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Application of Dynamic Neural Network Model for Nonlinear System
Identification and Control

Abstract

The Hopfield neural network (HNN) has been widely discussed for controlling a
nonlinear dynamical system. The weighting factors in HNN will be tuned via the
Lyapunov stability criterion to guarantee the convergence performance. The proposed
architecture in this paper is high-order Hopfield-based neural network (HOHNN), in
which additional inputs from functional link net for each neuron are considered.
Compared to HNN, the HOHNN performs faster convergence rate. The simulation
results for both HNN and HOHNN show the effectiveness of HOHNN controller for
affine nonlinear system. It is obvious from the simulation results that the performance
for HOHNN controller is better than HNN controller.

1. Introduction

The Hopfield neural network (HNN) consists of a set of neuron and a corresponding
set of unit delays forming a multiple-loop feedback system where the number of
feedback loops is equal to the number of neurons. The HNN proposed in 1982 [1] has
been adopted for pattern recognition [2], and image processing [3] in recent years.
Neural networks, like HNNs, are suitable for controlling nonlinear dynamical systems
due to their learning and memorizing capabilities.

Functional link net methodology was first proposed in 1989 [4, 5] which have been
combined with the neural network to create the high-order neural networks (HONNS).
The input pattern of a functional link net an expansion of original input variables in
HNN. There have been many considerable interests in exploring the applications of
functional link model to deal with nonlinearity and uncertainties. The advantages of
high-order functional link net have been shown in [6], in which the efficiency of
supervised learning is not only greatly improved, but a flat net without hidden layer is
also capable enough of doing the same job. However the functional link neural
networks in [7] does not include the Hopfield neural network (HNN), and the
weighting factors tuned via back-propagation algorithm can not guarantee the
convergence of the nonlinear dynamical systems, especially in the real-time
applications.

In this paper, a new high-order Hopfield-based neural network (HOHNN) is proposed.
It is basically a HNN with the compact functional link net and its exact analytical
expression is also proposed. The application of HOHNN controller is explored in this
paper to show the advantages of extra inputs for each neuron in HOHNN. A
Lyapunov-based tuning algorithm is then proposed to find the optimal weighting
matrix of HOHNN controller to achieve favorable approximation error. Furthermore,
the convergence analysis with tuning weighting factors in the HOHNN controller is



considered. The simulation results for both HNN and HOHNN controllers are finally
conducted to show that the HOHNN controller has better effective performance for
nonlinear dynamical system than HNN controller.

2. Hopfield-based Network Models

Based on their feedback link connection architecture, there are three different types of
artificial neural networks. We focus attention on the recurren Hopfield-based neural
network in this paper. Considering the noiseless dynamic model of a single neuron in

HNN illustrated in Fig. 1, the input vector X =[O %) .. X (O] yopresent

voltages, the weighting vector W)= w(t) ... wy(0)] represent

conductance, and n represents the number of neurons. The input vector X' () are fed
back from the output vector yO=hn® .0 .. v, (t)], and a current source I;

represents the externally applied bias.

I "W
X (t) Current source
i Ii
o M2 w(0xi(t)
X2
s ) . Neural
ynaptic : S W (D)X output
inputs < Xi(t) o W:(t)XI'(t) i=1 '(t)x|(t)- i o y(Ft))
: c I SR
0 WX (1) L

Fig. 1. The ith neuron in a Hopfield neural network.

The nonlinear function () is a sigmoid function which limits the amplitude range
of the sum of inputs is defined by hyperbolic tangent function:

o(v.) = tanh[%j (1)

where a >0 refers to the gain of i"" neuron. By the Kirchhoff’s current law, the
following dynamic node equation can be obtained:

Since the input is the feedback of the combination of output, (2) becomes



dv, (1), ()
d¢ R

C = > W (e, O)+ 10 i=L-n. ©)
i=1

The stability analysis of the above HNN has been proved in [8], in which an energy

function was defined and it derivative function can be shown to be negative to yield

an asymptotical stable system.

3. The Compact Functional Link Net with HNN

The functional link net is a single layer structure in which the hidden layer is removed.
However, such functional transforms greatly increases the dimensions of input vector.
Hence, it was suggested in [4] that high-order terms beyond the second-order term are
not required in the enhanced patterns of input vector and the terms with two or more
equal indices are also omitted. Therefore, a compact functional link net can be defined
with rigorous formulae as shown in the following Fig. 2 and equations. The input
pattern vector Z in Fig. 2 can be defined precisely as follows:

Z:{ 1 Ly o Iy Iyyg ZN(N+1):| 4)
2
and
V2w, =22, | £,=12,.,N-1]
{ Z(2N—1)+éz = ZZZZZ+2 | 52 =1’2’ ! N -2 }

(N “1)N-

N-1

{ k(k 1) =42, .« | ¢,=12,..,N - k} ©)

(N 1)(N 2)} =ZnaZ,, na | O, =12,...,N _(N _1) }

Output node

} Weighting factor
N(N+1)12

Z; I, e Iy LiZ, e IygZy

I ...1

Enhanced pattern

Input pattern



Fig. 2. A compact structure of functional link net.

