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Abstract

In this report, we will construct the
holomorpic quartic differential form and the
conformal transformation of a Willmore
surface in the three dimensiona sphere S°
Which were constructed by Bryant in the
Minkowski space, and study surfaces with
constant conformal transformation which is
given in this report.

Keywords. Willmore surface, holomorpic
quartic differential form

1. Introduction

Let x:M? > S® be a compact immersed
surface in the 3-dimensional unit sphere S,

Let h; be the components of the second
fundamental form of M?, and H=Yh, the

mean curvature. The Willmore functional of
X isgiven by
wW(X)=| , o,

H
whered; =h; —75”- and @ =" (¢, )>.

The critical points of the Willmore functional
are called Willmore surfaces, they satisfy the
Euler-Lagrange equationAH + ®H =0 (see
[W]). Willmore sphere was classified by
Bryant, so call Bryant’s sphere (see [B1] and
[B2]).

Since minimal surfaces are Willlmore
surfaces, it is nature that certain results
about minimal surfaces aso worked for
Willmore surfaces. Indeed if M? is a
compact immersed Willmore surface in the

3-dimensional sphere,
2

O§<D£2+HT, then M? is either totally

unit and

umbilical or the Clifford torus (see [CH1]).
On the other hand, if 2+cH®>>® >0, for



some %>c, on M?, then M? iseither a

Bryant’s sphere with nonnegative Gaussian
curvature or the Clifford torus. For the case

of pinching constant c:%, we know that

M 2
nonnegative Gaussian curvature or a flat

is either a Bryant’s sphere with

Willmore torus.

In section 2 of this report we will find the

quartic differential form of x in S® that
corresponds to the holomorpic quartic
differential of x in the Minkowski space
constructed by Bryant. In section 3 we relate
conformal differential geometry of the

Minkowski space L°> with geometry of the
three dimensional sphere S*, and construct

theWillmoredual of x in S°.Insection 4
we study the surfaces with constant
conformal transformation which is given in
section 3

2. The holomor pic quartic differential

Let x:M? —> S® be an immersed surface.
In this section we will find the quartic
differential of x in S® that corresponds to
the holomorpic quartic differential of x in
the Minkowski space constructed by Bryant
([B1]). Pame presented it in the Euclidean

space ([F]).

Let (x,X,) be an isotherma coordinate of

M2, e =¢" i, j =1,2, be an orthonormal
OX;

frame field, and 0, =e™dx;,j=12, the

corresponding dual coframe. Then the

Codazzi’s equation is given by

e" ﬁ = i(ezu (h11 - hzz)) + Zi(ezuhlz)’

oX, 0% OX,
u aH a 2u a 2u
e —=-——(e -h,))+2—(e ,
x o, (€™ (hy —hy,)) ox (e™hy,)

and the Gauss equation is given by

1 —2u| |2 2u 2
u, =—(€e —-e“(4+H")),
16( |‘/’| ( ))

z

where ¢ =e*¢, ¢=(h,—h,)-2ih,is the
Hopf’s  dfferential. On the set of
M 2 —umbilic locus, let

1,1 .,
=~p*(=H?+Alo
q 4<p(4 g o)

= %coz(H 2+4)+e o, —ep,0,.

It follows from the equations of Codazzi and
Gauss that

q =€, p(AH +OH), + (pu, ~ ;0,)(AH + DH)).

Thus if x:M? — S%is a Willmore surface
then q is holomophic, and hence
2
D= 2K) + 4~ ) + i)'
is aholomorpic quartic differential. When 9
vanishes identically, combining with the
Willmore equation, the second derivatives of
the mean curvature can be presented in terms
of lower order derivatives of the second
fundamental form.

9 =qdz* = % ((+

3. TheWillmore dual surfaces

Let x:M? — S® be aWillmore surface. In
this section we relate conformal differential
geometry of the Minkowski space L° with
geometry of the three dimensional sphere S°,
and construct the Willmore dua of x in
s°.

Here we use the notions of the moving frame
used by Bryant ([B1]) and Chern et a
(JCDK]) respectively. We choose a loca

orthonormal frame field E;, E,, and E3 inS®
so that when redtricted to x(M?) the

vectors E;, E; are tangent to x(M %) , and Ez



is a loca field in the norma bundle of
X(M?).LetO 1,0, 6 3beitsdua coframes

in S°.

