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Three-dimensional asymptotic solutions are obtained for magneto-electro-elastic singularities in bodies
of revolution that are made of a single magneto-electro-elastic (MEE) material or bi-materials that consist
of an MEE material and an elastic material or piezoelectric material. The solutions are obtained by com-
bining an eigenfunction expansion approach with the power series solution method to solve three-dimen-
sional equilibrium equations and Maxwell’s equations in terms of mechanical displacement components
and electric and magnetic potentials. The MEE material is assumed to be transversely isotropic and its
polarization direction is not necessarily parallel to the axis of revolution. The polarization direction, which
is not along the axis of revolution, yields and complicates non-axisymmetric solutions. The solutions are
validated by comparing the present characteristic values of the asymptotic solutions, which are related to
the orders of singularities of stress, electric displacement and magnetic flux, to the published ones for a
piezoelectric body of revolution because no results have been published for an MEE body of revolution.
The developed solutions are further employed to examine the effects of the direction of polarization,
the configuration of the body of revolution and the material components on the orders of the singularities
in bodies of revolution that comprise a single MEE material (BaTiO3-CoFe,0,) and bonded MEE/isotropic
elastic (BaTiO3;—CoFe;04/Si), MEE/piezoelectric (BaTiO3—CoFe,04/PZT-5H), or MEE/MEE (BaTiO;—CoFe;04
(Vi = 50%)/BaTiO3;—CoFe,04(V; = 20%)) materials. These results are published here for the first time.
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1. Introduction

Magneto-electro-elastic (MEE) materials can exchange
mechanical, electric and magnetic forms of energy among each
other and have been widely used in electronic devices, including
acoustic actuators, magneto-electro-mechanical transducers, elec-
tric field tunable microwave resonators, highly sensitive magnetic
or electric current sensors and other smart structures. Accordingly,
the fracture mechanics of MEE composite materials have also at-
tracted substantial research attention. In practical applications,
magneto-electro-elastic singularities that are caused by geometry
or material discontinuity are commonly encountered. Since points
of stress singularities normally result in the initiation of cracks,
worsening the functioning of the structure, stress singularities in
an MEE body are very important.

Comprehensive investigations of stress singularities in wedges
made of elastic or piezoelectric materials have been conducted.
Since Williams [1] pioneered the study of stress singularities of
elastic plates under extension, numerous studies of stress singular-
ities in elastic wedges with a single material and multiple materials
have been performed using the plane strain or stress assumption
[2-8], three-dimensional elasticity theory [9,10] and various plate
theories [11-16]. The elastic materials from which the wedges are
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made can be isotropic or anisotropic. Stress singularities in piezo-
electric wedges have also been examined based on the generalized
plane strain or deformation assumption, and an extended Lekhnit-
skii formulation [17,18], an extended Stroh formulation [19], the
Mellin transform [20], the finite element approach [21,22], and
other techniques [23,24] have been utilized.

Unlike the various studies of elastic or piezoelectric wedges,
investigations of MEE wedges are few. To examine the magneto-
electro-elastic singularities at the vertex of a bi-material MEE
composite wedge under antiplane deformation and in-plane elec-
tric and magnetic fields, Liu and Chue [25] employed the Mellin
transform whereas Sue et al. [26] used the complex potential func-
tion and eigenfunction expansion method. Liu [27] extended the
solutions of Liu and Chu [25] to study the effects of electrostatic
and magnetostatic fields in air on the stress singularities at the
vertex of a multiple-material wedge.

Stress singularities in an elastic or piezoelectric body of revolu-
tion have also been often investigated. Axisymmetric deformation
has frequently been assumed in studies of the stress singularities
in bodies of revolution that are made from isotropic elastic materials
[28-30]. Huang and Leissa[31,32] abandoned the assumption of axi-
symmetric deformation and developed 3-D sharp corner displace-
ment functions for studying stress singularities in elastic bodies of
revolution. For a piezoelectric body of revolution, whose direction
of polarization is along its axis of revolution, the axisymmetric
deformation assumption has also been made 33,34. Nevertheless,
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Huang and Hu [35] established an asymptotic solution for electro-
elastic singularities in a piezoelectric body of revolution, whose
direction of polarization was not along the axis of revolution, by di-
rectly solving the 3-D equilibrium and Maxwell’s equations.

