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Bayesian analysis of growth curves with AR(1) dependence’
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Abstract

In this paper we consider Bayesian analysis of the generalized growth curve model when the
covariance matrix ¥ = ¢2C where C = (p" /), 62 >0 and —1 < p < 1 are unknown. We
consider both parameter estimation and prediction of future values. Results are illustrated with
real and simulated data. © 1997 Elsevier Science B.V.
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1. Introduction

We consider a generalized multivariate analysis of variance model useful especially
for many types of growth curve problems. The model was first proposed by Potthoff
and Roy (1964) and subsequently considered by many authors, including Rao
(1965, 1966, 1967, 1977, 1984, 1987), Khatri (1966, 1973), Grizzle and Allen (1969),
Geisser (1970, 1980, 1981), Lee and Geisser (1972, 1975, 1996), Fearn (1975), Lee
(1982, 1988c, 1991), Jennrich and Schluchter (1986), among others.

The generalized growth curve model is defined as

Y =X t A+ ¢ (1.1)

pxN pxmmxrrxN pxN

where t is unknown and X and A4 are known design matrices of ranks m <p andr <N,
respectively. The columns of ¢ are independent p-variate normal, with mean vector 0
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and common covariance matrix 2. In general, p is the number of time (or spatial)
points observed on each of the N cases, m and r, which usually specify the degree of
polynomial in time (or space) and the number of distinct groups, respectively, are
assumed known. The design matrices X and A4 will therefore characterize the degree of
the growth function and the distinct grouping out of the N independent vector
‘observations. Potthoff and Roy (1964) gave many examples of growth curve applica-
tions for the model (1.1). Grizzle and Allen (1969), Lee and Geisser (1975), Rao
(1977, 1987) and Lee (1988c), Chi and Reinsel (1989), among others, applied the model
to some biological data. Lee (1988a) and Keramidas and Lee (1990) applied the model
to the forecast of technology substitutions.

In Lee (1988c¢, 1991) and Keramidas and Lee (1990, 1995) the importance of the
AR(1) dependence, or serial covariance structure, was demonstrated repeatedly for the
covariance matrix 2 for the model (1.1). When the AR(1) dependence holds for X, we
have X = ¢2C, where C=(p"™/), for i,j=1,...,p, 6*>0 and —1 <p <1 are
unknown. The estimation of the parameters and prediction of future values for this
model have been so far based on the method of maximum likelihood (ML), which is
optimum in large sample. The purpose of the paper is to consider this model from
a Bayesian point of view hoping that a more practical solution can be furnished when
the sample size is relatively small. Indeed, several published data sets are relatively
small in their sizes. We will compare our results with those based on the ML method
via real and simulated data sets.

The serial covariance structure is defined as

3 =s%C, (1.2)

where C = (p"" ), i,j=1, ...,p, ie,

1 p pr!
e P2

c-| ¢ 1 7 (13)
e

and 6> > 0 and —1 < p < 1 are unknown. It is conceivably one of the most impor-
tant covariance structures for the generalized growth curve model.

In addition to the inferences on the parameters 1, 62 and p, we will also consider
several types of prediction problem for the growth curve model as specified by
(1.1)—(1.3). Let V be a set of px K future observations drawn from the generalized
growth curve model, i.e. the set of future observations are such that given the
parameters T and X,

E(V) = XtF, (1.4)

where E() denotes expected value, F is a known r x K matrix, and the columns of
V are independent and multivariate normal with a common covariance matrix X.
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Geisser (1970, 1980) and Lee (1982) considered prediction of ¥, given ¥ as the sample,
from a Bayesian viewpoint. Lee and Geisser (1972, 1975), Fearn (1975), Rao (1975),
and Lee (1988c, 1991) considered the problem of predicting V?, given V") and ¥, if
V is partitioned as ¥ = (V' ¥ @)’ where V@ is p;x K (i =1,2) and p; + p, = p. If
p is interpreted as the number of points in time being observed, then the problem is
mainly concerned with predicting the generalized growth curve for future cases for the
same set of p time points, or a subset of size p,. When p, < p and K =1, it is also
called the conditional prediction of the unobserved portion of a partially observed
vector.

The third prediction problem is somewhat different. It is concerned with predicting
the future values of the observed cases. Let y, of dimension g x n, be a set of n ( <N)
future g-dimensional observations whose previous p-dimensional observations are
a subset of ¥. We are interested in predicting y given Y. This is a time series prediction
and thus is important in practice. This type of prediction is called the extended
prediction of y, because the prediction is made beyond the observed time range of the
sample ¥. The extended prediction of y was considered by Lee (1988¢) and Keramidas
and Lee (1990, 1995).

In Section 2, Bayesian estimation of the parameters is considered. Section 3 is
concerned with three types of prediction problem. The results developed in the paper
are illustrated in Section 4 with real and simulated data. Finally, some concluding
remarks are given in Section 5.

