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Coverage by Randomly Deployed Wireless Sensor
Networks

Peng-Jun Wan, Member, IEEE, and Chih-Wei Yi, Member, IEEE

Abstract—One of the main applications of wireless sensor net-
works is to provide proper coverage of their deployment regions.
A wireless sensor network k-covers its deployment region if every
point in its deployment region is within the coverage ranges of at
least k sensors. In this paper, we assume that the sensors are de-
ployed as either a Poisson point process or a uniform point process
in a square or disk region, and study how the probability of the
k-coverage changes with the sensing radius or the number of sen-
sors. Our results take the complicated boundary effect into ac-
count, rather than avoiding it by assuming the toroidal metric as
done in the literature.

Index Terms—Asymptotics, connectivity, k-coverage, node den-
sity, sensing radius, wireless ad hoc sensor networks.

1. INTRODUCTION

NE of the main applications of wireless sensor networks

is to provide proper coverage of their deployment regions.
Typically, the sensing range of a sensor is a (closed or open)
circular disk centered at the sensor, whose radius is termed as the
sensing radius of the sensor. For any positive integer &, a point is
said to be k-covered by a sensor network if it falls in the sensing
ranges of at least k sensors, and a region is said to be k-covered
if each point in this region is k-covered. In this paper, we study
how the probability of a deployment region being k-covered by
randomly deployed sensors changes with the sensing radius or
the number of sensors. A precise description of the problems is
given below.

Let X3, X5,... be independent and uniformly distributed
random points on a bounded region A in the plane. Given
a positive integer n, the point process {X1, Xo,..., X, } is
referred to as the uniform n-point process on A, and is de-
noted by X, (A). Given a positive number A, let Po()) be
a Poisson random variable with parameter J\, independent of
{X1, X5,...}. Then the point process { X1, Xa,..., Xp,»)}
is referred to as the Poisson point process with mean \ on A4,
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and is denoted by P, (A). Let k be a fixed nonnegative integer,
and (2 be the unit-area square or disk centered at the origin o.
For any real number ¢, use ¢} to denote the set {tz : z € Q},
i.e., the square or disk of area > centered at the origin. Let C,, -
(respectively, C! ) denote the event that 2 is (k + 1)-covered
by the (open or closed) disks of radius r centered at the points
in Py, (§2) (respectively, &, (2)). Let K ,, (respectively, K7, ,,)
denote the event that \/s{2 is (k + 1)-covered by the unit-area
(closed or open) disks centered at the points in P, (1/s82)
(respectively, X, (1/59Q)). Then, we would like to study the
asymptotics of Pr[C, ,] and Pr[C}, ]| as n approaches in-
finity, and the asymptotics of Pr[K, ] and Pr[K[, ] as s
approaches infinity.

To simplify the presentation of our results, we introduce some
notation. Let 7 denote the peripheral of €2, which is equal to 4
(respectively, 2./m) if Q is a square (respectively, disk). For any
¢ €R,let

(3+et)
——~e 2, ifk=0
a(§)=14 16 (2ﬁn+g—7)
P O if k> 1
and
4e‘f+2(ﬁ+ %) ne=%, ifk=0
B (f) = JT+-L ¢
—2k—1\£!; 7]@_57 if k& Z 1.

The mains results of this paper are summarized in the following
two theorems.
Theorem 1: Let

\/lnn+ (2k+1)Inlnn + &,
Th = .

™

If im,, oo &, = £ for some ¢ € R, then
1

1-6() < lim Pr[C,, | < —+ 1
AlE) < lim PriCur.] < T ey
and
1-p6() < lim Pr [Cl ] <#. 2)
~ n—oo ™rnd — 1 + « (5)
If lim,, o0 £&n = 00, then
lim Pr[C,, ] = lim Pr [C;L?Tn] =1. 3)
If lim,, oo &, = —o0, then
lim Pr[C, ., ]= lim Pr [Crlw“n] =0. 4

n—oo n— 00
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Theorem 2: Let
p(s)=Ilns+2(k+1)Inlns+£(s)

If lims o & (s) = £ for some ¢ € R, then

) 1
1= < lim Pr [Ksu(ss] < 1+ a(d)
and
. ! 1
=00 < Jim Pr (K] < o

If lims 00 £ ($) = 00, then

lim Pr [Ks,/_t(s)s] = lim Pr I:K;,p(s)s:| =1

§—00 §— 00

If lims o0 & (8) = —o0, then

Jim Pr K] = Jlim Pr (K7 ,.] =0

We remark that the probabilistic studies of k-coverage by a
random point process have been conducted for £ = 1 in [1] and
arbitrary integer-valued constant & in [6] but with certain limita-
tions. Both studies assume Poisson point processes on a square
and use the toroidal metric, rather than the Euclidean metric
which is more relevant to the applications. This renders their re-
sults hardly applicable to wireless sensor networks. Indeed, the
smallest sensing radius or sensor density to ensure the k-cov-
erage under the toroidal metric almost surely fails to guarantee
the k-coverage under the Euclidean metric. The assumption of
the toroidal metric technically eliminates the boundary effect
under the Euclidean metric. As will be demonstrated later in
this paper, the boundary effect is the major technical challenge
which requires much delicate and involved analysis. Another
related work is [2] in which a random sensor network is gener-
ated by a Poisson point process followed by a Bernoulli style ac-
tive/inactive process. Here we note that a Poisson point process
followed by a Bernoulli process is still a Poisson point process.
Without explicit proof, authors of [2] claimed the boundary ef-
fect was handled, but their results are not consistent with ours.

