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1 Introduction

The normal states of high temperature superconductors and heavy fermion compounds
have become one of the most challenging topics in condensed matter physics. A clear
understanding of the normal-state transport properties of cuprates is considered as a key
step towards understanding the pairing mechanism for high-temperature superconductiv-
ity. There is still a lack of a satisfying explanation of the linear temperature dependence of
resistivity at sufficiently high temperatures in materials such as organic conductors, heavy
fermions, Fullerenes, Vanadium Dioxide, and Pnictides. In addition, the quadratic tem-
perature dependence of the Hall angle, the violation of Kohler’s rule and the divergence of
the resistivity anisotropy are those puzzled the theorists for more than two decades [1].

The transport properties of the normal states of high temperature superconductors
are highly anisotropic with a much higher conductivity parallel to CuOy plane than the
perpendicular direction. The in-plane resistivity of hole-doped cuprates shows a systematic
evolution with doping. In the underdoped cuprates, the in-plane resistivity varies approx-
imately linearly with temperature at high temperature. But as the temperature cools
down, the in-plane resistivity deviates downward from linearity, suggestive of a higher
power T-dependence. The optimally doped cuprates are characterized by a linear-T resis-
tivity for the range above the critical temperature T' > T, whilst on the overdoped side,
the linear-T relation is replaced by T2-dependence. On the other hand, the T?-dependence
of the Hall angle can be observed in a wide range of doping from underdoped region to
overdoped region.

The AdS/CFT correspondence provides a powerful prescription for calculating trans-
port coefficients of strongly coupled systems by analyzing small perturbations about the
black holes that describe the equilibrium state [2-4]. Recently, some of us studied conduc-
tivity anisotropy holographically in [5]. In [6], Blake and Donos attempted to attack the



mystery of the linear temperature resistivity and the quadratic temperature Hall angle phe-
nomena by proposing two different relaxation time scales. One central point of their obser-
vations is that the Hall angle is only proportional to the momentum dissipation-dominated
conductivity i.e. O ~ Bogiss/q, where ogiss is the momentum dissipation conductivity, B
is the magnetic field strength and ¢ is related to the charge density. Hence, the temper-
ature dependence of the Hall angle is different from the DC conductivity because the DC
conductivity is decomposed into the sum of a coherent contribution due to momentum
relaxation and an incoherent contribution due to intrinsic current relaxation! [7]. They
further predicted that the resistivity would take the general form p ~ T?/(A + T), where
A is a model dependent energy scale. In the low temperature limit 7" < A, the resistivity
is governed by the Fermi-liquid 72 behavior. The T2-dependence of the Hall angle also
signifies the Fermi-liquid phenomena. Conversely, in the high temperature limit T > A,
it shows linear resistivity of strange metals. In [9], the authors studied DC electrical and
Hall conductivity in the massive Einstein-Maxwell-Dilaton gravity. They found that the
linear-T and quadratic-T resistivity can be simultaneously achieved in Lifshitz spacetimes
at a dynamical exponent z = 6/5 and a hyperscaling violating exponent § = 8/5. Other
works addressing on the linear-T resistivity and Hall angle can be found in [10-22] for an
incomplete list.

In this paper, we report our construction of a new asymptotic Lifshitz black hole solu-
tion in the Einstein-Maxwell-dilaton-axion model with a hyperscaling violating exponent.
The solution is supported by two gauge fields and a dilationic scalar, the former playing
very different roles. One gauge field is responsible for generating the Lifshitz-like vacuum
of the background. The other plays a role analogous to that of a standard Maxwell field
in asymptotically AdS space. The general expressions of transport coefficients are then
calculated. When focusing on special cases with z = 1 in which the metric corresponds
to asymptotically AdS space, one can easily achieve a resistivity with two time scales in
the asymptotic AdS spacetime. It is well known that in real materials, the spatial transla-
tion invariance is broken and the momentum of charge carriers is not conserved because of
the presence of impurities and lattices [23-55]. In this paper, the translational symmetry
breaking is realized through introducing linear-spatial coordinates dependent axions. An
established means to test whether quasiparticles and thus Landau’s Fermi-liquid theory
valid, is to compare the thermal conductivity and the electrical conductivity [1]. If quasi-
particles can be well defined, the Wiedemann-Franz law characterizes the zero temperature
value of the Lorenz number Ly = m2/3 x k%/e?, where kp is Boltzmann’s constant and
e is the charge of an electron. If in a system L/Lg equals one, we say that Fermi liquid
description is exactly satisfied. On the other hand, L/Ly > 1 means that there are ad-
ditional carriers which contribute to the heat current but not to the charge current. By
contrast, L/Ly < 1 at zero temperature implies the breakdown of Landau’s Fermi-liquid
picture [28, 48]. In this paper, all the thermoelectric conductivities and the Lorenz ratio
will be computed in this model. We also would like to check the Wiedemann-Franz law at