2. Bayesian estimation of parameters
For the sake of convenience we shall deal with the pseudo-augmented model

E(Y)= (X,Z)G)A. (2.1)

The likelihood function of 7, 2 and p given Y is

L(T, oz,plY) o a.—pN(l _ pz)—(p—l)N/z

X exp {—%tr c I[Y ~ X, Z)<;)A:| [Y ~ (X, Z)((T))A]}.

(2.2)
For the prior of 7, 6% and p, we will use the following noninformative prior
5 1
g(t, 0%, p) < P2 (2.3)

In (2.3), we have assumed that 7, 6 and p have independent prior distributions and no
information is available for each of the parameters. This is in the same spirit as Zellner
and Tiao (1964).
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Hence, the posterior density of 7, 6% and p given ¥ is

P(z, % pl¥)oc g~ PN+ (] — p?)~(p= LN/2

x exp{—zi—ztr C“[Y— (X, Z)(:))A][Y— X, Z)<;)A]/}.

(24)

Integrating out ¢ and using Lemma A.1 and the application of some algebraic
identities yield

P(z, plY)oc (1 — p?)~ e DNI2grpNiZ (2.5)
where

S; =tr(X'C™'X)(t — t)AA'(t — %) + b,
£ =(X'C"'X) 'X'C YA (44) 7", (2.6)
b=tr(X'C X)"'X'C"'SC"'X +t1(Z'CZ)"'Z'YY'Z,
S =Y[I—A(44)A4]Y".

By Theorem A.1, it is clear that conditional on p,
T |p ~Tr(z, A4, b, X'C~'X, pN). 2.7

Moreover, integrating out t from (2.5) we have
P(P|Y) o b—(pN—mr)/Z IX/C— lx|fr/2(1 _ p2)—(p—1)N/2' (28)

Since P(t,p|Y) = P(tlp, Y)P(p|Y) and P(z|¥) = [P(z, p|Y) dp, the integral can be
approximated by

P(|Y)=P(t|5, Y), 2.9)

where p is the mode of P(p|Y), if P(p|¥Y} is concentrated and nearly symmetric, as
pointed out by Ljung and Box (1980). Of course, the integration can be performed
numerically as the one-dimensional integral can be done rather accurately.

Hence, we have the following posterior distribution of :

P(|Y)=Tr(#*,A4',b,X'C~'X, pN), (2.10)
where
P =(X'C'X)I1X'CYA(44) 7,
h=tr(X'C'X)"'X'C'SC™'X +tr(Z'CZ) 'Z'YY'Z, (2.11)
¢=(p' ),

p maximizes P(p|Y), as given in (2.8).
Thus, a posteriori, T has a trace T distribution.
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Integrating w.r.t. © in (2.4) and using arguments similar to (2.9), we obtain the
following approximation for the posterior distribution of o2,

pN —mr B)

3 (2.12)

P(c*Y )ﬁIG(
where b is given in (2.11) and IG(v,, v,) is the inverse gamma distribution with
parameters v; and v,.

By Theorem A.3 and the fact that if V' ~ Beta(3v,,3v,) and F ~ F(vy, v,), then
V =v,/(v, + v,F), 1 — o posterior region for t can be obtained from the following
inequality:

o ” R . mr

b i (X' C™ X))t —t¥)AA'(t — t*) < ——F, _,(mr, pN — mr) (2.13)

pN —mr
where F; _,(vq, v,) is the upper 100a percent point of the F-distribution.

For the special case in which r = 1, we have the following 1 — a posterior region
for t:

Nb~ ' — #*)Y (X' €~ 1X )1 — 3%) < —

pN_mF1~m(m’pN~m)’ (214)

b and #* are given in (2.11).

3. Prediction

Three types of prediction for the model specified by (1.1)—(1.3) will be considered in
this section.

3.1. Prediction of the whole future matrix V

The prediction of the future matrix ¥V, px K, given the sample, ¥, px N, is
considered here. Schematically, the matrices ¥ and ¥ are shown below.

N K

Y|V

3

The density function of ¥ given 1, 62 and p is
1
f(V|t, 62, p)oco PX(1 — p?)~ @~ 1”‘/Zcxp[ — 2f‘ztr C 'V —-XtF)(V — XrF)’].

