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Propagation of Lower-Order Modes in a Radially 
Anisotropic Cylindrical Waveguide with 

Liquid Crystal Cladding 
Tien-Jung Chen and Shu-Hsia Chen 

Abstract- The propagation behavior of the four lower-order 
modes, HE11, TEol, TMol, and HE21, in a radially anisotropic 
cylindrical waveguide with liquid crystal cladding is studied both 
theoretically and experimentally. The cylindrical waveguide is 
a doubly-clad fiber with an isotropic core and inner cladding 
and a radially anisotropic outer cladding made of nematic liquid 
crystal. Theoretically, the propagation and decay constants for 
the TEol and TMol modes are obtained by solving the wave 
equations exactly, while those for the HEll and HEzl modes are 
derived using perturbation techniques under the weakly guiding 
approximation. It is predicted that in such a structure the guided 
TEol mode can be separated from the leaky HEII, TMoI, and 
HEzr modes. The theoretical results show good agreement with 
the experimental observations for a 3 em long fiber cell with a 5 
pm inner cladding radius. 

I. INTRODUCTION 
IQUID crystals possess high optical anisotropy and their L macroscopic optical properties can easily be altered by an 

external electrical field. These distinctive characteristics make 
liquid crystals attractive for many applications. In the past 
decade, much research effort has been devoted to exploring 
the combined use of optical fibers with liquid crystals. In 
most studies liquid crystals are used as cladding. Examples 
include liquid-crystal-clad tapered fibers [I], liquid-crystal- 
overlay side-polished fiber [2]-[4], directional couplers with 
liquid crystal sandwiched between two side polished fibers 
[5] ,  and coaxial fiber couplers embedded in liquid crystal [6]. 
These studies have demonstrated the feasibility of using optical 
fibers clad with liquid crystal to build switches, modulators, 
polarizers, and couplers. There are also some studies in which 
liquid crystals are used as the fiber core [7]-[IO]. Among those 
experimental studies that have used liquid crystals as the fiber 
cladding [1]-[6], none have made liquid crystals with a radial 
molecular director configuration. It has been proposed [ 1 I ]  that 
by using liquid crystals with a radial configuration as the fiber 
cladding, one may be able to fabricate polarization-sensitive 
fiber devices. An analysis of single-cladding anisotropic fibers 
with cylindrical polar principal axes has also been developed 
[12]. In a recent letter [13], we described how the flexible 
alignment of liquid crystal molecules can be exploited to 
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Fig. I .  (a) The geometry of the fiber cell: a section of length 1 on the stripped 
fiber was etched and clad with liquid crystals. (b) A cross-sectional view of 
(a) showing the three-layer cylindrical structure: 1: core with radius a ,  2: inner 
cladding with radius b, 3: NLC outer cladding. 

prepare a fiber cell composed of cladding-removed fiber en- 
closed by radially aligned liquid crystals. Such a fiber cell can 
exhibit radially anisotropic optical properties which may have 
some applications. Experimentally, we have observed inter- 
esting mode selection behavior in such a radially anisotropic 
cylindrical waveguide [ 131. In an isotropic cylindrical fiber, 
the TEol and TMol modes are difficult to separate because 
they have nearly the same propagation constants and cutoff 
characteristics. However, when a cylindrical fiber is clad with 
radially oriented liquid crystals, the TEol and TMol modes see 
different refractive index profiles because of their dissimilar 
polarization and thus exhibit different propagating properties. 
In this paper, we extend our previous investigations and 
present a theoretical formulation to describe the propagation 
behavior of the HEl1, TEol, TMol, and HEzl modes- in the 
waveguide structure referred to above. We present a detailed 
analysis of the phenomena observed in our experiments. 

The paper is organized as follows. The theoretical formu- 
lation is presented in Section 11. The experimental setup is 
described in Section 111. In Section IV we present theoretical 
and experimental results and compare the two sets of results. 
Conclusions are given in Section V. 