No investigations of the magneto-electro—elastic singularities in
an MEE body of revolution have been published to the best of the
authors’ knowledge. This paper aims to fill this gap by developing
a 3-D analytical asymptotic solution to singularities in an MEE body
of revolution, whose direction of polarization is not parallel to its
axis of revolution. The in-plane and out-of-plane mechanical defor-
mations are generally coupled with the out-of-plane and in-plane
electric and magnetic fields. Apparently, the aforementioned
famous Mellin transform, extended Leknitskii formulation and
extended Stroh formulation, which are often applied to solve plane
problems, cannot be directly employed to solve the three-
dimenisonal problems considered herein. The three-dimensional
equilibrium and Maxwell’s equations in terms of mechanical
displacement components, electric potential and magnetic poten-
tial are directly solved by a combination of the eigenfunction expan-
sion approach with the power series solution technique. The
validity of the proposed solutions is demonstrated by comparing
results thus obtained with those published for a piezoelectric body
of revolution. The proposed solutions are further utilized to deter-
mine the orders of the singularities of stress, electric displacement
and magnetic flux in bodies of revolution that are made of a single
MEE (BaTiOs;-CoFe,04) and bonded MEE/isotropic elastic (BaTiO3-
CoFe,0,4/Si), MEE/piezoelectric (BaTiO3-CoFe,04/PZT-5H) or MEE/
MEE (BaTiO3-CoFe,04 with different volume ratios of components)
materials. The results presented herein reveal the influence of the
orientation of polarization, material combination and boundary
conditions on the magneto-electro-elastic singularities. The results
are presented here for the first time in the literature.

2. Statement of problem

Consider the body of revolution displayed in Fig. 1. It is made of
MEE materials, whose material properties are defined in X—Y—Z
Cartesian coordinates. The MEE materials are assumed to be trans-
versely isotropic in the X—Y plane and polarized in the direction Z.
The X—Y—Z coordinate system is called the material coordinate
system herein. The geometry of the body can be described in (X,
Y, Z) Cartesian coordinates, and the Z-axis is the axis of revolution.
The direction of polarization (along Z axis) is not assumed to be
parallel to the axis of revolution (Z-axis). Assume that two Carte-
sian coordinate systems (X, Y, Z) and (X,Y,Z) have coincidental Y
and Y and that Z and Z are separated by the angle 7.

Within the framework of linear magneto-electro-elasticity, the
constitutive equations for a transversely isotropic MEE material in

the Cartesian coordinate (X,Y,Z) can be expressed as [25,36,37]

Fig. 1. Bi-material body of revolution with a sharp corner.

{0} = [c{e} - [e]'{E} — [d"{H}, (1a)
{D} = [e}{e} + [N{E} + [&){H}, (1b)
{B} = [d{e} + [{E} + [W{H}, (10)

where 6y, &;, D, Bi, E; and H; (i,j = X,Y,Z) are the components of
elastic stress, strain, electric displacement, magnetic flux, electric
field and magnetic field, respectively. The elastic stiffness constants,
piezoelectric coefficients, piezomagnetic coefficients, dielectric con-
stants, magnetic permeability and magnetoelectric coefficients are
listed, respectively, as follows:
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Notably, [g] vanishes in static problems.

For convenience in the following analysis, the cylindrical coor-
dinate system (r, 0, Z) shown in Fig. 1 is utilized. The relations
among the components of elastic stress, strain, electric displace-
ment, magnetic flux, electric field and magnetic field in the cylin-
drical coordinate system are expressed as
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where oy, & D;, B;, E;and H; (i, j=r1, 0 or Z),
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The material matrices [c], [e], [d], [#], [«] and [g] are functions of 0

and y, and are related to [c], [€], [d], [%], [it] and [g] (Appendix A).
In the absence of the body forces, free electric charges and mag-

netic charges, the equations of motion and Maxwell’s equations are
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where p* is the mass density, and u; is the dynamic displacement in
the i direction.

