The Journal of National Chigo Tung University
Vol 2, December 1976
pp. 111-122

WA AR HR
Some Optimal Continuous Sampling Plans

#A A Chiu-Yung Tai

Department of Transportation Management, N. C. T. U

(Received October 192, 1976)

ABSTRACT — Beattie (1962) proposed a continuous acceptance sampling plan
for attributes inspection which seems to appear well-suited and applicable to
the situations when production is continuous, sampling test is destructive, a
constant sampling rate is required, and discrimination between two quality le-
vels is required with a small sample size. Prairie andZimmer (1973) presented
brief urderlying mathematics and provided tables and graphs of the ARL for a
variety of plans to aid in the design and evaluation of Beattie's continuous
acceptance sampling procedure. However, their approach suffers the restric-
tion that the parameters are integers. In this paper, a method for deriving
the non-integer parameters is proposed, we begin by discussing the previously
published method. Then we describe our new approach. Finally, some tables
and graphs are provided for determining a plan along with examples of their
use.

I. Introduction

Consider, for instance, the situation that a continuous flow of manufac-
tured products are submitted for the final inspection, each item is classified
as defective or non-defective. It is desired to accept or reject the product
based on the number of defectives observed, where the sampling test may be
destructive, the number of items available for testing is relatively small,
and the sampling rate is required to keep constant. 1t is desired to discri-
minate between the prescribed Acceptable Quality Level (AQL) Py and Rejectable
Quality Level (RQL) Py such that the procedure should accept (reject) at Py
(92) with a high probability. A procedure that appear to be well suited for
this type of situation is one developed by Beattie (1962) which based on cu-

mulative sums.

Beattie's CSP is to set up a cusum chart which has an accept =zone and a
reject zone for the cusum. A small sample of size n is selected at regular
intervals of time from the process and the number of defectives y in the sam-
ple is recorded. A reference valuekis chosgn such that the cusum Sm=z(yj—k)
decreases if pP=pP; and increases if p=p,, this allows the decision lines {Sm=
h and sm=h+h*) on the accept and reject zones to remain horizontal. The cusum
Sm is computed and plotted according to the rules below. An example is shown
in Fig. 2 (see later).
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The rules for plotting are as follows:

(1) start the cumulation at zero.

(2) Accept product as long as Sm<h. When Sm<0, return the cumulation to
Zero.

(3) Reject product when Sm;h, restart cumulation at Sm=h+h* and continue
rejecting product until S, <h. When Sm>h+h*, return cumulation to h+h*.

(4) When h is crossed or reached from above, accept product and restart

cumulation at zero.

In the above description, values of n, k, h and h* can be found so that
product will be accepted 100(l-@)% of the time when P=P; s i.e., P(a[pl)=1—u
and rejected 1008% of the time when p=p,, i.e., P(a|p,)=8.

When the sampling rate is the same in both zones, the probability of ac-

ceptance (the proportion of product accepted) for a given quality p is

o, L(O,p]
P(2[P)= £75,p) + L¥(B#0%,p)

Where L(0,p) is the ARL in the accept zone and L* (h+h*,p) is the ARL in
the reject zone. By ARL we mean the average number of samples taken before
the cusum reaches or across the decision line.

A common method of evaluating the suitability of a sampling plan to a par-
ticular situation is the OC curve. If we have a large collection of sampling
plans and corresponding OC curves, and can choose a curve that describes our
required degree of discrimination, (i.e. satisfies the specified g and g) we
can then choose the'appropriate plan.

To obtain the OC curve for a given Beattie's plan, it is necessary to find
solutions for L(0,p) and L* (h+h*,p) for various valuesofn, k, h and h*. The
values of L(0,p) and L*(h+h*,p) canbe computed by the following two equations
derived by Ewan and Kemp (1960) which may be solved iteratively or by standard
matrix inversion methods.