11. THEORY 

Fig. l(a) shows a fiber cell of length 1 composed of a 
cladding-removed fiber enclosed by radially oriented liquid 
crystals. The cross section of the fiber cell, shown in Fig. 
1 (b), indicates that the waveguide is a three-layer cylindrical 
structure with an isotropic core and inner cladding and a 
radially anisotropic outer cladding made of liquid crystal. 
The isotropic core and inner cladding have radii of a and 
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Fig. 2. Schematic drawings of (a) the cylindrical coordinate system and (b) the refractive index profile n, versus T ,  and (c) ne, R ,  versus T .  

b and refractive indices n,, and n,~,  respectively. The liquid 
crystal outer cladding has extraordinary index ne and ordinary 
index no. In the derivation we use the cylindrical coordinates 
shown in Fig. 2(a). The principal axes of the outer cladding 
coincide with the axes of the cylindrical coordinates and 
the extraordinary principal axis is radially oriented, such 
that the refractive indices in outer cladding are n, = ne, 
n+ = n, = no, and ne > n,, > n,. > n,. The whole 
profiles of the refractive index are shown in Fig. 2(b) and 
(c). In the following, we will consider the propagation of 
the four lower-order modes-the HEl1, TEol, TMol, and 
HE21 modes-in this three-layer cylindrical waveguide with a 
radially anisotropic outer cladding. 

Intuitively, the HE11, HE21, and TMol modes have a 
nonzero E, component and can be expected to become leaky, 
because the E, component sees a high refractive index in the 
outer cladding, as shown in Fig. 2(b). On the other hand, the 
TEol mode has only an E+ component and should be guided, 
because it sees a low refractive index in the outer cladding, 
as shown in Fig. 2(c). To study the mode characteristics 
quantitatively, one must solve Maxwell’s equations. For the 
TEol and TMol modes, the field components, which are 
independent of 4, can be solved exactly, and the propagation 
constant p can be obtained. However, it is difficult to obtain 
exact solutions for the HE11 and HE21 modes and thus we 
will use perturbation methods to estimate their propagation 
constants. 

For an electromagnetic wave propagating along the z di- 
rection with a frequency w and a propagation constant p ,  the 
electric field vector can be written as E = z ( r ,  4) exp [z(wt - 
p z ) ] .  The propagation constant p is real for guided modes but 
is complex for leaky modes. From Maxwell’s equations, one 
can obtain the following coupled equations for the transverse 
electrical field components e, and e4 [ 111, [ 121 

- - - re,) . (la) 
:r [: :( ] 

. -$& ( r $ ) .  (lb) 

Here 0: = d 2 / d r 2  + ( l / r ) d / 8 r  + ( 1/r2)a2/&$z and k is the 
free-space propagation constant. 

A. TEol Mode 

For the TEol mode there is only one transverse electrical 
field coniponent e4 and it is independent of the coordinate 4. 
That is, e, = 0 and de+/d4  = 0. In this case the equation 
for e4 becomes 

Here, as shown in Fig. 2(c), n,+ is equal to nco for T 5 a, ncl 

for a 5 r L b, and no for T 2 b. Since nco > n,l > no, (2) 
has a guided solution as follows: 

where A,+, B+, C+, and D+ are arbitrary constants to be 
determined and U = (n;,k2 - p2)1/2, w = (p2 - n2 cl k 2  1 1/2 3 

and v = (pz - n2k2)1/2. In addition to the electric field 
component E+ = e+(r)  exp [z(wt - p z ) ] ,  there are magnetic 
field components H, = h,(r)exp[z(wt - pz)] and H ,  = 
h,(r) exp [i(wt - P z ) ] .  h, and h, are related to e+ by 

Here po is the permeability of free space. The continuity of 
the tangential field components e+ and h, at interfaces r = a 
and b gives the following characteristic equation: 

where Jm, Im, and K ,  are the Bessel and modified Bessel 
functions of the mth order. The propagation constant p for the 
TEol mode is obtained by solving (6). 
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B. TMol Mode 

The derivation for the TMol mode is similar to that for the 
TEol mode. For the T M o l  mode, the e,  component is nonzero 
and is independent of the coordinate 4. That is, e+ = 0 and 
ae,/dd = 0. Other nonzero field components are the electric 
field component E, = e,(r) exp [i(wt-,Oz)] and the magnetic 
field component H4 = h$(r)exp [ i (w t  - ,LIZ)]. In this case, 
the equation for e, is 

anisotropic fiber can be expressed as 

2 0  

i r 2 =  [‘i 7 
= n?(T + D), 

where 
anisotropic perturbation and is given by 

is a unit matrix and the matrix D represents the 

and the other nonzero field components are related to e, by 

h, =- 
P er .  