Studies of stress singularities in an elastic isotropic body of rev-
olution [31,32] have revealed that stress singularities can be found
around the circumference in the X-Y plane. Fig. 2 shows a plane
with any constant 0 in Fig. 1. The orders of the stress singularities
at p — 0 in an elastic isotropic body of revolution depend on the
angle of o and the boundary conditions on &é=¢g and &=¢&,
(Fig. 3) but they are independent of 6. This study focuses on the sin-
gularities of stress, electric displacement and magnetic flux in
bodies of revolution made of MEE materials. Since the MEE mate-
rial is not isotropic and its direction of polarization is not coinci-
dental with the axis of revolution, the asymptotic solutions for

Fig. 2. Cylindrical (r, Z) and sharp corner (p, ¢) coordinates.

Fig. 3. Sub-domains for ¢ € [&o, &nl.

p — 0 are expected to be more complicated than those for an elas-
tic isotropic body of revolution.

Introducing the electric potential ¢* and magnetic potential y/*,
which are related to electric field and magnetic field by the
equations
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and using the strain-displacement relations and Eqs. (3) enables
Egs. (5) to be rewritten in terms of displacement components, elec-
tric potential and magnetic potential. Assuming

w=u(r,0,2)e,  us = uy(r,0,Z)e",
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yields the equations of motion and Maxwell’s equations to be ex-
pressed as
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where u; (i=1, 2, 5) denote u,, uy, U, ¢ and Vs, respectively; &;, is
the Kronecker delta and I'j are variable coefficients, which depend
on p, 0 and ¢ and have lengthy expressions. Without showing all of

I, which are totally 225 coefficients, only few of them are given for
reference as follows,

1 . .
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Notably, Eq. (9) represents a set of five partial differential equations
with variable coefficients.

3. Asymptotic solutions

Adopting the eigenfunction expansion approach for elastic
wedges [9], one expresses the mechanical displacements, electric
potential and magnetic potential as follows:
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where /4, can be a sequence of complex numbers, ordered with
Re[/;] < Re[/i+1], and their real parts must be positive to ensure
finite displacements, electric field and magnetic field at p = 0. Egs.
(10) indicate that the components of stress, electric displacement
and magnetic flux have the same singular orders at p =0. Since
the asymptotic solutions for p — 0 are of interest, substituting
Egs. (10) into Eq. (9) and taking into account the terms with the
lowest order of p yields
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where Q; are differential operators with respect to ¢ and are defined
in Appendix B.

Eq. (11) is a set of five ordinary differential equations with var-
iable coefficients that depend on ¢, 0 and y. The mechanical dis-
placement components, electric potential and magnetic potential
are generally coupled to each other. The exact closed-form solu-
tions to Eq. (11) are intractable, if they exist. A conventional power
series method can be employed to solve Eq. (11). Terms of very
high order are typically required to obtain accurate solutions,
and they may result in numerical difficulties. To overcome the pos-
sible numerical difficulties, the entire domain of ¢ considered for
Eq. (11) is divided into numerous sub-domains (Fig. 3), and series
solutions to Eq. (11) are constructed for each sub-domain. Then,
the solutions in the sub-domains are assembled to form the gen-
eral solutions over the whole domain of ¢. This approach is very

effective for analyzing the singularities in bodies of revolution that
are constructed from multiple materials.

In sub-domain i, the variable coefficients in Eq. (11) are ex-
pressed by a Taylor’s series,
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where A;are defined in Appendix B and &;is the mid-point of sub-do-
maini. The coefﬁcients b’ , and d' canbe easily determined
with the aid of a commerc1a1 symbollc loglc computer software pack-
age like “Mathematica”. Accordingly, the series solutions for Eq. (11)
in sub-domain i are assumed to be of the following form:
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The substitution of Eqs. (12) and (13) into Eq. (11), lengthy algebraic
manipulation and careful arrangement yield the following recur-
rence relations among the unknown coefficients in Eq. (13):
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where g7, g, g and ¢’ (1=1,2,...,5andn=1,2,...,5) are
given in Appendix C and some of them are functions of ).m. The val-

ues of ¢, ¢V, gV and G” that are independent of 4, are easily

determined if the materlal properties and the coefficients in Eq.
(12) are known.
Eq. (14) represents a set of five recurrence relations and can be

solved for A?_ BY. ¥ (j=0,1,2,..