1
In the accept zone, let L(z,p) denote the ARL for the Beattie's plan which
starts at a point z units above the 0 boundary.

h=-1 k-2
L(z,p)=1+ I L(y,p)f(y+k-2z)+L(0,p) I f(x) (2.1)
Y=l x=0

z=0,1,2,...h=-1. 1In the reject zone, let L*(z,p) denote the ARL which the first
cumulation starts at a point z units below the h+h* boundary. Then

h*-1 w
L*(z,p)=1+ I L*(y,p)f(z-y+k)+L*(h+h*,p) ¢ f(k+x) (2.2)
y=1 : X=Z

z=h+1,h+2,...h+h*, in each equation f(x) is the probability of having exactly
x defectives in the sample; f(x) is taken here as the binomial or Poisson den-
sity functions.
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Prairie and Zimmer (1973) presented brief underlying mathematics to Beat-
tie's acceptance sampling plan, and provided graphs and tables for determining
a plan under the binomial assumption and the Poisson approximation. However,
the parameters of the plans are restricted to be positive integers.

Based on an empirical and an intuitive argument, Ewan and Kemp (1960) con-
jectured that the optimal choice of k is np, where n is the sample size, and
= is a value between Py and Py As long as k is restricted to be an integer,
large sample size will be required for small fraction defective. In order to
minimize the amount of sampling needed to satisfy the desired requirement and
still allow k to be equal to np, without the necessity for a large sample size,
a fraction value of k is proposed. In this paper, we describe the Beattie's
procedure with non-integer parameters, and present tables and graphs for de-
termining a plan to discriminate between the prescribed AQL and RQL. Under
the binomial assumption and the Poisson approximation.

Il. The Non-Integer Parameters Approach

In order to illustrate the procedure for the non-integer situation, con-
sider the following hypothetical situation. Suppose aplan is defined by n=5,

k=2/3, h=2, h*=1, the results from 15 samples are given below.

Sample 1 2 3 4 5 6 7 8
da i & 0 2 1 i 0 1 0
d-k 1/3 -2/3 4/3 Lr3 1/3 =2/3 1/3 -2/3

S 1/3 =1/320 4/3 573 2—+3 7/3 8/3 2— 0
Sample 5 10 p 3 A 12 13 14 15
d 0 2 0 i 1 0 1
d-k -2/3 4/3 -2/3 1/3 143 -2/3 1/3
Sn ~2/3s0 4/3 2/3 1 4/3 2/3 1

FPigure 1. The numerical cumulative sum tabulation.
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Figure 2. Form of cusum chart for the acceptance of
the continuous production process.
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With this plan, accept or refect decisions are made regularly on the basis
of the sample at hand together with preceding ones.

11l. ARL Derived with a Markov Chain

Beattie's continuous sa.mpling plan with sample sizen is determined by the
parameters (k,h,h*). Let k= , both s and t are integers, s is not a multiple
of t. The variable (y-k) w111 have (n+l) possible values; i.e., y—k—y-———,y-{},
1;2s0.20l. ‘We detlne the symbol z to be the number of steps of size % above 0

sh sh s (h+h
represented by %(y ~K) . ‘That is, z2=0,1,2,. T ,—+1 ——+2,...—‘—k—*) is equi-
valent to E(yj—k}no, %, 12:, h, h+1J_:,...h+h* We assume h tobe a multiple of
*
k although it is not necessary. For convenience, we define Z= =81 ang gw=_SH~ 5

k k.
Both Z and 2Z* are integers. (They are the sizes of matrices for the accept

zone and the reject zone.)
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Figure 3. Matrix P for the accept zone when K=[%]=D

The accept part of the cusum plan can be considered as a Markov chain with
Z transient states (which altogether compose the accept zone) represented by
z=0,1,2,...%-1 and one absorbing state (the reject zone)represented by z > 7.
The transition matrix P is given as shown in Figures 3 and 5 where state i is
z=i for i=0,1,2,...,2-1 and state % is z>%. The matrix of transient statesQ,
is formed by removing the last row and column from P. The fundamental ma-
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" i b 3 5
trix is N=(I-Q) ~, (see example in Figure 4), and the ARL having started at z
=0 is given by the sum of the elements of the first row of N. (The sums of
the other rows give the ARLs having started at the other levels.)