To conclude this section, we setup some notation which ap-
plies throughout the rest of the paper. ||z|| is the Euclidean norm
of a point # € RZ, and |A| is shorthand for two-dimensional
(2-D) Lebesgue measure (or area) of a measurable set A C R?.
All integrals considered will be Lebesgue integrals. The topo-
logical boundary of a set A C R? is denoted by 9 A. The (closed
or open) disk of radius r centered at x is denoted by D,. (). For
any z,y € €, let

v (z) = |Dy (z) N Q|
vr (y\z) = [(Dr (y) \ Dr (z)) N Q|
k i
fur (@) =3 M (@)
i=0 v
k i
(;an,r (T/\ZE) = Me_nvr(y\z)'

‘ 1!

K2

An event is said to be asymptotic almost sure (abbreviated by
a.a.s.) if it occurs with a probability converges to one as n. — oo.
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The symbols O, 0,0,! ~, <, =2 refer to either the limit n —
oo or the limit s — oo depending on the context. To avoid
trivialities, we tacitly assume n and s to be sufficiently large
if necessary. For simplicity of notation, the subscripts will be
frequently suppressed.

II. GEOMETRIC INGREDIENTS

The results in this section are purely geometric, with no prob-
abilistic content. In the following, we will give three lemmas
that will be used in the next section. To increase readability, we
leave their proofs as an appendix .

Lemma 3: Let S be a disk of radius s. For any > s, let
be the set of points (z,y) € R? x R? satisfying that there exists
z € Ssuchthat ||z —z|| = ||y — 2| = r and Ty x Tz > 0.
(Here :z:_y> X TZ i$ a Ccross product of 2D vectors and given by
the determinant det (:c‘qj, E) .) Then the Lebesgue measure of
Fis (4nr?) |S).

If 2 is the disk region, then ¢, . (#) has equal value for all
z € 0N). The next lemma provides a simplified asymptotic ex-
pression of this value.

Lemma 4: Assume (2 is the disk region and let r,, be such
that nr2 — oo and nwrs — 0. Q is the disk region. Then for

any point z € 9f)
TL7T’I‘;’21 k
2 nwrl

an,rn (z) ~ TG*T

The following lemma gives the asymptotic behavior of two
integrals.
Lemma 5: Let

. \/lnn—l— (2k+1)Inlnn+ &,

™n

with lim &,, = £ for some ¢ € R. Then,

n (mrr,%) / Gnr, () dx
Q

fets YEe=5 ifk=0 5)
S 65, ifk>1
and
2
TL2 (’fL’lT’I",ZL) / Y€, (an,rn (ZE) (bn,rn (y\.’l?) dxdy
||$7yHS27‘n
_ £ .
< 16e 5+32\/7_r7765 3, ifk=0 . ©)
DGRV —5 if k> 1

Now, we introduce some notations. For any » > 0 and a
unit-area square 2, we partition 2 into three subregions 2. (0),
Q,. (1) and 2, (2) as illustrated in Fig. 1(a): .. (0) consists of

'Without loss of generality, assume f (1) and g (n) are positive functions. If
we write f (n) = O (g (n)), it means that there exist ¢ > 0 and ny > 0 such
that f (n) < cg (n) for any n > ng. If we write f (r) = © (g (n)), it means
that there exist ¢1,c2 > 0 and ng > 0 such that c;g(n) < f(n) < cag(n)
for any n > no. If we write f (n) = o(g(n)), it means that for any ¢ > 0,
there exists no > 0 such that f (n) < eg (n) for any n > no.

2We use f(n) ~ g(n) to denote lim, .o f(n) = lim,_ . g(n);
f(n) = g(n) to denote lim, .. f(n) < lim,_.g(n); and
f(n) < g(n)todenote lim, . o f(n) > lim, . g(n).
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Fig. 1. Parition of 2: (a) Q2 is square and (b) €2 is disk.
all points in © apart from the sides of Q by at least 7, Q,.(1)
consists of all points in € apart from some side of {2 by less
than 7 and from all other sides by at least 37, and €2,.(2) consists
of the rest points in 2. The areas of these three regions are as
follows:

12, (0)] = (1 - 2r)°
|- (1)] =47 (1 —6r)
Q.. (2)] =20r2.