Here, as shown in Fig. 2(b), n, is equal to n,, for r I a, 
n,l for a 5 r 5 b, and ne for r 2 b; q = 1 in the isotropic 
region ( r  5 b)  and r/ = n:/n,” in the liquid crystal anisotropic 
region ( r  > b ) ;  and EO is the permittivity of free space. Since 
ne > nco > ncl, (7) has the following leaky solution: 

A,  J1 ( U T )  r I a ,  { D,H,(’) (‘u’r) r > b  

where A,, B,, C,, and D, are undetermined coefficients 
and U = (nz,k2 - p2)l/’ ,  w = (p2 - nE,kZ)’/2, and U’ = 
[(no/n,)’(n;k2 - p2)] ’ / ’ .  From the continuity of h+ and e, 
at r = a and b, we obtain 

e,(r)  = B,Kl(wr) + C,Il(wr) a 5 r 5 b, (10) 

C. HE11 and HE21 Modes 

The hybrid modes have both nonzero e,  and e+ transverse 
electric field components and can be expected to be leaky. To 
find the propagation constants, we have to solve the coupled 
equations (la) and (lb) for e, and e+. Since it is difficult 
to obtain exact solutions, we use the perturbation techniques 
developed in [ 121 to evaluate p approximately. 

We consider the anisotropic fiber cell to be a three-layer 
isotropic waveguide slightly perturbed by the anisotropic prop- 
erty in the outer cladding. The refractive index matrix of the 

Here S,, = 6,, = 0 in the isotropic region ( r  5 b )  and 
S,, = S,, = 1 -n;/n; in the liquid crystal anisotropic region 
( r  2 b) .  If we introduce a scaling parameter X and let the 
perturbation be A B ,  then E2 = n:(T + AD) and the square 
of propagation constant p2 and the electric field G can be 
expanded in power series of X 

(14) 

(15) e = g o  + x G ~  + x ’ G ~  + .  . . . 
Substituting the expressions for E’, p2 ,  and Z into the (1) and 
equating the terms of the zero- and first-order in X, we obtain 

p2 =p i  + xp; + X”p% + ’ .  ’ 
- 

and 

In order to find the zero-order solution, we have to solve 
(16a) and (16b), which are exactly the propagation equations 
for an isotropic fiber with a refractive index profile n,(r) 
shown in Fig. 2(b). Under weakly guiding conditions, the zero- 
order field components have the following solution form [ 141, 
[I51 

eor(r, 4 )  = f(.) sin (n4) ,  
eo4(r, 4) = f(.) cos (n4) .  (18) 

Here f ( r )  is given by 

T L a ,  

r > b  
+ C I n - l ( w r )  a I r 5 b ,  (19) 
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where A, B, C,  and D are undetermined coefficients, and 
U = (n2,k2 - ,Bi)1/2, Ci = (p i  - n:lk2)1/2, and f i  = 
(n:k2 - /?i)1/2. The n refers to the first subscript of the 
HE,, mode. By requiring eo+ and (deoT/dr + eO,/r) to be 
continuous at interfaces r = a and b, which is deduced from 
the continuity of the eo$ and eoZ components, we obtain the 
following characteristic equation: 

1 GK,  - 2 (w b )  H,’,“1 (6 b )  K ,  - (Gb) GHp? (Gb)  + 
Kn-l(Wa) J,-l(GU) K,-l(.LZlU) J , - l ( G U )  

= o  (20) 

and the relations of the coefficients A, B, C, and D are 

B ~[J , -~ (GcL)GI , -~ (WU)  - UJ,-~(UU)I,-~(WU)]A, 
C = u [ J ~ - ~ ( U U ) W K ~ - ~ ( W U )  + UJn-2(G~)Kn-1(2u~)]A, 

3 
1 

D =  [BK,-l(Wb) + CIn-l(Wb)]. 
Hfjl(fib) 

From (20), the zero-order propagation constant ,BO can be 
evaluated and then the coefficients A, B, C,  and D can be 
determined from (21). 

To find the first-order propagation constant ,/?I, we consider 
the integral of the expression [eor x (17a) - el, x (16a) + 
eo+ x (17b) - elm x (16b) ] over the cross-sectional area of the 
anisotropic fiber (see Appendix). The first-order propagation 
constant p1 obtained from this integration can be expressed 
analytically as 

p: = (1 - ”> { (k2n2 +G2)[H,(2)z( f ib)  
nZ 

A2 a2 
2 -- I +  7 J?(Ua) 

[ D 2  b2 ( z) 
-(1 + $)H!2)2(i jb)]  

for the HE11 mode and 

,B2 1 - (  - 1 - - :;)( (lc’n; + G 2 )  { Hi2)’ ( -  vb) [ 1 - - :b 

Fig. 3. 
analyzer, S: screen, L: collecting lens, PD: photodiode. 

for the HE21 mode, where the constant A2/D2 is calculated 
using (21). Once is known, the first-order propagation 
constant p1 can be obtained from (22) and (23). Finally, the 
propagation constant /3 of the hybrid modes HE11 and HE21 
can be estimated from ,B2 2 p,” + p,”, in which X = 1 is set. 
The parameter X used in the previous perturbation procedure 
is for the purpose of tracing the development of the perturbed 
solutions from the unperturbed solutions. 

