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The stabilization problem is considered in this study for a neural-
network (NN) linearly interconnected system that consists of a
number of NN models. First, a linear difference inclusion (LDI)
state-space representation is established for the dynamics of each
NN model. Then, based on the LDI state-space representation, a
stability criterion in terms of Lyapunov'’s direct method is derived
to guarantee the asymptotic stability of closed-loop NN linearly
interconnected systems. Subsequently, according to this criterion
and the decentralized control scheme, a set of Takagi-Sugeno
(T-S) fuzzy controllers is synthesized to stabilize the NN linearly
interconnected system. Finally, a numerical example with simula-
tions is given to demonstrate the concepts discussed throughout
this paper. [DOI: 10.1115/1.2234492]

1 Introduction

A number of large-scale systems (also called interconnected
systems or composite systems) founded in the real world are com-
posed of a set of small interconnected subsystems, such as electric
power systems, nuclear reactors, aerospace systems, economic
systems, chemical and petroleum industries, and different types of
societal systems. The field of large-scale systems exists so widely,
including the fundamental theory of modeling, optimization, and
control or certain particular aspects and applications. In addition,
large-scale systems analysis, design, and control theory have at-
tained considerable maturity and sophistication and are receiving
increasing attention from the theorists and practitioners due to
their methodological interests and important real-life applications
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[1]. In the meanwhile, the stabilization problem of large-scale
systems is also an important topic and has attracted lots of atten-
tion (see [2—6] and the references therein).

Fuzzy control has been fast developed in both academic and
industrial communities in the past few years, and there have been
many successful applications [7-13]. In spite of the success, there
are still many basic issues that remain to be addressed further.
Stability analysis and systematic design are certainly among the
most important issues for fuzzy control systems. During the last
decade, there have been significant research efforts on these issues
(see [14-28]). For example, Cao et al. [21-23] derived some sta-
bility theorems for continuous-time fuzzy control systems in
1996. Akar and Ozgiiner [25-27] proposed decentralized tech-
niques for the analysis and control of T-S fuzzy interconnected
systems. Moreover, an LMI-based H* fuzzy control system design
with a T-S framework was proposed by Hong and Langari in 2000
[28].

In the past few years, neural-network- (NN-) based modeling
has become an active research field because of its unique merits in
solving complex nonlinear system identification and control prob-
lems (see [29-31] and the references therein). Moreover, there are
significant research efforts on analysis and synthesis of a class of
discrete-time neural networks. For instance, Si and Michel [32]
used the NN with nonlinear interconnections to implement an en-
coder, and they [33] applied the NN with multilevel threshold
neurons to image processing. Neural networks are composed of
simple elements operating in parallel. These elements are inspired
by biological nervous systems. As a result, we can train a neural
network to represent a particular function by adjusting the weights
between elements. However, the sigmoid multilayer-perception
network, which is essentially linear, except near the origin, cannot
approximate an arbitrary continuous nonlinear state equation [31].
A lot of reports on the success of NN applications in control
systems have appeared in literature. Despite several promising
empirical results and its nonlinear mapping approximation prop-
erty, the rigorous closed-loop stability results for systems using
NN-based controllers are still difficult to establish. Therefore, an
LDI state-space representation was introduced to deal with the
stability analysis of NN systems (see [30,31], for examples). In
this work, based on the LDI state-space representation and
Lyapunov approach, a stability criterion is derived to guarantee
the asymptotic stability of closed-loop NN linearly interconnected
systems.

This paper is organized as follows. First, the NN linearly inter-
connected systems is presented. Then, an LDI state-space repre-
sentation is established for the dynamics of each NN model. Next,
a stability criterion with the guarantee of asymptotic stability is
proposed. Subsequently, based on this criterion and the decentral-
ized control scheme, a set of T-S fuzzy controllers is synthesized
to stabilize the NN linearly interconnected system. Finally, a nu-
merical example is given to illustrate the results, and the conclu-
sions are drawn.