For any = € ()
v, (x) > 27 w2
For any r > 0 and a unit-area disk €2, we partition €2 into three

subregions €2,.(0), Q.. (1) and Q,.(2) as illustrated in Fig. 1(b):

Q,-(0) is the disk of radius ﬁ — r centered at 0; €2,-(1) is the
annulus of radii % —rand /L — r2 centered at o; and €,.(2)

is the annulus of radii 4 / 1 _r2and ﬁ centered at o. The areas

™

of these three regions are

12, (0)] = (1 - Var)®

1, (1)] = 27 <% - 7")
2, (2)] = .
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For any x € Q, (7)

v (z) > 27w,

III. CRITICAL SENSING RADIUS

This section is devoted to the proof of Theorem 1. Before
going into details, we sketch the approach underlying the proof
of Theorem 1. The equalities (3) and (4) will be derived from
the inequalities (1) and (2) by a perturbation argument. The
inequality (2) will be obtained from the inequality (1) by a
de-Poissonization argument. The inequality (1) consists of
the asymptotic upper bound and the asymptotic lower bound
on Pr[C, ,.]. The proof of the asymptotic upper bound on
Pr[C, ] is based on the observation that the event C, ,
implies that the (k + 1)-vacancy V,, . defined by the Lebesgue
measure (i.e., area) of the set of points in {2 which are not
(k + 1)-covered by the closed disks of radius r centered at the
points in P, (?) is zero. Hence, Pr[C,, ,] is upper bounded
by Pr [V, , = 0]. Based on the Cauchy-Schwartz inequality,
Pr [V, = 0] can be further upper bounded in terms of the
mean and variance of V,, ,.. The proof of the asymptotic lower
bound on Pr[C,, ., | is based on the following characterization
of (k + 1)-coverage by open disks: Let L,, ,. denote the number
of (n,r)-crossing points where an (n,r)-crossing point is
either an intersection point of 92 and JD, (X) for some
X € P, (), or an intersection point of 9D, (X) and 9D, (Y)
for some X,Y € P, (Q) respectively, and M, , denote the
number of (n, r)-crossing points which are not (k + 1)-covered
by the open disks of radius r centered at the points in P,, (2).
Then, C,, ;- occurs if and only if L,, , > 0 and M,, , = 0 (see,
e.g., [4]). Hence

Pr(C, ] =Pr[L,, >0,M,, =0]
= Pr[Lyp, > 0] = Pr[L,, > 0,M,, > 0]
= Pr[Ln, > 0] — Pr[M,, > 0]
> Pr [Ln,r > 0] —-E [Mn,r]

where the last inequality follows from the Markov inequality.

The remaining of this section proceeds as follows. Sec-
tion ITI-A investigates the mean and variance of the (k + 1)-va-
cancy V,, .. Section III-B studies the mean number of crossing
points which are not (k + 1)-covered. Based on the results
obtained in these two subsections, Section III-C give the proof
of Theorem 1.

A. Mean and Variance of the (k + 1)-Vacancy

The following lemma gives a general expression of the mean
of the (k + 1)-vacancy and an upper bound on the variance of
the (k + 1)-vacancy.

Lemma 6: For any n and any r

BWarl= [ dnr(@)da

Var[Va,] < G (T) P (Y\x) dady.

z,ye
==yl <2r

Proof: For the simplicity of presentation, we suppress all
subscripts. For any € 2, we use U () to denote the event that
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the (closed or open) disk contains at most k points in P, ().
Note that U (x) occurs if and only if z: is not (k + 1)-covered by
(closed or open) disks of radius r centered at points in P, (£2).
Then

Pr(U ()] = ¢ (x).

For any z,y € Q, we use U (y\z) to denote the event that
(D (y) \ D (x)) N contains at most & points in P,, (2). Then

Pr(U (y\z)] = ¢ (y\z) -

For any event (), we use 1(Q) to denote the indicator of the
event (). Then

V:/Ql(U(x))dx

and

V2= <Ll(U(x))dx>2 - /Q 1 (U (2)) 1 (U (y)) dady.

By Fubini’s theorem

E[V]= /QE'[l (U (z))] d=
Pr{U (z)]dz = /Q ¢ (z)dx

Il
S~

and

E[V?] = | ELU @)1 (y))dedy

2

Pr[U (z) AU (y)] dzdy.

2

I
S~

Therefore,
Var[V]=E [V?] - E[V]?
2
:/Q Pr[U (2)AU (y)] dedy— </Q Pr[U (z)] da:)

N AZ(Pr [U (2)AU ()] =Pr[U ()] Pr[U (y)]) dzdy

_ Pr[U () AU ()]
= [ e (—Pr U (@) Pr[U <y>1> hody

lz—yll<2r

Pr[U (z) AU (y)] dedy.

<
- z,y€Q
lz—yll<2r

Clearly, the event U (y) implies U (y\xz), and the two events
U (z) and U (y\z) are independent. Thus,

Pr{U (z)AU ()] <Pr[U (z) AU (y\z)]
= Pr(U@)]Pr[U (y\z)] = ¢ (x) ¢ (y\z).