Equation (4) says that the dimension of Z vector is N (N + 1) / 2, in which N is the
number of original input variables. All the extra second order terms in (5) for

{Z,M Iy, ZN(N+1)} are described. Further we let the input vector of HNN in
2

Fig. 1 to form a compact functional link net defined in Fig. 2. This combination in
HOHNN structure for a single neuron is shown in the following Fig. 3.
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Fig. 3. The high-order HNN (HOHNN) for a single neuron.

The input pattern of HOHNN produced from functional link net is the enhanced

pattern in which D is the n-dimension vector of the network feedback, u is the
M-dimension vector of the input; and Zy s the high-order term vectors to the system

in Fig. 3. For this compact functional link net, the dimension of input vector has been
expanded to N = (n + M) (n + M + 1) / 2. Thus, the N-dimension input vector Z and
the n x N matrix of weighting factor matrix can be defined as
z=[o u 2, (6)
and
W=[w, w, w,] (7

where e, Wu and Wn represent the weighting factors of feedback input, error input

and high-order term, respectively.

4. The HOHNN Controller for Nonlinear System



The structure of HOHNN in Fig. 4 can be expressed as

x=Ax+Bw '®+Bw, /u+Bw,'Z, . (8)
where ~A=diag{-a, -a, - -a}eR™ o o puwitz matrix  with
8, =1/(RC)). gng B=diag{b; b, - b }eR™ iy b =1/C; 1pq output of

each neuron in HOHNN can be expressed as

X =-aXx+bw, ®+bw, Tu+bw, Z ., i=12..n 9)

T T T

Woi | Wui and Wni are the i" rows of We, Wu and Wn, respectively.

where

Solve the differential equation (8), we obtain

T T T —a; 0
Xp=bi(w,; C,i+w,; §i+wy; §)+e X
(10)
_e_aitbi (W(p,iTC(p,iO + Wu,iTCu,iO + Wh,iTCh,iO)! i=12,...,n
0 n M (n+M)(n+M -1)/2
where %i s the initial state of Xi : Gpi €R , Ci€R , and Cni €R are

the solutions of qu,i = _aig(p,i +® ’ gu,i = _aigu,i +u , and gh,i = _aigh,i +Zh ,

0 0 0
respectively; Coi : Cui , and Chi are initial states of CW’ Cu , and thi, respectively.

“aty, 0 at T, 0 T, 0 Ty 0
Note that © X and &  P(Woi Soi” +Wui Cui + Wi &oi™) iy (10) will exponentially

decay with time due to the fact & > 0.
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Fig. 4. The structure of HOHNN.

Consider the n™-order nonlinear dynamical system of the following form:
x™ = f(x)+gu+d
y=X

(11)

x=[x X o %]

where is the system state vector, the nonlinear function

FIRT >R describes the system dynamics, ueR is a continuous control input of
the system, and d e R is a bounded external disturbance. In order for (11) to be
controllable and without losing generality, it is required that 0< g <oo. The control
objective is to force the system output y to follow a given bounded reference signal
Yr The reference signal vector Y+ and the error vector e are defined as

e=[eé,...e""] eR" (12)

with €= Ye =X=Ye =Y |f the function f (x) and g are known and the system is free
of external disturbance, the ideal controller can be designed as

e = %[—f ©)+y," +k,eT (13)

k. =[K. K ;,....k] . .
where ™c n»tn-1 1. Applying (13) to (11), we have the following error
dynamical system

e™ +ke" 4+ +ke=0 (14)

If ki,i=12,...n are chosen so that all roots of the polynomial



~ an n-1
H(s)=s" +ks™ 44K, g strictly in the left half of the complex plane, then

lime(t)=0 can be implied for any initial conditions. However, since the system

dynamics may be unknown or perturbed, the ideal controller Uideal jn (13) cannot be
implemented. In order to control the unknown nonlinear system, an HOHNN with
single layer, fully connection, recurrent nets and functional link model is proposed.
The overall closed-loop diagram of direct adaptive HOHNN controller for affine
nonlinear system is shown in the following Fig. 5.

