
COMPUTATIONAL 
STATISTICS 

& DATA ANALYSIS 
ELSEVIER Computational Statistics & Data Analysis 26 (1997) 71-82 

Multivariate regression splines 

Lin-An Chen 

Institute of Statistics, National Chiao Tung University, Hsinchu, 30050, Taiwan 

Received I July 1995; received in revised form 1 January 1997 

Abstract 

Multivariate regression splines of arbitrary order assuming known knots using the additional function 
are developed. Model description and possible parameter tests for obtaining regression splines are also 
stated in detail for the triplicate case. A simulation study of drawn data from the Lubricant nonlinear 
regression model, where “Lubricant” is referred to lubricant data that we use in application, to compare 
the mean squares errors for the multivariate regression spline models and the multivariate polynomial 
models show the need of employing the multivariate regression splines in the approximation of the 
nonlinear regression models. @ 1997 Elsevier Science B.V. 
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1. Introduction 

A problem common to many disciplines is that of adequately approximating a re- 
gression function of one or several independent variables, given only the value of 
the function perturbed by noise at various points in the dependent variable space. 
Smoothing techniques are an important approach to approximating the regression 
function with a minimum of preconceptions and assumptions as to what this func- 
tion should be. 

There are three main approaches to spline fitting. The roughness penalty approx- 
imations minimize a criterion that depends on a least-squares-like term plus a term 
penalizing roughness, where a parameter J. that regulates the tradeoff between the 
roughness of the regression function and its smoothness to the data has to be pre- 
determined. Interesting work on this topic includes Kimeldorf and Wahba (1971), 
Wahba(1985, 1990), and Gu and Wahba(1993);Wahba(1985)and Gu and Wahba 
(1993) presented the multivariate thin-plate splines. Although techniques have been 
proposed for computing the smoothness parameter 1 (see Cleveland, 1979; Wahba, 
1979), there is no satisfactory general method for computing 1. 
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The locally weighted regression method estimates the regression function to data 
by locally weighted least-squares fitting. Recent work on this topic includes Cleveland 
and Devlin (1988) and Cleveland et al. (1993). Algorithms for computing this spline 
function has been proposed by Cleveland et al. (1988). A weight function that 
weights the mass of observations of independent variables must be selected. How- 
ever, the choice of an appropriate weight function in high dimensions is still difficult, 
and this is a computer intensive method. 

The so-called regression spline or the least-squares spline approximates the regres- 
sion function by piecewise polynomials, each defined over a different subregion of 
the domain of the spline. The approximation is constrained to be everywhere continu- 
ous, and sometimes it has continuous lower order derivatives or partial derivatives for 
the multivariate case as well. Several approaches to constructing regression splines 
have been presented in the literature. Poirier introduced the cubic spline (1973) and 
the bilinear spline (1975). Buse and Lim (1977) proved that the cubic spline can 
be computed by the restricted least-squares method. Later, Smith (1979) showed 
that the univariate regression splines of any degree of regression function may be 
represented in the additional function. This enables us to compute univariate regres- 
sion splines simply by the least squares method. As a bivariate generalization, the bi- 
linear spline presented by Poirier (1975) is a model of continuous piecewise bivariate 
polynomial function of order two. Eubank (1988, p. 372) pointed out that multivari- 
ate regression splines have received only cursory attention and further research is 
required before multivariate regression splines can become a standard method of 
multivariate surface fitting. Although recently Chen (1996) proposed a bivariate re- 
gression spline of arbitrary finite polynomial order by the restricted least-squares 
method, this method is difficult in generalization to higher dimensional model and 
is very complicated in constructing statistical inferences such as variables elimina- 
tion for determining spline model because of complicated restriction method. Besides 
the three approaches stated above to spline fitting, there are some other multivariate 
fitting approaches in the literature; for example, Friedman (1991) and Stone (1994). 

This paper provides a unified study of the multivariate regression splines of arbi- 
trary finite dimension and polynomial order using the convenient additional function. 
This spline function not only generalize the regression spline to higher dimension 
but also greatly simplifies the statistical inferences, using, for example, F-test and 
t-test, for selecting regression spline models. We develop the multivariate regression 
splines by deriving bases of the smoothing regression functions. Various regression 
splines can also be obtained simply by removing terms from a piecewise multi- 
variate polynomial function. A model description in detail and parameter tests for 
determining the spline model are given in the triplicate case. A simulation of the 
Lubricant nonlinear regression approximating by the multivariate polynomial and the 
multivariate regression splines reveals the advantages of fitting the data drawn from 
an unknown nonlinear regression model by the multivariate regression splines. 