So

Var[V] < G (T) P (y\x) dady. O

z,ye)
==yl <2r
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Lemma 6 together with Lemma 5 implies the following
lemma.
Lemma 7: Let

. \/1nn+(2k+ nlnn+ &,

™

with lim &,, = £ for some ¢ € R. Then,

—& 4 V-5 e
FE [n (nm‘i) Vn,rn] ~ 6ﬁ,+ 2, e, %fk -0
TR 7 ifk>1

and

Var [n (mrr,zl) Vn,rn]
- { 16¢ € + 32/mne 5, ifk=0

ARV 5 if k> 1,

B. Crossing Points

In this subsection, we prove the following lemma.
Lemma 8: Let

. \/lnn—l— (2k+1)Inlnn+ &,

™

with lim §,, = & for some £ € R. Then, L,, ., > 0 is asymptot-
ically almost sure and E [M,, », | < B (£).

Proof: For simplicity, we suppress the subscripts. An
(n,r)-cross pointing is said to be of the first (respectively,
second) type if it is an intersection point between an intersection
point between 9Q and 9D (X) for some X € P, (Q) (respec-
tively, between D (X) and 9D (Y') for some X, Y € P, (2)).
Let I’ be the number of crossing points of the first type. Then

Pr[L =0] < Pr[L' = 0] = ¢ "I\
=e 00 — (1).

Thus, L > 0 is asymptotically almost sure.

Let M’ (respectively, M") be the number of crossing
points of the first (respectively, second) type which are not
(k+ 1)-covered. By Lemma 7, E [M, . ] < (&) would
follow from

[N

1 —z
BRI~ fer e

E[M"] <4E [n (nmr?) V].

We begin with the limit of £ [M’]. First consider the case that
) is a square region. Let X be a random point and @ be the
event that the right half-circle of 9D (X') and the upper side of {2
intersects at a point which is not (k + 1)-covered. By symmetry,

E(M') =8nPr(Q).

Note that for each z on the top side of {2,

1 1
ZWTQ <w(z) < §7rr2,
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1-2r r

EH  Region A
0 RegionB

Fig. 2. Region A and B for the crosspoint in 9€2.

and v (z) = Lxr? if and only if z is at a distance of at least r
from either vertical side of 2. Let A be the set of points of x
such that the right half-circle of 9D (z) and the upper side of 2
intersects at a point which is at a distance of at least r from both
vertical sides of €2, and B be the set of points of = such that the
right half-circle of 9D (x) and the upper side of ) intersects at a
point which is at a distance of less  from either the left vertical
side of € or the right vertical side of €2 (see Fig. 2). Then

1
|Al =7 (1—2r),|B| =2r? - Z7r1"2
and

Pr(Q) = /AUBPI(Q|X:x)dw.

Since for any x € A

Pr(Q| X =x2)=

we have

1=0
nr [ nar?\" xe2
k! 2
1 1 E+1 _nxr2
Fiin ()
1 -¢
k'Zk\/_
Since for any z € B
il 1mrr ‘
2
Pr(Q| X =x)< Z —anmr
i=0

we have

n/BPr(Q|X:x)dw

Possible location of z for region A

Possible location of z for region B

Therefore,

E(M') =8nPr(Q) ~ mknlf e %

Now we consider the case that €2 is a disk region. Each node
in Q© \ ©Q(0) produces two crossing points of the first type.
Each node on 9 (0) produces exactly one crossing pint of
the first type. All other nodes does not produce any crossing
point of the first type. By Lemma 4, a crossing point of the
first type is not (k + 1)-covered with an asymptotic probability

o\ K
1 nwr” —
Il ( 2 ) €

E(M')

(0) has zero measure, we have

<n7rr _nw
1 2\" e
=2n -2/ <1—ﬁr>~—<mrr ) ez

2 K\ 2
27 1
k|2k 1
1
k|2k 1\/_

Next we derive the asymptotic upper bound on F [M"]. Fix
an ordered pair of random nodes X and Y. Let Z be the in-
tersecting point of the two circles 0D (X) and 9D (Y') with

X Y x X Z > 0. Let Q denote the event that Z lies inside §2
and 7 is not (k + 1)-covered. Then by symmetry,

~2n]Q\ Q(0)

(mrr )k—i—1 6_%

l\)lm

EM'N=n(n-1)Pr[qQ].

Since X and Y are with uniform distribution over €2, the prob-
ability that Z lies in a sufficiently small circular disk of area dz
centered at a point z € € is equal to the Lebesgue measure of
(X,Y) such that Z € dz. Thus, by Lemma 3, the probability
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that Z lies in a sufficiently small circular disk of area dz cen-
tered at a point z €  is equal to 47r?dz if dz C ©(0), and at
most 477-2dz due to the boundary effect otherwise. Therefore

Pr[Q] = /GQPr(Q|Z:z)Pr(ZEdz)

< / G (2) 4rr?dz = 4nr?E [V].
z€Q
Hence,

EM"]<n(n-1)-4xr?E [V] < 4E [n (nar?) V]. O

C. Proof of Theorem 1

We first prove the inequality (1). For simplicity, we suppress
the subscripts. By Lemma 7, it is straightforward to show that

E [n (n7rr2) V]2

>
Var[n(nmr2) V] ™ (&)
By the Cauchy—Schwartz inequality
Var[V] 1
Pr[V=0] < o7 = 3
= E[V]
1 B 1

= E[n(nzr2)V]2 ~ :
L+ V(L[r[(rl(nﬂ722)]‘/’] L+a()

Thus,

On the other hand, by Lemma 8
Pr[C]>Pr[L,, >0—-E[M,,|=1-p7().