Jj+2 j+27 Jj+2
AD A0 BO BY ¢ ¢ pY DY EY and EY. Accordingly,
the solutions to Eq. (11) in sub-domain i can be written as
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(15)
If n sub-domains, as shown in Fig. 3, are utilized to establish the
solutions over the whole domain of ¢, then 1011 coefficients
AD ZAG RO RO GO O HO PO FO
Ay Ay, B, By, Gy’ Gy, Dg', Dy, Eq and EV for i=1, 2,
n are to be determined. The following cont1nu1ty conditions be—
tween pairs of adjacent sub-domains have to be satisfied,



C.S. Huang, C.N. Hu/Composite Structures 100 (2013) 55-70 59

o (p,0,&)sing +al)(p,0,&)cos &

=0l (p,0,&)sing + ai(p,0,&) cos &, (16a)
a¥(p,0,&)sing +a(p,0,&) cos &
=0 (p,0,&)sing + ai(p,0,&) cos &, (16b)
al(p,0,&)siné + ) (p, 0, &) cos &
— ol (p,0,&)siné +al ™V (p,0,&) cos &, (16¢)
DY (p.0,&)sin& +DY(p.0, &) cos &
D"V (p,0,&)sing; + D™ (p, 0, &) cos &, (16d)
B (p,0,&)sin& + By (p,0,&) cos¢;

BV (p,0,&)sin + B (p,0,&) cos &, (16e)
ul(p,0,&) = u*V(p,0.&), (16f)
ul (p,0,&) =uy ™ (p,0,&), (16g)
ul(p,0,&) = uf*V(p,0,&), (16h)
¢"(p,0.5) = ¢V (p.0.&), (16i)
v, 0.8) =y (p,0.8), (16))

where superscript “(i)” denotes physical quantities in sub-domain i,
and i=1, 2, ..., n— 1. Hence, Egs. (16) consist of 10(n — 1) equa-
tions. Homogenous boundary conditions at &= &, and ¢ = ¢, yields
another ten equations. The homogeneous boundary conditions
can be specified as follows:

(a) Traction free conditions

o siné + ol cos ¢ =0,

o¥sing + ol cos¢ =0, (17a)
¥ sin¢ + o'l cos¢ = 0.
(b) Clamped conditions
u® =u® =ul¥ = 0. (17b)
(c) Electrically and magnetically open conditions
D¥sin¢+D® cosé =0, B¥siné+B¥cosé=0. (17¢)
(d) Electrically and magnetically closed conditions
e =0, y¥= (17d)

where k = 1 when the boundary conditions at & = &y are considered,
and k=n when the boundary conditions at ¢=¢, are under
consideration.

As a result, 10n homogeneous algebraic equations are estab-
lished for 10n coefficients to be determined. Obtaining a non-triv-
ial solution for these equations leads to a 10n x 10n matrix with a
determinant of zero. The determinant is a function of A, and the
roots of the zero determinant (/,,) are numerically determined.
To accurately find the roots, variables with 128-bit precision (with
approximately 34 decimal digit accuracy) were used in the devel-
oped computer programs, which included the subroutine “DZAN-
LY” in IMSL Library to find the zeros of a univariate complex
function using Miiller's method [38]. The subroutine was con-
verted to 128-bit precision from 64-bit precision. Computations
with 128-bit precision were carried out using a regular PC with
64-bit operation system. Notably, when the real part of 1, (Re[4n])

is less than unity, the corresponding order of singularities of stress,
electric displacement and magnetic flux is Re[4,] — 1.

4. Convergence and verification

The following analyses concern the geometrical configuration,
shown in Fig. 4, of a body of revolution with ¢,=0 and
&, =180+ B. When a bi-material body of revolution is under con-
sideration, the interface is on the X-Y plane, the material in the re-
gion with Z > 0 is material I, while that in region Z < 0 is material
II. Such a bi-material body of revolution is called a material I/mate-
rial Il body. The boundary conditions under consideration are spec-
ified by four letters. The first pair of letters refers to the boundary
conditions at ¢ = &,, while the second pair specifies the boundary
conditions at ¢=¢,. The first letter in each pair concerns the
mechanical boundary conditions: C and F denote clamped and free
boundary conditions, respectively. The second letter concerns the
electric and magnetic boundary conditions: C and O represent elec-
trically closed and open boundary conditions, respectively.