'As it was clarified in [7, 8], it is not proper to say that DC conductivity has one term stemmed from
momentum relaxation and the other term from incoherent contribution since it is inconsistent with the
known behavior of the incoherent hydrodynamic DC conductivities.



zero temperature. Although in the holographic setup, the metal has no relationship what-
ever with real Fermi liquids, the strange metal scaling geometries presented here maybe
able to mimic Fermi liquid behavior in transport [56-58].

The structure of this paper is organized as follows. In section 2, we present a new black
hole solution in general (d 4 2)-dimensional Lifshitz spacetime. We then calculate the DC
electrical conductivity, thermal conductivity and thermoelectric conductivity in terms of
the horizon data in section 3. We develop a new method in calculating the DC transport
coefficients. Discussions and conclusions are presented in section 4.

2 A new black brane solution in Lifsthitz spacetime with linear axion
fields and hyperscaling violating factor

Let us begin with a general action

1 1 n d

S= m/dd*%x/fg[mv(cﬁ —=(00) —ZZZZ )F2)— (¢)Z(6Xi)2:|7 (2.1)

(2
where we have used the notation Z; = ¢*¢ and Y (¢) = e *2?. Note that R is the Ricci
scalar and y; is a collection of d—massless linear axions. The action consists of Einstein
gravity, axion fields, and U(1) gauge fields and a dilaton field. For simplicity, we only
consider two U(1) gauge Fr(t1 ) and F,f ) in which the first gauge field plays the role of an
auxiliary field, making the geometry asymptotic Lifshitz, and the second gauge field makes
the black hole charged, playing a role analogous to that of a standard Maxwell field in
asymptotically AdS space.

Solving the equations of motion, we are able to obtain a spacetime which is asymptot-
ically Lifshitz and hyperscaling violated. The action yields a Lifshitz black brane solution
with a hyperscaling violating factor

ds? = =4 [ —r2f(r)dt® + ar” + r?di (2.2)

S = 7‘2f(7”) rar;|, .
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where 3% = S@=0)( d2dj§§— o) This solution is Lifshitz-like even in the UV. When the dy-

namical exponent z = 1, we recover the normal AdS black hole geometry because F{1y,; = 0.




The black hole solution can return to the result given in [59] and [60] under the condition
of =0 and 6 = 0, respectively. The transport coefficients have been studied in [61]. We
emphasize that the choice of couplings Y (¢) and Z;(¢) is our choice here and we believe
that different choices of coupling would leads to different power scalings of the transport.
Intriguingly, in a later paper, the exact solution presented here was found again by the
authors of [62]. The event horizon locates at r = ry satisfying the relation f(ry) = 0. We
can express the mass m in terms of ryg

m = rﬁJrsz + Q%T,ifdfz+9 _ 52T$_2_0+29/d- (210)
By further introducing a coordinate z = ry/r, we can recast f(r) as

2 2
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The corresponding Hawking temperature is given by
(d+ 2z —0)r? d+z2-0-2 5 o@rzo-1) d>+20—(2+0)d 29/a2-
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T = ﬂZ]
(2.12)
The entropy density is given by s = rd~% /AG. The specific heat of this black hole can
be evaluated via ¢ = T(0s/0T)¢g g. We find that the thermodynamical stability and the
positiveness of the specific heat require 6 < d. The near horizon geometry can be evaluated
by introducing two new coordinates v and 7:

er? T

r—7ry=-—5—, = —.
1?u ery !

We can see that at zero temperature T' = 0, the solution near the horizon develops an
AdSs x R%! geometry. The near horizon geometry is defined by the limit € — 0:

—2-20 (—dr? + du? 2-20
d82 =Ty d <l2u2 + Ty d dxd. (213)
The effective AdSy radius is given by:

_2_%9

r
lgdsg = Hl2 ) (214)

2= (d-1)d-0)d+z—0—-2Q%2" " jd+ (d+2—0)(dz— O)r;2/d. (2.15)
We observe that even in the absence of the U(1) gauge field, the black brane could still

be extremal with near horizon of AdS,; as we just demonstrated. It means that at low
temperature the theory flows to an IR fixed point in the presence of the linear axion fields.