So, the inequality (1) holds.

Now we derive the inequality (2) from the inequality (1) using
a de-Poissonization argument. By coupling Poisson point pro-
cesses with uniform point processes, we obtain the following
relations:

Cynstan, €O, U {Po (n - n3/4) > n} ,
Crv CChinasay, U {Po (n + n3/4) < n} )
By Chebyshev’s inequality
Pr (Po (n — n3/4) > n) =o(1)

Pr (Po (n+n3/4) <n) =o0(l).

Thus,
Pr(Ch,,] 2 Pr(Cy oy, ] —o(1)
Pr[Cl,] < Pr[Crpsre,] +0(1).
Note that
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So
(n + n3/4) mrl — (ln (n + n3/4) +(2k+1)Inln (nin3/4))
=,nmr? — (Inn + (2k + 1) Inlnn) 4+ o (1)
=&4+0(1).
By the inequality (1),
Pr(Cp_pssa,, ] 21— 5(8)

1
PI‘ [Cn—i-na/“,rn] = Ta(f)

Hence,
Pr[C,, ] 21-0(¢)

1
/ <_ -
Pr [Cnﬂ,n] “1Tra®
So, the inequality (2) holds.

Finally, we prove the equalities (3) and (4) from the inequali-
ties (1) and (2) using a perturbation argument. We only provide
the proof for the event C,, .., , since the proof for the event Cy, ,.-
is exactly the same. We first prove the equality (3). Assume that
lim &, = oo. Note that lim¢_,o & (§) = 0. For any arbitrarily
small € > 0, let £ such that 3 (¢') = ¢, and set

oo \/lnn—i— (2k+1)Inlnn + &

n
™n

Since lim &,, = oo, for sufficiently large n, &, > &, and thus
Tn > 1, which further implies that C,, ., 2 C, ... Conse-
quently

Pr(Cpn, ] >2Pr[Chpm]z21-6(E)=1-c¢
Since € can be arbitrarily small, the equality (3) holds. Next, we
prove the equality (4). Assume that lim §,, = —oo. Note that

lime,_ o, B (§) = oco. For any arbitrarily small ¢ > 0, let "
such that o (¢”) = 1=¢, and set

€

o \/lnn—i—(Zk—l—l)lnlnn—l—f”

n
m™n

Since lim &, = — oo, for sufficiently large n, &, < ¢, and thus
rn < 1, which further implies that C,, ., C C, . Conse-
quently
1

= =

1+a(g")
Since e can be arbitrarily small, the equality (4) holds. This com-
pletes the proof of Theorem 1.

Pr(Cy,.] < Pr[Cp ]

IV. CRITICAL NUMBER OF NODES

In this section, we will derive Theorem 2 from Theorem 1
using a scaling argument. First, we scale the points of P,, (1/5Q)
(respectively, X, (1/sQ)) by a factor of 1/y/s. The resulting
points form a Poisson (respectively, uniform) point process with
mean n (respectively, a uniform n-point process) on 2. Second,
we scale the sensing radius from 1//7 to 1//7s. Then, K ,,
(respectively, K ) occurs if and only if C,, , /s (respec-
tively, C 1) /sloceurs. This implies that

Pr[K,,]=Pr [CnJ/\/E]
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Pr[K.,] = Pr[Cl, ]
Thus, we only need to obtain the asymptotic bounds on
Pr I:Cn’l/\/ﬁ] and Pr [ l/f} for n = p(s) s where p (s)
is given in Theorem 2. For thls purpose, we prove the following
technical lemma.
Lemma 9: Let £ (s) be such that lim_, o & (s) = £ for some
& € [—o0,+00] and £ (s) > —Ins — IInln s for some | > 1.

Let
(s)=Ins+1Inlns+&(s).
Then
lim (p(s) =In(u(s)s) — (I = 1) Inln(p(s) s)) = &

Proof: Let u = p (s). Note that

— ln(us) —(=1)Inln (us)
=¢(s)+lns+Illnlns —In(us) — (I — 1) Inln (us)

)
=¢(s)+Ilnlns —Iny— (I —1)Inln (pus)
—¢(s) ln—s—(l—l)ln< +11n_’8‘)

If | (s)| = o(Ins), then
lim — =1, lim ID—M—O.
s—oo In s s—oo In S
So
lim (p—In(pus) — (I—1)Inln (us)) = lim £(s) =¢&.

Now we assume that |{(s)] #  o(lns). Then
limsoo [€(s)] = oo. We first consider the case that
lims_, o & (8) = oo. For sufficiently large s

—1In(us) — (I —1)Inln (us)
—¢(s)—In <1+W) (-1 <1+111;—’;>
Inlns+£(s)

Ins

Inlns+£(s)

Ins

In p

—(-1)—L

Ins

>&(s) -

>&(s) —
-1 In(lns+ lnlilnss) +1ng(s)

£(s )(1_ L) _ 1n1n5+(l_1)1n(1ns+ln1ns).