(3.1)
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Upon combining with the posterior density of 1, o2

integrating out ¢2, we have
P(V,T,p|Y) o (1 — pl)*(p—1)(N+K)/252-p(N+K)/2’
where
S, =tr € (¥ — XtA)(Y — XtA4) + tr C" (V¥ — XtF)(V — X1F)',
=trC (¥, — Xtdo)(¥, — XtA,),
YL,=( V),
Ay=(A4 F).
By Lemma A.1, we obtain
S, =bg + trdeAp(t — 1) (X' C™1X)(x — %),
where
by =tr(X'C7'X) 'X'C718,C"' X+ tr(Z'CZ) 'Z'Y, Y, Z,
So =Y, *AG(AOAE))_le] Y,
o= (X'CTX) 1 X'C ¥y Ay(AoAy) .
Integrating out 7, we have
P(V, p|¥) oc by @M +K)=mniz|x /=1 x|=r/2(] — p2)~ (- DIN+K)2
By (4.12) of Geisser (1970),
So=S+(V—YAAA) 'F)YMV — YA (44') 'FY,
where M =1 — F'(4,A,) " 'F, and it can be shown that
bo=b+ tr M(V — X2F)'C™'X(X'C™'X)"'X'C”}(V — X%F)
+tr(V — X3FYZ(Z'CZ) 'Z'(V — X%iF),

where 7 is given in (2.6).

and p as given in (2.4), and

(3.2)

(3.3)

(3.4)

(3.5)

(3.8)

We will consider the special situation in which » = 1. In this sitvation F = 1 and

M is a constant. Integration w.r.t. V yields
Pv(p|Y) oC b—(prmr)/2|G|—K/2|X/C— lxl*r/Z(l - pl)—(p—l)(N+K)/2 )
where

G=MC 'X(X'C'X)"'X'C ' +2(ZCZ)'Z

(3.9)

(3.10)
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With arguments similar to (2.9), we obtain the following approximation for the
predictive distribution of V-

P(V|Y)=Tr(X%,F, 1,b,, Gy, p(N + K) — mr), (3.11)
where

1, =X'C ' X)X C, YA (44) 7,
by =tr(X'€C; ' X) ' X'C;\SCr ' X + tr(Z2' C.Z)"'Z'YY'Z,
G, =MC;'XX'C;'X) 'X' C, ' +22C2) 7, (3.12)
Cr= 0y,
P maximizes P, (p|Y) as given in (3.9).

It is noted that %, and % are different because (3.9) is different from (2.8). Thus, the
future matrix ¥ has a trace T distribution.

3.2. Conditional prediction of V'@ given VY and Y

We next consider the conditional prediction of ¥® given V™ and ¥, if V is
partitioned as ¥ = (VW ¥ @)’ Schematically, we have the following:

Y

where ¥, p x N, is the complete sample; V'V, p; x K, is the partially observed matrix
and V@, p, x K, is the unobserved portion to be predicted. Of course, p; + p, = p.
From Eq. (3.6), it can be shown that

P(V(Z), pIV(I), Y) oc (1 _ p2)—(p71)(N+K)/2|X/C—— 1X|~r/2

x[by + (VP — POYG, (VP — @) N +K=mnj2

(3.13)
where
G=MC'XXC'X)"'xC'+z@zZcz)'z,
by=b+ ¥V - XVIFYG, ,(VV — XV2F),
V@ = XDF — G3,' G, (VD — X VEF),
X =XV, x?y, (3.14)
o= G) ewnr.

G11.2 = Gll - GIZGZ—ZI GZI-
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Integrating over V¥, we have
P(pr(l), Y)oc(l — pl)—(p— LN +K)/2 b ¢om 1X|*r/2 bf(”N+”‘K_'"')/2|GZZI_"2/2. (3.15)

With arguments similar to (2.9), we obtain the following approximation for the
conditional distribution of ¥® given ¥ and ¥:

PO, ¥)=Tr(F™", 1,b;, Gy, p(N + K) — mr), (3.16)

where
VO ' = XD F — Gy Gy (VY — XV, F),

by=b+ (VY XD FYG,, ,(¥V ~ X%, F),

2 =(X'C* ' X)X'C* YA (44) 7",

G=MC*

1

XX'C* 'X)"'X'C* ' + 22 C*Z) 'z, (3.17)

G;; is defined as Gy;,

and p, maximizes P(p|V"), Y) as given in (3.15).

Thus, the predictive inference on V‘® given V) and ¥ can be based on the trace
T distribution. Alternatively, P(V® |V, ¥) can be obtained from (3.13) by integrat-
ing over p numerically, ie, PV PV, ¥) = [PV®, plv'D, ¥) dp.

3.3. Extended prediction of y

We now consider the extended prediction of y, given Y. This is a time-series
prediction which is of practical interest for many types of growth curve data. In order
to make this type of prediction the covariance structure generally has to be extendable
to the future values of the individuals observed.