Let n=3, k=2/3, h=3 we have the matrix for accept as follows

“£(0) £(1) 0 0 £(2 © 0 £(3 o0 0
Sy 0 E@y 0 0 £ 0 @ £33 ©°
£(0) 0 0 f(1) © (o] £(2) 0O 0 £(3)
0 £ 0 g~ EfL)- g €£(2) '@ £(3)
o ©0 £(0) 0 0 £(1) o 0 £(2) £(3)
¥ e o O O £(0) 0 0 £(1) 0o 0 s(3)-s()
0o o0 ©0 0 £(0) 0 0 £(1) 0 s(3)-s(l)
0 0 ©0 0 O f£(0 0 0 £(1) s(3)-s(l)
6o o o o6 0 0 £(0 0 0 s(3)-s(0
LO 0 [¢] 0 o] (¢} 0 Q 0 1
(1-£(0) -£(1) © 0 -£(2) © 0 -£(3) o
-£(0) 1 -£(1) 0 o -£(2) © 0 -£(3)
-£(0) 0 1 -£(1) © 0 -£(2) © 0
0 ~£(0) O 1 -£(1) o0 0 -£(2) ©
R . 0 o -£@© ©0 1 -f1) 0 0 =£(2)
Le] 0 0 £ (0) 0 b3 -£(1) O' 0
0 0 0 0 -£(0) O I «Et3) |0
0 0 0 0 6 -£(0) O 1 =£(1)
0 0 0 0 0 0o -£(0) 0 1
n
where s(n) = L ; £(i)
i=0

Figure 4. Example for K=0 in the accept zone

Similarly, the reject part of the cusum plan can be regarded as a Markov
chain with 2Z* transient states represented by z=Z+Z*, Z+Z*-1,.......%Z+l andone
absorbing state, where state Z is 2<% and state i is z=i for imBF), ZH2,000nes
Z+Z*., The ARL starting at z=Z+Z* is given by the sum of the elements of the

last row of N.

Further details of Markov chain theory canbe found in Finite Markov chain
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by Kemeny and Snell (1959) and Stochastic Processes by Parzen (1962) .

NEXT STATE
(k+1) t-s (k+2)t-8 nt-s z=-1 z
=~ ~
o [stk) 0...0 £(k+1)0...0 £(K+2) 0...0 £(n) Ouvuvuranness.0
s (k) £ (k+1) £ (k+2) f(n)_
. : b St TEm)
; : \\\ \\ 0 £ (n)-
t-1|s(k) 0 £(n)
t |s(k-1) £(k) S £ (n):
P EERARE B e £lk+2) .
B 2t-1s(k-1) 0 s (n) -s (k+1)
& s(k=2) £(k-1) 0 s(n) -s (k+1)
@ v 0 5 4
& 3 o S e o :
& y e L £(k+1) s(n)-s(k)
n Kt| s(0) £(k-2) P 0 \\ s(n)-s(k)
& s(0) O - L Yo, 3
i 3 \\"\ 0 \\\-. ..\\
TRt T R S G
0 £(0)
0 - ki .
z-1f 0 £(0) £(k-2) f(k-1) fék) 0 s(n)-s(k)
> B e b e PRSP N P ensman erJessasensn Vesanunans .
. -

Figure 5. Matrix p for the accept zone when K>1.

From now on, let L*(h+h*,p) denote the ARL in the reject zone for integer
values k, h, and h* and L*(Z+%*,p) for non-integer value of k, h, and h*.

IV. Computations

For given n; k, h and h* we can use the matrices (I-Q) derived in the pre-
ceding section to solve numerically for L(0,p) and L* (2+2*,p) to satisfy the
specified a and B values over a suitable range of p by using computer. Results
of the computations are similar to the Figures 9 through 12, where the figures
shown are curves of ARL versus product gquality for the different value of n,k,
h and h*. In the Figures 9-10, curves of L(0,p) and L*(Z+%Z*,p) are given for
the binomial case and in Figures 11-12 for the Poisson case. Note that the bi-
nomial would generally be the distribution to be used; however, when the Pois-
son provides a good approximation to the binomial, it is more convenient to use
the Poisson distribution. In TABLE 2 (see later) some specific plans are given
for various levels of guality. These plans are such that P(a|p1 (oxr mll )=0.95,
P(a|p2tor m,))=0.10 and L(0,p,(or my)) is less than 6.
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V. lllustrations and the Design of a Sampling Plan .