We will proceed as follows. In Section 2 we introduce and derive the multivari- 
ate regression splines. A detail discussion on statistical inferences of spline model 
selection in triplicate case is given in Section 3. Section 4 provides the simulation 
result. Finally, the proofs of lemmas and theorems are given in the Appendix. 
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2. Multivariate regression splines 

Let xl,... ,x,, p > 1, be independent variables that are related to the response vari- 
able y. Consider the joint-points {dig : si = O,l,. . . ) ai}, with ai > 1, i = 1,. . . , p, the 
elements of which are known as knots. These joint-points define a p-dimensional 
rectangular grid in the space of variables xl,. . . ,xp consisting of al,. . . , ap multivariate 
rectangles as the region set: 

{(Xl ,..., Xp): 6f,<Xi 5 db,,,, i=l,...,p}, Sj=O,l,...,ai, i=l,...,p. (2.1) 

Here Sb, 66,+, are set suchthattheregion {(xi ,..., x,):66<xi<6k,+,, i=l,..., p} is 
the bounded domain of the regression function. The regression function has 
order k, which defines on each multivariate rectangle a multivariate polynomial of 
the following form: 

i: PC I... c,;fix?> (2.2) 
c,+...+c,=o i=l 

where cl,.. . , cp are nonnegative integers and n denotes for product of polynomial 
functions. In the following, we state the setting of the piecewise multivariate poly- 
nomial regression model. 

Definition 2.1. (a) An order k piecewise multivariate polynomial function is a func- 
tion defined on the region of (2.1) such that each multivariate rectangle {(xi,. . . ,x,): 

a.:, ~ I <Xi 5 S:,, i=l)...) p} has an order k multivariate polynomial defined on it. 
(b) An order k piecewise multivariate polynomial regression model is the 

following: 

Y=f(xl,...,xp>+& (2.3) 

for which f is an order k piecewise multivariate polynomial function and E is the 
error term. 

The class of order k piecewise multivariate polynomial function is a vector space 
with dimension (“z’ ) n,“_i(ai + 1). Th e multivariate regression spline is then a model 
(2.3) for which the regression function f satisfies some continuity condition of partial 
derivatives. 

Definition 2.2. (a) An order k piecewise multivariate polynomial function of model 
(2.3) is said to be a multivariate regression spline if it has some continuous partial 
derivatives. 

(b) A multivariate regression spline is said to have continuity-degree j, 0 < j 5 
k - 1, if its (ji, _ . . ,j,)-th partial derivative is continuous for 0 5 j, + . . . + jp 5 j. 

We now state an equivalent form of the order k piecewise multivariate polynomial 
function, which generalizes the formulation of the piecewise univariate polynomial 
function in Nurnberger (1989) to the multivariate case. 
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Lemma 2.3. The order k piecewise multivariate polynomial function can be formu- 
lated in the form, 

P 

P + c 5 P”I(x, > s; ) 
s=l &=I 

+ -g . . .e P” . ..f”I(X. > s;, ) . . , ,xp > iy ), 
t<, = 1 t,=l 

where P.. are multivariate polynomials with the form of (2.2). 

Denote the additional function “+” by x+ = max{x, 0). The next result provides 
a basis based on additional function for the space of order k piecewise multi- 
variate polynomial functions that guides an easy way to construct multi-variate 
regression splines. 

Theorem 2.4. The following set is a basis for the space of order k piecewise mul- 
tivariate polynomial functions, 

where nonnegative integers cl , . . . ,cp satisfy that 0 5 C,[, ci 5 k, and domain of ti 
is I,... ,Ui fOY i= l,..., p,s,sl and s2, etc. 

We can easily check that the number of basis functions above is exactly the 
necessary integer (“z’ ) nzt, (ai + 1). With Theorem 2.4, any linear combination of 
the functions in the basis of (2.4) provides some kind of multivariate regression 
spline. However, the interesting regression spline might be the one with continuity- 
degree Jo (0, l,..., k - l}. We now state it in the following theorem. 

Theorem 2.5. Let b =min{b*, p}, where b” =max{bO : bo(j+l) 5 k, b0 is integer}. 
The set of the following functions is a basis of the space of order k multivariate 
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regression splines with continuity-degree j: 

(2.5) 
i=l ifs, . . . ..s.+ 

where c,~,c,, are restricted on the set {j + 1, j + 2,. . . , k} and cl,. . . ,cp satisfy 
Cf=, ci 5 k. Also, domain of ti is 1,. . . , a,. 

