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Abstract —— The frst-rank tensor operator has been used to develop the relations between the direction cosines and
the first-order rotational representations. These relations have been used to derive the explicit formulas in terms of
3j symbols for the line strengths of the asymmetric rotors. Some detail calculations and comparsions with CHK (1)
have been discussed. The nonvanishing magnitudes of 3j symbols used specially for the rotational transitions for
J up to 4 have also been tabulated.

1. Introduction

In the previous work performed by the same autior (2), the formulain terms of 3j symbols for tihe line strengths
of tile symmetric tops has been established by the first-order rotational representations. It is found that this formula
is easy and convenient to calculate the line strengths. It will be interesting and feasible to extend this work to include
the case for the asymmetric rotors. Actually in calculating the line strengths of the asymmetric rotors, the direction

cosine matrix elements and the wave functions for the energy levels play important roles.

There are usually two approaches to the calculations of the line strengths of the asymmetric rotors. The first
one, using the tabulated direction cosine matrix elements, yields a complicated procedure involving the summation
over the projection quantum numbers and space-fixed components. The second one, employing the direction cosine
matrix elements in terms of Clebsch-Gordan coefficients (3), however still has tne same tedious work as tie first
one, The formulas for the intensity factors in molecular spectra 44) are actually not explicit and simple enough for
direct calculations. Thus the methods mentioned above, in fact, do not directly help too much for computing the line

strengths.

The purpose of this paper is to present an alternate and convenient treatment for calculating the line strengths
of the asymmetric rotors. The treatment shown here not only reduces much tedious work arisen in the conventional
metnod, thus provides a convenient and direct calculation either by digital computers or by hand calculations, but
is also able to be easily coupled to the other effects in molecular spectra, If we consider the transformation properties
in boti spherical and cartesian cogrdinates and the linear combination properties between the spherical coordinates
and cartesian coordinates for both space-fixed and body-fixed frames, then we can obtain the relations of the linear
combinations between the direction cosines and the first-order rotational re;ljresentations. These relations and that
the wave functions can be expressed by the rotational representations (5) indicate that the direction cosine matrix
elements can be rcpr(;;sented in terms of 3j symbols by integrating three Ds (6, 7). The explicit form of this integra-
tion has been used widely (8-10). Tie wave functions of the asymmetric rotors are tne linear combinations of those
of tne symmetric tops, so that the direction cosine matrix elements for the asymmetric rotors may also be expressed
in terms of 3j symbols. Consequently the line strengths of the asymmetric rotors can be expressed explicitly in
terms of 3j symbols. After detailed evaluation we found that it is simple to obtain the final forms of the line streng-

ths by using Wang wave functions (11) and the Wang transformation factor V2, This procedure will be used here.
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II. Derivations
1. The relations between the direction cosines and the first-order rotational representations.

In a spherical system, the transformation property of a kB rank tensor operator ’I(k) under a rotation of the

coordinate system is given as (12)
k) = (k), 1(k)
T{ L DG T
oE k) = plk) (k) (1

Where the symbol ptk) designates a (2k+1) dimensional matrix representation of the rotational group wiich gepends
upon the Euler’s angles; T ang T represent the tensor operators respectively in space-fixed frame and body-
fixed frame.

In a cartesian system, the transformation property between T and T is that
T= 0T . (2)

Wiere the expressiond represents the direction cosine matrixX and it can be expressed as

® xx Oxy Xz
o= Lyx q’Yy %y ;
®7x o7y bz,

T and T are the first-rank tensor operators respectively in tie space-fixed frame and the body-fixed frame,

For a first-rank tensor operator, tie linear combinations between the spherical components T(ql)and the com-

ponents Tx,Ty, and Tz are given as (13)
=1, 7D =Fap2) (1, 8Ty,
or D= UT,

-1/ V2 0 _!
where U = 0 0 1
| 12 i 0 J

Tnese combinations hold in the space-fixed system and the body-fixed frame. Setting k in Eq. (1) equal to 1, and
considering the unitary transformation, we obtain the relations between the direction cosines and the first-order
rotational representations as

_ 1) | |
oxx = 1201 -pfY -0} +p4),

TR C S I | N o
Oy 220 w0y ~Boyg =Py
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oy, =12 D{3-D{,
sy =i2 @Y +DY{) -pfP-DG).
oyy =12 @ +D{} +D{} + I, e Rl
oy, =ilvZ (g +D).
87, = 1/2 O] -DEY),
oy =20 D],
8727 D((]}])'
The symbols X, Y, and Z represent the axes in the space-fixed system, and those X, y, and z represent the axes in
the body-fixed system, the superscript indicates the rank and the first and second subscripts respectively indicate

the sub-ranks in the space-fixed system and body-fixed system. The reversed form of Eq. (3) iwave been derived in
L}
Ref. 3.