2 NN Linearly Interconnected Systems

Consider a neural-network (NN) interconnected system N that
consists of L NN models. The Ith (I=1,2,...,L) NN model N,
shown in Fig. 1, has §; layers with R} (e=1,2,...,S)) (for sim-
plicity of notation, we use S instead of S; in the remainder of this
paper) neurons for each layer, in which x;(k) ~x;(k—p+1) are the
state variables and u;(k) ~u;(k—g+1) (in the state-variable ap-
proach, the state variable p must be greater than or equal to input
variable ¢ (i.e., p=¢q)) are the input variables. In order to distin-
guish among these layers, the superscripts are used for identifying
the layers. Specifically, we append the number of the layer as a
superscript to the names for each of these variables. Thus, the
weight matrix for the eth (e=1,2,...,5) layer is written as W7.
Moreover, it is assumed that v is the net input and all the output
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u(k-g+1)

Fig. 1 The fth NN model

functions T(v) of units in the /th NN model are described by the
following sigmoid function:

1 +exp(-v/7) _l> @D

where 7 and & are the positive parameters associated with the
sigmoid function. Subsequently, the transfer function vector of the
eth layer is defined as

Yi(v) =[T(v) T(vy) - T(VR;)]T
where T(vy)({=1,2,...,R}) is the transfer function of the {th neu-

ron. Then the final output of the /th NN model can be inferred as
follows:

T(v)= 5(

Xk + 1) = VW W2

CWHWIRW Z(0)T} - (2.2)

3 Linear Difference Inclusion (LDI) State-Space Rep-
resentation

In order to deal with the stability problem of the NN linearly
interconnected system N, an LDI state-space representation is es-
tablished for the dynamics of each NN model and described as
[30,31,34]:

yk+1)=Aa(k)y(k), Alak)) =2, hia(k)A;  (3.1)
i=1

where y(k)=[y,(k) yo(k)---y,,(k)]" is the state vector in which m
is a natural number. An m X m matrix A(a(k)) denotes the system
matrix, a(k) is a vector signifying the dependence of A;(-) on its
elements, r is a positive integer, and Ki (i=1,2,...,r) are constant
matrices of dimension m X m. Without loss of generality, we can
use h;(k) instead of h;(a(k)) in the remainder of this paper. Fur-
thermore, it is assumed that /;(k) =0 and 2]_ h,(k)=1.

To begin with, notice that the output, T(v), satisfies

gvs=Twv)<gv, v=0

(3.2)
ovsTw)<sgv, v<0
where g; and g, are the minimum and the maximum of the de-
rivative of T(v), respectively.

Subsequently, the min-max matrix G‘z is defined as follows:
G§= diag(g(T(vy))), e=12,....8; (=1,2,....R]
(3.3)

According to the interpolation method and Eq. (2.2), we can
obtain

2 2 2
xk+1)= > hgx(k)G;l,- W,S<~ > hgz(k)G;lz W%(E hgl(k)G'R[][W,lZl(k)]> )

=

(3.4)

where ZlT(k)z[x,(k) xik=1)x;(k=p+1) uy(k) u(k=1)---u,(k
—g+1)].
=1 £=
2 2 2
=D 2 D hp(k) - hp(ha(KGLWS -+ GaaW3 G W, Z(k)
ool R 1 1 ]
= hol k) EqeZ(k)
o
[
where

2 2 2

Ehgf(k) = 2 E 2 hqj(k)hqg(k)'"hq;a(k)

I Glal e !
fore=1,2,...,S; hqz(k) e[01]

2

> hy(k)=1 " for {=1.2. ... .Ry:

4=l

_ S 2 2 1
Eqe = GR,;Wf - GW, GR[,W,‘
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2 2 2
> haek) =2 - X D h(k) -+ ha(k)h (k)

Q¢ =1 2=1{'=1

Remark 1. According to Eq. (3.2), the sigmoid function T(v) is
bounded by g, v and g,v. Based on the interpolation method, 7(v)
can be represented as T(v)=h,(k)g,v+h,(k)g,v, where h(k),
hy(k)=0, and h;(k)+h,(k)=1. Therefore, r in Eq. (3.1) should be
set to be 2 to derive Eq. (3.4) and Ezezlhqz(k)=h1(k)+h2(k)= 1.

Finally, based on Eq. (3.1), the dyn{amics of the /th NN model
(3.4) is rewritten as the following LDI state-space representation:
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U

X(k+1) = 2 hy(K)EyZ/(k)

i=1

(3.5)

where r; is a positive integer and E;; is a constant matrix with
appropriate dimension associated with Eqe.. The LDI state-space
representation (3.5) can be further rearranged as follows [30]:

"l
Xi(k+1) = 25 hy(O[AuX(k) + ByU (0]
i=1
where X[ (k)=[x,(k) x(k=1)"+xi(k=p+ 1], U (k)=[u,(k) w(k
—1)---uk—g+1)], A; and B;; are the partitions of E;; correspond-
ing to the partition ZlT(k)z[X,T(k) UIT(k)].

