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1. Introduction

Let H be a complex Hilbert space and A be a bounded linear operator on H. The numerical range of A is defined by
W(A) = {(Ax,x) : x € Hand ||x|| = 1},

where (-, -) is the inner product in H and || - || is the corresponding norm. W (A) is always a nonempty, convex and bounded
subset of C. In addition, W (A) is closed if A is of finite rank. The numerical radius of A is w(A) = sup{|z| : z € W(A)}.
The weighted cyclic matrix with the weight w = (w;)!_,, where w; € Cforall 1 <i < n, is the matrix
0 w1

0

Wn—1
wy 0

and is regarded as a bounded linear operator on C" (with the standard inner product) under the matrix multiplication. Let
Sn stand for the symmetric groupon 1, 2, ..., nand! € S,. The weighted cyclic matrix with the weight (wy))}L, is denoted
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by A, or simply Ay, that is,
0 wl(l)

0

Win—1)
w,(n) 0

In Section 2, we characterize those ¢ € S, such that w(A;) = maxcs, w(A;). The characterizations for unilateral and bilateral
weighted backward shifts are also obtained in Section 3.

LetRe A = (A+A*)/2 and p(A) be the real part and the spectral radius of a matrix A, respectively. Suppose A is the weighted
cyclic matrix with the weight w = (w;)L;. Itis well-known that, for some real 6, e Ais unitarily equivalent to the weighted
cyclic matrix with the weight |w| = (Jw;|){_;, which implies that their numerical radii coincide. When w is nonnegative,
thatis, w; > Oforall 1 <i <n, (Ax, x) < (Alx|, |x|) foreachx = (x; --- x;)T € C", where |x| = (|x;] - - - |x,])T, and hence

w(A) = max{(Ax, x) : x is a nonnegative unit vector in C"} = p(Re A),

the largest eigenvalue of Re A (cf. [ 1, Proposition 3.3]). In addition, if at most one of these w;’s is zero, then Re A is nonnegative
and unitarily irreducible, and there exists a unique positive unit vector y such that w(A) = (ReA)y = {(Ay,y) by
Perron-Frobenius theorem. On the other hand, if some of these w;’s are zero, then A and A are unitarily equivalent for
all real 6 and hence W (A) is a closed circular disc centered at the origin with radius w(A) (cf. [2]). Moreover, if at least two
of these w;’s are zero, then A is the direct sum of two weighted cyclic matrices and its numerical range equals the largest
numerical range of these summands. Therefore, it is sufficient to consider the case that at most one of these w;’s is zero
when evaluating w(A). For further information about numerical ranges and weighted cyclic matrices, we refer the readers
to [1-8].

Let | € S, and write x; = (Xq) -+ x,(,,))T, where x = (%1 --- x,)7 € C" For any weight w = (wi)iL,, define
F, = ({() € Sy : 1 <i < j < nand|w| = |wj|}), the subgroup of S, generated by the transpositions for which the
weight |w| is unchanged (we adopt that F,, consists of only the identity permutation if these |wj;|’s are all distinct). Notice
that € F,, if and only if [wy ;)| = |w;| forall 1 < i < n. We observe that w(A,, yi) = WAw,y1) = WA, = WAy,
for each € F,,. Moreover, set 7, = (; § o ";l '11) and ¥, = ,11 nzl oot q’) the permutations which
shift and reverse the order of {1, ..., n}, respectively, and define H,, = (t,, ©,,), the subgroup of S, generated by t, and .

Because for each x € C", (Ajg, X1, Xz,) = (A, Xo,, X9,,) = (AiX, X), we obtain that w(A,) = w(A) for all ¢ € H,. As aresult,
w(Ayly) = w(A) forall € F,, and ¢ € H,. In Section 2, we show that under the condition |w;| > |w;| > - -+ > |wy,| with
wp—1 # 0, ¢ € Sy satisfies w(A;) = maxies, w(A)) if and only if ¢ = Y o,¢ for some ¢ € F,, and ¢ € H, (Theorem 2.1). Here
oy, is the permutation given by 0, (i) = 2[n/2] — 2i4+2if 1 <i < [n/2]and 0,(i) = 2i — 2[n/2] — 1if[n/2] + 1 <i <n,
where [ - ] denotes the greatest integer function. Therefore,

1 BT T2 128740 [2l+2 [E]+43
[2]_ [2] [2] [2] [2] M) ifnis odd,
n—1 ... 4 2 1 3 5 -

(BB E BB ) e

noe 4 2 1 3 5 e on—1

One could interpret o, as a rearrangement which centralizes those w;’s with largest absolute values. Furthermore, if w
is nonnegative, the unique positive unit vector y satisfying w(As,) = (As,y,y) must be of the form y = x,/, where

X=(x; -+ xp)T withx; > x> --->x, > 0and

v B B Bl [l (5]
e _ —_ _ _ _ _ e n
oy = 2 2 2 2 2
n - 5 3 1 2 4 cooon—1

, if nis odd,
o, =

" o2 Gl B Gl Gl B o o

ot | = 2 2 2 2 2
n n—1 --- 5 3 1 2 4 cee o n—2
if nis even.