Black hole solution at (d4+z—6—2) = 0. One may notice that as (d+z—60—2) — 0, Q2
and f(r) appear to diverge. At well-defined solution can be achieved in an alternative form:
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where m and g = Q2+/2(d — 0)(z — 0 +d — 2) are finite physical parameters without
divergence as (d +z — 0 —2) — 0. A careful examination of (2.16) and (2.17) reveals that
they satisfy the corresponding Einstein equation and Maxwell equation. We can express
f(r) in terms of the event horizon radius

2 2 2 2 2z—20/d
B re 7 TH I3 rR  Th
flr)=1- r2 + 2r2(2 — z) ko r ,25=20/d (73 B r2z—29/d>' (2.18)
H
The Hawking temperature is given by
T— rf (1 q% 62(d+9—dz)> (2.19)
27 42— 2)r dr2z=20/d ' .

3 DC transport coefficients

Firstly, we would like to introduce a new method by taking advantage of the matrix theory
and the equations of motion, which maybe called the matrix method, to calculate the
DC electrical and thermoelectric conductivities. The standard calculational method will
be presented in section 3.2 as a consistent check and the thermal conductivity will be
computed. In what follows, we work in the special case with d = 2. Later, we will extend
our discussions to more general conditions.

3.1 DC electrical and thermoelectric conductivities

For simplicity, we rewrite the metric in d = 2 dimensional spacetime as
ds? = —gudt® + grrdr® + gppda® + grady®. (3.1)

For the purpose of computing the electrical conductivity, we consider the linear perturba-
tions of the form

a1(7“>67iwt,
Ay, = as(r)e™",
htac = htac<74)€7iwt7

—iwt

X1 = Br+ )21(7‘)6 ’

~~ o~~~
T =~ W N
—_— — ~— ~—

and let the other metric and gauge perturbations vanishing. Since we choose the conduc-
tivity along the x— direction, it is consistent to set all scalar fluctuations to be vanished
except for the one with the linear piece along the direction z. We can arbitrarily denote
this scalar by x and write y = Bz + x(r)e~™!. The equation of motion for the linear



perturbation can be obtained as

1 A7 !
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where the prime denotes a derivative with respect to r. Note that the derivative of

the scalar potential is given by A’(l)t = —Zf(1¢) Vgg:f” and A’( o = _Z;1(2¢) Vt‘;:f”’ where

a1 = Q1v2(z—1)(z+d—0) and g2 = Qa/2(d — 0)(z — 6 + d — 2). Equation (3.9) is a
constrained equation, which implies that the linear perturbations ai, as, hy, and x are not
all linearly independent.

After introducing ¥ = fr*7°Y’/(iw) and eliminate hy,, we are able to rewrite the
equations (3.6)—(3.9) in a more explicit form

(r* 3 fd}) = Ajar + Bias + C1X, (3.11)
(r3* 170 fah) = Asay + Baas + OaX, (3.12)
(r3EV Y)Y = Asay + Bsas + Csx, (3.13)
where
Ay = (ﬁi—& - rsff-ef)’ Az =By = 7,5(132;97
By = <T5q§9 - r3i2+9f)7 B3:C?Z_7£%’
Cs = <r5?j—9 B r5ci2zf>’ Ay =0 = _rf—zl—@'
We notice that the combination (3.11) 4 (3.13) x ¢1/6 and (3.12) + (3.13) X g2/ leads to
<7.z—3+9 fd, + %r?)(z—l) f;(/), =0, (3.14)
(rsz—1—ofa/2 + ?r?’(z‘l)f)z’), —0. (3.15)

A massless mode can be extracted from (3.14) and (3.15). From the membrane paradigm
approach [63] we know that the realization of the currents in the boundary theory can be
identified with radially independent quantities in the bulk. From (3.6) to (3.9), one can



easily find that the equivalent expressions of the conserved electric currents in the zero
frequency limit read
Ji = =730 fal 4 g2 hy,, (3.16)
Jo = —r3z_1_6fa'2 + qor % hyy. (3.17)

The DC conductivity is the zero frequency limit of the optical conductivity

) . 0Ji(w)
DC _ DO _ i
0 = UIJIH%)U%J (w) L})ln% 9B, (@) (3.18)