(3.6)

4 Decentralized Stabilization Via T-S Fuzzy Control
On the basis of the decentralized control scheme, a set of T-S
fuzzy controllers is synthesized to stabilize the NN linearly inter-
connected system N. The /th fuzzy controller is in the following
form:
Rule j: IF x,(k) is M ;; and---and x,(k—p+1) is M,

THEN U/(k) = — F;X,(k) (4.1)

j=1,2,...,J;and J; is the number of IF-THEN rules of the fuzzy
controller and M;,,,(u=1,2,...,p) are the fuzzy sets. Hence, the
final output of this fuzzy controller is inferred as follows:

Ji
E le(k)Fle[(k) J,
FIJ[— == E }_ljl(k)FleI(k)

2 le(k) !
j=1

U(k) =- 4.2)

with

h_jz(k) = JW l[(k)

14
wilk) = [T M0k = o+ 1), ,
u=1
2 sz(k)
j=1
in which M;,,(x,(k—u+1)) is the grade of membership of x;,(k
—p+1) in M;,. In this study, it is also assumed that w(k)
=0, j=1,2,....J; 1=1,2,....L and 2L, wy(k)>0 for all k.
Therefore, Eﬂ(k)BO and Z]J-’zli_zﬂ(k)zl for all k. Substituting Eq.
(4.2) into Eq. (3.6), we have
o J
Xk+1)= E 2 hil(k)hjl(k) (A~ Bilel)Xl(k)
i=1 j=I
o J

= 2 2 hil(k)ﬁjl(k)HiﬂXI(k)

i=1 j=1

(4.3)

where Hijle_i[_Eile['
Based on the above analysis and Eq. (4.3), the Ith (I

=1,2,...,L) closed-loop subsystem with interconnections N, can

be described as follows:

p
o J

Xk + 1) = ) 2 hy(l)h (k) HyX (k) + (k)

i=1 j=1

NS (4.4)

L
Gi(k) = 2, CuX, (k)
n=1

n#l
\

where C,; is the interconnection matrix between the nth and /th
NN models. Prior to the examination of asymptotic stability of the

closed-loop NN linearly interconnected system N that consist of L
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closed-loop subsystems described in Eq. (4.4), a useful concept is
given below.

LEMMA 1 [21,35]. For real matrices A and B with an appropri-
ate dimension, we have

ATB+BTA < BATA + B'B'B
where B is a positive constant.
THEOREM 1. The closed-loop neural-network linearly intercon-

nected system N is asymptotically stable, if there exist symmetric
positive definite matrices P; (I=1,2,...,L) and a positive con-
stant B, and the feedback gains F;’s shown in Eq. (4.2) are
chosen such that the following inequalities hold:

Ui =M(Qip) + 0y <0 fori=1,2,....r;

j=12,...J;5 [=12,...,L (4.5a)
i = M Qjp) + @+ g <0 fori=1,2,...,r3
J<f<J; 1=12,....L (4.5b)
ijar = Mu(Qijar) + i+ gy <0 for i <d <r;
j=12, .0 1=12,....L (4.5¢)
ijan = Mi(Qijap) + iy + i + g+ g <0
fori<d<r; j<f<J; 1=1.2,...,L (4.5d)
where
Qiﬂ:HiTj[PzHijz— P, a =0+, for
i=1,2, .. j=12,..J; [=12,....L (4.6a)
Qyn=HjPiHy+H,PH;j - 2P, fori=12,....r;
J<fsJ; 1=12,...,L (4.6b)

Qyjur=HJ P H yjy + HyyPiHyy = 2Py, fori<d<ry;

j=12, .0y 1=1.2,... L (4.6¢)
Qjjap = HZ}[PIHdJY + Hgﬂleijz + H§;P1dez + HZl-ijIHiﬂ
—4P, fori<d=sr; j<f=<J; [=12,....L
(4.6d)
with
L
Hy=Ay—ByFy. = D (L= DNy(PICLIP  (4.7a)

n=1
n#l

L
oi=M(Qp) + BHL-1), Q= ﬁHiszP/E (CLCh)PHyy

n=1
(4.7b)

Moreover, \y(A) denotes the maximum eigenvalue of the matrix
A.

Proof. See the Appendix.

Remark 2. The common P; can be solved via MATLAB LMI
(linear matrix inequality) Toolbox. However, in many cases, even
if a common P, cannot be found, the system may still be asymp-
totically stabilized by using the design method of a piecewise
smooth quadratic (PSQ) Lyapunov function approach proposed by
Cao et al. [21-23]. It is easier to obtain a piecewise continuous
Lyapunov function than a single Lyapunov function V/(¢) for
fuzzy rule-based systems.

