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Abstract

A special wire circuit with an appropriate layout was designed and formed on printed circuit board (PCB). After a

current flowed through the wire circuit, the magnetic field was induced according to Ampere’s law and a fine magnetic

pole pitch of less than 1mm was fabricated. Three-dimensional formulas are presented for computing the magnetic flux

density of fine magnetic pole pitch fabricated on PCB. These formulas are expressed in terms of finite sums of

elementary functions and enable rapid parametric studies of the magnetic flux density distribution relative to wire

width, wire thickness, dimension of magnetic pole pitch, etc. They are easily programmed and have been successfully

verified by experimental measurements.

r 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Magnetic encoder is widely used in detecting the

rotation speed, position and angle in many precise

control systems. It consists of a magnetic reading device

and a multi-pole magnetic component with fine mag-

netic pole pitch. The resolution can be improved

effectively by narrowing the magnetic pole pitch. Using

the traditional methods, the magnetic pole pitch of less

than 1mm was very difficult to be achieved and a costly

complicated magnetization system was required [1,2].

Fine magnetic pole pitches of less than 1mm can be

easily fabricated by using PCB technology and it has
- see front matter r 2004 Elsevier B.V. All rights reserve
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been investigated possessing of a periodic structure as

shown in Fig. 1.

In this paper, three-dimensional analytical expressions

are derived for computing the magnetic flux density of

fine magnetic pole pitch fabricated on PCB. The analysis

is based on the assumption of a current with a uniform

density flowing through the wire circuit. The formulas

are given in terms of elementary functions and are

readily programmed. They are suitable for parametric

design and optimization.
2. Theory

Several techniques can be used for computing the

magnetic flux density of fine magnetic pole pitch

fabricated on PCB due to the current induced. Here is
d.
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to model the wire circuit as distributions of uniform

current density and then compute the magnetic flux

density. According to Biot–Savart law [3], a finite length

L and straight wire carrying a steady current I as shown

in Fig. 2a, the magnetic flux density at a point P with a

distance r is given by

~B ¼
m0I
4pr

affiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ r2

p þ
bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b2 þ r2
p

 !
f̂; (1)

where m0 is the permeability of free space.

Actually, the cross-section of circuit wire on PCB is

not circular but rectangular which can be discretized

into a mesh of indexed elements as shown in Fig. 2b.

These elements are equal in area containing the same

amount of current density. Both wire width T1 and wire

thickness T2 should be considered when T1 � r and

T2 � r: Each small element is a finite length and straight
wire and therefore the magnetic flux density can be
gap

T1
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d

Fig. 1. Special wire circuit with a periodic structure on PCB.
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Fig. 2. Mesh of cross-section a
calculated by Eq. (1). After summing the contribution of

each element, the total magnetic flux density ~B in z

component is given by

Bz ¼
Xm1

n1¼1

Xm2

n2¼1

m0i
4pRn1;n2

�
affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ R2
n1;n2

q þ
bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b2 þ R2
n1;n2

q
0
B@

1
CA sin y; ð2Þ

where n1 and n2 are intergers, m1 and m2 are ‘‘mesh’’

parameters that characterize the discretization of the

cross-section of wire and y is the angular offset of x-axis.

The paramters of i, Rn1;n2 and sin y are given by

i ¼
I

m1m2
; Rn1;n2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2n1 þ z2n2

q
;

sin y ¼ rn1=Rn1;n2; ð3Þ

rn1 ¼ r �
n1

m1
T1


 �
; zn2 ¼ z �

n2

m2
T2


 �
ðn1 	 m1; n2 	 m2Þ: ð4Þ

The wire circuit fabricated on PCB in Fig. 1 can be

redrawn as shown in Fig. 3. Each part can be treated as

a finite length and straight wire carring a steady current

and therefore the magnetic flux density can be calculated

by Eq. (2). Consequently, the total magnetic flux density

at any position on PCB can be acquired after

accumulating all contributions of each part. As a result,

the magnetic flux density in z component on the central
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Fig. 3. Geometrical structure and dimension of wire circuit.
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pole from all areas in Fig. 3 can be obtained after

superposition.