Let x, gxm, be a design matrix corresponding to y, Y= (¥, ..., ¥y),
A=(Ay, ...,AxN),y = (y1, .-.,)a), and assume that for i < n,

E(Yi> = (X )m,. (3.18)
i X

and

Y; 2[{C11 Cy2
= = .19
X COV(y,-) o (Cm C22>’ (3.19)
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where

¢, C _
(€0 €)=,
C21 C22

ab=1,....(p+q,Ci1ispxp, Cirispxq, Cyyis g xgq,and Cy; = Cy,. Schemati-
cally, ¥ and y are shown below:

N

Y

al Y

n

For the extended prediction of y, given ¥, we will consider the special situation in
which r = n = 1. This is good enough, in practice, because conditional on the know-
ledge of tand X, y,, ..., y, are independent. We will consider the situation in which ¥;
will be excluded from the sample when y; is being predicted. Thus, in this study the
sample is ¥; which is ¥, =¥, ..., Y-, ¥4y, ..., ¥y) and let ¥* =(¥/,y/),
X*=X"x)Yand Ay =(A4y, ..., Ai—1, Aix1, ..., An).

Combining the density of ¥;* with the posterior of 7, ¢ and p given ¥; and
integrating out o2, we have

P(Y,-*, T, P|Y(i)) e (1 _ pZ)*((p—1)N+q)/ZS;(pN+q)/2’ (3_20)

where
Sy=b, +(t —1YQ(r — %),
by = (%] —%,)0,07 10,3, — ;) + tr(Z¥ CZ*) ' Z¥ Y*Y* Z*
+tr(Z'C11 Z2) ' Z' Yy ¥ Z + r(X' C1' X)X ' C1 ' S Cii X,
0, =(N - DX'Ci/'X,
0, =X¥C'Xx*,
0=0,+0,, (3.21)
8o = Yol — ApApdp) '40]1Y),
1 =(X'Ci{ X)X 'Ci' YAy ApAw) ™",
T, =(X*¥CTIX*)TIX*¥CTIY A (4:4)) 71,
t =0 0% + 0,1)),

Z*is (p + q)x(p + g — m) and of rank p + g — m such that X*Z* = 0.
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Integrating over 7 yields

P(p, Y*|Yg) oc (1 — p?)~ - DN¥a2|g| =112, (PNZ D Tamniz, (3.22)
where

G* = CT'X*(X*¥CTIX*)T'Q1Q 7' QX CTIXYTIX¥ CT + Z¥(Z*CZ*) 2+,

(3 %)

G} G3)’

Gt2=GH — G} GY, Gy, (3.23)

by = by + (¥ — X3, 4,)' G, (Y, — XT1A4) + (3 — $) Gy — §i)

by = tr X'Ci' X) ' X 'Cy 'Sy C1i' X + tr(Z'C 1, Z) ' Z'Y Y, Z,

$i=xt4; — G}y GH(Y, — X, A4)).

By arguments similar to (2.9), we have the following approximate predictive density of
yi given ¥,

Pi|Y)=Tr(p*, 1, by + (¥; — X2¥) G¥, (¥ — X28), G, p(N — 1) + g — mr),

(3.24)
where
P¥ =x#14,— G, GH(Y, — Xitd),
¥ =(X'Ci'X) X' Cii Ypdp(Apdp)
G*=C'X*X*C'X*) 10,0 'Q,(X¥C1X*) 1 x¥C!
+Z¥Z¥CZ*) 'z¥,
boy = tr(X' €' X) X' C1 S,y CTii' X + t1(Z2'C1\ Z) ' Z'Y Y, Z, (3.25)

C=(p""),
p, maximizes
Py(plY) oc (1 — p?) 0= DE=DI2ICI7121GE, |~ V2101712 [bgy + (¥; — XT,1Ay)

x Gty (Y, —X‘ElAi)]_(p(N_l)‘mr)/z- (3.26)

4. Numerical results

This section is devoted to the illustration of the conditional prediction of ¥ *) given
V1 and ¥, and the extended prediction of y given ¥. For the conditional prediction,
we will follow Lee and Geisser (1975), Fearn (1975) and Lee (1988c¢) in setting K = 1,
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p, =1 and p, = p — 1, that is, we will predict the last observation of the partially
observed vector. For the extended prediction, we will set ¢ = 1 and n = 1, that is, we
will predict one future component at a time.

4.1. Simulations

In this subsection we will present some simulation results regarding the parameter
estimation for t and p, the conditional prediction of ¥ ‘¥ given V' and ¥, and the
extended prediction of y given ¥ for the special situation in which r =1 and K = 1.
The posterior region for t can be obtained from Eq. (2.14). Meanwhile, from Lee
(1988c, 1991), we can also obtain an approximate confidence region for 7. From the
asymptotic result of #, the MLE of 7, we have

Cov(d)=a?(X'CT'X) ' @ (44) !,

r—1 A A’ _ 3V
r(X'C X)(rAZT)A (t—% ~ i asN - o (4.1
g

Hence,

Pr[tr(X’C‘ 1X)(ta— $AA'(x — 3

~2 < X;an(a)] =1-ua. (42)