Remark 3. Eq. (4.6a) implies that each closed-loop NN is
stable, and, moreover, that all the H;;; in Eq. (4.4) share a common
Lyapunov matrix P,=P[T> 0, immediately implying that in Eq.
(4.5a), Q,-jleile<O. Theorem 4.1 of Tanaka [30] implies that the
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Fig. 2 The first NN model

Qyipr in Eq. (4.6b), Q4 in Eq. (4.6¢), and Q45 in Eq. (4.6d) are
also symmetric negative definite, i.e.,

Q,in <0 in Eq. (4.6b)

Q1 <0 in Eq. (4.6a) =\ Qjs <0 in Eq. (4.6c) (4.8)
Qijan <0 in Eq. (4.6d)
Since
o— B (L-1)as C,y—0 (4.9)

where B is an arbitrarily large constant, we see Q;;<0 is suffi-
cient for stability when linear coupling matrices C,; are zero. So,
with no coupling, the system is made up of L decoupled systems
each having a quadratic Lyapunov function:

Vi(k) = —x] (k)Px(k), I1=1,...,L (4.10)
with
Vilk+ 1) = Vi(k) =< x] (k) Q;(x, (k) 4;(K))x; (k)
Ol (k) ()] <0, Yk I=1,...,L, ifCy=0, y}zl )

where one can create a “composite” Lyapunov function V(k) that
is the sum over all [ of Eq. (4.10).

Then it is apparent that the inclusion of linear “disturbances”
that are homogeneous and have sufficiently small Lipschitz con-
stants (slopes) cannot cause the total system to become unstable.
So, the existence of bounds on ||C,| that maintain global-
exponential stability is obvious. The question then becomes how
useful are the sufficient bounding conditions of Eq. (4.5). In fact,
the sums in Eq. (4.7a) and Eq. (4.7b) make Eq. (4.5) look exactly
like a block-diagonal-dominance condition. The relevant literature
about block diagonal dominance and large-scale-linear-system sta-
bilization is included [2-6]. Especially, an algorithm proposed by
Edmunds [4] can be used to obtain block diagonal dominance in
large-scale systems, enabling the use of simpler control structures.
The application of such condition to “lightly-linearly-coupled”
sigmoid multilayer perceptron neural network (sigmoid-MLPNN)
models has been first pointed out in this paper.

5 Example

Our objective in this section is to synthesize a set of T-S fuzzy
controllers such that the NN linearly interconnected system N
which is composed of three NN models described as follows can
be asymptotically stabilized.

Model 1 (N;): The first NN model (without interconnection) is
constructed by 3-2-1, shown in Fig. 2, with

Wi=1, Wiy, ,=-1, Wi, =-05 Wi, =-06,

(5.1)
Wiy =03, Wy =-04, Wi, =075 Wi =1

Moreover, all the transfer functions T(v) of units in the first NN
model are described by the sigmoid function, shown in Eq. (1),
with 7=0.75 and 6=1. From Fig. 2, we have

346 / Vol. 129, MAY 2007

vh = Whix (k) + Whyx (k= 1) + Wiy k), £=1.2
(5.2)
V%l = W%IIT(Vil) + W%le(Vél) (5.3)
x(k+1)=T(7%) (5.4)

According to Eq. (3.2), the minimum and the maximum of the
derivative of the transfer function can be obtained as follows:

81=0, gz=§ (5.5)

Therefore, based on the interpolation method, the transfer func-
tions T'( vél) and T(v7,) can be represented by the following equa-
tions, respectively (The symbol VZI denotes the net input of the {th
neuron of the eth layer in the /th NN model, and the indices e, ¢
and / shown in hzw (#=1,2) indicate the same thing):

T(vh) = (hyy,(k)g) + hpy (kK)go) v (5.6)

with h}y,(k)=0, h}y, (k) =0 and hyy (k) +h}, (k)=1 for {=1,2,

T(V%I) =|:h%11(k)81 +h%21(k)82]7’%| (5.7)

with h3,,(k)=0, hl, (k)=0 and h?,(k)+h}, (k)=1. From Egs.
(5.4) and (5.7), we have