The DC conductivity can be evaluated at the horizon whenever we have massless mode
since it does not evolve between the horizon and the boundary [44]. Then let us define a
matrix ¢ from

r* =340 fal iwaq
r3F 10 fal | =6 || iwas || ,
7,.3(271)']('5('/ ijz

where the special notation [. ..] should be considered as a square matrix which is introduced
for convenience, for example

a 2 (3
a |l = | ag aéQ) ag?’) ) (3.19)
X % )2(2) 2(3)

in which agi), ag) and Y are linearly independent sources, introduced to guarantee the

source term invertible. After inverting the components in [...], agi), ag) and )Z(i) will be
not important in further calculations and it is better for us to hide them in [...]. We
emphasize that the matrix ¢ is not the exact conductivity tensor of the system as we can

see below. We take the derivative of & and obtain

- -1 7 -1
r* =340 fal) ' iway ai ' iwaq
& = || 310 fal, iwas — w0 || as iwas
Gl v iwx X iwx
- - -1 - -1
Ajay + Bras + Cix waq al iwaq
= || Asa1 + Bsas + Cox was — wo CL’Z was
| Azar + Bsag + Cx || || iwx X || | dwx
1 A By ¢ (TZiSJref)il 0 0
=—| A By, Oy | —iws 0 (r32=1=0 )=l 0 . (3.20)
w
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The prime denotes the derivative with respect of r. The advantage of this method is that
it reduce second order ordinary differential equations to non-linear first order ordinary
differential equations. Multiplying both sides of equation (3.20) with f, we obtain

f A By (4 pi3—0-z 0 0
fé' = = Ay By Cy | —iwG 0 rlti=32 ¢ G.
Az B3 Cy 0 0 r373z



At the event horizon f(ry) = 0 and &' is finite. So the above equation reduces to

250 0 r3f= 0 0
0= 0 %3 0 | -ad 0 3 0 | .
0 0 rzd 0 0 %

The regularity condition at the event horizon yields

gt 0 0
Go=| 0 rE20 o
0 0 ¥

From the definition of the matrix &, we obtain the boundary condition at the event horizon

fay — iwrg ™ lay| (3.21)
TH

fabh — iwrg* tay o (3.22)

X = iwrg® 1y . (3.23)

Considering the above relation (3.21)—(3.23), we then can impose the regularity condition
at the horizon from equation (3.10) and obtain

hm‘ = zwq— zw—aQ — W= X
=Ty BQY ,32Y BQY

The last term in the right hand of (3.24) will be dropped out in the following calcula-
tion since it does not contribute to the transport. Further utilizing (3.21), (3.22), (3.16)
and (3.17), we can determine the value of currents

(3.24)

r=ryg

- 4 a1q2
Jp = —<rz 44 612 P2 4) al — 52 —Zr24i0a,, (3.25)
Jo = —<TEIZ29 + q22 22— 4) was — —ql?r% Yiway . (3.26)
B p
The DC electric conductivity can be computed via o;; = g—é;, where Ej; = —iwa;. Finally
we obtain
2

-4 | N 224 4192 2,4

o111 =Ty +@7’HZ ) o012 = 32 2 TH
021 = 012, o =1 9+q*2 R (3.27)

2

This result is consistent with [62]. The physical interpretation of the DC conductivity
tensor obtained here is somehow subtle: we consider electric perturbations only along
the x—direction but obtain a 2 x 2 conductivity matrix with non-vanishing off-diagonal
components. We also observe that taking z — 1, § — 0 and then ¢; — 0, but the quantity
011 = 75+ is not vanishing. However, if we set z = 1 and = 0 from the very beginning



in the action (2.1), the auxiliary gauge field F{;),, naturally does not appear and the black
hole solution is the Reissner-Nordstrom-AdS metric with vanishing o1 and o12. So we have
a discontinuity in the z — 1, § — 0 and ¢; — 0 limit. This means that once we change
the asymptotic structure from an AdS to a Lifshitz one and turn on the perturbation
dA(1)z, it could not have a continuous limit back to the perturbation considered in the
Reissner-Nordstrom-AdS spacetime by simply taking z — 1, # — 0 and ¢; — 0 limit.

The original purpose of introducing the auxiliary U(1) gauge field F{y),; is to construct
the Lifshitz-like nature of the vacuum. One may notice that not only A(;); , but also a;
diverges in the asymptotic r — oo regime:

a0
ai = aio + e (3.28)

where the second term diverges when z — 4 4+ 8 < 0 at the infinite boundary. So that we
must impose the regular condition agg = 0. That is to say, a; does not introduce a charge

current on the asymptotic boundary. In this sense, we should set the boundary condition
Ji = 0. From (3.25), (3.26) and o;; = g%J we obtain

22—2—0 Q% 2z—4

T e 529
This is a very intriguing result because (3.29) means that even without translational sym-
metry breaking, finite DC electric conductivity can still be realized because of the presence
of the auxiliary U(1) charge ¢; [64]. By embedding the Lifshitz solution in AdS, the di-
vergence encountered here is no longer a problem since an AdS embedding modifies the
UV properties without affecting the horizon behavior. However, it is not of our purpose to

realize such an AdS embedding in this paper.
Another interesting situation is the case without translational invariance breaking (i.e.