Experimental setup: P: polarizer, MO: microscopic objective, A: 

111. EXPERIMENTAL DESCRIPTION 

The optical fiber used was a single-mode fiber at the 633 
nm wavelength. The core and cladding had diameters of 4 and 
125 pm and refractive indices of 1.462 and 1.458, respectively. 
This fiber was commercially available step-index type (from 
Newport, Inc.) and at the 514.5 nm wavelength, the HE11, 
TEol, and HE21 modes are all above cut-off. The 
nematic liquid crystal used was mixture 14616, purchased from 
Merck. The ordinary index and extraordinary index were given 
as 1.457 and 1.5037, respectively, at a wavelength of 509 nm 
and a temperature of 25°C. The geometry of the fiber cell 
fabricated in our laboratory is shown in Fig. 1. One section 
of length 1 = 3 cm on the stripped fiber was etched using 
hydrofluoric acid (48% HF) to remove parts of the original 
cladding. The cladding left had a diameter of 2b = 10 pm. 
Then the etched section was coated with DMOAP (N, N- 
dimethyl-N-octadecyl-3-aminopropyltrimethoxysilyl chloride) 
to achieve homeotropical alignment of the liquid-crystal di- 
rectors on the boundary. The radial configuration of the liquid 
crystal was obtained by capillary action after the treated 
section of the fiber was inserted into a DMOAP coated 
capillary tube with an inner diameter of 150 pm [16]. 

The experimental setup is shown in Fig. 3. After passing 
through the polarizer, an argon laser beam with a wavelength 
of 514.5 nm was focused into the fiber by a twenty times 
microscopic objective. The input power was 30 mw. After the 
output beam passed through the analyzer, the pattern of the 
beam was examined on the screen and the output power was 
measured by collecting the light to the photodiode. 

Iv. RESULTS AND DISCUSSION 

A. Theoretical Results 

The theoretical formulas are given in (6), (1 I),  and (20)-(23) 
in Section 11. From these equations, numerical calculation of 
the propagation constant ,B was carried out for the four lower- 
order modes. For the transverse modes, i.e., the TEol and 
TMol modes, the evaluation is exact while for the hybrid 
mode case, i.e., the HE11 and HE21 modes, the calculation 
is to the first-order accuracy under weakly guiding conditions. 

)/ .~ H ! 2 ) ( G b ) ]  + Hi2)’ (6”)) + 2 Hi2)’ ( f i b )  
Hi2)  (Gb) b2 

(23) 
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The common parameters used were n,, = 1.462, n,l = 1.458, 
ne = 1.5037, no = 1.457, and a = 2 pm, and the wavelength 
was 0.5145 pm. We define the mode index and the decay 
constant as n,ff = ,&./k and Q = -2pi,  where pr and are 
the real and the imaginary parts of the propagation constant, 
respectively. The numerical results of the mode index n,fj 
and the decay constant Q versus the inner cladding radius b are 
shown in Fig. 4(a) and (b). Fig. 4(a) indicates that the HE11 
fundamental mode has the highest mode index. At a larger 
inner cladding radius b, the TEol, TMol, and HE21 modes 
are nearly degenerate. Their index values are very close to, 
but greater than, that of the inner cladding. However, when 
b is gradually reduced, the mode indices of the TEol, TMol, 
and HE21 modes are split, such that for b < 4 pm, the index 
value of the E o l  mode remains greater than that of the inner 
cladding, whereas the index values of the TMol and HE21 
modes become less than that of the inner cladding. Fig. 4(b) 
shows the decay constants of the four modes: the HE1l, TMol, 
and HE21 modes are leaky with a nonvanishing decay constant 
Q and the TEol mode is guided with a zero decay constant. 
This suggests that in this waveguide structure the TEol mode 
can be separated from the HEl1, m o l ,  and HE21 modes 
owing to their entirely different propagation behavior. In this 
respect, the inner cladding thickness plays an important role 
because the decay constant Q for the leaky modes increases 
dramatically as the inner cladding radius b is reduced. For 
b < 4 pm, the power decays of the mol and HE21 modes 
are due to the refractive light leakage, since their mode index 
values n,ff are less than that of the inner cladding ncl. On 
the other hand, for b <4 pm, the power decay of the HE11 
mode is due to the tunneling light leakage because n,ff > ncl. 