In Section 3, the comparison of numerical radii of unilateral and bilateral weighted (backward) shifts is considered.
Let w = (w)2, (resp, w = (w)T_, = (- w_qwow;i ---)), where the w;’s in C fori € N’ = {0} U N (resp.,
i € Z), are bounded. Here we underline the Oth component of w for the bilateral case. The unilateral (resp., bilateral)
weighted backward shift with the weight w is the bounded linear operator on £ = {(xgx; - --) : Zzo [xi|> < oo} (resp.,
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CX(Z) ={(-+- x_1X0X1 *+*) 1 D_o_o 1%i|* < 00}) with the matrix representation

0 Wo

A= 0o . resp.,B = 0

where the Oth component of a vector in £2(Z) and the (0, 0)-entry of an infinite matrix for the bilateral case is underlined.
Its numerical range is also a circular disc centered at the origin with radius w(A) (resp., w(B)) (cf. [2,8]). Let Syo (resp., Sz)
stand for the collection of all rearrangements of the elements of N° (resp., of Z). If | € Syo (resp., | € Sz), the unilateral
(resp., bilateral) weighted backward shift with the weight (wy;)>, (resp., (wii)>_,) is denoted by A, ; or simply A;
(resp., By, ; or simply B;). We will show that there exists a { € Syo satisfying w(A;) = SUPLes, o w(A)) if and only if
SUupyepo |wi| = limsup,_, o, |wk| (Theorem 3.1). A corresponding result for the bilateral case is also obtained (Theorem 3.2).
We also represent the values SUPjes, w(A;) and sup,s, w(B;) as the numerical radius of some bilateral weighted backward

shift U,,.

2. Weighted cyclic matrices

Throughout this section, for eachx = (x; - - - x,;)T € C", we definex = (X; --- X;)T andx = (X1 --- X,)7 by

2= X1 ifi=1, and % — Xipq if1<i<n-1,
! Xxi_q if2<i<n, ! Xn ifi =n.

We also define I(n + 1) = I(1) for each I € S,.. The following theorem is the main result of this section.

Theorem 2.1. Let w = (w;)[; with |w| > |wy| > -+ > |wy| and w,_; # 0. We have

maxw(A) = w(Ag,).
leSp

Moreover, the following statements are true:

(a) w(A;) = maxes, w(Ay) forsome ¢ € S, if and only if ¢ = Yrone for some Y € F,, and ¢ € Hy, and
(b) if w is nonnegative, then there exists a unique positive unit vector x = (x1 - - - x;)7 withx; > x > --- > x, > 0 such that
w(Aon) = (Aanxa,ga er,é) = Z?:] wl&i%i-
In a word, Theorem 2.1 states that a permutation { € S, satisfies A, attains the maximal numerical radius among all
I € S, if and only if there is a ¢ € H, such that the sequence d; = |w¢gpi)l,i = 1,2, ..., n, satisfiesd, > d.—1 > dry1 >
di—y > dy13 > --- withr = [n/2] 4+ 1. We establish Theorem 2.1 via a series of lemmas. The first involves an interesting
inequality which is quite well known; for example, see [9, Lemma 3.6]. We give a short proof for completeness.

Lemma2.2. [et u = (u)l,,v = (v, and w = (w;)], be n-tuples with nonnegative components and with w;’s
nonincreasing. Suppose that "*_ u; < Y"¥_ v, forall 1 < k < n. Then

k k
E ujw; < E ViWw;
i=1 i=1

forall1 <k <n. Fgrthermore,nunder the condition Y\, ujw; = Y ., viw;, wehave Y ;. u; =Y ;_,viforall1 <s < nwith
ws > wepr,and YL u; = Y v if wy # 0. In particular, u; = v; forall 1 < i < nif wy’s are positive and strictly decreasing.

Proof. The fact uyw; < vqw; is trivial. Fix k = 2, ..., n. Summing by parts, we have

k k—1 i k
Z(Ui —uhw; = Z(wi — Wit1) Z(vj — uj) + wy Z(Ui —u;) > 0. (1)
pa p = p

Hence the desired inequality follows. Under the condition ZL] uw; = ZL v;wj, the inequality in (1) is an equality when
k=nWegetthat) ; ,u;=>;  viforalll <s < nwithws > wsiq,and Y i, u; = Y ., v; if wy # 0. Finally, the last
statement holds since ) ;_, u; = Y ;_,viforall1 <s <ninsuchacase. O
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Combining the inequality in Lemma 2.2 and the effect of permutations, we obtain the next lemma, which plays an
important role when deriving the main theorem.

Lemma 2.3. Let x = (x; - - - X,)| be nonnegative and nonincreasing, and let I, n € S,. Foreach k = 1,2, ..., n, there exist
v, l1, I, € S, such that XinwO)XIGoa)+1) = X)Xk ) foralll <i<n,1(1) > L(2) > --- > l1(k) and

k k k
D X Xiaorn = ) XoRuo < Y Xk
i=1 i=1 i=1

Proof. Let [, n € S,. Assume that I(pp) = 1 and I(p;) = n for some 1 < py, p; < n. We only consider the case py < pi; the
case pg > p; can be obtained analogously. There exist ¢, ¥ € S, such that