2

xi(k+1)= [h (kg +h 21(k)g2]1/11 = 2 hlm k)gevn
0=1

(5.8)
Substituting Egs. (5.3) and (5.6) into Eq. (5.8) yields

2
xi(k+1) = E h m(k)gaE nglT(Va)
g_

= 2 hwl(k)gaz w gl{hgu(k)gl + hgzl(k)gz}Vgl

2 2

= E hwl(k)gaz 2 hlpl(k)h2§l(k){ng%11Vll
p=1 &1
+g§W121V21} (5.9)

By plugging Eq. (5.2) into Eq. (5.9), we obtain

X+ 1) = 25 20 20 By (0], (R (K)g L, Wi Wi,

f=1 p=1 &=l
+g§Wf21Wé“]x1(k) +80[81;W%11W}21
+g§W%21W;2]]xl(k— 1)
+g9[g1,W%11W}31 +g§W%21W%31]Mn(k)} (5.10)

The matrix representation of Eq. (5.10) is

X, (k+1)= 2 2 2 1 gy (KR, (k)R (k)

6=1 p=1 &=1

X{A gpeX1(k) + B, eUy (K} (5.11)

where
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X (k) = [x,(k) x,(k = 1)],

2wl 2wl 2wl 2wl
gﬁ(ngqul + g§W121W211) gﬁ(gpwlllwlzl + g§W121W221) }
0

A0P§=|: 1

U, (k) = uy,(k)

(5.12)

2 2 il
B. .= 8o 8yWi1 Wiz +8eWip Was))
Op&— 0

Substituting Egs. (5.1) and (5.5) into Eq. (5.12) yields

00
A =A1n=A1=Ain=4A= 10

A —-0.4444 -0.2667 0.3333 -0.1667
212 1 0 > A= 1 0

—-0.1111 -0.4333
A= 1 0

(5.13)
0
Bi11=B112=B121=B12=By;, =

0
-0.1778
By = 0

0.1000 -0.0778
By = 0 s Boyp= 0

Next, by renumbering the matrices, the first NN model (5.11) can
be rewritten as the following LDI state-space representation:

4
Xi(k+ 1) = 20 hy({AX () + ByUy (R} (5.14)
i=1
where
All=A111=A112=A121=A122=A211’ Kzl=A212
531=A2217 541=A222
By =By =B=B12=B1»=By, By=By,
By =By, By=By, (5.15)

hyi () = B () ()R () + 1y () gy (KD g, ()
+ h%ll(k)hbl(k)héll(k) + h%ll(k)hbl(k)hiﬂ(k)
+ h%ﬂ(k)h}u(k)héu(k)

Ty (k) = h%ZI(k)h%I I(k)héﬂ(k)’ N3y (k) = h%ZI(k)hbl(k)hél 1(k)

h41(k) = h%2l(k)h:21(k)h;21(k)

Model 2 (N,): The second NN model (without interconnection)
is constructed by 3-3-1 with

W,=05 W,=05 Wi,=025 W,=04
Wi, =025, Wiy,=08, Wi,=-0.25
(5.16)
Wiy =035, Wi,=05, Wi,=025 Wi,=-0.75

Journal of Dynamic Systems, Measurement, and Control

Wi,=1, 7=0.7 and 6=1

Using the same procedures as those in the first NN model, we
obtain the following LDI state-space representation:

8

Xo(k+1)= D hip({ARX,(k) + BoUs(K)y  (5.17)
i=1
where
_ 00
Ap=A5=A= , p & 1=12
10
s [0.1276 0.2551 ]
n=A1= 1 0
o -0.1913 -0.1339
n=A1 = 1 0
h A —-0.0638 0.1212
p=Aynpn= 1 0
I A 0.0638 0.0510
s2=Apn = | 0
i 4 0.1913 0.3061
62=An= | 0
s [— 0.1276 —0.0829 ]
7= A = 1 0
oA 0 0.1722
n=Ann=| 0
_ 0
BIZ=BIp§t=BZIII= 0 > D> é’ [=1’2
_ -0.1276 _ -0.3061
By =By 1= 0 s Bp=Bsp = 0
_ -0.4337 _ 0.0319
Byp=By = 0 s Bs;=By = 0
(5.18)
5 g [— 0.0957]
0=Dbxnp= 0
_ -0.2742 _ -0.4018
By, =By = 0 s Bgpp=Bym,= 0
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hya(k) = 1 (KA () (ks (k) + (k) A (k) () sy (K)
+ 1 () o (K) gy (k)R (k)
+ 17100 () gy (k) ()
+ 17 () (K)o (k)3 5 (K)
+ 17 1)l () g (k) i ()
+ 13 () oy (k) (k)3 5 (K)
+ 17 1) () g (k) ()
+ ()R (k) (k)R (k)

hap(K) = (k) (k) (k) o (k)
ha(K) = By (K)o (k) Ry (k)5 (K)
hap(K) = (k) (k) gy (k) o (k)
hsy(K) = B (K)o (k)R (k)55 (K)
hea(K) = By (K)o (k) Ry (k) s (K)
haa(K) = (k) Ry (k) g (k) (k)
hip(K) = iy (k) Ry (k) oy (k) o (k)