Ins Ins

Thus,

lim (p—In(ps) —

(I —1)Inln(pus)) > Sh_gloé’(s) = 00.

So, the lemma holds in this case.
Next, we consider the case that lim,_,, { (s) = —oo. Since

€ (5)] # o(lns) and
£(s) 2
O (In s). Thus,

—Ins—IInlns

we have [£ (s)| =
In

I _
s = @(1),—1n8 =o0(l).
So, we have

—In(us) — (I —=1)Inln (us)
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—¢(s) — 1nﬁ—(l—1)ln( +11n—’:>

={(s) =0 (1) —o(1).
Therefore

lim (pp—1In(ps) — (I =1)Inln (us)) = —occ.

5§—00

O
Next, we proceed on deriving the asymptotic bounds on

Pr[C, (55,175 and Pr LC (9)s, 1/\/—} where 1 (s) is given
in Theorem 2. Clearly, if lims_,o, s < oo, which happens
only when lim_, o & (s) = —oo, then
Jim Pr[Coyan/yms] = Hm Pr[Cyayenyms] =0
So assume that lim;_, o, 11 (s) s = co. By Lemma 9
2
p(s)s-m(1/\/s)
—In(u(s)s)—(2k+1)Inln (p(s) s)
=p(s) —In(p(s)s) = (2k+ 1) Inln (u(s) 5)
— ¢ (as s — 00).

Thus, by Theorem 1, if £ # +o0, then

_ 1

1-p(¢) < Sll)nolo Pr [Cu(s)s.,l/\/ﬁ] < 14 a(é)
_ 1

L= B0 < lim Pr[C) . m) < +a(d)

if ¢ = oo, then

lim Pr[C 5,1/ /s = lim Pr [C ()5, 1/\/5}

§—00 §—00

and if £ = —oo, then

im Pr[C 651/ r5) = [Jim Pr [C;(S)Svl/\/ﬁ] =0

S§— 00 — 00

This completes the proof of Theorem 2.

V. CONCLUSION

In this paper, we address the asymptotic (k + 1)-coverage of
a square or disk region by a Poisson or uniform point process.
A major technical challenge is the handling of the boundary ef-
fect. As indicated by our analyzes, for £ > 1 the boundary ef-
fect completely dominates the probability of (k + 1)-coverage,
while for & = 0 the boundary effect still affects significantly the
probability of (k + 1)-coverage. For the purpose of comparison
between with and without the boundary effect, let us consider
the asymptotic (k + 1)-coverage of a square by Poisson point
process with unit-area coverage range. With boundary effect,
the asymptotic (k + 1)-coverage requires that the sensor den-
sity n/s should grow with the area s at least according to

n/s=Ins+2(k+1)Inlns+ & (s)

with lims_.. £ (s) = oo. Without the boundary effect, the
asymptotic (k 4 1)-coverage only requires that the sensor
density n/s grows with the area s according to

n/s=Ins+ (k+2)Inlns+ &£ (s)
with lim,_,o0 & (s) = oo [6].
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(a)

(b)

Fig. 3. The shaded annulus is the set A of all possible points z. (a) ||z|| € [r — s, V7> — s?] and (b) ||z|| € [VT? — 2,7 + s].

Another interesting observation is the similar asymptotics of
the k-coverage and the (k + 1)-connectivity. To illustrate this
similarity, let’s consider a Poisson point process 7P,, on the unit-
area square or disk. The asymptotic (k 4 1)-connectivity re-
quires that the communication radius should grow with n at least
according to Inn+ (2k — 1) Inlnn+¢, with lim,, o &, = 00
[3]. Similarly, the asymptotic k-connectivity requires that the
sensing radius should also grow with n at least according to
Inn+ (2k — 1) Inlnn+ &, with lim,,_ o, &, = oo. It would be
interesting to discover the exact correlation between the k-cov-
erage and the (k + 1)-connectivity.

APPENDIX

In the Appendix, we are going to give the proofs of Lemma
3,4, and 5.

Proof (Lemma 3): Without loss of generality, we assume
that S is centered at the origin o. Let A be the annulus centered at
o withradii 7 — s and 7+ s (see Fig. 3). Then A is exactly the set
of points z such that ||z — z|| = r for some point z € S. Now
fix axz € A. Let 2122 denote the arc of the boundary circle of
the disk D, () which lies inside the disk S with 2z, X 23 > 0
(see Fig. 3). Note that the angle /z1xz2 only depends on ||z||.
Let 8§ = 6(||z||) be the half of the angle /z1x25. For ||z|| €
[r —s,V/r? — s2], § increases with ||z|| and

llz|| = \/7"2 — (rsinf)* — \/32 — (rsinf)?

(see Fig. 3(a)). For ||z|| € [V/r? — 52,7 + s], § decreases with
||| and

lz| = \/7“2 — (rsinf)” + \/82 — (rsinf)’
(see Fig. 3(b)).
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Fig. 4. The shaded region is set B () of all possible points y for a fixed .