- X16i) ifl<i<pyorp; <i<n,
Xp(i) = | .- ifpo < i
1i+1) U Po =1 <P,
and
2 = ey ifl<i<poorpr<i=<n,
YO T X ifpo <i<pr
We obtain that x5 Xi+1) = XpmXy@ forall 1 < i < n.Fixk = 1,2,...,n.Thereisav € S, satisfying 1 < v(i) < k

forall1 < i < kand ¢(n(v(1))) > ¢(n(v(2))) > --- > ¢(n(v(k))). Letl; = ¢nv and I, = Ynv. It is obvious that
X Ximwin+1) = X)X, forall 1 < i < n. Moreover, X; > X;,; forall 1 < i < k since  is nonincreasing. This shows
that

k k k k

k
menm)xl(n(fm) = Zidz(n(:‘))&w(na» = Z%(n(u(i»)&wmwa») = Zimn’?zzm = Zii?A‘lz(i)- (
i=1 i=1 i=1 i=1 i=1

N
—

Besides, the fact that X is nonincreasing implies that ZL] Xpa < ZJ;:] X forall 1 < j < k. Therefore, ZL] XiX1, )

2{21 )21&,- forall 1 < ] < k by Lemma 2.2. Combining this with (2), we obtain that Z:’C:l Xi(n (i) Xi(n(i)+1) < Zf:l )N(,'}A(lz(i)

Zf:] X;%;. Thus the proof is completed. 0O

INIA

In brief, the preceding lemma says that (%;%;)[_, weakly majorizes (X Xi)+1))i (cf. [10, Definition 4.3.24]).

Lemma 24. Let 0 < o < y. Thereisa 8 > 0such that 8 < « and

2 =@ +B)’+—a)’ (3)
Moreover, B/a — lasa — 0T,

Proof. Since y* > (y — «)?, (3) holds for some 8 > 0. Expanding (3) and dividing it by «, we obtain 2y = 2y(8/a) +
B(B/a) + . This implies that 8/a < 1and B/a — lasa — 0F. O

We apply Lemma 2.4 to derive Lemma 2.5, which describes the relation between the weight w and the unit vector x such
that w(As,) = (Ao, X5/ > X5/ )-

Lemma2.5. et wy > wy > -+ > wy, > 0with w,_; # Oandlet x = (X; --- X;)T withx; > x, > --- > x, > Obea
positive unit vector such that (As, X5/, X57) = w(Ag, ). Suppose that xi, = X;,+1 for some 1 <ip < n.

(a) If ip is even, then w; = wjy1 for all odd indices i and x; = X1 for all even indices i.
(b) If ig is odd, then w; = w1 for all even indices i and x; = x;11 for all odd indices i.

Proof. We only derive (a); (b) can be obtained analogously. (a) will be established if the following statement is true: if iy
is even, then wj,—1 = wjy, Wij+1 = Wijy42 (forip < n — 2), xj,_2 = x,—1 (forip > 4) and x;;, = X;43 (forip < n — 3).
We prove the cases 4 < ip < n—3andiy = n — 1. The cases iy = 2 and iy = n — 2 can be proven in a similar way. If
4 < ip < n— 3 and the assertion fails, then (wj,_1X;;—2 + Wiy +1Xig+2) — (WiyXjy—1 + Wip4+2Xi+3) > 0.Sety = x;; = X;,41 and
let ¢, B be defined as in Lemma 2.4. We have 0 < 8 < @ < yand 2y? = (y+ B)?> + (y — ). Because 8/a — lasa — 0%,
we may assume that « is sufficiently small such that (w;;—1Xj,—2 + Wig+1Xig+2) (B/a) — (WigXig—1 + Wip42Xiy4+3) > 0. Define
z=(z1---z,)" by

Xi 1fl¢lo,l()+1,

21:{y+ﬂ lfl:lo7
y—a ifi=ip+ 1.
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Then z is a unit vector. We get that
n
w(Aan) > (Agnzaé, Z(,r/]) = wifii,‘
i=1

= Z WikiX; 4+ (Wig—1Xig—2 + Wig+1Xig+2) B — (WigXig—1 + Wig12Xig+3)
i=1
n
> > wiXiXi = (A, Xor s Xo1) = W(Ag,),
i=1
a contradiction. Hence our assertion holds. Suppose ip = n — 1. If wy,_5 # wy_1 Or Xp,_3 7 Xp_2, then wy_2X,—3 > wp_1Xp_2.
Sety = x,_1 = X,. By Lemma 2.4, there exist  and 8 suchthat0 < 8 < @ < y,2y> = (y + B)> + (¥ — «)? and
Wn-2Xn—-3(B/0t) — Wn_1Xn—3 + wa(((B/c) — 1)y — ) > 0.Definez’ = (z} - -- z)" by
Xi ifl<i<n-2,
y+p ifi=n—-1,
y—a ifi=n.

Then Z’ is a unit vector and

w(ho,) = (Agy2).2 szﬁzﬁ

n
= Z WikiX; + Wy_2Xn 3B — Wn_1Xn2 + wa((B — @)y — ap)
i=1
n
> w,—fc,-fc,- = (A(,nx(,r;, X‘Tr/u) = w(A,,n).
i=1
This is impossible and thus w,_» = w,_1and x,_3 = X,_5. O
Now we are ready to prove Theorem 2.1.
Proof of Theorem 2.1. Without loss of generality, we may assume that w is nonnegative. Let y = (y; --- y»)T be a
nonnegative unit vector with y; > y, > --- >y, Suppose that | and I; are in S,. Notice that (Ay,y;,) =

n n . k k A~
Doict WIOYLOYhG+) = D iy Wi a1V a1 @41 SINCE D iy Vi a1ipYha-1o+1n = Dz Yiyi forall 1 < k < nby
Lemma 2.3 and wq > w, > --- > wy, > 0, we have