Model 3 (N5): The third NN model (without interconnection) is
constructed by 3-2-1 with

W%13=‘0~5’ Wé13=0-25, W%23=1
Wi =02, Wi;3==05, Wy;=0.75 (5.19)
W%13=0~5, W%23=—1, 7=0.6 and 6=1

In a similar fashion, we have the following LDI state-space rep-
resentation:

4
X3(k+1) = 2 hp(DAs(0Xs(k) + BaUs(R)} (5.20)
i=1
where
_ 00
A=A =A1n=An=Ain=4= 10
o —-0.1736 —0.1389
23=A22= 1 0
P [—0.1736 0.3472]
33= A1 = 1 0
oA —0.3472 0.2083
$3=A;m= | 0
_ 0
Bi3=B11=B12=B5=B1pn=By = 0
(5.21)
_ —0.5208
By =By = 0
_ -0.1736 _ -0.6944
B33=By, = 0 s By=Byy»= 0
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hya(k) = B3RV (k)R 5(K) + 133 () A5 (KD gy ()
+ h%ls(k)h:%(k)h;m(k) + h?m(k)h%m(k)héﬂ(k)
+ h%z3(k)h}13(k)h%13(k)

hay(k) = (k) R} (k) s (K)
hsz(k) = h%23(k)hi23(k)hé13(k)

haz(k) = h353(k) 3 (k) s (K)
Moreover, the interconnection matrices among three NN mod-
els are given in the following:

0.13 -0.12 -0.12 -0.1
Cy = , Cy=
0 0 0 0

c 0.1 —0.15 c 0.12 0.1 (5.22)
27lo o | Lo o '

0.16 -0.13 -0.15 0.12
Ci3= , Cyp=
0 0 0 0

Therefore, based on Egs. (5.14), (5.17), (5.20), and (5.22), the NN
linearly interconnected system can be represented as follows:

4

Xy(k+1) = 2 hiy ()AL X, (K) + By Uy ()} + ¢y (k)
i=1
8

Xk +1) = 2 h(k){ARX(K) + BoUy (k) + (k)

i=1
N:< 4 B B
Xs(k+1) = 2, h(k){AsX3(k) + By Us(k)} + (k)

i=1

3
Bik) = ) CoX, (k)

n=1

\ n#l

(5.23)
in which the matrices A; and By, i=1,2,...,r; [=1,2,3 are il-
lustrated in Egs. (5.15), (5.18), and (5.21). In order to stabilize the
NN linearly interconnected system (5.23), three T-S fuzzy control-

lers are synthesized as follows.
Fuzzy controller of model 1I:

Rule 1: IF x,(k) is M;;, THEN U,(k) = - F,,X,(k)

(5.24)
Rule 2: IF Xl(k) is Mle THEN Ul(k) =- F21X1(k)

and the membership functions for Rule 1 and Rule 2 are

M (x, (k) =0 when x(k) =1

—xl(k) +1

My (x, (k) = 2

when — 1 <x (k) <1

Myy(xy(k)) =1 when x (k) < -1

Moy (xy (k) =1 = My, (x(k))
Fuzzy controller of model 2:

Rule 1: IF x,(k) is M, THEN U,(k) = — F},X,(k)

(5.25)
Rule 2: IF .Xz(k) is M212 THEN Uz(k) =- F22X2(k)

and the membership functions for Rule 1 and Rule 2 are
1

M) = 10
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0.1
0.05 |/

-0.05 ||
x,(k) 0.1}
-0.15
-0.2 /

-0.25
-0.3

-0.35
-0.4

0 5 10 15 20 25 30
Time step &

Fig. 3 The state x;(k) of subsystem 1

My1p(x(k)) = 1 = My 15(x,(k))
Fuzzy controller of model 3:
Rule 1: IF x3(k) is M3 THEN U;(k) = - F15X53(k)
(5.26)
Rule 2: IF x;(k) is Ms;3 THEN Us(k) = — Fy3X5(k)
and the membership functions for Rule 1 and Rule 2 are