The MEE material of interest is made of BaTiO; and CoFe,04.
The material properties of this MEE material are related to the
material properties of BaTiOs; and CoFe,04by [39]

Kij = F_CSV] + I_Cg(l -V, (18)

where fcg and fcg are the material properties of BaTiO3; and CoFe,04
(Table 1), respectively, and V; is the volume fraction of the inclusion
BaTiOs. Importantly, the zero [g] of the material causes BaTiO-
CoFe,0,4 bodies to exhibit the same singularity behaviors in static
and dynamic states.

The correctness of the proposed solution is validated through
convergence studies for Re[;] for PZT-6B/PZT-6B (Im) and
BaTiO3-CoFe,04 (V;=50%)/BaTiOs-CoFe,04 (V;=20%) bodies of
revolution. Notably, material PZT-6B (Im.) is an imaginary material,
and is adopted here to obtain results that can be compared with
those of Xu and Mutoh [34]. Since a literature review reveals that
there is no published studies of the magneto-electro-elastic singu-
larities in MEE bodies of revolution, only the convergent Re[1,] for
the PZT-6B/PZT-6B (Im.) body of revolution is compared with the
corresponding published result. The solutions here are easily
reduced to those for piezoelectric bodies of revolution by setting
[8] and [d] in Egs. (1) equal to zero and neglecting both magnetic
boundary conditions and interface continuity conditions.

Table 2 demonstrates the results of convergence studies of
Re[411] for PZT-6B/PZT-6B (Im.) and BaTiOs-CoFe,04 (V;=50%)/
BaTiO3;-CoFe,04 (V;=20%) bodies of revolution with g=90° and
under FOFO boundary conditions. The polarization directions of
these piezoelectric materials are the same and along the axis of

material I

B

material II

zZ
A
=

Fig. 4. A typical geometry of body of revolution under consideration.
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Table 1

Material properties.
Material const. PZT-5H [33] PZT-6B [34] PZT-6B (Im.) [34] BaTiOs [41] CoFe,04 [41]
Stiffness (GPa)
C11 126.0 168.0 168.0 166.0 286.0
C12 55.0 60.0 60.0 77.0 173.0
Ci3 53.0 60.0 60.0 78.0 170.5
C33 117.0 163.0 163.0 162.0 269.5
Caq 353 271 271 43.0 453
Piezoelectric const. (C/m?)
ers 17.0 46 43.0 116 0.0
€3 -6.5 -0.9 -14.0 —-4.4 0.0
€33 233 7.1 36.0 18.6 0.0
Dielectric const. x10~19 (F/m)
M1 151.0 36.0 200.0 112.0 0.8
133 130.0 34.0 247.0 126.0 0.93
Piezomagnetic const. (N/Am)
dis - - - 0.0 550.0
day - - - 0.0 580.3
dss - - - 0.0 699.7
Magnetic permeability const. x10~° (Ns?/C?)
i - - - 50 590.0
[i33 - - - 10.0 157.0
Electromagnetic const. x10~'2 (Ns/VC)
& - - - 0.0 0.0
833 - - - 0.0 00

revolution (Z axis in Fig. 1 and 7y =0°), whereas the polarization
directions of these MEE materials are also the same and along
the X axis in Fig. 1 (y = 90°). The numerical results herein were ob-
tained by dividing the domain of ¢ into three, siX, and nine equal
sub-domains and using various numbers of polynomial terms in
Eq. (13). Table 2 reveals that the numerical results may converge
in an oscillating fashion as the number of sub-domains or polyno-
mial terms increases. The convergent Re[4;] of the PZT-6B/PZT-6B
(Im.) body is the same as that of Xu and Mutoh [34] up to five sig-
nificant figures. Notably, Xu and Mutoh [34] adopted the general
solutions for coupled equations for piezoelectric materials, which
were developed by Ding et al. [40], to analyze the stress singular-
ities in a piezoelectric bonded structure under the assumption of
axisymmetric deformation.