B =0). We also arrive at a finite conductivity

2
—9— q —
opc =1 0+ it (3.30)
q1Tu

The linear and quadratic in temperature resistivity can be reached via z = 6/5 and 6 = 8/5.
Note that these are the exact exponents given in [9]. This feature of the construction of
a finite conductivity without the need to break translational invariance has been reported
and explained by Sonner in [64]. Throughout this paper, we mainly consider the situation
with J; = 0, because it is mathematically inconsistent to turn off a;. However, it is also
physically unclear of the boundary correspondence of the source a; because the auxiliary
gauge field is only introduced to realize Lifshitz-like vacuum. Therefore, it is consistent to
set J; = 0.

Considering two gauge fields resulting a 2 x 2 electric conductivity matrix, one naturally
expects that the thermoelectric conductivity has more than one component. One may
notice the equation of motion for hy, at zero frequency is given by

2 2
o _1<gér+92t>h, . ( 9, 9 _gn  PAGn ZlA(l)t)ht
X
o2 Grr it b 29rr gt 29t2t gt gt gt
+Z2Alg)ay + Z1Afyyay = 0. (3.31)




Clearly, the vector type of perturbations hs, is coupled to a; and as. Together with
equations of motion of the Maxwell fields to the linear order, we can write down a radially

conserved heat current

= &< — 9" hiaOrgut + hfm) — Ayt — Ay (3.32)

Grr

After imposing the regularity condition at the event horizon, that is to say

htx(T = ’I“H) = < — iwﬁ(‘;—lyal — iwﬁgiyag +.. > TZTH, (333)
we can simply evaluate the conserved heat current at the event horizon
4 TiwrZz=29
Q=— B2H (q1a1 + QQCLQ) (3.34)
r=ryg

We have used the boundary condition A1y (rn) = A(g)(ru) = 0. The thermoelectric

conductivity can be obtained at the event horizon r = ry by using the expression &; = T%QEi .

We finally obtain

_ 0Q _ dmq 22—2—0

= = 3.35
Qi TaEl ﬁQ TH ) ( )
_ 09 _ 4mq2 9. 9 ¢

= = . 3.36
= ToE, ~ M (3.36)

There are no off-diagonal components of the thermoelectric coefficient as can be seen above.
Both components obey the same temperature scaling. If one turns on magnetic field, the
off-diagonal components of the thermoelectric conductivity can be observed.

Special case: z = 1,0 =1 and J; = 0. For the case 8 =1, z =1 and thus ¢ = 0,
the temperature is given by

2 2
Ty q3 B
T=—1--"%—-——|. 3.37
27 ( 4r > (3:37)
In this case, the entropy density s = ry /4G is proportional to the temperature in the small
q and (8 limit. We find that the DC electric conductivity (3.29) behaves as

1 4 1 g
oDC = Y 22 N 0aT T an2peTe

(3.38)

where we have use the large horizon radius approximation ry ~ 27T. The resistivity in
the small g limit can be expressed as

48272772 T2
pro

~ — 3.39
@G +2827T  T+A (3:39)

where T = 27T and A = q3/3%. Equation (3.39) shows us that for T > A, the resistivity
is dominated by the linear-T behavior, while T < A, the system obeys the Fermi-liquid

~10 -
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Figure 1. The resistivity as a function of temperature. (Left) The resistivity shows linear-T
behavior at higher temperature with ¢2/8* = 8. (Right) The resistivity shows quadratic-T behavior
at lower temperature with ¢5/8* = 10. The dashed red lines correspond to fitting functions p ~
10.78T/ and p ~ 6.0972 /2, respectively.

like law. As a demonstration, we plot the resistivity as a function of temperature in
figure 1. In the higher temperature regime, the resistivity shows linear in temperature
dependence, analogous to the experimental behavior of bad metals. In the low temperature
regime, the resistivity varies as T2, retaining Landau’s Fermi-liquid description, although
the quasiparticle picture is not well defined here. One can also understand equation (3.38)
as follows: for small 3 but fixed temperature 7" and charge density g2, (3.39) shows Fermi-
liquid-like property, while large 3 results in strange metal behavior. At zero temperature,
the DC conductivity becomes

B VB +4g
5 —. (3.40)
B q3 q5
This equation implies that as the disorder goes to zero, the system becomes an ideal metal
with infinite DC conductivity, while § — oo the ground state is an insulator.