Let L° denote the Minkowski space, R®
together with the standard Minkowski inner
product, orientation and time orientation, and

¢ denote the space of positive null vectors
in L°. Let

&= (19,0 = (OE).e, = (OE.).e = (O.E).e =5 L)
Then e,,e,e,,6e;,e, is aframe field in the
first order frame bundle of x, a positively
oriented basis, x=[e,], e, el
(e,,8,)=Bg,where (,) is the Minkowski
inner product, and

0 0 -1
B=0 I O|
-1 0 O

It follows that there exist 1-forms w;
satisfying

de, =g 0., do =-0Aof.

Since g =0, Cartan’s Lemma implies that
thereare h, suchthat o’ =hywg, hy =h;.

Compare the structure equations of the three
dimensional sphere S® with that of the
Minkowski spacel”, we get

1 1

0 -26 -6 0 0

1
@ o og| 6, 0 0n  ~Xh0, —20;
: . . = 1 e

0f o o] |0 On 0 -y h,6, 7592

0 Zhllgl thlol 0

0o 6, 0, 0 0

We note tHat the second fundamental f_orms
of M?in S’coincidewiththese h; in L°.

Since on the first order frame bundle,
o’ =ho), we may define the covariant
derivativesof h; by

dh, +hyo —h o —h ol +65,0] =h, oy,

hy=hg. It follows that dH =h e,

whereh, =h;, =H,.

J

The first order frame bundle of x isaright
principa G-bundle with fibers of the form

1 r, 2
= Cc —
pC Slp
g=/0 C rp
0O O r
where
(o
r>0 c1 C= A0
1p_ 2 |1 - 0 1’
CS

We notice that if
1

= pc =+
L Z\D.\
g=|0 G npo| =12
0 O I,
1 r, 2
= p'C Sl
then r 2 *
0,9, = 0 C rp ( )
0 O r
where

1
r=rr,A=AA,, p:r—Clp2 + p,.

1

To construct the conformal transformation,
we follows the procedures of Bryant ([B1]),

0
M-y p=|ol|Aa=1"
H

2

C —
Qr=1 p:O,AzL c}

2

3r = ,p=0,A=1
J(hy —hy,)? + 4h}
H,
2
(4)r_L p= —% JA=1
0
Where



B T Vil "R
C_ﬁJl (hy— )P+ 405
s= +\/ hu_hzz

V2 (=)’ +4h
Applying (*) to the procedures, we find

(+ depends on the sign of h,).

- 1,

A =r(5p pe, +(€,6,,68)p+e,)
1 1, .,

=r(5(p‘p+1),5(p p-Dx+c,E, +¢,E, +CEy).

Thus the conforma transformation X in the

senseof  S* isgiven by

. 2 VH

e A (\ [,
\VH\ H2 2" 4r? 4
—t—+1
4r 4
1,H, H H
—=(—X(cE +sE,)-—2 —cE,))+—E)),
r(2(|51 2) 2(8E1 E,)) 2E3)

where

—1)x

2
Jhy—hy)? +ans”
:\/]'E\/l_;_hll_hZZ 5=+1\/1_ hll_hzz

(h—ho)?+a0 V2| (=) + 4
The conformal transformation X is constant
if M? is not totaly umbilic and the
holomorpic quartic differential 3 vanishes
on M? In paticular that if M? is a
topological sphere, then 9 vanishes

identically. Thus M? is either totaly

umbilicor X isconstant.

4. Constant conformal transfor mation

In this section we characterize the surface
with constant conforma transformation
which is constructed in section 3. Suppose
that M? is not totally umbilic. Let & be

the constant unit vector a,  and
f =|g]’[VH|" +4H?, then
16H
X, a 1—7
(x,a) = (E,@)= T16°

From the structure equations, then we have

(Ej @) = 1,2, and

for j=
(f 16)

32 5 Af — 64 5| VE[".
(f +16) (f +16)

H(E;,a) —2(x,a) =

It follows that
2 _ » 1024
1-(x,a)° - (E;,a)°" = T 16"
8(f +16)2(H2 +4) — (f +16)° =16(f +16)Af —32\Vf\2.
Since
v =%((f +16)° —4(f +16)2(4+ H?)),

Vi and

we have af :%(f 116)% > 0.

Since M?is compact, f is constant, and
X is ahypersphere which is totally umbilic ,

a contradiction. Thus M? must be totally
umbilic.
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