2. The line strengths along x-axis

In order to employ the Wang wave functions to find the integration of three D’s such that the procedure to obtain
the final results will be simplified, it is certainly nmecessary to understand the relation between tir¢ integration of
tiree D's by the Wang wave functions and that by the symmetric top wave functions. The relations between tie

Wang wave functions and symmetric top wave funcitons are
| IKM >, = 1/yZ [PKM>+ DI KM >] ¢,
and | oM >, = |JOM >,

where ris | for oddness and 0 for evenness, which can be decided by the odd energy submatrices and evenenergy

submatrices. The integration of three D’s for both kinds of wave functions is

MR (l] — TR T . AWl (1) P

<PKM' [Dyge [TRM >, = Yl PK'M [+(1)'< "KM [1Dgq [[TK b >+-1) P-Kii>] .

Considering the property of 3j symbols, evenness and oddness of r, and magnitudes of q’, we obtain tne simple re-
lation

(1)
aq’

& THEd? —e s Rl
PRM [Dggr [TKM >, =< JRM’| Dy g [TKM > |
the magnitudes of K’ and K are positive. For the case that either K" or K is zero this relation will be changed to

RN N N ¥, | TS,
<JPK'M Iqu_[JL.M:rw—v’:dKr\-i D K>

In the cartesian system, the line strength between two energy levels for an asymmetric rotor is given in Kef. 1,

itis
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hgUlt'> Jr)= o [<PTM [ 0g,| JTM>| %, )

where g indicates one axis in the body-fixed frame, x will be for this case, F one axis in the space-fixed frame, J' T’
and JT two energy levels, M and M’ the sub<quantum numbers in the space-fixed frame respectively for J and J”.
Tae summation in Eq. (4) extends over the three directions (X, Y, and Z) of the space-fixed system and over all values
of M and M'. The wave function ]JTM > is the linear combination of the Wang wave functions of the same J and M,

itis
[Jrai> =L C [ IKM >, &)
i
C}’s here are tie linear combination coefficients and K;’s the projection quantum numbers in the body-fixed system.

The procedure to calculate C;’s has been snown by King et al (14). Combining Egs. (4) and (5), we can write the line

strength along x-axis as

I = 1 ) 2
A0 T+ T)-i?]; o GG VKM oy [TKM > |2 (6)

By use of tie proper relations between the direction cosine 3y and its rotational representations shown in Eq. (3),

Eq. (6) can be written as

- o KM (D_ph _p)
A (3T +IT) = E i |G G < KM [1/2 (DY - DYy - DLy - D)

+i2 {4 + D5 -p{ - P )+ 1wz ] - I3 akps | 2. %

From Eq. (7), we find that there are two values for the second subscripts, they are 1 and -1, and that there are three

values for the first one, they are 1, 0, and -1, Classifying these two subscripts, we may write Eq. (7) as

A +Jr)= 1

z ¥ Iy s
bor wp G G VKM [(1/2+i/2) Dy o +

ar2-i2) DY -a DS [k Mis 2
or AT > Jr)= Ufl w12 4328 ¢ PRI D{EY IK M >

+(1/2-1/2)C; G<IKM D) [JKM >
/D € G <R D), PR M |2 (8)
where q’is | or-1. By means of the expression for integrating three D’s that has been derived as
TN [D{MIK N> = 0" i @i %

Kj q K M -q -M

x( (9)

Eq. (8) may be written as
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AT+ JT) = (2141)(20+1) [,_E,{_”'Kj ; cA{J Ead )2
1q 173 § .q’ =
'} 1
Xl 5 oM y J I & ] 5 A
M CDTIARFYD 0 Q)+ AR2-0D6 | )
IR DT
WG o 2117 (10)

Considering the orthogonality property of 3j symbols (15), we obtain the expression of the square of the absolute
value in Eq. (10) as

T T L i
l’f A
‘Ma1,0.-nM q w0

which gives value %2 Then we may reduce Eq. (10) to

-K. 5 S (S
AT FTT) = HRPH) QDD 1) GG ( e
uq

Kj et | ‘Ki

The values of Kj shown in the equation above will only be either even or odd, so that the power (-1) J does not
affect the phase of each magnitude but that of the summation. After being squared, the line strength shown above
will be