In the particular case where j = k - 1, the smoothest multivariate regression spline 
might be of great interest. 

Corollary 2.6. The smoothest multivariate regression spline can be formulated as 

c,+...+c,,=o i=l s=l t,=1 

3. Triplicate regression spline and statistical inferences for model selection 

This representation of regression spline based on basis is clearly a very useful one 
since it casts the spline problem into an ordinary multiple regression context. More- 
over, many of the F-test, t-test, and nonparametric test procedures for determining 
whether some of the polynomial coefficients should be zeros carry over directly. For 
explanation, we consider in this section the case of p = 3 in detail including bases 
in various continuity degrees and possible parameter tests. For this triplicate case, let 
thejoint-pointsberedenotedby6,,y, anda, wheres=O,l,...,a+l, t=O,l,...,b+l 
and u=O,l,.. . , d + 1. Define triplicate spline function sets: 

Bo = {x~‘x~X;i}, 

” ‘* Bl = ((x1 - &1,x, x 5’ : j + 1 5 cl 5 k, (x2 - ~~)‘:xf’x~ : j + 1 < c2 < k, 

(xx - a,)~xf’x~ : j + 1 < c3 5 k}, 

82 = {(xl - S,)T(x, - yt)=xT : j + 1 < ci 5 k, i= 1,2, 

(x, -&)9x, -au>?X;2 :j+l <ci<k, i=1,3, 

(X2 - YJc+z(X3 - %L)":Xf' :j+ 1 5 ci < k, i=2,3}, 

B3 = {(Xl - S,):(X~ - Yt)C+‘(Xx - a,)c,i :j + 1 < Ci < k, i= 1,2,3}. 

where cl, c2 and c3 are nonnegative integers also satisfy 0 5 cl + c2 + c3 5 k, and 
s, t, and u are positive integers with 1 5 s 5 a, 1 5 t < b, and 1 5 u 5 d. 

The following corollary specifies the bases for triplicate regression spline in various 
continuity degrees. 
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Corollary 3.1. The followings indicate bases for the vector spaces of triplicate re- 
gression splines in various continuity degrees: 

(B~,BI,B~,B~) $0 Ij 5 k/3 - 4 

{B~,B,,B*} ifk/3 - 1 <j < k/2 - 1, 

{Bo,Bl} ifk/2-l<j<k-1, 

{B,} ifj=k. (3.1) 

We now state some possible parameter tests for determining various triplicate regres- 
sion splines. A piecewise triplicate polynomial regression model can be formulated 
as 

k a k 

c, +c2 +q = 0 s=l c,+c*+q =o 

b k d k 

+ c c P:,&2 - Yt)=XX + c c &&3 - 4x~~‘~; 
f=l c,+c>+q =o u=l c,+c>+c) =o 

+f$ i: /i::,:,;(x,-6,):(-c,-~f):r;j+~~ 5 
s=l 1=1 c,+c*+c~=O s=l u=l c,+c2+q=o 

b d k 

+k&-& i: P,":",,,,(xl-~s~(X2-~Yr)C:(X3-~,~+&. 
s=l I=1 u=l c,+c*+q=O 

The dimension of the piecewise triplicate polynomial function is 

6-‘(k+3)(k+2)(k+ l)(a+ l)(b+ l)(d+ 1). 

The dimension could be a very large number when any of k, a, b, and d is large. Then, 
in addition to the consideration of smoothness, some kind of smoother regression 
spline with smaller number of parameters we might want to use for analyzing the 
data with number of observations not large enough. 

To be specific, let us illustrate the possible parameter tests by the use of the addi- 
tional function to determine triplicate regression splines. Presence of the term &,,, 
allows a discontinuity on the hyperplane x1 = 6, in the (q~2~3)-th partial derivative 
of the spline function, and the presence of the term /?&,,,, for any (s, t),s, t # 0, 
further allows discontinuity on both hyperplanes x1 = 6, and x2 = yr in the (c1c2c3)-th 
partial derivative of the spline function. On the other hand, the absence of fi,“:“,!,, for 
all t and u forces the (clc2c3)-th partial derivative of the spline function on x1 = 6, 
to be continuous. 