(1) Suppose that a plan is selected with a uniform sampling rate and n=5,
k=3/8, h=1l,h*=1, Using Figures 9 and 10, the OC curve can be obtfained Pu(alp]
is shown in Figure 6 as a function of quality for some selected values of p.
If the sampling rates r, and r,. are not taken to be egual, a significantly
different OC curve will result. Figure 7 illustrates the OC curve for the same
plan as just described but with ra=0.1 and rr=1.0. Some values of Pv(a1p) as

a function of guality as shown in Figure 6.

P 0.01 0.02 0.05 0.10 0.18 0.20
Pu(aipJ 0.989 0.957 0.765 0.389 0.090 0.060
Pv(aipl 0.999 0.996 0.970 0.864 0.497 0.390

Figure 6. Tabulation for comparison of Pu{alp) and
P, (a|p)

0.01

Figure 7. Graphical comparison of OC curves for Pu(a|p)
and Pv(a|p) with n=5, k=3/8, h=1 and h¥*=l.

A plan with ra=0.l, rrzl.D, and the same protectionat p=0.18,i.e. ,P(a[D.lB)
=0.10 can be obtained by changing h* and thus L*(Z+Z*, 0.18). For instance,
the same protection at p=0.18 is provided by the original plan results from

using h*=2 instead of 1.
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Figure 8. Graphical comparison of ARL with n=5, and h=1,
h*=2 and various k wvalues.
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Figure 9. ARL in the accept zone for the binomial sampling
with n=5, k=3/8 and h*=1(1)5.
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Figure 10. ARL irdthe reject zone for the binomial sampling
with n=5, k=3/8 and h*=1(1)5.
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Figure 11. ARL in the accept zone for the Poisgon sampling
with k=2/7, h=1(1)5.
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Figure 12. ARL in the reject zone for the Poisson sampling
with k=2/7, h*=1(1)5.

TABLE 1

Comparison of some plans of sample size n=5 with .various wvalues of k such that

P(a|p'l)=0.95 and P(a|p2)=0.10 (binomial case)

L(0,p) L*(Z2+2%,p)

!

bt Py ®, Py Py
136.3 IT10 T.22 | 4%.2% 0.93 0.10
193.5 8.22 5.81 57.08 0.96 0.09

2
2
2 140.9 1302 522 44.27 0.95 0.11
2
2

Plalp.) Plalp,)
1 2
Pl p2 k

0.01 000 T 279
0,01 .09 | 277
0.015 0.11 3/8
0.05 0.26 1
0.13 0.43 - 543

48.8 2.60 2.38 20.45 Q55 0.10
52.3 2.55 2.5L 22.97 0.95 0.10

H - R T

i

(2) Suppose we fixed the value of n, h, and h*, from TABLE 1 or Figure 8,
the smaller value of k will give sharper OC curve.

(3) When h and h* are fixed, a smaller value of k requires smaller sample
size to get the same probability of accepiance. For instance, let h=1 and h*=l,
P(a]pl)=0.95 and P(a]pz}=0.10, from TABLE 2 we observed that when k=2/9, n=5
while k=3/8, n=10. This is one of the advantages to use a non-integer value k.
Because if the sample size reguired is small, we can save inspection costs.
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TABLE 2

Some specific plans with P[a[pl)=0.95 and P(a[p2)=0.10 (Binomial case)