ALVIth Zwty&ﬁ = anyGé’yG,é) (4)

by Lemma 2.2. Consequently, maxes, w(A;)) = w(As,).
(b) The irreducibility of Re A;, and (4) guarantee the existence of a unique positive unit vector x = (x; - - - xn)T with

X1 =Xy = -+ = X, > 0such that w(Ag,) = (Ag, X1, X51) = Yo Wikiki.
(a) We only need to prove the sufficiency. Suppose that { € S, satisfies w(A;) = maxes, w(A;). Because of the
irreducibility of Re A, there exist a positive unit vector z = (z; - -z withz; > 2z > -+ >z, > 0andanl, € S,

such that w(A;) = (A;z,, z,). From (4),

n n
w(A;) = (Acziy, z1,) = Z We ()21 ()2l (i41) = Z WiZp, (¢ =1(i) 2 =1 (i)+1)
i=1 i=1

IA

n
D witiZi = (Ao 2o 257) < W(Ag,) = Maxw(A) = w(A;).
B n

This shows that the inequalities involved are actually equalities and hence ) ;. WiZp, (.= 1(i) 2y (¢~ 1 () +1) = Yo, wiZiZi. We

show that Y1, 2, .—13)Ziyc~1(y 1) = 2oiq Zi2i- If wn # 0, then this equality is confirmed by Lemma 2.2. Suppose next that
. -1 -1z : .

wy = 0.Since wn_1 # 0, Y 1 2, (:~13) Ly e~ +1) = 21y Zi2i by Lemma 2.2 again and we obtain z;,  —1 (2L, ¢ ~1(my+ 1) <

ZnZn = ZnZn—1. The situation that z;, .12, ~1m+1) < ZnZa—1 ONly occurs When zp, 1)) 2, -1 +1) = z2. Because of

L&~ (n) # L(;~'(n) 4 1), we get that z,_; = z,, a contradiction. This ensures that Y| 2, . —1()Ziyc~1(y11) = Doin1 2iZi-

From Lemma 2.3, there exist v, p € S, such that zy, (. —1,)) 2, (-1 +1) = 2i2p) forall 1 < i < nand

n n
ZiZpo) = ) ZiZi. (5)
i=1 i=1
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We claim that I, = ;¢ for some g€ H,. First consider the case that the z;'s are distinct. Since Z; > Z; > -+ - > Z,_ 1= =27, >

0, we get that ) ;_ 1zp(1) = Z, 1ziforall1 <s < nwiths # n— 1by(5) and Lemma 2.2. This is equivalent to Z,; = %
for1 <i<n-—2andZ,m_1y, Zptm) € {Zn—1, Zn} = {Zn—2, Zn—1}. We derive that (21, () 21y i+1)) 24 and (ZiZ,(i))I_, consist of the
same components (up to permutation), which are

2122, 2123, 22245 - « - s ZiZi42, -+« s Zn—3Zn—15 Zp(n—1)—1Zn> Zp(n)—1Zn

Withz,m—1)-1, Zom)—1 € {Zn—2, Zn—1}. This only occurs when z;, = (z,(1 - - z,z(n))T is such that z, and z5 are in the positions
near z1, and z4 is next to z, and on the opposite side of z4, etc. Hence, we get that I, = o, ¢ for some ¢ € H,. Now suppose
that z;, = z;,41 for some even index iy. By Lemma 2.5, z; = z;1; for all even indices i. We may assume that z; > z;; for
all odd indices i since otherwise, by Lemma 2.5 again, w and z are both constant vectors and this theorem obviously holds.
From (5) and Lemma 2.2, we have Y ;_,Z,i = Y ;. % fors = n and for all even indices s with 2 < s < n — 1. Hence,
Zp4) = Zp(+1) = Zi = Zi41 forall odd indicesiwith 1 < i < n—2,and, inaddition, Z,,—1) = Z,m) = Zy—1 = Z, whenniseven,
and Z,(1—2) + Zpn—1) + Zpn) = Zn—2 + Zn—1 + Z, when n is odd. Under the condition that n is even, we obtain Z,,;, = Z; for all
1 <i < nand the same argument above leads usto l, = o, ¢ for some ¢ € H, (here we do not distinguish z; and z; ; for even
indices i since z; = z;;; in this case). When n is odd, we have Z,1—2), Zpn—1)s Zp(n) € {Zn—2, Zn—1, 2n} = {Zn—3 = Zn—2, Zn—1}
and the components of (zy, (j)z1, i+1))i; and of (ZiZ,;) )}, are (up to permutation) both

2122, 2123, 2224, « -« s ZiZi4 2, « + « s Zn—4Zn—2, Zp(n—2)—1Zn—1> Zp(n—1)—1Zns Zp(n)—1Zn

With Z,(m—2)—1, Zp(n—1)—15 Zp()—1 € {Zn—3 = Zn—2, Zy—1}. Because [, (i) # L (i+ 1) forall 1 < i < n, we observe that the third
term from the right implies that p(n — 2) — 1 # n — 1 and hence, z,(n—2)—1 = Z;—3. Applying the same arguments as above,
we get [, = o,¢ for some ¢ € H, (we do not distinguish z; and z;,.; for even indices i). For the case that z;, = z;,4+1 for some
odd index i, the same result can be obtained analogously. Therefore,