Additional smoother surfaces can be obtained by removing appropriate terms from 
the piecewise triplicate polynomial function. Because most regression functions are 
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very smooth, multivariate polynomials are infinitely differentiable on every hyper- 
plane, thus it is not unreasonable to assume as much smoothness as possible in a 
spline model. Therefore, testing the importance of j continuity-degree for the model 
in (3.1) may be of interest to obtain a smoother regression surface. However, we 
should know that the more parameter terms we delete from the regression function 
the worse the fit will be, although the fitting surface will be smoother. 

4. Numerical example 

Linssen (1975) studied the kinematic viscosity of a lubricant as a function of tem- 
perature and pressure in atmosphere. In his study, the viscosity is suitable represented 
by the following, called Lubricant nonlinear regression model, 

where y,xl and x2 represent viscosity, temperature and pressure, respectively. We 
now pretend that the true regression model is unknown and we are going to fit 
the data from the Lubricant model by the multivariate polynomial regression model 
and the bivariate regression spline model. In this simulation, the computer facility 
include the St simulated on the Spare 20 Sun Work Station. With setting 8i = 1, i = 

;b”. 

,9, we randomly generate 160 observations for each replication from the region 
<xl <2O,O<x2 ~20) with E N N(0, 1). For each data we apply the least squares 

method to compute the bivariate polynomial estimate from order 1 to 12 and the 
4 pieces bivariate regression spline with knots 6, = 10, and yl = 10 from order 1 
to 3. The replication is 1000. Here the bivariate regression spline is based on the 
following basis: 

{ XY’XS’, (x, - 1O~X~) (x* - lOExY’, (x, - lOE(x, - lO>“,z}, 

where cl and c2 are with 0 5 cl + c2 5 k. 
Tables 1 and 2 provide the mean squares errors (MSE) where the values in the 

brackets represent the numbers of variables in the polynomial model or the regression 
spline. 

Table 1 
MSE for fitting Lubricant model by polynomial regression 

Polynomial 
order 

MSE Polynomial 
order 

MSE 

1 3 103 486 9 946 
3 2590 11 1086 
5 1.580 13 1148 
7 980 
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Table 2 
MSE for fitting Lubricant model by re- 
gression spline 

Spline order MSE 

I(121 248 684 
2(24) 1168 
3(40) 1.325 

Table 3 
Variables which occurred more than 200 times and their corresponding 
MSEs 

Spline order 
MSE > 

Variables 

(13p976) ~I,~*,x~,x,x2,x:,x:,xln:,nlx:, 

Xl@2 - 10)0,,x,(x* - lO)+,xl(x2 - lo):, 

x1(x2 - 10):,(x, - 10): 

Although the true regression function is smooth, the large mean squares errors 
imply that the polynomial function is not adequate in fitting the data from the Lubri- 
cant nonlinear regression model. However, a four-piece bivariate regression spline of 
order 3 is already adequate in approximating the data from the nonlinear regression 
model. 

It is then concluded that the regression splines of order 3 or 4 are appropriate 
to approximate the Lubricant nonlinear regression model. Since the true model con- 
tains only 9 unknown parameters, the 4-piece bivariate regression splines of order 
3 and 4 contain parameters of number 40 and 60, respectively. It is then interest- 
ing to see if there is a still smaller scale of bivariate regression splines which can 
adequately interprete the Lubricant nonlinear regression model. For this purpose, we 
perform a simulation of 500 replications of data drawn from the Lubricant model. 
For each replication, Efi-oymson’s forward stepwise method is used for selecting the 
variable sets from the orders 3 and 4 bivariate regression spline models. We then 
collect the variables that appear more than 200 and 400 times as listed in Tables 3 
and 4. 

A simulation of 1000 replications for data drawn from the Lubricant model and 
using the selected models in Tables 3 and 4 to fit the data is then further conducted. 
Their corresponding mean squares errors are also listed in Tables 3 and 4. 
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Table 4 
Variables which occurred more than 400 times and their corresponding 
MSEs 

Spline order 
MSE > 

Variables 

3 
37.725 

&xIx~,xIx:,xI(x2 - 10):,x,(x2 - 10): 
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Appendix 

Proof of Lemma 2.3. Let m,, = min{p,q}. For 0 2 q 5 Cl:, aj - 1, denote order 
k piecewise multivariate polynomial 

f4 = f4’ + A2> (A.1) 

where 

p min {qdb } 

Z(X,~>~:;~, i = l,...,mpq) 

and 

a, +...+a,, 

d2= c P,““‘aZ(6f, <Xi < 61+,, i = 1,. . . , p), 
t,+...+t,,=q+1 
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where Pi. has the form of (2.2). We further let 