Let 1 (respectively, y2) be such that zy; (respectively, xy2)
is a diameter of the disk D, (z1) (respectively, D,. (z2)) (see
Fig. 4). Let £zy;y2 denote the sector of the disk D, (x) sub-
tended by ;1 and y9, and let
B (z)=(Lzyryz \ (D (21)UD; (22)))U(Dr (21) \ Dy (22))
which is the shaded region illustrated in Fig. 4. Then

F=1{(z,9):w€AyeB)}.
By a simple geometric argument, we can show that B (x) and
the sector Lzy;y2 have the same area, i.e.

1B ()] = (2r)* - 0 (||))-

= [ v [ ay=as2 [ (sl do
A B(z) A

r+s
=472 / 2t - 6 (t) dt.

Thus,

—S

Using integration by parts on the integral yields

r+s
/ 2% -0/ () dt

—s

r+s
= / 6 (t) dt*

—s

s s r+s ) B r+s )
=t 6(t)|r_s—/ t de(t)_—/ t2de (t)

—s —s

VrZ=s? r+s
—/ t2df (t)—/
r—s JNVTTZSE

arcsin - 2
_/ (\/rz—(rsing)Z — \/32 — (rsin0)2> do

00 5
_/ <\/r2—(rsin9)2—|—\/82 — (rsin 9)2> df

= / ' 4rcosfy/s2 — (rsinf)’df
0
=4 o \/ 52 = (rsin)*d (rsin 6)
0

:4/ V2 — 22dx = 75>,
0

Hence, the lemma follows. O

t2d6 (t)
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Fig. 5.

The shaded region is D,. (z) N €.

Proof (Lemma 4): For the simplicity of presentation, we
suppress all subscripts. Let 2z be a radius of D (z) which is
perpendicular to oz, and y be an intersection point between 92
and 0D (z) which lies to the same side of 0z as « (see Fig. 5).
Clearly, v (2) < 3772, As 2% A= decreases with A

2\ ¢ 2\ k
k. (nﬂ’l‘ ) (nﬂ'?" ) .
2 _ 2 _ nwr2
(/)(z) > Z Te > Te 2,
i=0 : :

On the other hand, the angle Zozy = arccos @, hence

2
Jrr
2

nwm 7‘2
2

Jrr

= arcsin ——.
2

m
lxzy = 5~ arccos

Thus, the area of the sector £zzy is %7‘2 arcsin @ This im-
plies that

1 . gs
v (2) > =mr? — r? arcsin VT .
2 2
Since
3
. Tr T
nr? arcsin VT ~ VT =o0(1)
2 2
we have
enr2 arcsin ‘/Q;T ~ 1.
Thus,

Jwr

2 .
— = +nr? arcsin 5

<
—~
N
~—
IN
-
/N
&
Nﬁ
N——
S
(g9

7
() e
_ Z 2 e—% enr2 arcsin \/,_,?T
(Wz)’“
2 nwr2
2 .

e ~———c¢

7! k!

So the lemma follows. O

Lemma 5 will be established by Lemmas 10—12. These lem-
mas are presented in a format more general than required for
the proof of Lemma 5 for being applicable to other probabilistic
studies beyond this paper.
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Lemma 10: Let
nrr? =Inn 4+ flnlnn + &,

withZ € Rand lim ¢, = £ for some ¢ € R. Then for any integer
k > 0 and any integer m

2 k 6_5
n (nmwry) / Pn,r, (@) dw ~ —=-
2., (0) i
G- VT e
n (nmrl) 2 /Q " Gnr, () dz syl

Proof: For the simplicity of presentation, we suppress all
subscripts. By a slight modification of the proofs in [3, Theo-
rems 2 and 3], we can show that for any integer £ > 0 and any
integer m

t—k (nw (z))* e~ @) et
n (n7rr2) /Q(O) A dr ~ R

Gt [ e
(1)

TL(TL’]T?” ) %l €T ~ 2k+1]€'

(nv ()" e~ @

ey [,

Due to the space limit, we omit the proof details here. Conse-
quently, Lemma 10 would follow if we can show that for any

SCQ
[orann [ G,

Next, we fix an S C (2 and prove the above asymptotic equality.

dr=o0(1).

7nv(z)dx'

Clearly
k
/(/5(;5) dz > / %6_"“(”‘")(&.
Since v ( 4 , we have
k
(k 2)' 7’1,1) (117)) —nv(z)
( .L)' ) (m; (x))k e—nv(z)
nﬂ'er k!
Thus,
(k L)' / (n’U (x)) —nv(z)dw
< TLTI"I‘2 ) . S k!
So

/qu(x) de/S%e—"“@dx. O

For any x € (2, let QF denote the set of points y € 2 satis-
fying that ||y — || < 2r and dist (y, ) > dist (x,00) (see
Fig. 6).
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1/2 0 ml

(a)
/n kg |

(b)

Fig. 6. The shaded region is Q2.

