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摘要

假設 M 為 3 維球面上之緊緻 Willmore 曲
面。此報告旨在利用 Minkowski 空間之保
角幾何建構出球面之對應的四次微分形與
保角變換。

關鍵詞 Willmore 曲面、解析四次微分形

Abstract
In this report, we will construct the
holomorpic quartic differential form and the
conformal transformation of a Willmore
surface in the three dimensional sphere 3S
Which were constructed by Bryant in the
Minkowski space, and study surfaces with
constant conformal transformation which is
given in this report.

Keywords: Willmore surface, holomorpic
quartic differential form

1. Introduction

Let 32: SMx  be a compact immersed
surface in the 3-dimensional unit sphere S3.
Let ijh be the components of the second

fundamental form of 2M , and  iihH the

mean curvature. The Willmore functional of
x is given by

  ,)(
2M

XW

where
2 ijijij

H
h   and .)( 2 ij

The critical points of the Willmore functional
are called Willmore surfaces, they satisfy the
Euler-Lagrange equation 0 HH (see
[W]). Willmore sphere was classified by
Bryant, so call Bryant’s sphere(see [B1] and
[B2]).

Since minimal surfaces are Willlmore
surfaces, it is nature that certain results
about minimal surfaces also worked for
Willmore surfaces. Indeed if 2M is a
compact immersed Willmore surface in the
3-dimensional unit sphere, and

4
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20
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 , then 2M is either totally

umbilical or the Clifford torus (see [CH1]).
On the other hand, if ,0H2 2 c for
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some ,
2
1

c on 2M , then 2M is either a

Bryant’s spherewith nonnegative Gaussian
curvature or the Clifford torus. For the case

of pinching constant ,
2
1

c we know that

2M is either a Bryant’s sphere with
nonnegative Gaussian curvature or a flat
Willmore torus.

In section 2 of this report we will find the
quartic differential form of x in 3S that
corresponds to the holomorpic quartic
differential of x in the Minkowski space
constructed by Bryant. In section 3 we relate
conformal differential geometry of the
Minkowski space 5L with geometry of the
three dimensional sphere 3S , and construct
the Willmore dual of x in 3S . In section 4
we study the surfaces with constant
conformal transformation which is given in
section 3

2. The holomorpic quartic differential

Let 32: SMx  be an immersed surface.
In this section we will find the quartic
differential of x in 3S that corresponds to
the holomorpic quartic differential of x in
the Minkowski space constructed by Bryant
([B1]). Palme presented it in the Euclidean
space ([P]).

Let ),( 21 xx be an isothermal coordinate of

,2M ,2,1, 
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 j
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frame field, and ,2,1,   jdxe j
u

j the

corresponding dual coframe. Then the
Codazzi’s equation is given by

),(2))((

),(2))((

12
2

1
2211

2

22

12
2

2
2211

2

11

he
x

hhe
xx

H
e

he
x

hhe
xx

H
e

uuu

uuu























and the Gauss equation is given by
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where ,2  ue 122211 2)( ihhh  is the
Hopf’s dfferential. On the set of

2M umbilic locus, let
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It follows from the equations of Codazzi and
Gauss that
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Thus if 32: SMx  is a Willmore surface
then q is holomophic, and hence
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is a holomorpic quartic differential. When 
vanishes identically, combining with the
Willmore equation, the second derivatives of
the mean curvature can be presented in terms
of lower order derivatives of the second
fundamental form.

3. The Willmore dual surfaces

Let 32: SMx  be a Willmore surface. In
this section we relate conformal differential
geometry of the Minkowski space 5L with
geometry of the three dimensional sphere 3S ,
and construct the Willmore dual of x in

3S .

Here we use the notions of the moving frame
used by Bryant ([B1]) and Chern et al
([CDK]) respectively. We choose a local
orthonormal frame field E1, E2, and E3 in 3S
so that when restricted to )( 2Mx the
vectors E1, E2 are tangent to )( 2Mx , and E3
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is a local field in the normal bundle of
)( 2Mx . Letθ1,θ2, θ3 be its dual coframes

in 3S .

Let 5L denote the Minkowski space, 5R
together with the standard Minkowski inner
product, orientation and time orientation, and

 denote the space of positive null vectors
in 5L . Let
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Then 43210 ,,,, eeeee is a frame field in the
first order frame bundle of x , a positively
oriented basis, ],[ 0ex  ,4

e

,, a
bba Bee  where , is the Minkowski

inner product, and
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It follows that there exist 1-forms a
b

satisfying
b
aba ede  , .c
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Since ,03
0  Cartan’s Lemma implies that

there are ijh such that .,0
3

jiij
j

iji hhh  

Compare the structure equations of the three
dimensional sphere 3S with that of the
Minkowski space 5L , we get
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We note that the second fundamental forms
of 2M in 3S coincide with these ijh in 5L .

Since on the first order frame bundle,
,0

3 j
iji h   we may define the covariant

derivatives of ijh by
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The first order frame bundle of x is a right
principal G-bundle with fibers of the form
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To construct the conformal transformation,
we follows the procedures of Bryant ([B1]),
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Applying (*) to the procedures, we find
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Thus the conformal transformation x in the
sense of 3S is given by

),
2

))(
2

)(
2

(
1

)1
44

(
2
1

(

1
44

2ˆ

321
2

21
1

2

2

2

2

2

2

E
H

cEsE
H

sEcE
H

r

x
H

r
H

H
r
H

x











where

,
4)(

2
2

12
2

2211 hhh
r




.
4)(

1
2

1
,

4)(
1

2
1

2
12

2
2211

2211
2
12

2
2211

2211

hhh

hh
s

hhh

hh
c











The conformal transformation x is constant
if 2M is not totally umbilic and the
holomorpic quartic differential  vanishes
on .2M In particular that if 2M is a
topological sphere, then  vanishes
identically. Thus 2M is either totally
umbilic or x is constant.

4. Constant conformal transformation

In this section we characterize the surface
with constant conformal transformation
which is constructed in section 3. Suppose
that 2M is not totally umbilic. Let x̂ be
the constant unit vector ,a and
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Since 2M is compact, f is constant, and
x is a hypersphere which is totally umbilic ,
a contradiction. Thus 2M must be totally
umbilic.
References
[Be] L. Bers, Local behaviour of solution of
general linear elliptic equations, Comm. Pure
Appl. Math., 8(1955), 473-497.
[B1] R. Bryant, A duality theorem for
Willmore surfaces, Journal of
Differential Geom., 20(1984), 23-53.
[B2] R. Bryant, Surfaces in conformal
geometry, Proc. Sympos. Pure Maths.
Amer. Math.Soc., 48(1988) 227-240.
[CDK] Chern, S. S; do Carmo, M. and
Kobayashi, S.: Minimal submanifold of a
sphere with second fundamental form of
constant length, Functional Analysis and
Related Fields, Springer-Verlag, 1970,
59-75.

[CH] Y. C. Chang and Y. J. Hsu,
Willmore surfaces in the unit n-sphere,
Taiwanese Journal of Math., 8(2004), no.
3, 467-476.
[P] B. Palmer, Uniqueness theorems for

Willmore surfaces with fixed and free
boundaries, Indiana Univ. Math. J. 49 (2000).
[W] Weiner, J. L.: On a problem of Chen,
Willmore et al., Indiana Univ. Math. J.
27(1978), 19-35.