5. Numerical results and discussion

This section presents numerical results of Re[/,,], taking into ac-
count the effects of material components, boundary conditions,
polarization direction and geometry on the strength of the singu-
larities of stress, electric displacement and magnetic flux. When
Jm shown in a figure are all real, /,, rather than Re[/,], is used
to label vertical axis of the figure. The numerical results herein
were obtained by dividing the whole domain of ¢ into eight sub-
domains and using series solutions that comprise 12 terms for each
sub-domain. Notably, when the variation of 1,, with 6 is shown, /,,
are displayed for 0° < 0 < 180° because the results at 0 =27 — g
are identical to those at 0 = 0,.

5.1. BaTiO3-CoFe,04 bodies of revolution

This section concerns MEE materials made of BaTiO3 and CoFe,_
04 with various volume fractions of BaTiOs (V; = 20%, 50% or 100%).
Fig. 5 depict the variation of /,, with 0 for bodies of revolution with
B =90°(Fig. 4) under different boundary conditions (FOFO, FCFC,
CCCC and COCO) for various angles of y (y=0° 45° and 90°).
Changing the open boundary conditions to closed boundary condi-
tions for electric and magnetic fields does not considerably influ-
ence the strength of the magneto-electro-elastic singularities. As

expected, free-free mechanical boundary conditions yield stronger
singularities than do clamped-clamped boundary conditions. The
strength of singularities does not significantly depend on the vol-
ume fraction of BaTiOs (Fig. 5¢). When the direction of polarization
is parallel to the axis of revolution (y =0°), 4; is expected to be
independent of 0 because the material is transversely isotropic.
When 7y =45° or 90°, 4; changes by less than 2% as 0 is varied.
The variation in 4, is also less than 2% as 7y varies from 0°to 45°.
However, Fig. 5d, which depicts the variations of A, of less than
one with 6 for a body with 50% BaTiO3; under FOFO boundary con-
ditions, illustrates the variations of /1, and /4 with 0 are greater
than those of 4; when 0° < 0 < 90° and 90° < 0 < 180°, respectively.

Fig. 6 plot the variation of A, with g at 0 = 0° for bodies made of
50% BaTiOs (V;=50%) with polarization directions y=0° and 45°
under various boundary conditions. The strength of the mag-
neto-electro-elastic singularities expectedly increases with p.
When B =180°, simulating a crack, different boundary conditions
and polarization directions yield the same 4;, which is 0.5. Again,
Fig. 6a and b demonstrate that free-free mechanical boundary con-
ditions yield stronger singularities than do clamped-clamped
boundary conditions, and switching between electrically and mag-
netically closed and open conditions has a very weak effect on the
strength of singularities. Fig. 6b further indicates that changing the
direction of polarization from ) = 0° to 45° very slightly alters the
strength of the singularities, while Fig. 6¢ reveals that A, 4, and
/3, Which are all real, monotonously decline as 8 increases for FOFO
bodies with y = 45°.

5.2. Bi-material bodies of revolution

This section concerns bi-material bodies of revolution with the
same geometry as those considered in the preceding section. The
material in the region with Z < 0 is isotropic elastic material Si, pie-
zoelectric material PZT-5H or MEE material BaTiOs3-CoFe,04 with
V;=20% whereas the MEE material in the region with Z > 0 is
BaTiO5;-CoFe,0,4 with V;=50%. The Young’s modulus and Poison’s
ratio of Si are 130 GPa and 0.28, respectively. The material proper-
ties of PZT-5H are given in Table 1.

For BaTiOs;-CoFe,04/Si bodies, not only the mechanical dis-
placement and traction continuity conditions (Egs. (16a)-(16c)
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Table 2
Convergence of Re[/].
B Material I/material II Number of sub-domains Number of polynomial terms Published results
4 6 7 8 9 10 12
90° PZT-6B/PZT-6B (Im.) 3 0.51832 0.53669 0.52792 0.52897 0.52053 0.52647 0.52796 0.52819 [34]

6 0.53088 0.52758 0.52801 0.52807 0.52836 0.52828 0.52820

9 0.52833 0.52809 0.52823 0.52822 0.52819 0.52819 0.52819
BaTiO3-CoFe,04 (V; = 50%)/(V,=20%) 3 0.50614 0.50854 0.50563 0.50586 0.50605 0.50536 0.50545 -

6 0.50560 0.50556 0.50558 0.50560 0.50562 0.50554 0.50554

9 0.50553 0.50555 0.50558 0.50560 0.50554 0.50554 0.50554

Note: -: no data available.