2 A
ok - 3 \ 2
AT > TORQPHEHDLE, GGl o K- (1)

3. The line strengths along y and z-axes

For the line strengths due to y-axis, considering the wave function shown in Eq. (5) witih the definition showns

in Eq. (4), using the linear combinations of the rotational representations fordirection cosine ®Fy shown in Eq.
(3). and classifving the values of two subscripts, we obtain the expression as
SR —3 ¥ TN siovkl) Smart ) il
AT HIT)= BTG G IRM [1(1/2-i/20Dy 1 - (12 +1/2)D 1 -(WDHDEY |
-ta/2-i20 - a2+ i20 ) -avad| KM > |2
or AT+ I1)EL I |C CaP<PKM? |(1/2 —i,I'"J)D“)- -(1/2+ UE]D“) s
y i MM 1 I sl < -lg
q'-1,1)
-2 D, Ik M > 2 (12)
“/ =0 i ; 2
Using the procedures from Eqs. (8) to (11), we may re-write Eq. (12) as
] 1 *
il =1 K AT -
AY{J T+ )T FA(2T +l)(2J+1)[ji_:q, G CJ q (Kj & _Ki)l g (13)
by use of the same procedures shown above, the line strength along the z-axis may be obtained as
AT T+ 1T E2T+D2IFD[ L C. C. ( dnd J")l3 (14)
z 5 : i 1)K 0 K :

The expressions J and K] siown in Eqs. (11), (13), and (14) are for the upper energy level and those J* and K; are

for the lower energy level. Since Kj or K; in Eq. (11) and (13) may be zero, the expressions there will be respectively
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modified to

J L ]
AT T1) = BERP+HIDIHDEC C VT ( l, 1)13 . (15)
X K @ K
e s, : A I S LI
and AT+ IT) = BEIHDEIFDEC G2 g (Kj & 'Ki)] . (16)

The magnitude v 2 here will be multiplied when either K; or K; is zero, the magnitudes of K; and K; are decided by
the energy submatrices as shown in Ref, 14,

II. Comparisons and Discussions

From Eq. (9) we realize that the matrix elements of the first-order rotational representations contain three parts,
J part, JK part, and JM part. Which is similar to those of the direction cosines. The summation over q(-1, 0, 1) in

spherical coordinates is physically similar to that over X, Y, and Z axes in cartesian coordinates.

The expressions explicitly in terms of 3j symbols in Eqs. (14),(15).and (16) represent the line strengths respec-
tively along the x-, y- and z-axes. From these three equations we realized the real line strengths are independent
of the space fixed orientations. It is similar to that the energy levels are independent of the space-fixed orientations.
Tiie reason for the latter is that the energies are functions of the molecular structures, and that for the former is that
the sum over the space-fixed quantities F, M, and M' have been taken into account as shown in Eq. (4). The line

strengths of the symmetric tops shown in Ref. 2.

b o e J NG
AS(J K+ JK)= (2] +l)(2]+l)(K 0 -K’) (17)
is a special case of that in Eq. (14). Some line strengths of propyne (16) have been calculated and shown in Table 1,

we find that the magnitudes agree with those shown in Table 2 in Ref. 15.

In order to check whether or not the line strengths shown in Eqs. (14), (15), and (16) are reliable, some line
strengths of the asymmetric parameter k= -0.5 have been calculated and tabulated. Table 2 gives the energy levels
for J=2 and 3. Table 3 shows the transition lines for Q-branch FAJ=0) and Table 4 for those of R-branch (AJ=1).
Table 5 gives the line strengths for a-type, Table 6 for b-type, and Table 7 for c-type. The magnitudes for A ; are
the line strengths shown in Table VI in Ref. 1. The energy levels shown in Table 2 were calculated by means of
representation 17(a +2z, b+ x, and ¢ +y) mentioned in Ref, 14, For instance the procedure for calculating the line

strengths of 22 1 3 12 (b-type) and 3 12* 322 (c-type) are shown as follows:

The wave functions for energy levels 251 and 3 are
2,1 = 22>
and 312 ==0.9970486[31 >+0.0767731 [33 > .
Using Eq. (11) with the wave functions shown above and expanding them, we have

Mp(2912312) = AIEx2+1)x(2x3+1)1[0.9970486 ¢ 1 3)