——- - - - - —————

H Affine Nonlinear - +
u System Plant X=y Y,

Functional-link
Net

High-order Hopfield-based Neural Network

Fig. 5. The closed-loop configuration of HOHNN controller for affine nonlinear
system.

Substituting U=Uear jnto (11) and using (13) yields

¢=Ae+gB(U,,, —U)—Bd = Ae+gBu—Bd (15)
0 1 o - 0 0
: RS 0 ~
where A= o o0 1] . B7:] L and Y=Yk ~U Note that
- kn - kn—l - kn—2 T ™M nxn 1 nxl

the ideal controller Yieea js a scalar, and thus the HOHNN controller contains only a

single neuron. The input signals shown in the HOHNN controller shown in Fig. 3 are

®=[p(u) oU,) - ou)],
u=[e, e - e, [=[ ¢ - e[
and
Z,=[p(u) o) -~ o) pU,) - o eyyey ] (16)
where Zn vector in (16) comes from (5) in the compact functional link net shown in

Fig. 2. The output signal can be expressed as



1 . A A ‘%to ‘,TlctleAvo
u:E(W¢§¢+WuCu+Wh§h)+e u--—-e E(Wgog(p +w,& +w &, ). (17)

0 ~ ~ ~
where Y is the initial value of u: We, Yo and W are the estimations of Ve, Vo

and Y. Substituting (17) into (15) yields

11 —it —it
é=Ae+ gB|:éVV¢[§¢ —e RC gwoj+éwu(§” _g ke CUO}FCI:‘TVh[‘;h _g RC ghOJ'FA}_Bd (18)

where A is the control error. In order to derive the one of main theorems in the
following section, the following assumption is required.

Assumption: Let € = A _ad . Assume that there exists a finite constant x so that

[gdr<u, O<t<o. (19)

w Yo and W Q, ={w,:

The constraint set for Yo are Wo|<M,}

Q, ={w,|w,]<M,} Cand @ =1W, Wl <M, 3

If the adaptive laws are

designed as

or [w | =M, and eTPBvAvw[QW - eRlC‘Qw"J > O] (20)

1
», ande"PBw {C —e R°‘§¢°J<OJ

’i“ eTPB[Cu e e, J if (W] <™, )or[v‘vu =M, and eTPBv”vu[gu —eRCICUOJ > 0] (21)

W, =W, = .
{ﬁ” eTPB —e RCQ :|If [w |=M,, and eTPBWU[Cu —e_mtgu°]<0]

@‘eTPB[gh - eRC‘gh"] if (W, <M, Jor (v‘vh =M, and eTPBv‘vh[gh - eRC‘gh"j > 0] (22)

1 1
P{@J P];[gh —e Rctgh"ﬂ if (vAvh =M, and eTPBv“vh[gh —e RC‘gh‘)] < o]

where ﬂw, ﬂU, and B are possible learning rates; the symmetric positive definite

ﬁff' T "RC
i CePB[C —e g ] n‘Q
W =—-W_=

Pr| {%eTPBg o RCg }f

matrix P satisfies the following Riccati-like equation

ATP+PA+Q+PB%BTP=0 (23)
Yo

where Q is a symmetric matrix and # is a constant; the projection operators Pr[*] are
defined as



w(g - e“[@ﬂoj (24)

2 ¢

W

4

1

—€ gu J A ’ (25)

N R i
Pr[ﬂ“eTPB(Cu —-eRe QUOH b eTPB(Cu -e fe QUOJ +e¢'PB 2 Wy
c C [W.

and
R
1 1 Wyl Gh —€ h
PrlZ’BheTPB(Qh —e RC gﬁﬂ:ﬂh eTPB(Qh —e RC §h°J+eTPB — W, (26)
c c [Wal
then Yo, Wu and Wn are bounded by Ww‘g M., W[ <™, , and [Wal <M.y, for
all 120 [9 10].
Consider the Lyapunov candidate function as
V=tePetr L otrw, W) +2itr(v"vjv~vu) +2itr(v~th€vh 27)
@ u h
B _B _B iy . Wo=w W
where ¢ g = g and = g are positive learning rates; Mo = "o " %o,

*

and Yo =Wn “Wn where Yo, Wu  and Wn are defined the

optimal vectors. P > 0 is chosen to satisfy the Lyapunov equation. Taking the

derivative of V with respect to time and using (18) yields

4 Hl

M 1 1 -~ ~ 1 -~ ~ -~ ~
V==(e"Pé+é Pe)+—tr(w, W, )+—tr(w,"w,)+—tr(w,'W,)
o nu 77h (28)