Since 44" = N, we have the following 1 — a confidence region:

t— X' C 'X)(x -3 <c,, (4.3)
where
~2
g
=7 12,(),

F=(X'CX)"'X'C™ YA (44')"".
62 =[tr(X'C 'X)"'X'C"'SC !X +(Z'CZ)"'Z'YY'Z]/pN, (4.4)
C=(p"),
and p maximizes the profile likelihood function
Lmax(p) = (6*(p)) PV2(1 — p?)~ N~ D2, (4.5)

In order to compare the regions for ¢ obtained by the two different methods, the
values for N, p, «, 7, 62 and p are given in Tables 1 and 2. From the tables, it is clear
that the percentage of the ML regions covering the true values is consistently smaller
than 0.95. The corresponding Bayesian regions are much better, because the percent-
age is closer to 0.95 for each of the 12 situations. This explains the phenomenon in
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Table 1
Comparison of coverage probabilities between ap-
proximate confidence region and Bayesian region for

tm=2,r=1)
N p Coverage probability
Bayesian ML

5 0.5 0.944 0.883
5 0.8 0.934 0.872

10 0.5 0.958 0.942

10 0.8 0918 0.886

15 0.5 0.955 0.938

15 0.8 0.942 0.923

Note: p=4,1—a =095, t=(25,0.8), 0> =5 and
no. of replications = 1000.

Table 2

Comparison of coverage probabilities between
approximate confidence region and Bayesian region
fort(m=3,r=2)

p Coverage probability
Bayesian ML

N, =N, =5 0.5 0.936 0.842
Ny=N,=35 0.8 0.919 0.823
Ni=N,=10 0.5 0.940 0.905
N;=N,=10 0.8 0.934 0.891
Ni=N,=15 0.5 0.954 0.932
Ni=N;=15 0.8 0.952 0932

223 027 026Y
Note: p=4,1 —a=0957= (20.2 1.03 —0.01>’

a2 =5 and no. of replications = 1000.

Fig. 1 in which the confidence region for 7 is smaller than the posterior region. This
also indicates that the asymptotic test based on the likelihood ratio criterion will be
biased toward rejecting the null hypothesis. This type of biasedness has been observed
in other occasions as well, see e.g. Laitinen (1978) and Lee (1988Db).

We next compare the conditional prediction of ¥ ® given V™ and ¥ and the
extended prediction of y given Y. Here we set p = 4, « = 0.05, T = (25, 0.8), p = 0.8,
6> =5, N=5,10,15 and the number of replications g = 50. For the conditional
prediction, we will set K = 1, p; = 3 and p, = 1. For predictive purposes, we withhold
one vector and use the rest as the sample for predicting the last component of that
vector and repeat this for each of the N observations. This gives N predicted values for
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1.0

0.9

tau2
08

07

0.6

05

T T T T T

24 25 28 27 28

taut

* 1-alpha=0.95

Fig. 1. Confidence and posterior regions for tau.

the last N observed values in each data set. Overall, there are g x N predicted values to
be compared with g x N actual observations. The mean squared deviation (MSD), the
mean absolute deviation (MAD) and the mean relative absolute deviation (MARD) of
the predicted values from the actual observations are used to assess the relative merits
of the two methods. A comparison of prediction accuracy for V® given V¥ and
Y between Bayesian and ML methods is given in Table 3. It is noted that in the
prediction process, V) is not used in deriving the parameter estimation although it is
used as part of the conditional mean vector.

As for the extended prediction, we set the last row of the generated ¥ as y and the
first three rows as the corresponding sample. Thus, we set p = 3 and g = 1. Similar to
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Table 3
Comparison of prediction accuracy for V 2 between Bayesian and ML
methods

Bayesian ML

N=5 N=10 N=15 N=5 N=10 N=15

MSD 21504 1.9981 1.8389 23752 2.0089  1.8768
MAD L1505 1.1329 1.0948 12304 1.1423  1.1058
MARD 0.0428 0.0418 0.0402 0.0455 0.0422  0.0407

Note: p=4, 1 — o =095, t =(25,08), p=08, 62=5 and no. of
replications = 50.

Table 4
Comparison of prediction accuracy and coverage probability for y be-
tween Bayesian and ML methods

Bayesian ML

N=5 N=10 N=15 N=5 N=10 N=15

MSD 23008 1.9371 19048 23585 19350  1.9066
MAD 12106 1.1181  1.1009 12341 1.1163  1.1019
MARD 0.0444 00412 0.0437 0.0454 0.0415 0.0404
Coverage 0940  0.949 0.954 0.818  0.902 0.928

Note: p=3,q=1,1~0a=0957=250.8), p =0.8,06% = 5and no.
of replications = 50.

the conditional prediction, there will be g x N predicted values to be compared with
g x N actuals. A comparison of prediction accuracy for y given ¥ between Bayesian
and ML methods in terms of MSD, MAD and MARD is given in Table 4.