R (G

+09970486 C | Dywo0r67731C | 2y+00767331 C 12
: (1 -2} i (3 1 -2] P 3 -1 ‘2) ’
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By use of the requirement that Kj+(-q‘]+(—Ki)=0 for tine non-vanishing magnitudes of 3j symbols, we can reduce the

equation above as

2 301 2 YOS T
Ap(21%312)717.5109770486(, | ,H0.0767331G )15

3 2 3 1 2
and by use of the values (] 1 ~2)=0.09'J’5900 and i{3 a1 2 1=0.37796435, tne line strength will be Ab(221
3]2)=0.27924l, which agrees with 0.2792 calculated in Ref. 1,

The wave functions for energy levels 3|5 and 355 are 3|5 = 0.9970486 |31>+0.0767731 [33>, and 370= [32 >,
Same procedure as above is employed, and the phase due to q’ is considered, the line strength for 32+ 359 is ob-

tained as

(5]

3 3 3 3
N1 = 33)=A12X3+1)x(2x3+1)1 [0.9970486(1) )+ 00767731 (1) : )l

-1

which yields
?‘c(sl"’ - 322)=].627832. This is in agreement witih the value of 1.6278 as obtained by Cross et al.

IV. Conclusions

The relations between the direction cosine and the first-order rotational representations has been obtained by consi-
dering the transformation properties in both spherical and cartesian coordinates. The direction cosine matrix ele-
ments itas been proved to be able to expressed in terms of 3j symbols by integrating three D’s. The expressions of
the line strengtis along x-, y- and z-axes nave been derived. Some line strengths of water (17) and vinyle cyanide
(18) have been checked and found they agree very well. Tie line strengtas in terms of 3j symbols can also be ex-
tended to calculate the energy levels and line strengths of the Stark effects for both symmetric and asymmetric rotors.
The expressions in carteisan forms are equivalent to tiose in spherical forms, but the latter is mucn easier not only in
calculations but also in derivations. In addition, the expressions in terms of spherical forms can be easily extended to
include coupling angular momenta by means of the spherical tensor method, and the explicit forms are in terms of

nj symbols. Consequently a direct compulation canbe immediately followed.

In conclusion, the treatment presented in this work suggests a more convenient and alternate metiiod wilicn can
reduce much calculation work for the line strengths. Tne magnitudes of 3j symbols listed in Table VIII will be use-

ful for calculating line strengths for both symmetric and asymmetric rotors.
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Su: Line Strengths for Spectrum

Table VIII. The non-vanishing magnitudes of symbols used specially for rotational transitions.

J i J K. -q' =K, 3j symbols sguare of
J * 3j symbols
0 24 s 0 -1 & 0.5773503 0.3333333
0 1L 1 0 0 0 -0.5773503 0.3333333
0 1 1 0 1 =3 0.5773053 0.3333333
1 1 0 ] i | 0 0.5773053 0.3333333
Ll 1 0 0 0 0 -0.5773053 0.3333333
1 1 0 1 et 0 0.5773053 0.3333333
1 1 b | =31 0 1 0.4082483 0.1666667
1 1 1 =] 1 0 -0.4082483 0.1666667
1 1 1 =1 1 -0.4082483 0.1666667
1 1 & 1 w1 0.4082483 0.1666667
1 L i 1 -1 0 0.4082483 0.1666667
1 1 3 1 0 =1, -0.4082483 0.1666667
1 1 2 =] -1 2 0.4472136 0.20G60000
1 x 2 =] 0 i =0.3162278 0.1000000
1 1 2 =1 | 0 0.1825742 0.0333333
1 1 2 0 =1 1 -0.3162278 0.1000000
1 L 2 0 0 0 0.3651484 Q1333333
1 1 2 0 1 -1 -0.3162278 0.1000000
i i 1 2 1 -1 0 0.1825742 0.0333333
il 1 2 i} 0 -1 -0.3162278 0.1000000
1 1 2 1 1 -2 0.4472136 0.2000000
2 i 1 -2 1 1 0.4472136 0.2000000
2 = 1 -1 0 1 -0.3162278 6.1000000
2 1 1 -1 5 ) 0 -0,3162278 0.1000000
2 | L 0 -1 1 0.1825742 0.0333333
2 1 1 0 0 0 0.3651484 0.1333333
2 1 1 0 1 -1 0.1825742 0.0333333
ok TR 1 X -1 0 -0.3162278  0.1000000
2 L 1 1 0 =1 -0.3162278 0.1000000
2 1 1 2 -1 -1 0.4472136 0.2000000
- TR R - R 0 2 0.3651484 0.1333323
2 1 2 -2 i 5 -0.2581689 0.0666667
2 i | 2 =1 =1 2 -0.2581989 0.0666667
2 1 2 «3 0 1 -0.1825742 0.0333333
2 5t 2 -1 3 0 0.3162278 0.1000000
2 1 2 0 -1 L 0.3162278 0.1000000
2 1 2 & -1 -0.3162278 0.1000000
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-0.3162278
0.1825742
0.2581989
0.2581989