At Area 1, the contribution of Bz_A1 is given by

Bz_A1 ¼
Xm

n¼1

Xm2

n2¼1

Xm1

n1¼1

m0i
4pR_A1

�
affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ R_A12
p þ

bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ R_A12

q
0
B@

1
CA

� sin y_A1� ð�1Þn�1 ðn ¼ 1 	 mÞ; ð5Þ

R_A1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r_A12 þ z_A12

q
;

sin y_A1 ¼ r_A1=R_A1; ð6Þ

r_A1 ¼ r �
n1

m1
T1


 �
þ ðn � 1ÞðT1þ gapÞ;

z_A1 ¼ z �
n2

m2
T2; ð7Þ

where n is an integer and m is the number of wire.

At Area 2, the contribution of Bz_A2 is given by

Bz_A2 ¼
Xm

n¼1

Xm2

n2¼1

Xm1

n1¼1

m0i
4pR_A2

�
affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ R_A22
p þ

bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ R_A22

q
0
B@

1
CA

� sin y_A2� ð�1Þn�1 ðn ¼ 1 	 mÞ; ð8Þ
R_A2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r_A22 þ z_A22

q
;

sin y_A2 ¼ r_A2=R_A2; ð9Þ

r_A2 ¼ ðw � rÞ �
n1

m1
T1

� �
þ ðn � 1ÞðT1þ gapÞ; (10)

z_A2 ¼ z �
n2

m2
T2; w ¼ ð2T1þ gapÞ: (11)

At Area 3 (on the top side), Bz_A3t is given by

Bz_A3t ¼
Xm

n¼3

Xm2

n2¼1

Xm1

n1¼1

m0i
4pR_A3t

�
h_A3tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

h_A3t2 þ R_A3t2
p

0
B@

�
h_A3t � wffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðh_A3t � wÞ2 þ R_A3t2
q

1
CA

� sin y_A3t � ðþ1Þ; ð12Þ

R_A3t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r_A3t2 þ z_A3t2

p
;

sin y_A3t ¼ r_A3t=R_A3t; ð13Þ

r_A3t ¼ ðT1þ aÞ �
n1

m1
T1;

z_A3t ¼ z �
n2

m2
T2; ð14Þ

h_A3t ¼ r þ ðn � 1ÞðT1þ gapÞ

ðn ¼ 3; 5; 7; . . . ;mÞ: ð15Þ
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At Area 3 (on the bottom side), Bz_A3b

is given by

Bz_A3b ¼
Xm

n¼2

Xm2

n2¼1

Xm1

n1¼1

m0i
4pR_A3b

Z

�
h_A3bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

h_A3b2 þ R_A3b2
q

0
B@

�
h_A3b � wffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðh_A3b � wÞ2 þ R_A3b2
q

1
CA

� sin y_A3b � ð�1Þ; ð16Þ

R_A3b ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r_A3b2 þ z_A3b2

q
;

sin y_A3b ¼ r_A3b=R_A3b; ð17Þ

r_A3b ¼ ðT1þ bÞ �
n1

m1
T1;

z_A3b ¼ z �
n2

m2
T2; ð18Þ

h_A3b ¼ r þ ðn � 1ÞðT1þ gapÞ

ðn ¼ 2; 4; 6; . . . ;mÞ: ð19Þ

At Area 4 (on the top side), Bz_A4t is given by

Bz_A4t ¼
Xm

n¼3

Xm2

n2¼1

Xm1

n1¼1

m0i
4pR_A4t

�
h_A4tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

h_A4t2 þ R_A4t2
p

0
B@

�
h_A4t � wffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðh_A4t � wÞ2 þ R_A4t2
q

1
CA

� sin y_A4t � ðþ1Þ; ð20Þ

R_A4t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r_A4t2 þ z_A4t2

p
;

sin y_A4t ¼ r_A4t=R_A4t; ð21Þ

r_A4t ¼ ðT1þ aÞ �
n1

m1
T1;

z_A4t ¼ z �
n2

m2
T2; ð22Þ

h_A4t ¼ ðw � rÞ þ ðn � 1ÞðT1þ gapÞ

ðn ¼ 3; 5; 7; . . . ;mÞ: ð23Þ
At Area 4 (on the bottom side), Bz_A4b is given by

Bz_A4b ¼
Xm

n¼2

Xm2

n2¼1

Xm1

n1¼1

m0i
4pR_A4b

�
h_A4bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

h_A4b2 þ R_A4b2
q

0
B@

�
h_A4b � wffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðh_A4b � wÞ2 þ R_A4b2
q