:%eT (ATP+PA)e+ geTPB(A—ldj+Vw +V, +V,
g

where
< 1l1 1 1 _ |
vV, =gw,’ —eTPB(CW _g RC C¢0J+ﬂ—ww , (29)
L 4 i
- 1 i
V, = gW'e| —ePB| ¢, —e P [+ w, |, (30)
C B,

and



1
V, =gw,' {%eTPB{Qh —e RCtCh ]+iwh} (31)

B,
Using the Riccati-like equation (23), (28) can be rewritten as
V = ; T( Q—iPBB PJe+ ge'PBe+V, +V, +V,
4 2 (32)
= —leTQe—1 1BTpe- gpoe +lgzp252 +V, +V, +V,.
2 2| p 2 v
Using (20), we have
0 if (w,] <M,_Jor [w =M, ande’ mw[gq, _e‘Rlc‘g;J > 0} (33)
Vw = V‘\VwT [Cw _eRlCYCwOJ .
—geTPBAZijvw if [v‘% -M,_and eTPBv“v{g¢ —eRclgw"] < o}

W

1
_ TPRA _ATRC' O
For the conditions J=Ms, and ¢ PBW«J[C(» € Cw]<0, we have

*

=M, =|w W belongs to the constraint set

Wo

Q

Wo

¢. Using this fact, we

obtain W(p% (HW H ‘W H )<0 . Thus, the second line of (33) can be

rewritten as

2

J W =0 @4

=

|2 = 2 ~ 2
V, =-oce N (wo | ~[W.] =W, =<0, (35)
and
1
g th(ch—e'mtéhJ 2
* A 2 ~ 2
=, PB T (wo | =%l =) <0, (38)

Using the knowledge that V, <0, V, <0 and V, <0, we can further rewrite (32) as

% S—%eTQe+%(pgg)2. (37)



Integrating both sides of the inequality (37) yields

1t 92,02 t 2
V(t)—V(O)s—Ejoe Qedr+Tjog dr for o<t<w. (38)

Since v (t)>0, we obtain

2 2
%J:eTQedrSV(O)+ 92/’ [z, (39)

Substituting (27) into (39), we can obtain

w

lJ‘OteTQedr < iJ‘OteoTPe0 + WooWoo | WuoWuo | WnoWno | 9 P J:gzdz' (40)
2 2 21, 27, 2n, 2
where €0, Woo  Wuw and Wno are the initial values of e, V¢, Wu, and Wh,
. : IteTQedr>0
respectively. From (39) and since J =, we have
N () <N (0)+g2pu, 0<t<ow. (41)

where V(0) is the initial value of a Lyapunov function candidate. From (27), it is
obvious that e"Pe <2V for any V. Because P is a positive definite symmetric
matrix, we have

(P)e'e <e'Pe. (42)

min

ﬂ“min (P)”e”2 = ﬂ'

where A_. (P) isthe minimum eigenvalue of P. Thus, from (41) and (42) we obtain

Aoin (P)e]” < €"Pe <2V (1) <2V (0) + g% p2u. (43)

min

Therefore, the tracking error ”e” can be expressed in terms of the lumped uncertainty

as

||e||sJ2V‘O>+92p2” ”
ﬂ“min (P)

which can explicitly describe that the bound of tracking error ”e” If the initial state V

(0) = 0, tracking error ”e” can be made arbitrarily small by choosing adequate 7 .

Equation (44) is very crucial to show that the proposed HOHNN controller will
provide the closed-loop stability rigorously in the Lyapunov sense under the
Assumption (19).

5. Simulation Results
An inverted pendulum on a cart depicted in Fig. 6 is presented to illustrate the



effectiveness of the proposed HOHNN controller. Consider the dynamics of the
inverted pendulum which can be described as [11, 12]:

1 42 . i
> MI&sin(26) - (m-+ M)gsin(6) ) cos(6)

6= 4 4
mlcosz(e)—g(m+ M) mlcosz(ﬁ)—g(m+ M)

u+d  (45)

where & is the angular position of the pendulum, m is the mass of the pendulum, M
is the mass of the pendulum, d is the external disturbance, and | is the half the length
of the pendulum. The values of variables are given in Table I.

Fig. 6. Cart with an inverted pendulum.

TABLE |
DATA OF INVERTED PENDULUM ON A CART
m  mass of the pendulum 2 kg
M  Mass of the cart 8 kg
I Half the length of the pendulum 0.5m
g  acceleration due to gravity 9.81 m/s?