In addition to the point prediction we will also compare the interval prediction for
y given Y. In order to compare the interval prediction for y, we note that the Bayesian
method is based on a property of the trace T distribution as given in (2.14). For the
ML method, we will use the following approximate interval:

vyt Za/Z&f’ (4.6)
where z,, is the 100 * a/2 percent point of the standard normal distribution,

0} = 6*[Cy; — C1Ci Cyy + HINX'C{' X)) 'H' + 2C,,Ci ! X(NX'C1' X)) 'H'],
4.7

H=C,,C{}!X —x. (4.8)
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It is noted that o7 is the variance of the forecast error for y when the parameters are
assumed known. For the variance of forecast error for V¥ we will use Sy as
indicated in (3.11) of Lee (1988c):

Smy = Caz + (b1By + C11)Cry' (1B, + C3;)' — (b:1B5 + C21) Cy' Cy5,

— C,,Ci'(b,B; + C3,), (4.9)
b, =F'(FF')F, (4.10)
B,=x-C,;C{'X)X'C'X) 'Xx". 4.11)

From the simulation study, we see that both methods produce similar prediction
accuracy for ¥ ? and y in terms of MSD, MAD or MARD, as shown in Tables 3 and
4, respectively. The Bayesian method yields longer predictive intervals for y, as shown
in Fig. 2 for N = 10, which is typical in each of the 50 replications for cach N which
was conducted in the simulation. Similar results are also true with the real data
examined in Section 4.2, as shown in Fig. 4. However, the percentage of the Bayesian
predictive intervals covering the values to be predicted are closer to 1 — « than the
ML intervals, as seen in Table 4. This is consistent with the comparison of the regions
for 7. It is therefore clear that the Bayesian predictive intervals are superior to the ML
intervals when the samples size N is relatively small.
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Fig. 2. Comparison of predictive intervals for y for simulated data.
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4.2. Illustrative examples

Some of the results developed in Sections 2 and 3 are applied to the dental
measurements of 11 girls and 16 boys and three other data sets (ramus, mice and
glucose data). The dental data set, which is reproduced in Table 5, was first considered
by Potthoff and Roy (1964) and later analyzed by Lee and Geisser (1975), Fearn
(1975), Rao (1987), and Lee (1988c, 1991), among others. Dental measurements were
made on 11 girls and 16 boys at ages 8, 10, 12, and 14 years. Each measurement is the
distance, in millimeters, from the center of the pituitary to the pterygomaxillary
fissure. From Table 5 it is clear that the distance being measured can decrease with
age, due to the fact that the distance represents the relative position of two points. The
ramus data were originally given in Elston and Grizzle (1962) and subsequently
analyzed by Lee and Geisser (1975), Fearn (1975), Rao (1987), Lee (1988c, 1991),
among others. The mice data were first reported by Williams and Izenman (1981) and
later analyzed by Rao (1987), Lee (1988c, 1991), among others. The glucose data were
first reported by Zerbe (1979) and later analyzed by Chi and Reinsel (1989) and
Keramidas and Lee (1995). We will primarily focus on the dental data, although the
prediction results will be summarized for the other three data sets as well.

We will next deal with the dental data in more details. Since the measurements are
obtained at equal time intervals, the design matrix X is

Table 5
Dental measurements of 11 girls and 16 boys

Individual* Age Individual* Age
8 10 12 14 8 10 12 14
1 21 20 215 23 15 255 275 265 27
2 21 215 24 25.5 16 20 235 225 26
3205 24 245 26 17 245 255 27 28.5
4 235 245 25 26.5 18 22 22 245 265
5 215 23 22.5 235 19 24 215 245 255
6 20 21 21 225 20 23 205 31 26
7 215 225 23 25 21 275 28 31 315
8§ 23 23 235 24 22 23 23 23.5 25
9 20 21 22 21.5 23 215 235 24 28
10 165 19 19 19.5 24 17 245 26 29.5
11 245 25 28 28 25 225 255 255 26
12 26 25 29 31 26 23 245 26 30
13 215 225 23 26.5 27 22 215 235 25

14 23 225 24 27.5

* Individuals 1-11 are girls, 12—-27 are boys.
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Also, from the findings in Lee and Geisser (1975) and Lee (1988c), the individual # 20,
who is a boy, could be excluded because it is suspected to be an aberrant observation.
Furthermore, from Lee (1988c, 1991) it is clear that the data should be treated as from
two different populations with distinct mean functions and serial covariance ma-
trices. However, for illustrative purposes, we will also include the situation in which
a common serial covariance structure is assumed for measurements of both girls and
boys.

Before dwelling on the prediction results we note that from Fig. 3, the posterior
densities of p for different subsets of the data are all well concentrated and nearly

Dental data Boys data (Dental)

20
-~

~ 2 \
i
00 02 04 X ] 08, 10 0.0 02 04 a8 08 1.0
ho ho
Girls data (Dental) Boys data excluding 20th individual

Density
4
Denaity

2

0.0 02 04 0s 08 1.0 00 02 0.4 0.8 08 1.0

Fig. 3. Posteriors of rho.
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Fig.4. Comparison of predictive intervals for y (Dental_girl data).

symmetric. This means that the corresponding approximations for the posterior
distributions of = should be quite adequate.

