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ABSTRACT — Let X be an :5¢Lspace. Then every weakly compact operator on

X has a weakly compact extension to any Banach space containing X. Asan app-
lication, every strongly additive map on a o-algebra I has a strongly addi-
tive extension to any o-algebra containing I.

Let X be an Je-space in the sense of Lindenstrauss and PeYczynski [3]. An
interesting linear extension property of operators on X is given in Theorem 1.
In the light of the relationship between vector— measures and cperators on
specific i?—spaces, which was exploited by Diestel in [1], we derive some app-
lications of Theorem 1 to extensions of vector measures. To be precise, Theo-
rem 2 asserts that every strongly additive map on a o-algebra has a strongly
additive extension to any o-algebra containing I. An analogus extension theo-
rem for bounded additive map is stated in Theorem 3.

THEOREM 1. Let X be an xﬁ—space. Then for every Banach space Z contain-
ing X, every Banach space ¥, and eve:y weakly compact operator T:X+Y,there
exists a weakly compact extension T: g-v.

Proog. Let Y be a Banach space and T:X+Y a weakly compact operator. Ob-
serve that the second adjoint operator T**:X**ay*% iga linear extension of T.
Now since T is weakly compact, T** is weakly compact and T**(X**)cy.

Let Z be a Banach space containing X, then X** can be regarded as a sub-
space of Z**, Moreover, X is an &?—space, hence X** is an injective space
[3, p-291] and therefore, X** is complemented in Z**. Let P be a projecticn
of Z**onto X**, It follows that T** can be extended toa.boundedlingaropera—
tor T on Z** with range in Y. Explicitly, %=T**P. The restriction‘T of T to

Z is then the desired bounded linear extension of T.

Remark. A slight modification of the proof shows that if X, Y are Banach s-
paces such that X** i¢ injective andY is complemented in Y** (e.g.,, any L-s-
pace or any dual space), then a bounded linear operator from X to Y can always
be extended to each space containing X.
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Let 0 be a set, I a g-algebra of subketsof {I, and B(Q,I)the Banach space
of bounded, scalar-valued, I-measurable functions definedon{i; it is shown in
[2] that B(Q,L) is isometrically isomorphic toa C(S) space with S a g-Stonian
space, 1i.,e., the closure of open Fd—subsets of S are open. Let p:I+Y be a
bounded additive set function; then p defineds via integration,a bounded lin-
ear operator fdu:B(Q,Z)+¥. Conversely, every bounded linear operator onB(f,I)
to Y is uniguely represented as an integral with respect to some bounded addi-

tive map u.

We say that p is strongly additive if, whenever given a sequence of pair-
wise disjoint setsA eI, we have 1(A,)+0 as n+=. We mention a result of Dies-
tel [1]: If [dy : B(R,I)+Y is weakly compact theny is strongly additive. Con-
versely, if Y is strongly additive then [dp is weakly compact. This together
with a result of Rosenthal [4, p.32] implies that if Y contains no subspace
isomorphic to 2% then p is strongly additive.

THEOREM 2. Let Zc, I be og-algebras of subsets of a set 0 with EOCZ‘. Let
u°=ZO+Y be strongly additive. Then u, can be extended to a strongly additive
map p:I+Y.

Prooq. uozzo-»Y is assumed to be strongly :dditive, hence Iduoz Bm,zomr is
weakly compact. Note that B(Q,EO) is an o -space since it is isometrically
isomorphic to a C(S) space. Also Zé:Z, so that B(Q,}:O)CB(Q,EJ. By Theorem 1,
Iduo can be extended to a weakly compact operator on B(@,I), which is describ-
ed as an integration with respect to some bounded additive set function y.
¢4 is then strongly additive and clearly is an extension of Lo

On account of remark of Theorem 1, we have

THEOREM 3. Let ED,Z be o-algebras of subsets of a set f with Eé:ﬁ. Assume
that ¥ is.complamented in Y**, Then every bounded additive map Byt EO+Y can
be extended to'a bounded additive u: E+Y.
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