L(0,p) L*(Z+2%,p)
Frai gy Bheok sl Py Py Py Py
n.02 0.17 5 2/9 4/3 2/3 55,32 3.68 2.86 25.35 0.94 0.10
OuL 1 ORI 15 279 and herd 146.3 5.77 4.30 38.40 0.96 0.10
0.02 0.12 5 2/9 2 1 200.0 6.73 6.18 48.39 0.97 0.11
0.01 0.09 10 3/8 1 1 80.47 3.67 2.97 25.96 0.96 0.10
0.02 0.10° 10 3/8 2 1 92.59 4.53 4.13 34.54 0.95 0.11

1 1

S

2 1

P(alp,) P(alp,)

0.07 0.27 10 5/3 33.34 1.69 1.82 14.37 0.95 0.11
0,86 10423 38 5/3 50.74 2.47 2,31 21.01 0.95 0.10
010 029 1053 43.10 2.12 2.36 19.44 0.95 0.11

(Poisson case)

L(0,p) L¥(Z2+2%,p)

5 2 My Ry

T 102,00 4.71 3.52 31.39 0.96 0.10
1 66.29 3.74 290 25.76 0.95 0.10
1 88.58 4.51 3.92 35.14 0.95 0.10
1 98.63 5.24 4.88 43.35 0.95 0.10
2 47.71 2.44 2.18 19.58 0.95 0.10
3
4
3
3

-~ 3 . 2 P(alml)P(ﬂnu)
0.07 0.72 0.10 2/7
) 0.94 0.12 3/8
0.20 1.46 0.19 3/8
0.27 1.14 0.24 3/8
0.57 2.46 0.23 5/3
0.53 2413 0.25 5/3
0.50 1.94 0.26 5/3
0.80 2+.29 0.35 5/3

1.00 2.40 0.42 5/3

57.86 3.00 2.68 24.09 0.95 0.10
67.61 3.83 3.16 28.56 0.95 0.10
74.96 3.76 3.65 32.93 0.95 0.10
90.74 4.57 4.59 41.16 0.95 0.10

W N MR W8N T

(4) Suppose we would like to find a plan with two points fixed on the OC
curve, P{a|p1}=0.95 and P(a|p2)=0.10. To get the desired plan through use of
the figures 1is difficult, because it requires much trial and error. It may
be easy to find a plan that will provide the desired P(a|p,), but a lotof jug-
gling may be needed to £ind a plan that has both the desired P(a |pl) and P(a |p2] 3
To aid in selecting a plan, TABLE 2 can be used.

A plan may be selected directly under the binomial heading if the required
Py and p, are available. For example, if a plan with a P(a|0.01)=0.95 and
P(a|0.09)=0.10 is desired, then the parameters n=10, k=3/8, h=2 and h*=1 will
define a plan with approximately the characteristics wanted. For situations
where a Py and a p, are desired which are not given under the binomial plans,
one of the Poisson plans may be used. To use the Poisson plans, first calcu-
late the ratio R=pl/p2 and then looking at TABLE 2 that has a valueof R close
to the one computed and use the plan given on that line. For instance, suppose
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we would like to find a plan with pl=0.01 and p2=0.1, R=0.1 and the plan given
for R=0.1 is h=1, h*=1 and k=2/7. For such a plan m1=0.07 and m2=0.‘?2. From
the relation m=np, we have n=0.07/0.01=7, and a plan n=7 and the parameter val-

ues given above will have the required Py and Py-

(5) Assume that a plan is desired with P(a]0.005)=0.95, and that an ARL in
the reject zone L*(Z+Z*,0.005) of approximately 5 would be acceptable. Then
P(alD.005)=L(0,0.005]/_L((0,0.005)+L*(Z+Z*,0.005) ¥L(0,0.005)/L(0,0.005)+5)}0.95,
L(0,0.005)=95. From Figure 14, it is seen that a planwith k=2/7,h=2 and hence
m=0.15 could be used. Using the relation m=np, the necessary sample size with
m=0.15 and p=0.005 is n=30. From Figure 12 it is seen that L*(Z+%Z*, 0.005) is
approximately 5 for m=0.15 and h*=1. Thus a plan with k=2/7, h=2,h*=1 and n=
30 gives the desired characteristics.
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