When b >4 pm, the leaky losses of all three modes are due 
to the tunneling effect. At b = 5 pm, the values of cy are 
estimated to be 0.42, 4.7, and 5.75 cm-' for the HE11, TMol, 
and HE21 modes, respectively. The decay constant of the HE11 
mode is obviously smaller than those of the TMol and HE21 
modes. This is reasonable because the power of the HE11 mode 
is mostly concentrated in the core region and the tunneling 
loss through the evanescent field in the outer cladding is thus 
less than those of the TMol and HE21 modes. To be more 
specific, a power transmittivity T = e--cy' is defined as the 
fractional power transmitted through the cell, where I is the 
cell length. Corresponding to the experimental condition of 
b = 5 pm and 1 = 3 cm, the calculated transmittivity T M 

1, 10-0.5,10-6, 10-7.5 for the TEol, HE11, TMol, and HE21 
modes, respectively. In this case the transmittivities of the 
TMol and HE21 modes are small enough to be neglected. 

B. Experimental Results 

The fiber cell used in this study was designed to have a 
length of 3 cm and an inner cladding radius of 5 pm. An argon 
laser beam passed through a polarizer was coupled into the 
fiber cell and the output beam was examined with an analyzer 
and a screen. Fig. 5 shows the typical optical patterns observed 
on the screen when the analyzer was rotated. Part of the results 
appeared in our previous report [I31 and are included here 
for completeness. Fig. 5(a) shows the optical pattern with the 

1.461 

._._._.-._._._._._.-._._._._ 

neff 1.459 1 

I 1 

:HE21 

T M ~ :  
60 - 

k U U 401 
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P 
c_ 

(e) (0 
Fig. 5. Optical patterns of the output beam after passing through the analyzer. 
Pattern in (a) was under different exposure conditions. P: polarizer, A: 
analyzer, 60: the inclined angle of analyzer in (e). 

Electric Field 
Distribution 
Optical Pattern 
after Vertical 
Analvzer t I Optical ~;;zined&J@ Pattern 

Fig. 6.  
T M o l ,  and HE21 modes before and after passing through the analyzer. 

Schematic drawing of the electric field vectors of the TEo 1, HE1 1, 

corresponding experimental results are shown in Fig. S(cj-(f). 
Therefore, we conclude that the TMol and HE21 modes have 
radiated out and only the TEol and HE11 modes remain in the 
light beam coming out from the cell. The asymmetric patterns 
shown in Fig. 5(cj-(f) are precisely the results of the admixture 
of the TEol and HE11 modes (see below). Our experimental 
observations are in agreement with the theoretical prediction 
that the transmittivities of the propagation modes TMol and 
HE21 are negligibly small (<lop6) compared to those of the 
TEol and HEll modes (0.3 N 1). 

More details can be seen from Fig. 6. After passing through 
an inclined analyzer, a light beam composed of the HE11 
and TEol modes will produce an asymmetric pattern. This 
is because the symmetric optical pattern obtained from the 
T E o l  mode is partially enhanced and partially weakened by the 
HE11 mode. As the analyzer is rotated, for the TEol mode the 
maximum value of the electric field remains the same, whereas 
for the HE11 mode it varies. When the analyzer is rotated, 
the maximum electric field of the TEol mode occurs, with 
opposite polarization, at two positions. We follow one of these 
two positions and determine the inclined angle of analyzer at 
which the electric field of the HE11 mode just cancels that of 
the TEol mode. This angle SO is related to the power ratio of 
the TEol mode to the HE11 mode before passing through the 
analyzer. Denoting this ratio by P,, we find P, = 1.25 sin2&. 
The angle SO can be measured experimentally as shown in Fig. 

0.3 c 

"t. 
0 .o 

0 

60 Peg. ]  

Fig. 7. 
solid line is plotted as a function 1.25 sin2 60. 