<Aczlzvzlz> <A{ ) a,,(p) = <A§¢—1Z(,A, Za,é)

= Z We =t ZonZopi+1) = wa”(a; YonZonon ) Zonon )+

i=1
It can be verified that 251 o @) oo L )+1)
¥ = ¢~ o, . With the help of Lemmas 2.2 and 2.5, we get wy i = wjforall 1 <i < n.Hencey € F, and { = Yo,p as
asserted. O

= Zzzforall 1 < i < n.Thisyields Y [, wypZiZ = Y ., wiZiZ, Where

3. Unilateral and bilateral weighted backward shifts

In the preceding section, we deal with finite weighted cyclic matrices. Related theory for infinite matrices, that is,
unilateral and bilateral weighted backward shifts, is developed in this section. Before exhibiting the main theorems,

we introduce a bilateral weighted backward shift which is frequently used latter. Suppose that w = (w;){2, (resp.,
w = (w)Z_.) is bounded. We define a nonnegative sequence (u;)7°, as follows. Let s = limsup,_,, |wi| (resp.,
s = max{limsup,_, o, |wkl|, limsup,_, _, |wkl}). If supgeno |wi| = (resp Supyez |lwk| = s), then select u; = s for all

i>0.Iftheset 2 = {i € NO |wi| > s} (resp., 2 = {i € Z : |w;| > s})is finite, we can arrange {|w;|}ice in nonincreasing
order, say |wj,| > |wj,| > - -+ > |wj,|, and select

lw;,| if0<i<n,
uj = P
S ifi > n.

If £2 is infinite, then there exists a one-to-one correspondence A : N® — 2 such that |Wio)| = |wipy| = - - and we select
u; = |wy| foralli > 0. Obviously, (u;)72, is nonincreasing. Leto : Z — NO be the one-to-one correspondence satisfying
o(i) =2iifi > 0and o (i) = —2i — 1ifi < 0, thatis,c(0) =0,0(—1) =1,0(1) =2,0(-2) =3,0(2) =4,...,etc. We
define U, as the bilateral weighted backward shift with the weight (u ) that is,

i=—00"

Us(—1)

_ 0 U
Un = 0 Ug (1)

Recall that for each | € Syo (resp., | € Sz), A (resp., B) is the unilateral (resp., bilateral) weighted backward shift with the
weight (wy))2, (resp., (W) _,, ). Our main results are Theorems 3.1 and 3.2. They deal with the unilateral and bilateral
weighted backward shifts, respectively.
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Theorem 3.1. Let w = (w;){%, be bounded. We have

sup w(Al) = w(Uw)~

IESNO
In addition, w(A;) = SUPies, o w(A) forsome ¢ € Syo ifand only if sup,cyo |wk| = limsupy_, o |wk| = s, and SUPfes, o w(A) =
s in this case.

Theorem 3.2. Let w = (w;)°___ be bounded. We have

i=—00

sup w(B)) = w(Uy).

leSy,
In addition, w(B;) = sup,cs, w(By) for some ¢ € Sz if and only if one of the following conditions holds:

(1) SupkeZ |wk| = maX{lim Supk%oo |wk|7 lim Supkafoo |wk|} =5,
(2) |wi| > limsupy_, o |wi| = limsup,_, _, |wi| foralli € Z, and
(3) |wi] = limsup,_, o, |w| = limsup,_, _, |wk| = sforalli € Z and there is an iy € N such that |w;| = s for all |i| > io.

In case (1), we have sup;cs, w(B)) = s.

To establish Theorems 3.1 and 3.2, we introduce several lemmas, some of which are interesting on their own. Because
the numerical ranges of unilateral (resp., bilateral) weighted backward shifts with the weight (w;)2, (resp., (w;)2_.,) and
with the weight (Jw;|)2, (resp., (|lwi|)2_,) are the same, we only need to consider the unilateral and bilateral weighted
backward shifts with nonnegative weights. We may further assume that all the w;’s are nonzero. Otherwise, they are the
direct sum of weighted cyclic matrices or unilateral weighted backward shifts, and their numerical ranges are the largest
numerical ranges of these summands. For any B = (B,-j);ffzo (resp., B = (Byj) and0 < m < n < oo (resp,

—00 <m < n < 00), we let B[m, n] denote the matrix (Bj)

hj=—c0)
n

ij=m-*

Lemma 3.3. Let w = (w;){2, (resp., w = (wy)°_) be positive and bounded. We have

i=—00

sup w(A) = w(Uy) <resp., supw(B)) = w(Uw)) .
leSy,

IESNO

Proof. Suppose | € Syo (resp., | € Sz). For afixed n € N, A[0, 2n] (resp., B)[—n, n]) is of the form