Lemma 11: For any z € €2, (0) and any y € QF
T
v (y\e) > grlle =yl
If  is the unit-area square, then for any =z € 2, (1) and any
y €
T
vr (y\e) 2 7rlle =yl

Suppose that ¢ > 0 is an arbitrarily small constant, and €2 is
the unit-area disk. Then when r is sufficiently small, for any
x € Q. (1)U, (2) and any y € QF,

o \a) 2 (5 =) rlle —ull.

Proof: For the simplicity of presentation, we suppress all
subscripts. It was proved in the proof of Lemma 2 in [5] that if
lz —y|| < 2r, then

D)\ D (@) > Srlla -yl
Thus, if z € 2(0) and y € Q7
v(\e) = D)\ D (@) 2 Frlle -yl

Now, we assume that € is the unit-area square, z € (1) and
y € Q. Then, for the same value of ||z — y||, v (y\z) achieves
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its minimum when both z and y are in 92, with the minimum
equal to

SID@\D @) > Frllr —yl.

So, the lemma also holds in this case. Finally, we assume that €2
is the unit-area disk. Let € any arbitrarily small positive constant.
It was proved in the proof of Lemma 2 in [5] that for any = €
Q(1)u2(2) and any y € Q*

s 4r
v\ > | 5 - | rlle =yl
%T +4/E —(2r)
Note that
4
lir% " =0.
r—0 1
NG + (2r)
Thus, for sufficiently small r
4r
<e
1 1_ 2
=+\Vx (2r)
and thus

vi\e) > (F =€) rlla =yl

So the lemma hold in this case as well. O
Lemma 12: Suppose that € > 0 is an arbitrarily small con-
stant. Then when r is sufficiently small, for any n

/ z,y€N QS”:T (.CIZ') ¢n,r (y\x) dil?dy

llz—yll<2r
8(k+1)(k+2)
_— na (T) dx
< n (nwr?) Q(O)¢ ()
NG E IR RS N

n (nwr?)

+8vrr/ bon (&

Proof: For the s1mp11c1ty of presentation, we suppress all
subscripts. By symmetry

[ vsea 2@ 00N daty=2 [ s@)ds [ 0\ dy

llz—yll<2r

(1)

So, we only need to prove that

/qs dx/qsy\a:dy

A(k+1)(k+2)
< Ly

(16 +¢/2) (k+1) (k +2) | bnr@)o
Q1

n (nwr?)

+ 472 G (T) dz

Q(2)
We first show that if there is a constant ¢ > 0 such that
v (y\r) > cr ||z — y|| for any y € QF, then

ROCUE (C) i+ 1) (k+2)

" (n7rr ) n (nwr?)
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k A
zOz'e

/ ¢ (y\z) d

CT”T ”‘T" _ y”)l —cnr|lz—y||
< / D
=0
k

i
/ sl = vl -enre-uig,
R = !
B il (enrt)’
=2

—X decreases with )\, we have

IN

e~ ontdt

k+1)(k;02)_

- (%)2 n (nmr?)

Now by Lemma 11
d d
bads [ e dy

Q(0)
LAk +(1) (12)+ 2)

¢ (z) dx

Q(0)
If 2 is a unit-area square, then by Lemma 11

d@ds [ 6\
16 (k + 1) (k + 2)

n (nmr?)

(1)

¢ (x)dz

Q(1)
Now we assume that {2 is a unit-area disk. Let € be any arbitrarily
small positive constant. Let ¢’ be another constant satisfying that

T 2 €
=16+ —.
<§—e’) +2

Then by Lemma 11, when r is sufficiently small, for any n, any
z € Q(1) and any y € QF

vi\e) 2 (5= ¢)rlle -yl

Thus, when 7 is sufficiently small, for any n

Loy p@ e [ o)

(k+1)(k
- (16 + %) (k+1) +2)/ b () d.
Q1)

- n (nwr?)
Finally
¢(@)dz [ ¢ (y\z)dy
Q(2) Q@
< o () dm/ dy < 47r7'2/ ¢ () dx.
Q(2) - Q(2)
Hence, the lemma follows. O
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Now we are ready to prove Lemma 5. otherwise
Proof (Lemma 5): Letr = r, be as given in Lemma 5. By n2 (mrrz)Z bror (x) bror (y\x) dzdy
Lemma 10, [ z,yeN
le—yll<2r
Vo e
n(nm‘z)/ - d;l:rv%e_g =32+¢)(k+1)(k+2) g C
(1) ' Let ¢ — 0, we obtain the inequality (6). O
n (n7rr2)m / bn,r () dz =0(1)
Q,(2) REFERENCES
andifk = 0 [1] P. Hall, Introduction to the Theory of Coverage Processes. New York:

(2]
n (nar?) / bnr (x)de ~ e ¢
Q.(0)

. (3]
otherwise

—

n (nmr?) /Q o Gnr ()dz=0(1). (4

Thus, the equality (5) follows immediately. Together with these
(asymptotic) equalities, Lemma 12 implies that if £ = 0 [5]

n? (n7rr2)2/ 2y b (2) bnr (y\x) drdy

llz—yl|<2r (6]

< 16e ¢ + (32 +¢) ﬁneié

Wiley, 1988.
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