$0 = c P;‘-I(s;~ <Xj < df,,,, i = 1,. ..,$I). 
rl+.,,+t,,=q+l 

Consider the decomposition fq*’ = B, + (A20 - B4), where 

B, = f: P,4+‘I(x, > a”,,,, q+l Ia,> 
s=l 

We will show that for each piecewise multivariate polynomial f and 0 5 q 5 
CfI’, ai - 1 th ere exists a piecewise multivariate polynomial f4 of (A.l) such that 
f = f,. Let q = 0. Obviously, 

f=P+ C P~“.““I(6~~<xi 5 6f+,, i= l,...,p) 
f, t...+t,,=1 

with P;“‘.t” = P”...‘iJ -P. Denote by PO = P. Then f = fo. Suppose that f = f4 (= f,’ + 
4’). Can check that fq*’ -B, and f4* - fq*’ are all piecewise multivariate polynomials 
defined on the region 

a,+~~~+a, 

u {<x*,.. .,X,) : S:, <Xi 5 &+,, i = 1,. . . , p}. 
f,+...+t,I=q+* 

We now define polynomials Pi:;“. Denote polynomial P4f”-‘tJJ by Pi’+‘;fo for which 
P4f”“” is the polynomial of B, defined on region {(x,, . . . ,xp) : 4, <xi, i = 1,. . . , p}. 

For (t, , . . . , tp) be such that CL, ti > q + 2, let Piif” be such that fa’+r = A2 - B,. 
We can also see that f,’ + B,,, = j&, . Then we have 

f = f4’ + B, + f,’ - B, = f,;, + .j$ = A+,. 

The proof is completed by setting q = CfE, ai - 1. 
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Proof of Theorem 2.4. Denote by j = yl, . . . , y, for any finite set {y,, . . . , yP}. Define 
a set of polynomial functions and truncated polynomial functions II/ by 

I+&&) = 
( J 

fi cj -’ fi,(x; - Sf, )=I(& > 0) + xFl(s, = O)], 
r=l i=l 

O<cj<k,sj=0,l)...) C&i=1 )...) p. (A.2) 

(A.2) also has number of elements (“‘pp) nip=,(q + 1) and each element of them 
can be formulated as a linear combination of functions in (2.4). So the proof of 
this theorem is finished if we can show that the functions $ of (A.2) are linearly 
independent. For t, = -, f, i = 1,. . . , p, let the partial derivative be 

We also define the linear function L,+y on $ by 

a .sp,ncpw 

where L is the 

~nt(%?z) = 

(A.3) 

binary function defined by e(r) = 1 if t = + and 0 if t = -. If we let 

c (- 1 )L ~(fqp~~.“(~~o, . . . ,x,, . . . 
I 

, 62 > 
I’ 

f,=-.+ 
Ll,...,p 
i#m 

has continuous c,th derivative at 6,!,, then 

With careful inspection, it can be seen that 

(A.4) 

Any zero linear combination of (A.2) will have zero coefficients by (A.4). This shows 
that the set { $xs,,,,, (X)} is linearly independent and then the set of functions in (2.4) 
is a basis of the space of order k piecewise multivariate polynomial functions. 

Proof of Theorem 2.5. The functions in (2.5) is a subset of the basis in (2.4). 
Denote this subset by Bj. We then know that B, is a linearly independent set. We can 
also check that each element in Bj is a j continuity-degree polynomial or truncated 
polynomial. We then need only to show that these functions in Bj forms a generator 
of multivariate regression splines of continuity-degree j. The proof is an analogue of 
the one for proving the linear independence of the set in (2.4). We here only briefly 
sketch it. 
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Suppose that we have a multivariate regression splines of continuity-degree j. 
Denote it by f. Obviously, f can be formulated as a linear function in elements of 
(2.4). We then need only to show that the coefficients associated with the elements 
not in (2.5) have to be zeros. Consider the linear function L,,,,, of (A.3) for those 
(Sl, . . . ,sp) and (c,,. . . ,c,) not in (2.5). Then smoothness condition of continuity- 
degree j on f implies that (A.4) holds and then the coefficients corresponding to 
the elements not in (2.5) are zeros. So, the set of elements in (2.5) is a generator 
of the class of multivariate regression splines of continuity-degree j. 
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