0 wi—nt+1
0 wl(o) 0
:
A= resp., B = wio)
Wi2n—-1) 0
0
Wi(n)
0
Let (ci)?:”Tl be the rearrangement of {w,@-)}izjgl U {0} (resp., {wig) }io _,1 U {0}) in nonincreasing order and set
0 Copni1(1)
0 .
Mapy1 = )
Copny1(2n)
CUz,H,](ZTH—l) 0

where 03,41 € Synq1 is defined as in Section 1. Notice that ¢4, ,@nt+1) = C2np1 = 0. From Theorem 2.1, w(A[0, 2n]) <
w(Maptq) (resp., w(Bj[—n, n]) < w(Mau41)). Since each entry of My, is less than or equal to the corresponding one of
Uy[—n, n], [1, Corollary 3.6] implies that w(Mz,+1) < w(Uy,[—n, n]). Hence,

w(A) = w (U A0, 2n]> <w (U Uy[—n, n]) = w(U,)
n=1

n=1

(resp., w(B) = w (U B/[—n, n]) <w (U U,[—n, n]) = w(Uw)>
n=1

n=1
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by Wang and Wu [8, Lemma 2.6(a)]. We conclude that SUPjes, w(A) =< w(Uy) (resp., sup;es, w(B) =< w(Uy)). It
remains to prove the converse. Let ¢ > 0. We may pick an ny € N such that w(U,[—ng, ng]) > w(U,) — € because
w(Uy,) = w(U;“;] Uy[—n, n]). We observe that the way to construct U,, guarantees the existence of some I € Syo (resp.,
I' € S;) which satisfies w(Ay[0, 2ng]) > w(Uy,[—ng, ng]) — € (resp., w(By[—ng, ng]) > w(Uy,[—ng, ng]) — €) since the
eigenvalues of the real part of a finite matrix depends continuously on its entries (cf. [11]). Consequently,

w(Ar) = w(Ar[0, 2ng]) > w(Uyl[—no, nol) — € > w(Uy) — 2¢

(resp., w(Br) > w(By[—no, nol) > w(Uyl[—n0, nol) — € > w(Uy,) — 2¢)

and we obtain that SUPjes w(A) > w(Uy) (resp., supycs, w(B)) > w(Uy)). This completes the proof. O

The next lemma provides a sufficient condition under which w(A;) = SUPLes, o w(A) (resp., w(B;) = supcs, w(By)) for

some ¢ € Syo (resp., ¢ € Sz). In order to simplify the notations, for each s > 0, let A(s) and B(s) be the unilateral and bilateral
weighted backward shifts with the constant weight w; = s, respectively, that is,

0 s

o wn

A(s) = and B(s) =

(=3
1%}

We have w(A(s)) = w(B(s)) = s by [8, Corollary 4.7 and Theorem 4.9].

Lemma34. Let w = (w)Z, (resp., w = (w)Z_,,) be positive and bounded. If supyeyo wy = limsup,,, wx =

i=—
(resp., SUpyez Wy = max{lim sup;_, ., wg, lim sup,Hi)ooo wy} = s), then there exists a { € Syo (resp., ¢ € Sz) such that
w(A;) = SUPfes, o w(A) = w(Uy) = s (resp., w(B;) = sup,ep, w(B) = w(lUy) = s).

Proof. We only prove the unilateral case; the bilateral case can be done analogously. Let w = (w;){2, be positive, bounded
and satisfy supycyo wx = limsup,_, , wy = s. We get that U, = A(s) and therefore, SUPjes, w@) = wU,) = sby
Lemma 3.3. Now pick a subsequence (1;){, of N such that wy, —> sasi — oo.let¢ : N° — NO be any one-to-one
correspondence with ;(2k2 +j) = Nye ., forallk =0, 1,... and all j satisfying 0 < j < 2. Foreachp = 1, 2, ..., define
x? = ("), by

G [2? i << o
! 0 otherwise.

We have ||x®|| = 1and

(AX(IJ) X(P))=l(w +w + 4w ) —>s as — 00
¢ ’ op M2 Top? 14 p '

n 2
| 2P% 42P 2

Hence w(A;) = sasrequired. O
For any complex sequence x = (x;)2,, we define X = (%), and X = (%), by

N {xo ifi =0,

R = i and X = x; foralli > 0.
i Xi_1 ifi > 1’ i i+1 -

A result which is parallel to Lemma 2.3 is also obtained.

Lemma 3.5. Let x = (x;)7°, be nonnegative and nonincreasing, and let I, € Syo. Foreachk =0, 1, ..., we have

k k
le<n<i>>xt(n<i>+1> < Ziifcf.
i=0 i=0

In addition, if x is positive and x; — 0 asi — oo, then there exist ko € N and ; > 0 such that Z?:o XininXinGy+1) + 1 <
S o Kk for all k > ko.
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Proof. The first part of this proof is similar to the one for Lemma 2.3. Let [, n € Syo and suppose I(pg) = 0.Definey = (y))72,
byy = xifpp = 0,andy = (xoXoX1X2 - - - X0)—1 Xi0)+1 - --) if po > 0.That is, y is obtained by deleting the [(0) + 1st
component of X. There exist ¢, Y € Syo satisfying

2 X if0<i<po, Xr1y) if0 <1i < po,
Xpi) = o and = -
o0 {Xl(i+l) ifi = po, WO =\xq  ifi> po.

It is trivial that x,)Xii11) = Xg@ Yy foralli e N°. Fixk =0, 1, .... We may choose a v € N° satisfying 0 < v(i) < k for all
0 <i<kand¢(n(v(0)) > d(n(v(1))) > --- > ¢(n(v(k))). Because X; > Xy,v(iyy) forall 0 < i < k, we have

k k k k
D XaoXimorn = Y Xeaovom = ) XnoYeo < Y XVna,
i=0 i=0 i=0 i=0

where I; = ¢nv and I, = ¥nv. Obviously, y; < X; for alli € N° and this implies Zé:o Vi < Zé:o x;forall0 < j < k. By
Lemma 2.2, we obtain

k k

k
le(n(i))xl(n(i)H) = Z Xi¥ih i) = Z
i=0 i

k
i=0 =0

A

Xi%;. (6)