and (16f)-(16h)), but also the electrically and magnetically open
conditions (Eq. (17c)) must be satisfied on the interface between
the MEE material and the elastic material. No electric and magnetic
boundary conditions are specified on ¢ =0 and the fourth letter
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of the four letters indicating the boundary conditions is replaced
by u_n'

For BaTiO3-CoFe,04/PZT-5H bodies, the direction of polarization
of the MEE is assumed to be the same as that of the piezoelectric
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Fig. 5. Variation of 4, with 0 for BaTiO3;-CoFe,0,4 bodies of revolution with = 90°.
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Fig. 6. Variation of /,, at 0 = 0° with g for BaTiO3-CoFe,0,4 bodies of revolution with different boundary conditions.

material. As well as the continuity equations Eqs. (16a)-(16d) and
(16f)-(16i), the magnetically open condition must be satisfied at
the interface between the MEE material and the piezoelectric mate-
rial. No magnetic boundary condition is specified on ¢ = 0.

Fig. 7 depict the variation of Re[ ;] with 0 for bi-material bodies
of revolution with 8=90° and y=0° 45° or 90° under various
boundary conditions. Comparing Fig. 7 with Fig. 5 reveals several
interesting facts. At y = 0° and 90°, free-free mechanical boundary
conditions cause stronger magneto-electro—elastic singularities in
bi-material bodies of revolution than those in the single MEE bodies
that were investigated in the preceding section, while mechanical
clamped-clamped boundary conditions yield weaker singularities.
For a fixed 0, BaTiOs—CoFe,04/PZT-5H bodies have the smallest /; of
the considered bi-material bodies under free-free mechanical
boundary conditions, but the highest /; under clamped-clamped

mechanical boundary conditions. The variations in the orders of
singularities in the bodies of revolution made of various materials
are less than 5.2% and 6.8% under clamped-clamped and free-free
mechanical boundary conditions, respectively.

The strength of magneto-electro-elastic singularities in bodies
with y =45° varies more with 0 than does that in the bodies with
y = 0° or 90°. This difference is especially evident for BaTiOs-CoFe,
04/PZT-5H bodies. Varying 0 can change the order of the singular-
ities in BaTiOs-CoFe,04/PZT-5H bodies by up to around 10%. When
electrically and magnetically closed conditions are switched to
open conditions, the changes in Re[4;] of bi-material bodies with
y=45° and especially BaTiO3;-CoFe,04/PZT-5H bodies, exceed
those for single MEE material bodies. Changing the electric and
magnetic conditions can alter the orders of singularities in BaTiO3-
CoFe,04/PZT-5H bodies by up to approximately 10%.
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Fig. 7. Variation of Re[/;] with 0 for bi-material bodies of revolution with g =90°.

Fig. 8 plot the variation of Re[ ;] of less than unity with 0 for bi-
material bodies of revolution with g =90° and y = 45° under FOFO
or FOF-boundary conditions. The numbers of roots of A, less than

unity for BaTiOs;-CoFe;04/Si and BaTiOs;-CoFe,;04/PZT-5H bodies
are three and four, respectively, and they are all real. The body of
revolution made of BaTiOs;-CoFe,04 (V;=50%)/BaTiO3—CoFe,04
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Fig. 8. Variation of /,,, with 0 for bi-material bodies of revolution with g =90° under FOFO or FOF-.

(V;=20%) has four roots of 1,, with Re[/,;] less than one, and its /3
and /4 form a conjugate pair when 52° < 0 < 64°. The values of i,
are less dependent on 0 than the other roots.

Fig. 9 display the variation in Re[ 4] at 0 = 0° with B for bi-mate-
rial bodies of revolution with y = 0° and 45° under various bound-
ary conditions. As expected, the strength of the magneto-electro-
elastic singularities generally increases with g. Fig. 9 also disclose
several findings that differ from the observations in Fig. 6 for single
MEE bodies of revolution. In Fig. 9, not all 4, for various g are all
real. Free-free mechanical boundary conditions do not always
yield a smaller Re[/;] than clamped-clamped mechanical bound-
ary conditions. For example, CCCC boundary conditions lead to a
smaller Re[/;] than do the other boundary conditions in
BaTiO3-CoFe,04/PZT-5H bodies with y = 0° and f > 140°. Switching
between electrically and magnetically closed and open conditions
can also cause significant changes in the strength of singularities.