1
CA

� sin y_A4b � ð�1Þ; ð24Þ

R_A4b ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r_A4b2 þ z_A4b2

q
;

sin y_A4b ¼ r_A4b=R_A4b; ð25Þ

r_A4b ¼ ðT1þ bÞ �
n1

m1
T1;

z_A4b ¼ z �
n2

m2
T2; ð26Þ

h_A4b ¼ ðw � rÞ þ ðn � 1ÞðT1þ gapÞ

ðn ¼ 2; 4; 6; . . . ;mÞ: ð27Þ

At Area 5, the contribution of Bz_A5 is given by

Bz_A5 ¼
Xm2

n2¼1

Xm1

n1¼1

m0i
4pR_A5

w � rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðw � rÞ2 þ R_A52

q
0
B@

þ
rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2 þ R_A52
p

1
CA sin y_A5; ð28Þ

R_A5 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r_A52 þ z_A52

q
;

sin y_A5 ¼ r_A5=R_A5; ð29Þ

r_A5 ¼ ðT1þ aÞ �
n1

m1
T1;

z_A5 ¼ z �
n2

m2
T2: ð30Þ

At Area 6 (on the left side), Bz_A6l is given by

Bz_A6l ¼
Xm2

n2¼1

Xm1

n1¼1

m0i
4pR_A6l

�
h_A6lffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

h_A6l2 þ R_A6l2
q

0
B@

�
h_A6l � dffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðh_A6l � dÞ2 þ R_A6l2
q

1
CA

� sin y_A6l � ð�1Þ; ð31Þ
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Fig. 4. Magnetic flux density distributions on the central pole

at a fine magnetic pole pitch of 350mm.
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R_A6l ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r_A6l2 þ z_A6l2

q
;

sin y_A6l ¼ r_A6l=R_A6l; ð32Þ

r_A6l ¼ ðT1þ bÞ �
n1

m1
T1;

z_A6l ¼ z �
n2

m2
T2; ð33Þ

h_A6l ¼ r þ ðm � 1ÞðT1þ gapÞ þ d: (34)

At Area 6 (on the right side), Bz_A6r is given by

Bz_A6r ¼
Xm2

n2¼1

Xm1

n1¼1

m0i
4pR_A6r

�
h_A6rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

h_A6r2 þ R_A6r2
p

0
B@

�
h_A6r � dffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðh_A6r � dÞ2 þ R_A6r2
q

1
CA

� sin y_A6r � ð�1Þ; ð35Þ

R_A6r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r_A6r2 þ z_A6r2

p
;

sin y_A6r ¼ r_A6r=R_A6r; ð36Þ

r_A6r ¼ ðT1þ bÞ �
n1

m1
T1;

z_A6r ¼ z �
n2

m2
T2; ð37Þ

h_A6r ¼ ðw � rÞ þ ðm � 1ÞðT1þ gapÞ þ d : (38)
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Fig. 5. Magnetic flux density distributions on the central pole

at a fine magnetic pole pitch of 400mm.
3. Experiments and results

Nine-pole magnetic components were fabricated on

PCB with different wire width T1 and gap for making

different magnetic pole pitches. The total magnetic flux

density distributions in z component on the central pole

were measured as shown in Figs. 4 and 5. The circle and

square marks denote for the distributions at the

detection spacing of 200 and 300 mm above the surface,

respectively. The measured values of magnetic flux

density are in agreement with the calculated values.
4. Conclusions

Three-dimensional field formulas have been derived

for computing the magnetic flux density of fine magnetic

pole pitch fabricated on PCB. These field solutions are

in terms of finite sums of elementary functions and

enable rapid parametric studies of the magnetic

flux density distribution relative to wire width, wire
thickness, dimension of magnetic pole pitch, etc. They

are easily programmed and have been verified

by experimental measurements.
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