Now assume thatx; > 0 foralli € N® and x; — 0asi — oo. There are iy, i; € N such that [(0) < iy < i; — 2, Xig—1 > Xj,
and x;, _1 > x;,.If k > iy, then from (1) and (6),

k k k
Z Xiki — X Xion@i+1) = Z Z XYL
0 i=0 i=0

k

i=0 i=
k—1 i k
= ) (X —Xip1) Z(&j — Vi) + Xk Z(Qi — Vb))
i=0 j=0 i=0
i1—2 i1—2
= (X11 2 _X11 I)Z(X] }’j) = (X11 1— xl]) Z (Xj 1 _X])
j=10)+1
> (Xi]—] - Xi])(xio—l _Xfo) > 0.
This completes the proof. O
Lemma 3.5 tells us that for a nonnegative and nonincreasing sequence x = (X)), (XX, weakly majorizes

(Xin iy Xin()+1)) - In addition, if x is positiveand x; — 0asi — oo, ZLO (XiXi —X105() X1 )+1)) is away from O for sufficiently
large k.In Lemma 3.6, we describe a necessary condition for the existence of some { € Syo suchthat w(A;) = SUPfes w(A)).

Lemma 3.6. Let w = (w;){2, be positive and bounded. If w(A;) = SUPjes, w(A) for some ¢ € Syo, then W (A;) is open.

Proof. We show that if W(A;) is closed, then there exists a {’ € Syo such that w(A;) < w(A,/). From [8, Proposition
2.1(b)], there exist a positive unit vector x = (x;)°, withxg > x; > ---and l; € Sy satisfying w(A;) = (A:x;,, x,) =
Zi:o We )Xl (X1, +1)- Since x; — 0 asi — oo, we have x, X, i+1) — 0asi — oo. This guarantees the existence
of some t € Syo such that (X, )X, (t()+1)) oo 1S NONincreasing. By Lemma 3.5, ZLO X1yt i) Xl e )+1) = ZLO Xi%; for all
k = 0,1,..., and there exist k € N and u > 0 such that Zf:o X @)X e+ + u < Zf:o x;ix; for all k > ko. Now
we may pick an N € N satisfying N > ko and Z::NH We ()Xl ()Xl (1) < (minog,-ﬁk0 w[(,')) . Let v € Syo be such that

0 <v() < Nforall0 <i < Nand Wewo) = Wep@) = 0 = wg(v(N)).We have We(vikg)) = minos,-sko We (i and
>0 X X0+ S Yo XX+ forall k =0, 1, ... From (1),
N N N N
Z W (v Xiki — Z We Xl X1 (+1) = Z We (i Xiki — Z We (v(@) X1 @)X (i) +1)
i=0 i=0 i=0 i=0
N—1
=Y (Wewiy — Wewity) Z(X Xi — X1 0(i) X1 (0() +1))
i=0 j=0
N
Fwewmy YR — Xy wi)X, 1)
i=0
N—1

z Z(wc(v(t)) — We+1)) Z(X Xi — X1, (¢(i) Xl (¢()+1))
i=ko Jj=0
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N

+weom Y RE = Xy eapXn i)
i=0

N-1

> ) (Wewimy — Wewirn) i + Wewmph
i—ko

m”,} w;m) > Z We X1y (X1 (i+1) -

= Wk M = (
i=N+1

0<

Therefore, if " € Syo is the rearrangement such that A where w’ = (w¢(u(iy) o is @ principal submatrix of A/, then

w(Ay) > Z?]:o Wewi)XiXi > w(A;) as asserted. O

w',oNy1?

Proof of Theorem 3.1. We may suppose that w is positive. With the help of Lemmas 3.3 and 3.4, we only need to show that
ifw@,) = SUPLes, o w(A)) for some ¢ € Syo, then supcpo wy = lim supy_, o, wy. If otherwise, then there exists an iy € N°
such that wj, = supycyo wy > limsup,_, ,, wx = s. By multiplying a suitable scalar, we may assume that w(A;) = 1. This
implies 1 = w(A;) = w(Uy,) > w(B(s)) = s. Suppose thats = 1. Let w’ = (w})X, be defined by wy = w;, and w; = 1 for
alli > 1.Weget1 = w(U,) > wlUy,) = (w + 1)/2wj, > 1by Wang and Wu [8, Theorem 4.9(b)], which is impossible.
Supposes < 1andletsy € (s, 1). From Lemma 3 6, W (A;) is open and hence W (A;) = W (A;[m, oo]) forallm € N by Wang
and Wu [8, Proposition 2.4]. We get w(A;) = w(A;[mg, oo]) < w(A(Sg)) = so < 1 for sufficiently large my, a contradiction.
This finishes the proof. O

To prove Theorem 3.2, we need the necessary and sufficient conditions for the existence of some ¢ € S; which satisfies
Uw == Bg

Lemma 3.7. Let w = (w;)°___ be positive and bounded. The following statements are equivalent:

1=—00

(a) Uy = B; for some ¢ € Sy,
(b) there exists a one-to-one correspondence ¢ : N — Z such that wy) > wga) > - - -, and
(c) the condition (2) or (3) in Theorem 3.2 holds.