We begin by assuming that the girls and boys are from two different populations. The
design matrix 4 is then a 1 x 11 vector for the girls and a 1 x 15 vector for the boys, both
consisting of all 1’s. In case when the individual # 20 is not excluded, the design matrix
Aisal x16 vector of I’s for the boys. When a common covariance structure is assumed
for both populations, the design matrix 4 consists of 11 columns of (1, 0) followed by 15
columns of (0, 1) when the individual #20 is excluded. In the situation in which the
individual # 20 is included, then there are 16 columns of (0, 1) instead.

It is noted that when two distinct covariance structures are assumed for boys and
girls, the predictions are performed separately and then the results are combined.
Although the sample sizes will be smaller when compared with the common
covariance structure case, the prediction performance can be better if the two conva-
riance matrices are quite different.

The comparison of predictive performance for conditional predictions of ¥ ®
given VW and ¥ is summarized in Table 6. The criteria used in the table are
MSD, MAD and MARD. There are four different situations for this data set.
Dental 1 is the dental data with girls and boys having identical covariance structure;
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Table 6

Comparison of conditional predictions for four data sets

Bayesian ML
MSD 3.0135 3.3575
Dental t MARD 0.0499 0.0527
MAD 1.0296 1.0741
MSD 1.8594 1.9583
Dental 2 MARD 0.0395 0.0414
MAD 1.2899 1.3596
MSD 2.1636 2.5070
Dental 3 MARD 0.0432 0.0451
MAD 1.1475 1.1969
MSD 1.2585 1.3683
Dental 4 MARD 0.0358 0.0376
MAD 0.9435 0.9929
MSD 0.4996 0.5092
Ramus data MARD 0.0106 0.0107
MAD 0.5562 0.5619
MSD 0.0036 0.0037
Mice data (6th) MARD 0.0606 0.0611
MAD 0.0464 0.0465
MSD 0.0019 0.0018
Mice data (7th) MARD 0.0040 0.0039
MAD 0.0362 0.0357
MSD 0.1047 0.1080
Glucose data (7th) MARD 0.0785 0.0803
MAD 0.2792 0.2843
MSD 0.0604 0.0590
Glucose data (8th) MARD 0.0498 0.0506
MAD 0.1924 0.1955

Note: Dental 1 is the dental data with girls and boys having
identical covariance structure; Dental 2 is the same data with the
individual # 20 excluded; Dental 3 and Dental 4 are similar to
Dental 1 and Dental 2, but with girls and boys having distinct

covariance structures.

223

Dental 2 is the same data with the individual #20 excluded; Dental 3 and
Dental 4 are similar to Dental 1 and Dental 2, but with girls and boys having distinct
covariance structures. It is clear that the best situation occurs when girls and boys are
assumed to have two distinct covariance structures and with the individual # 20
excluded. Also, the proposed Bayesian methods are slightly better than the corres-
ponding MLE results. As for extended predictions, the comparison is summarized in
Table 7 and is expressed in terms of MAD. This table shows a similar pattern. The
prediction results are best when girls and boys are assumed to have two distinct
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Table 7
Comparison of extended predictions (MAD) for
four data sets

Bayesian ML
Dental 1 1.2733 1.2903
Dental 2 1.0890 1.1059
Dental 3 1.0929 1.0989
Dental 4 0.9969 1.0117
Ramus data 0.5612 0.5655
Mice data (6th) 0.0692 0.0692
Mice data (7th) 0.0364 0.0347
Glucose data (7th) 0.2933 0.3002
Glucose data (8th) 0.1831 0.1882

Note: Dental 1-Dental 4 correspond to the four
situations explained in Table 6.

covariance structures and with the individual #20 excluded. Also, the Bayesian
approximations are slightly better than the MLE results for each of the situations
considered.

With regard to the three other data sets, they will each be treated as from a
single population. Hence, the design matrix 4 for each data set is self-evident. For
the design matrix X, it is trivial for the ramus data, while for the glucose data we
will follow Chi and Reinsel (1989) and Keramidas and Lee (1995). For the mice data,
following Rao (1987) and Keramidas and Lee (1995), we will use the most recent
past three observations from each mouse, ie, p =3, for both conditional and
extended predictions. For conditional predictions of ¥® given ¥V and ¥, they
are done for the 6th and 7th observations for the mice data, the 7th and 8th
observations for the glucose data and the 4th observations for the ramus data.
The conditional prediction results are summarized in Table 6. It is clear that the
proposed Bayesian methods are slightly better than the ML method for the ramus
data, mice data (6th), glucose data (7th) and glucose data (8th), and are slightly worse
for mice data (7th). As for extended predictions, the comparison is summarized in
Table 7 and is expressed in terms of MAD. The table shows a similar pattern, i.e., the
proposed Bayesian methods are slightly better than the ML method for the ramus
data, mice data (6th), glucose data (7th) and glucose data (8th), and are slightly worse
for mice data (7th). This perhaps means that some further modeling efforts are needed
for the mice data.