Assume the system is free of external disturbance and the reference signal &, (t) is
a sinusoid with the amplitude of #/30 in this example. The learning rates of
weights are selected as " =12 ang 72 :1'0; the slope of tanh(-) at the origin is
selected as a = 1.0. The resistance and capacitance are chosen as R=5Q and

C =0.005F . Solving the Riccati-like equation in (23) for a choice of Q=101 and
15 5
k. =[2 1] ,wehave P= { ; 5] There exist two neurons and one control input for

the HOHNN controller. The three inputs (p(u)’ €, and & are combined to form the
full input vector Z={p(u) & e oUe oWeE, €& which is fed into the

HOHNN controller. The overall detailed structure for system control can be shown in



the following Fig. 7.
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Fig. 7. The overall diagram of cart with an inverted pendulum using HOHNN

To compare the HNN controller, the simulation results for the proposed HOHNN
and HNN controllers with external disturbance d =2.5sin(2t) when t>10 second
are shown in Figs. 8-13. This fact shows the strong disturbance-tolerance ability of
the proposed HOHNN controller. Figure 8 shows the reference signal 6, (t) and the
actual pendulum angle @(t) . The enlarging drawing of Fig. 8 from t=9.5 second to
t=12.5 second is shown in Fig. 9. Figure 10 shows the comparison of errors using
HNN and HOHNN controllers and their enlarging drawing are shown in Fig. 11. The
mean squared errors using HNN and HOHNN controllers and their enlarging drawing
are shown in Fig. 12 and 13. From the simulation results, the HOHNN controller can

controller.

result in better acceptable tracking performance than HNN controller.

| &/ System performance using HNN controller
/" \ System performance using HOHNN controller

Xl 0.2
0 4
o Reference angular position, ) ) ) .
0 2 4 6 8 10 12 14 16 18 20

Time (second)

| (e System performance using HNN controller

Change of reference angular position

System performance using HOHNN controller

Time (second)

Fig. 8. Comparison of HNN and HOHNN controllers.
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System performance using HOHNN controller
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.
9.5 10 10.5 11 115 12
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Fig. 9. Detail of Fig. 8 fromt=9.5secondtot=12.5s

125

econd.



The error of HOHNN controller
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The error of HOHNN controller
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) ‘2 A‘l g z‘a 1‘0 1‘2 1‘4 1‘5 1‘3 20 35 1‘0 16.5 1‘1 11‘.5 1‘2 125
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Fig. 10. Comparison of errors using HNN and HOHNN controllers. Fig. 11. Detail of Fig. 10 from t = 9.5 second to t = 12.5 second.
2 0.5
0.45
2 0.4
0.35
15 03

Mean squared error of

el e o2 .
H H H H control system using HNN
1+ Mean squared error of control system using HOHNN 4 0.2 Mean squared error of
0.15 control system using HOHNN
]
05 quﬂ‘/ Mean squared error of control system using HNN 1 0.1
‘q( ) 0.05
]

| o bt PV o
0 2 4 6 8 10 12 14 16 18 20 95
Time (second) Time (second)

Fig. 12. The mean squared errors using HNN and HOHNN controllers. Fig. 13. Detail of Fig. 12 from t =9.,5 secondto t=12.5 second.

6. Conclusion

This paper has proposed a high-order Hopfield-based neural network (HOHNN)
controller for the nonlinear dynamical systems. The simulation shows that HOHNN is
capable of controlling the behavior of dynamical systems and the weighting matrices
in HOHNN can be found via Lyapunov criteria. The adaptive laws to tune the
weighting matrix can reduce the error between practical and reference state. The
simulation results for HNN and HOHNN are finally conducted to show that the
performance of HOHNN controller is better than HNN controller even though the
nonlinear dynamical system encounters a disturbance suddenly.
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2010 IEEE International Conference on Networking, Sensing and Control

The 2010 IEEE International Conference on Networking, Sensing and Control was
held in Chicago, 10-13, April, USA. The main theme of the conference is
technologies and applications for wireless sensory networks. In recent years, wireless
sensory networks have opened several areas of research and applications. Many
companies and research agencies have started working on the next generation of these
networks. Wireless sensory networks are now used in many fields such as homeland
security, agriculture, energy management, intelligent transportation and traffic
engineering, logistics, warehouse management, disaster management, healthcare
delivery, military, smart buildings, and manufacturing. This conference provides a
remarkable opportunity for the academic and industrial community to address new
challenges and share solutions, and discuss future research directions in the area of
wireless sensory networks.

The purpose for me and my PhD student to participate in this conference is to present
the major content in this NSC research project. The title of this paper is:

“Intelligent Adaptive Control of Uncertain Nonlinear Systems using Hopefield
Neural Networks”

This paper has also been submitted to IEEE Transactions on Control Systems
Technology:, and is currently under minor revision. It is expected to be accepted by
the end of 2010.
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