Proof. (a) <= (b) If U,, = B, for some ¢ € Sz, we have wy ) > wg(1y = - -, Where ¢ = ¢o~!and o is defined in the first
paragraph in this section, and ¢ is the desired one-to-one correspondence from N° to Z. Conversely, if (b) is true, then we
select { = ¢po € Sy and get B, = U,,.

(b) <= (c) Let s = max{lim sup,_, , wy, limsup,_, _, wi}. Because the set {i € Z : w; > s’} is finite for any s’ > s, the
implication (c) = (b) is trivial. Now suppose that (b) holds. We first claim that w; > s for alli € Z. If otherwise, then we
may choose a p € Z such that w, < sand p = ¢(t) for some t € N°. Since there are infinitely many w;’s greater than w,,
we can find some t’ € N° satisfying t’ > t and wy ) > wp = Wy ), a contradiction. Hence, w; > s for alli € Z. This implies
that lim supy_, o, wy = limsup,_, _,, wy = s. Moreover, if w;, = s for some iy € Z and the set {i € Z : w; > s} is infinite,
the same argument also leads us to a contradiction. Hence, (c) is true. O

Lemma 3.8. Let B be the bilateral weighted backward shift with the positive and bounded weight w = (w;);°__ . Suppose that
X(p) _ (X(P))
eachi e NO,

p =1, 2, ..., are nonnegative unit vectors such that (Bx®, x?) — w(B) as p — oo, and suppose that, for

i=—00"
fp) — o as p — oo for some a; > 0. We have

(@) oj > 0asi — Fo0, and

(b) if o, = 0 for some iy, then W (B) is open.

Proof. (a) By Fatou’s lemma, ) > o? =Y = 11m1nfp_>c,o(x(p))2 liminf,_ o 21_70<J()<(p))2 = 1/(cf. [12, Theorems

5.17 and 10.29]). Therefore, "> 0112 converges and o; — O asi — =£o0.

(b) Suppose a;, = 0 for some ip. From (Bx?,x?) — w(B) and x(p) — Oasp — oo, we get that (Bx?, x?)) =

i=—00

Y2 wy X PxP) 4 e i1 Wi xPx” — w(B) asp — oo, where B is the bilateral weighted backward shift with the

weight (--- wg -+ wi;2€8wjgyq --) With0 < € < wjy1and 0 < § < wy,. This implies that w(fi') > w(B). By
[8, Proposition 2.5(a)], we have w(é) < w(B) and hence w(@) = w(B). Therefore, W (B) is open by Wang and Wu
[8, Proposition 2.5(b)]. O

We remark that the preceding lemma also holds for the unilateral case and the proof can be obtained analogously. It is
now time to derive Theorem 3.2.
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Proof of Theorem 3.2. We may assume that w is positive. From Lemmas 3.3, 3.4 and 3.7, we only need to show that if none
of (1), (2) and (3) holds, then w(B;) < sup;cs, w(By) for all { € Sz. Suppose that this is the case, and w(B;) = sup;cs, w(B)
for some ¢ € Sz. Sets = max{limsup,_, ., W, limsup,_, ., wi}. Thens > 0, and there exist indices iy, i, € N° and a
subsequence (1)), of N such that w ;) > s > Wiy and wew) > we, forallj =0,1,.... Letx? = x"® p=
1,2, ..., be nonnegative unit vectors satisfying (B;x(”), x®) — w(B;) as p — oo. Applying the diagonal process, we may
assume that, for eachi € No,x“’) — o asp — oo for some ¢; > 0. Lemma 3.8(a) ensures that o; — 0asi — Foo.If

i -

aj, = 0 for some ip € N, then Lemma 3.8(b) says that W (B;) is open, and w(B;) = w(B,) for all m > 1 by [8, Proposition
2.4], where By, is the bilateral weighted backward shift with the weight (- - - w_m—1 W_; Wm W41 - - -). Let so be such that

s < Sg < (Weqp) + (sz/w;(il)))/z. We have w(B;) = w(cho) < w(B(sp)) = s for sufficiently large mg. On the other hand,

define w’ = (w))X__, by wy = we ;) and w; = s for all i # 0. By Lemma 3.3 and [8, Theorem 4.9(b)], we have

w(B) = w(ly,) = w(U,) =5 [((’”f;))z + 1) /(2 (“’f;)))] - % <w;<m + wi)) > 5o,
il

which is impossible. We conclude that o; > Oforalli € Z. Let j, be the index such that Oty Oy 11 < iy iy 1. Define ¢’ € Sy

by ¢'(i2) = ¢ (nj,), ¢'(njy) = ¢ (iz) and ¢’ (i) = ¢ (i) for all i # i, nj,. From elementary calculation, we obtain
® L,y — ®) () ®,, ) ,,(P)
(Bex”, xP1) = (Bex®, %) + (i) — W)Xy, Xiyyr + (Wetig) = Weamy) X X 41
®),,(®)

(p)
= (Bx?,x?) + (W) = Weiin) Ky, Xiyyq — Xﬁz?;"njoﬂ)

— w(By) + (Wemy) — Weiy)) (Wi Cip1 — Oy Ay 1) S p — 0.

Therefore, w(B;/) > w(B;), a contradiction. This completes the proof. O
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