3.2 DC thermal and thermoelectric conductivities

In irreversible thermodynamics, the dissipative properties of a system are closely related
to the entropy production in a unit time

d
£ =3 T, (3.41)

where X; is the thermal force which is determined by the gradients of energy, temperature,
chemical potential etc. 7; denotes the current driven by X; which can be written in the

linear approximation as

Ti=> LikX, (3.42)
i

where L;; represent the transport coefficients. We can see that both the thermal force X;
and the transport coefficients £;; contribute to the entropy production rate. The thermal
force represents the external factor describing the environment and the transport coef-
ficients are the intrinsic causes reflecting the responsibility of the system driven by the
thermal force.

- 11 -



In what follows, we would like to introduce a linear in time source for the background
metric. So that even in the absence of hydrodynamics the transport coefficients investigated
here retain their essential interpretation: they characterize the rate of entropy production
when the equilibrium state is subjected to a slowly varying source. Therefore, it is reason-
able to write the linear perturbation with both time- and radial-coordinates dependence:
89 = tco+ hy(r) with ¢o a source. For instance, we are able to write gauge perturbation
A(i)x = aie_w =a;, + E;t + O(t2).

In order to compute the thermoelectric and thermal conductivities, we need to consider
perturbations with sources for both the electric and the heat currents.

Otz = t5h(T) + hig, A(1)$ = Fit+tay (T‘) + 0Aq, A(Q):c = Fht 4+ tas (T) + 0 A, (343)

The conserved currents can be written as

T = =2 2(0) (10, +545) = v (1800) + ). (3.4
Ji = —\/LZEZQ(@ (ta; + 5A’2) — 9™ (téh(r) - hm). (3.45)

The conserved heat current becomes

0= \/gz[ —g" (ht:c + t5h(r)>(9rgtt + <t5h’(r) + h;w>:| — Ay — Ay (3.46)

In order to evaluate the thermoelectric conductivities, we assume 0h(r) = —(gy and a;(r) =
—E; + (A, so that the time-dependent terms of the conserved currents are canceled and
the form of the currents remain unchanged. According to the holographic dictionary,
the coefficient ¢ corresponds to the thermal gradient —V,7'/T. We can then express the
conserved currents (3.44) and (3.46) as

Ji=—/ gizl(qﬁ)m; — 10, (3.47)

T = — giza(qb)cma — 029" hi, (3.48)
Q= ji( = 4" hisrgn + by ) = Ay = Ayl (3.49)

In the previous section, we choose the gauge h,, = 0. Here we would like to turn on h,...

The linearized raz-component of the Einstein equations now is given by

b gmx(sX/l n Z2(¢)ga::cA/(2)tE2 + Z1(¢)gxxA21)tEl gm&(sh,(r) — g&xéh(r)
" B Y ()91 ? 9uB*Y (¢)

We assume that dx] is analytic at the event horizon and falls off fast at the infinity so that

(3.50)

it has no contribution to the boundary value of h,;. After switching to the Eddington-
Finklestein coordinates (v,r) with v =t + [ \/grr/gndr and imposing the regularity con-
dition at the event horizon, from (3.43) we obtain

0A; = El/\/grr/gttdr, (3.51)
0Ay = Eg/\/gw/gttdr. (3.52)
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In the Eddington-Finklestein coordinates, we need explore relationship between h;, and
hrz. The linear perturbative part of the metric can be expressed as

Qhygdvde + 2y, |2 drdz + 2hypdrde. (3.53)
gt

In order to cancel out the divergence at the event horizon, we need to impose the condition

/ E E 47T
htw(’l" = TH) = - &hrz = < — 191 + £2¢2 7T gg:m)
9rr r=rg

(3.54)

Y(ou)B2  Y(¢n)B?

Therefore, the conserved currents can be expressed by their values at the event horizon

r=rg

B¢} + Eaquqa | 4nTqiC
J1 = <E1Z1 o) + , 3.55
( ) 62Y(¢)9m¢ /32y(¢) — ( )
Exgs + Eiqiga | 4nTq(
J2 = <E2Z2 o) + + , 3.56
Ot Y Dgee VD)), (350
~ 4rTq By + 4nTqu By~ 167272
B2Y (¢) BY(9) ey
The electrical conductivity matrix can be written down as
N4 9—4 Q% 2z—4 NS 4192 9,_4
o= gp T tgtH O =gp = T (3.58)
Np NP 22—2—0 q% 2z—4
o2 = Fp T 01 2= 5E, g + ?THZ : (3.59)

Therefore, we reproduce the result presented in (3.27). The thermoelectric conductivity «
and thermal conductivity % are then evaluated as

_ 195 _ 4Arq _ATq 9. 9 g
_10% _ 4mge _Amge 9. 9 g
“TTe Y@, #r (3.61)
_ 1 a@ 16772Tgx:p 167TQT z—260
_ T3 — V) . - P 22-26 (3.62)

The thermal conductivity is not influenced by the gauge fields and only one component
appears at this moment.