Thus, it is clear that the Bayesian results developed in this paper are reasonably
useful for real data. All the conditional and extended predictions are somewhat
comparable to those produced by the ML method. The adequacy of the approxima-
tion for the conditional predictive density of ¥® given V) and Y is illustrated in
Fig. 5 when the first column vector is treated as ¥ in the dental data set for girls alone.
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Fig. 5. Comparison of exact and approximate density of V2 given V1 and Y.

Finally, the computation involved is relatively simple and is conducted in the S-plus
environment.

5. Concluding remarks

The Bayesian method presented in this paper provides an alternative way of dealing
with the growth curve model when the serial covariance structure holds. The serial
covariance structure is conceivably one of the most important dependence structures
for this model. Although the results obtained so far are approximate in nature, they
are at least comparable to those obtained by the ML method.

It is noted that the method presented in this paper provides an alternative way of
constructing reliable regions for the parameters and the future values. Furthermore,
the computations involved are relatively easy and should present no difficulty. It is
therefore fair to say that the proposed method should be quite useful for practitioners
in dealing with growth curve data.
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Appendix

Theorem A.1. Let X be distributed as y2,. If Y |X =x ~N(u, bX ® (xA)™!) where

Zismxmpd., Aisrxrpd., b >0, then the distribution of Y is given by
fY) =K(m, v, n)|A™b™2|Z|7"2[b + tr X (Y — p)A(Y — py] "C*72, (A)

where

nmi2 (A2)

Proof. The joint distribution of ¥ and X is

f(Y X) — (271')7""/2 b—mr/zlz"—r/ZlA|m/2Xm(v+r)/2*1
’ T(mv/2)2mi2
X 1 4 ,
X eXp — 1+ Etr“? Y —mAY — ) |>. (A.3)

Next, integrating out X, we can obtain Eq. (A.1).
The density of ¥ as given in (A.1) is called the trace T distribution and will be
denoted as

Y ~Tr(p, A, b, X7, m{v +71)). (A4)

It is noted that the distribution as given in (A.4) is one type of matrix generalization of
the Students ¢-distribution and involves the trace of a matrix. When m or r is 1, then it
will be reduced to the well-known multivariate T distribution. The first two moments
of this distribution are given in the following theorem.

Theorem A.2. If Y ~ Tr(u, A, b, ™1, m(v + 1)), then

E(Y)=upn (A.5a)

and

Cov(Y) = I®A . (A.5b)

my — 2
Proof. The proof is completed by using the fact that
E(Y) = Ex[E(Y|x)] and Var(¥Y) = Vary[E(¥|x)] + Ex[Var(¥}x)]

and X ~ 2, implying E(X™Y) = 1/mv —2). O
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Theorem A3. If ¥ ~ Tr(u, A, b, 27", m(v + r)), then

U= b
T b+ trZ Y Y — pA(Y — p)

; ~ Beta(vl, Vz), (A6)
where v, = smv and v, = ¥mr.

Proof. The mhth moment of U is

I'(vy + v))I'(vy + mh)

EU™ =
F(Vl + v, + mh)F(vl)

which is the mhth moment of Beta(v,, v,). Since U is a bounded random variable, its
distribution is uniquely determined by its moments.

Theorem A.4. Let

n 1

v i
where YO u® are m;xr; Ay is miyxmy; my+my=m. If ¥ ~Tr(uA,b X",
m(v + 1)), then the marginal distribution of ¥? is

Y ~ Tr(p®, A, b, Ays.y, m(v + r) — myr) (A7)
and the conditional distribution of ¥ V¥ @ s

YONY P ~Tr(uy,,A4,¢ Ay, m(yv + 1), (A.8)
where

diz =pt + 2,25 (YD — ),

Cmb+ Ay, (Y — g (Y@ — y@y, (A9)

Agzq =Agy — Ay A7 Ay,

Proof. It can be shown easily and hence is omitted.

Lemma A.1. For the generalized growth curve model,
trC™ (Y — X1A)NY — XzA4Y)
=tr(X'C X)) (X' C"X)"X'CISC'X(X'C 'X) ' + (1 —)AA (1 —1)']

+tr(Z'CZ) ‘Z'YY'Z, (A.10)
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where
S=Y¥Y[I—-A4A4) 4]y,
T=(X'C7 X)) IX'C'vA(44')"*, (A.11)

and Z is p x(p — m) and of rank p — m such that X'Z = 0.

It is noted that this is essentially (3.6) of Lee (1988c).
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