M, 13(x3(k)) =exp(- 8(x3(k) - 0~5)2)

My5(x5(k)) = 1 = My 13(x5(k))

To meet the inequalities (4.5a), the matrices Q;;;’s in Eq. (4.6)
must be chosen to be negative definite. Hence, we can obtain the
following positive definite matrices P; (/=1,2,3) and the feed-
back gains F;;’s via LMI (linear matrix inequality) optimization
techniques such that all the matrices are negative definite:

[76.5477 —0.0361] [73.6939 1.2549]
'T10.0361 393816 |° 27| 12549 387814
(5.27)
65.0683 0.9759
3=[0.9759 35.7440]
Fy,=[07505], Fy =[0.605], Fp,=[-05 —03]

(5.28)
F22 = [02 - 025], F13 = [03 0.2], F23 = [05 025]

Next, substituting Egs. (5.15), (5.18), (5.21), (5.22), (5.27), and
(5.28) into Egs. (4.5a), (4.5b), (4.5¢), and (4.5d) with 5=§, we
have that all the matrices of 4" s, ¥ijr’ s, Yija’ s, and yjqp s are
negative definite.

Therefore, based on Theorem 1, the T-S fuzzy controllers de-
scribed in Egs. (5.24)—(5.26) and (5.28) can asymptotically stabi-
lize the NN linearly interconnected system (5.23). The simulation

results of each closed-loop subsystem N, (I=1,2,3) are illustrated
in Figs. 3-5 with initial conditions, x;(0)=-0.4, x,(0)=0.4, and
x3(0)=0.3.

6 Conclusions

The stabilization problem is considered in this study for a
neural-network (NN) linearly interconnected system that consists
of a number of NN models. In order to deal with the stability
problem of NN linearly interconnected systems, an LDI state-
space representation is first established for the dynamics of each
NN model. Then, based on the LDI state-space representation and
Lyapunov approach, a stability criterion is derived to guarantee
the asymptotic stability of closed-loop NN linearly interconnected

Journal of Dynamic Systems, Measurement, and Control

0.4

0.35

0.3

0.25

x(k) 02t

0.15 1

0.1
0.05 [

-0.05 : ; : ;
0 10 15 20 25 30
Time step &

Fig. 4 The state x,(k) of subsystem 2

systems. Subsequently, based on this criterion and the decentral-
ized control scheme, a set of T-S fuzzy controllers is synthesized
to stabilize the NN linearly interconnected system. Finally, a nu-
merical example with simulations is given to demonstrate the re-
sults.
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Appendix: Proof of Theorem 1
Let the Lyapunov function [27] for the closed-loop NN linearly

interconnected system N be defined as
L

V(k) = X, XTI (k)P X (k)
=1

(A1)

We then evaluate the backward difference of V(k) on the trajecto-
ries of Eq. (4.4) to get

03
0.25
0.2 ,‘
0.15 \
x}(k) 0.1
005 ||/ 1
M
2005 '
0.1 |l|
0.15 | |
02,

5 10 15 20 25 30
Time step £

Fig. 5 The state x3(k) of subsystem 3
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AV(K) = V(k + 1) = V(K)

L o T
=> { (E > bk (k) HiyX () + ¢z(k)>

i=1 j=1

Y
XPI(E > (k) (k) H g X (k) + d’z(k))

d=1 f=1
- X/ (k)P,XZ(k)]

=D]+D2+D3+D4+D5+D6 (AZ)

where

E > 2 AR (OXT (k) (HLPHy — P)X(K)
=1 i=d=1 j=f=1
L r J[

=D X BRI (Qy)XT (k)X (k)

=1 i=1 j=1

(A3)

r
E > E Ry (k) (k)X (k) (HE Py H gy
I=1 i=d=1 j=1
J#f

P)X (k)

o J

= 2 2 E h (k)hﬂ k)hﬂ(k)XT(k)[HﬂP[H[ﬂ'FHﬂPlH,jl

=1 =l j<f
_2P1]Xl(k)

rpoJp

< 2 > R () ()N ( Q1) XT ()X (k)

=1 i=1 j<f

(A4)

i

2 > 2 iR (R)X] (k) (HE P gy~ P)X,(K)
=1 i=1 j=f=1
i#d
L r J
=22 hiz(k)hdi(k)ﬁjz'z(k)XIT(k)(HiCIP/dez +H5szzHij1
=1 i<d j=1
=2P)X,(k)
L r J