One can continue of the analysis given before (3.29) and imposes the condition J; = 0.
The DC thermoelectric and thermal conductivities become

Amqy

(B2t + qp)ri
B 1677
BT rlad

As z=1,0 =1 and q; = 0, the Seebeck coefficient behaves as @ ~ 1/7T. On the other
hand, setting 3 to be zero, one obtains & ~ 1/T2. At zero temperature, & = 8mqa/3*.

(3.63)

apc =

Kpc (3.64)
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In brief, the thermoelectric conductivity is influenced by temperature and impurities. It
would be interesting to check the Wiedemann-Franz law by introducing the thermal con-
ductivity at zero electric current, which is the usual thermal conductivity that is more
readily measurable, k = kpc — apcapcT/opc, and thus

167T2TT2z+2_29

B2 + 2rf + @it o

KpC = (3.65)
In the case §# = 1, 2 = 1 and thus ¢; = 0, both the ratios x/T = 1672/5% and &/T =
1672/3? are a constant. This reflects that the thermal conductivity is dominated by im-
purity scattering.

In conventional metals, the WF' law is characterized by the constant Lorenz ratio L.
The WF law asserts that the ratio of the electronic contribution of the thermal conductivity
to the electrical conductivity of a conventional metal, is proportional to the temperature.
This implies that the ability of the quasiparticles to transport heat is determined by their
ability to transport charge so the Lorenz ratio is a constant. In our set-up, the Lorenz
ratios are given by

- KpcC 167r2 4-6
L = T = 258" (3.66)
opC 15} TH+(]2TH+Q1T
16 2 22

opcT (627"?“9 +q2r +q2 2“Z)

At zero temperature with § = 1 and 2z = 1, (3.66) and (3.67) yield L = 472 +
47282 /\/4q3 + B* > Lo and L = 472 * /(4¢3 + B*) + 47?82 /\/4¢3 + B*. Usually, we regard
L as the quantity comparable with the experiments. Eq. (3.67) implies that as 5 — 0
deviations from the Fermi-liquid behavior can be obtained, while 8 — oo, so L = 872 the
system shows Fermi-liquid-like behavior. This is quiet different from the behavior of the
electric conductivity given in (3.38).

d + 2-dimensional DC transport coefficients. In what follows, we extend our results
to the d + 2-dimensional case

a2 @ 20-20/d—2d . 7 2:4+6—2—d—20/d
o011 = <gwa§ Zl(¢)+W> =g / 6—127"1{2"!‘ / , (368)
r=ry
1y = o1 = qé? p2e+0-2-d-20/d (3.69)
a2 qs O Q2z62d29d
022 = <gm? ZQ((z))‘i‘ 2Y2d/2> = IU_lI+2 o—4 ,322 H + / (370)
/8 (¢>gxx r=rH
_ AT ATq1 2.-2-20/d
TG, 2 ’ &7
r=rg
_ Amqy ATqa 2.-2-20/d
Qg = ﬁQY((Zﬁ) = ?TH 5 (372)
r=ry
_ 167T2ng/2 _167T a42:—2-9-26/d 373
v |, e | (3.73)
r=ryg
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We would also like to generalize the transport coefficients under the the condition J; = 0,
so that the transport coefficients reduce to diagonal components

20+2z—d—26/d
e pd+2z—0—4 427y
—'H 240 2. 22+d’
BQTH +qirH

22+60—-20/d
471' z+ /

apC = apC = 322 2+9 ¥ 22t
i

167272 20/d
52 2+0 2 2z+d‘
H

Kpc =
Similarly, we have the thermal conductivity at zero electric current

167['2T7”3d+22 (3 74)
kpCc = 2d120/d" :
q2r4+30 (B2r 2+9+q2 d+2z) r2 +260/

The corresponding Lorenz ratio in (d + 2)-dimensional spacetime are obtained as

7 _ kpc
L= opcT q2r4+39 +( ﬁ2r§+0 N q%TIC_zIJrQZ) 2d+20/d’ (3.75)
4+4d+0+20/d
_ kpC 167 2 + +60+20/ (62 2+0+q2 d+2z)
b= T T (2 4+39 9,240 | 2, d+2zy 2d+20/dyo’ (3.76)
be (q T (ﬂ TH +q1 ) H )