-0.3651481

0.3779645:

-0.2182179
0.0975900
-0.3086067
0.2760262
-0.1690309
0.2390457
-0.2927700
0.2390457
-0.1690308%
0.2760262
-0.3086067
0.09759200
-0,2182173
0.3779645
0.3779645
-0.2182179
-0.3086067
0.09275900
0.2760262
0.2390457
-0.169030¢2

~0.,2527700
-U.16903 09

0,239 0457
0.276 0262
0.0975900
-0.3086067
=0.2182179
0.3779645
0.3273268
-0.1889822
-0,1889822
=0.21821 7%
0.2439750
0.2439750
0:1021089
~0.2672612
-0.2672612
0.26728612

rs

0.100G000
0.0333333
0.0666667
0.0666667
01333333
0.1428571
0.0476190
0.0095238
0.0952381
0.0761905
0.0285714
0.057142%2
0.0857143
0.0571429
0.0285714
0.0761905
0.0952381
0.0095238
0.0476190
0.1428571
0.1428571
0.04756190
0.0952381

© 0.0085238

0.0761905
0.0571429
0.0285714

0.0857143
0. (285714

U, 0571429
0. 0761905

0,0095238
0.0952381
0.0476190
0.1428571
0.1071429
0.0357143
0.0357143
0.0476190
0.0595238
0.0595238
0.0119048
0.0714286
0.0714286
0.07142886

71



72

bl S T S RN VO SR
s
ahbhnpwuumuumuuuuumwuwwwuwuuwuwwwuu

F O e
it e e T T T I USRS o U I S L

R G W W W W W G Wt

Wow owow
Wkl e LG W R WK G s S e B S G N ST " G SO N Y

'hwaMMMI—JHHQQO

UL S IS TR, RN
N NN oW ow

T
Bl R e s gy e e e

= Oy

0

-1
-2

A T I |
= W N W

O H O H N KKK WK W W

L | I
N = oo

0,2672612
-0.1091089
~0.2439750
-0.2439750

0.2182179

0.1889822

0.1889822
~0.3273268

0.3333333
-0.1666667

0.0629941
-0.2886751

0.2182179
~0.1091089

6.2439750
-0.2439750
0.1543034
~0.1992048
0.2519763
-0,1992048
0.1543034
~0,2439750

0.2439750
-0.1091089

0.2182179
-0.2886751

0.0629941
~0.1666667

0.3333333

0.3333333
-0.1666667
-0.2886751

0.0629941

0.2182179
0.2439750
-0.1091089
-0.2439750
-0.1992048
0.1543034
0.2519763

0.1543034

~0.1992048

-0.2439750

-0.109108%
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0.0714286
0.011904¢8
0.0595238
0.0595238
0.0476190
0.0357143
0.0357143
0.1071429
0.1111111
0.0277778
0.0039683
0.0833333
0.0476190
0.0118048
0.0595238
0.0595238
0.0238095
G. 0396825
0. 0634921
0. 0396825
0.0238095
0.0595238
0.0595238
0.0119 048
0,0476190
0.0833333
0.0039683
0.0277778
0.1111111
& {088 G B 5 2 B 0
0.0277778
0.0833333
0.0039683
0.0476190
0.0595238
0.0119048
0.0595238
0.0396825
0.0238095
0.0634921
0. 0238095
0.0396825
'0.0595238
0.0119048
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0.2439750
0.2182179
0.0629941
-0.2886751
-0.1666667
0.3333333
0.2981424
=0,1490712
-0.1490712
-0.2236068
0.1972027
0.1972027
0.1490712
-0.2236068
-0.2236068
-0.0745356
0.2357023
0.,2357023
-0.2357023
-0.2357023
0.0745356
0.2236068
0.2236068
-0.1450712
-0.1972027
-0.1972027
0.2236068
0.1490712
0.1490712
-0.2981424

0.0595238
0.0476120
¢. 0039683
0.8333333
0.0277778
<1 1LELEL
0.0B88EB8Y
0.0222222
0.0222222
0.0500000
0.,0388889
0.0388889
0.0222222
0.0500000
0.0500000
0.0055556
0.0555556
0.0555556

0.0555556

0.0555556
0. 0055556
0.050C0G00
9.0500000
0.0222222
0,0388889
0.038888%9
0,0500000
0.0222222
0. 0222222
0.0888889
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