neural network (HOHNN) 
controller for the nonlinear dynamical systems. The simulation shows that HOHNN is 
capable of controlling the behavior of dynamical systems and the weighting matrices 
in HOHNN can be found via Lyapunov criteria. The adaptive laws to tune the 
weighting matrix can reduce the error between practical and reference state. The 
simulation results for HNN and HOHNN are finally conducted to show that the 
performance of HOHNN controller is better than HNN controller even though the 
nonlinear dynamical system encounters a disturbance suddenly. 
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The 2010 IEEE International Conference on Networking, Sensing and Control was 
held in Chicago, 10-13, April, USA. The main theme of the conference is 
technologies and applications for wireless sensory networks. In recent years, wireless 
sensory networks have opened several areas of research and applications. Many 
companies and research agencies have started working on the next generation of these 
networks. Wireless sensory networks are now used in many fields such as homeland 
security, agriculture, energy management, intelligent transportation and traffic 
engineering, logistics, warehouse management, disaster management, healthcare 
delivery, military, smart buildings, and manufacturing. This conference provides a 
remarkable opportunity for the academic and industrial community to address new 
challenges and share solutions, and discuss future research directions in the area of 
wireless sensory networks. 

The purpose for me and my PhD student to participate in this conference is to present 
the major content in this NSC research project. The title of this paper is: 

 
“Intelligent Adaptive Control of Uncertain Nonlinear Systems using Hopefield 

Neural Networks” 

This paper has also been submitted to IEEE Transactions on Control Systems 
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