<= > 2 > hi (RN Q1) XF (KX ()

=1 i<d j=1

(AS)

L r
Dy= 2 20 X hikhg (k) (k) (k)X ] () (P yH y —
=1 i=1 j=1
i#d j#f
L r J
= 2 E 2 hy(k)hg( k)hjz(k)hﬂ(k)x (k)(HU[ ldel"'HgﬂPlHijl
=1 i<d j<f
+HflPIdel+Hd]lPZHzﬂ 4P)X/(k)
L r J

< > >0 D i) hag (R (K) (N yf( Q10 XE )X (K)  (A6)

=1 i<d j<f

P))X,(k)
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noJ
Ds= 2 > > k() XT () HE P b (k)
=1 i=1 j=1
L r J,
+ 2 D bk (k) b (k) PyH X (k)
=1 i=1 j=1
L r J L
=2 22 2 bk (X () HLP CiX, ()
=1 i=1 j=1 n=1
n#l

o J
+X;(k)C11P1HU1X1 k)} < 2 2 Z E R k)hjz(k
=1 i=1 j=1 n=1
n#l

X{BXIT(k)HiszP \CoChPH X (k)

+B7'X"(k)X,(k)}  (from Lemma 1)

r [ L
= E > 2 > haRhy(R)XE (k) BHE P CuClPiH X (K)

=1 i=1 j=1 n=1
L r J L

+2 2 2 2 hy(Bhy (k) B! —xT<k)x (k)

=1 i=1 j=1 n=1

< 2 > E hi k)h,,uc)(xM(Q,,,) + 2 gt )x{ (k)X (k)

=1 i=1 j=1
L r J

=20 >0 > bl k(K)o X T (R)X (k)

=1 =l j=1

(A7)

with

L
Qi = BH;P 2 (C.ChP Hj

n=1

1/1 - )\M(Qtjl) + 2 B_ )\M(Qz]l) + ﬂ_ (L_ 1)

L
D=2, ¢l (K)Py(k)
=1

L L L
= E E [Cnlxn(k)]TPIE [Cann(k)]
=1 | n=1 n=1
n#l n#l
L L
=2 2 [~ Da(PCiX, ()]
I=1 n=1
n#l
L L
=2 2L - DNy(PlCuXi(K)IP)
=1 n=1
n#l
L
=3 KO with = S (- DA
=1 n=1
n#l

(A8B)
Substituting Egs. (A3)—(A8) into Eq. (A2) yields
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L g

AV < 2\ 2 2 iR (N y(Q;)

=1 | =l j=1

oI
+ 2 2 hizl(k)}_l_jl(k)ﬁﬂ(k))\M(Qijﬂ)
i=1 j<f
o
+ 20 2 hyRh g (DN (Or)
i<d j=1
oI
+ 2 E hil(k)hdl(k)ﬁjl(k)}_lﬂ(k))\M(Qijd_fl)
i<d j<f

o Jpon

+ 2 2 D0 ha(R (k) (K)

d=1 f=1 i=1 j=1
XX (K| with oy = o+ 7,
L o
= E 2 E h%l(k);—ljz'[(k))\M(Qijl)
=1 | =1 j=1
ro
+ 2 2 h;zl(k)h_,'/(k)hﬂ(k)7\M(Qijﬂ)
i=1 j<f
r
+ 2 2 (g (IR ()
i<d j=1
ro
+ 20 % hh (KR (k)N yg( Q)
i<d j<f
[/t o
+ 2 2 R R+ X 2 KR (0 (k)
i=d=1 j=f=1 i=d=1 j<f
o
X (a0 + app) + E E hil(k)hdl(k)}—ljz'l(k)(aijl + )
i<d j=f=1
o
+2 > Trig (k) (R () Py (K) (e + ety + g + g
i<d j<f
L gy
X[xiblP = 2 2 2 hikhi k) g
=1 | =1 j=1
roJp
+ E 2 hizl(k)hjl(k)hﬂ(k) iip
i=1 j<f
gy
+ E 2 hil(k)hdl(k)l'_ljz‘l(k) il
i<d j=1
o J
+ 2 2 R (R (K)o (IXRP - (A9)
i<d j<f

where ;. i Wijar» and 45 are defined in Egs. (4.5a), (4.5D),
(4.5¢), and (4.5d). Based on Eq. (4.5), we have AV(k) <0 and the
proof of Theorem 1 is thereby completed.
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