At zero temperature with vanishing charge density ¢; = 0, which is associated with the
quantum critical regime. As z = 1, the above Lorenz ratios are a constant at zero tem-
perature L = L = 1672 (d? —d(§ + 1) +26)/d(d — 6 + 1). Note that in the absence of
charge density, the electric conductivity is dominated by the particle-hole creation of the
boundary field theory. While for non-vanishing charge density, the Lorenz ratios decrease
as the chemical potential increases. By contrast, § = 0 and z = 1 at zero temperature
leads to L = 872/(d — 0)(d+ z — ) and L = 0. In general, the Lorenz ratios become tem-
perature independent when 6 = d regardless of the value of z, which in turn corresponds
to a vanishing specific heat.

4 Discussions and conclusions

In the previous sections, we did not study the Hall angle, which we would like to defer to
a future publication. After turning on a magnetic field on the background , one can easily
find that the blacken factor is given by

m Q% 52 B2,r2z—6

flry=1- pd+z—0 + r2(d+z—0-1)  ;22-20/d t 4(1—0/d)(4+20/d—3z) (4.1)

The Hall angle? can be evaluated by following [6]

B
0 ~ BgQTI%zw 2-d—20/d. (4.2)

2Consistency of the resulting perturbation equations requires both gauge fields to fluctuate. This in turn
leads to some subtleties in the analysis. In general, two gauge fields with magnetic fields lead to a 4 x 4
DC electrical conductivity matrix. Here we mainly consider Hall angle generated by the second gauge field
in the action (1).

~15 —



For the case d = 2, 2z = 1 and 0 = 1 and in the higher temperature limit ry; ~ T, we
have 0 ~ T2 which is what observed in cuprates. The transport coefficients in the
presence of a magnetic field are studied in [65] and comparisons with the experimental
phenomenologies are discussed.

In summary, we obtained a new black hole solution in Lifshitz spacetime with a hy-
perscaling violating factor. At zero temperature, the black hole approaches AdSs x R?
geometry near the horizon with non-vanishing entropy density. One can reproduce the
black hole solution given in [60] and [59] as § = 0 and 8 = 0, respectively. The black hole
solution is different from the one obtained in [66], where the authors constructed a class of
Lifshitz spacetimes in five dimensions that carry electric fluxes of a Maxwell field.

We then studied holographic DC thermoelectric conductivities in this model with mo-
mentum dissipation. The novel matrix method was introduced to compute the transport
coefficients. Since two gauge fields are presented, these result in a 2 x 2 DC electric conduc-
tivity matrix. The results cannot recover electric conductivity in Reissner-Nordstrom-AdS
background by simply taking z — 1, § — 0 and 6 — 0 limits, although the metric can re-
cover that of Reissner-Nordstrom-AdS type in these limits. This reflects that once we turn
on the gauge perturbation in Lifshitz spacetime, it is not possible to have a continuous limit
to the perturbation that is normally considered in Reissner-Nordstrom-AdS background.
When we physically setting the electric current Ji of the auxiliary gauge field to be vanish-
ing, the components of the conductivity matrix with respect to the auxiliary gauge fields
disappear, but mixture between ¢; and the transport coefficients can be observed. It is
only when we take z = 1, ¢; vanishes. We expect that when we turn on the magnetic field
in Lifshitz spacetime, the resulting electric conductivity should be a 4 x 4 matrix. More
complicated situations would then be observed. It deserves further investigation on such
complication and mixture.

The most intriguing result is that linear and quadratic in temperature resistivity can
be realized simultaneously under the condition z = 1, d = 2 and § = 1. The exponents
taken here agree with the scaling approach provided in [67], but different from [68, 69]. We
notice that the exponents taken here violates the null energy condition in the bulk. But a
careful examination of the local thermodynamic stability and the causal structure of the
boundary field theory reveals that it is true that the system is locally thermodynamically
stable at all temperatures and charges without superluminal signal propagation on the
boundary.

This work can be considered as a concrete example realizing what were proposed by
Blake and Donos in their paper [6]. For the resistivity, at the low temperature, it behaves
as the Fermi-liquids, while in the high temperature, it reduces to linear in temperature
resistivity same as strange metals. We also studied the thermoelectric conductivities and
the Lorenz ratios in this paper. Although in the holography, there are no quasiparticles
and thus the system has no relationship with real Fermi liquids, the scaling geometries
presented here are able to mimic Fermi liquid behavior for certain regime of q% / B4 as
shown in (3.67).
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