Experimental results for the power ratio P, versus the angle 60 ; the 

5(e). The individual powers of the T E o l  and HE11 modes can 
be obtained by measuring the light beam through the analyzer 
in the cases shown in Fig. 5(a) and (b), respectively. This is 
because the power measured in the case shown in Fig. 5(a) is 
the sum of (1/2) TEol and HEll, and that in the case shown in 
Fig. 5(b) is (1/2) TEol. In this way the power ratio of the T E o l  
mode to the HEll mode can be determined. The ratio P, varies 
with the conditions under which the light beam is coupled into 
the fiber. As shown in Fig. 7, the measured P, versus the angle 
SO confirms the relation derived. This indicates that the angle 
bo observed on the optical pattern can be used as an index for 
the power ratio of the TEol mode to the HE11 mode in the 
output beam from the cell. 

In our experiment P, was less than one. This implies that 
the HE11 mode has a greater power than the TEol mode in the 
output beam, even though the theoretical calculations predict 
that the intrinsic characteristics of the fiber cell yield a larger 
transmittivity for the guided TEol mode (-1) than for the 
leaky HE11 mode (-0.3). Because the field distribution of 
the HE11 mode is more matched to the incident laser beam, 
which has a gaussian profile and a linear polarization, the HE11 
mode is excited more efficiently at the input end of the fiber. 
Therefore, even though it has a lower transmittivity, the HE11 
mode still dominates in the output beam. 

V. CONCLUSION 

We have studied the propagation properties of the HE11, 
TEol, TMol, and HE21 modes in a radially anisotropic cylin- 
drical waveguide with liquid crystal outer cladding. For such a 
waveguide structure, the TEol mode is guided while the HE11, 
TMol, and HE21 modes are leaky. Formulas for calculating 
the decay constants of these modes have been presented. The 
calculated results indicate that the decay constants of the leaky 
HE11, TMol, and HE21 modes are significantly influenced 
by the inner cladding radius b. As the inner cladding radius 
b is reduced, the decay constants increase dramatically. For 
smaller b (<4 pm), the propagating losses of the TMol and 
HE21 modes are due to the refractive light leakage, while that 
of the HE11 mode is due to the tunneling light leakage. For 
larger b (>4 pmj, the losses are due to light tunneling for all 
leaky modes. At b = 5 pm, the decay constant of the HE11 
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mode is shown to be far smaller than those of the TMol and 
HE21 modes. This is because most of the power of the HEll 
mode is concentrated in the core and thus the tunneling loss 
contributed from the evanescent field at the outer cladding is 
less than those of the other two leaky modes, TMol and HE21. 
For a 3-cm-long fiber cell with an inner cladding radius b = 5 
pm, the theoretical results show that the transmittivities of the 
TMol and HE21 modes are negligibly small compared with 
those of the TEol and HE11 modes. This agrees well with our 
experimental observations. In the experiment, it was found 
that because the field distribution of the HE11 mode is more 
matched to the profile of the input laser beam, even though the 
HE11 mode is leaky when propagating through the waveguide, 
the output beam still has a significant HEll component in 
addition to the guided TEOl mode. 

The modal filtering in a radially anisotropic cylindrical 
optical fiber has been demonstrated in this study. Such a fiber 
in which two spatial modes, TEol and HEl1, are retained may 
be exploited to develop new dual-mode fiber-optic devices 
with a possible application in interferometric sensing. A further 
exploration is in progress. 

APPENDIX 

The First Order Propagation Constant 01 of HE11 and HE21 
Modes 

We start from the integral of the expression [eo,. x 
(17a) - e,, x (16a) + eo@ x (17b) -e,, x (16b)l over the 
cross-sectional area of the anisotropic fiber 

Lm (eo,V?ei,. - elrv:eOr + eO6~;eid - e i # ~ : e o # )  d s  = 

The area integral on the left side of (Al )  can be transformed 
to the following line integrals by Green’s theorem: 

In the weakly guiding case, the components e,  and e6 and their 
derivatives de,/dr and 3e$ /dr  are continuous at boundaries 
r = a and b, and the above line integrals vanish. The first 
term on the right side of (Al) can be proved to vanish because 
the field components e,  and e4 are single-valued functions of 
coordinate 4. Thus (Al) can be reduced to contain only the 

last integral term, i.e. 
P I  

The first-order propagation constant can be obtained as fol- 
lows: 

(A41 

After the conditions of hr6 = S,., = 0 for r 5 b and 
6,, = h,, = 1 -nz/n: for r 2 b are considered in the 
integral of (A4), in which eo, and eo+ are given by (18) and 
(19), /?f can be analytically expressed as (22) and (23), shown 
on page 1701. 
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