For example, changing the open condition to the closed condition
reduced Re[1;] by up to around 10% for BaTiO3-CoFe,04/Si and
BaTiO3-CoFe,04/PZT-5H bodies with p=180° and under
clamped-clamped mechanical boundary conditions. Notably, bi-
material bodies of revolution have stronger singularities than do
single MEE bodies under free-free mechanical boundary condi-
tions, while the opposite is observed for those under clamped-
clamped mechanical boundary conditions. Comparisons of Re[4,]
in bi-material bodies indicate that different material components
yield the smallest Re[ 4;] in different values of g and under different
boundary conditions. For example, among bodies with y =0° and
45° and under COCO boundary conditions, BaTiO3-CoFe;04
(V;=50%)/BaTiO3-CoFe,04 (V;=20%) bodies give the smallest
Re[Z1]. With respect to bodies with y=0° and FOFO (or FOF-)
boundary conditions, BaTiO3-CoFe,04 (V;=50%)/BaTiO3-CoFe,04
(V;=20%), BaTiO3-CoFe,04/Si and BaTiOs-CoFe,04/PZT-5H bodies
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Fig. 9. Variation of Re[/;] at 0 = 0° with g for bi-material bodies of revolution.

have the smallest Re[Z;] when 169° < < 180°,126° < < 169° and

0° < B <126°, respectively.

Fig. 10 present i, 4, and 3 at 0 =0° versus f for bi-material
bodies of revolution with y=45° and under FOFO (or FOF-)

65
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Fig. 10. Variation of /,, at 0 = 0° with f for bi-material bodies of revolution under FOFO boundary conditions.

boundary conditions. Different material components yield differ-
ent ranges of , in which 44, 4, or /3 is complex. BaTiO3-CoFe,0,4/
Si bodies have conjugate pairs of 4, and /A3 for 171° < 8 < 180°, in
which /; is equal to Re[4,]. BaTiOs-CoFe,04/PZT-5H bodies have
a conjugate pair 4; and /, for 154° < 8 < 180° and complex /3 when
98°< p<152°.  BaTiO3-CoFe,04  (V;=50%)/BaTiO3—CoFe,04
(V;=20%) bodies have a conjugate pair 1; and /, for 0° < g < 52°.

6. Concluding remarks

Based on three-dimensional magneto-electro-elastic theory in
a cylindrical coordinate system, asymptotic solutions were estab-
lished for the magneto-electro-elastic singularities in an MEE
body of revolution whose polarization direction may not be paral-
lel to the axis of revolution. An eigenfunction expansion approach
was utilized along with a power series solution technique to solve
the three-dimensional equilibrium equations and Maxwell’s equa-
tions in terms of displacement components, electric potential and
magnetic potential. The fact that the direction of polarization is
not along the axis of revolution yields non-axisymmetric solutions
and complicates the development of solutions. The in-plane
and out-of-plane deformations are generally coupled with the

out-of-plane and in-plane electric and magnetic fields. The correct-
ness of the obtained solutions was confirmed by performing con-
vergence studies of Re[i;] in two bi-material bodies of
revolution, and comparing the convergent Re[/;] with the pub-
lished value for a piezoelectric body of revolution.

The proposed solutions can be easily reduced to the solutions for
piezoelectric or elastic bodies of revolution by simply using appropri-
ate material properties. The solutions were further applied herein to
investigate magneto-electro-elastic singularities in bodies of revolu-
tion that are made of single MEE material (BaTiOs-CoFe,0,4) and two
materials (BaTiO3-CoFe,04/Si, BaTiO3—CoFe,0,4/PZT-5H and BaTiOs-
CoFe,04 (V; = 50%)/BaTiO3-CoFe,04 (V; = 20%)). The effects of bound-
ary conditions, geometry, and direction of polarization on the
strength of singularities were also examined. The numerical results
thus obtained not only support the well-known fact that boundary
conditions, geometries, and material components greatly affect the
strength of singularities, but also reveal that 4, can significantly de-
pend on 6 when the direction of polarization of the material is not
along the axis of revolution. The latter fact indicates the inappropri-
ateness of the solutions under the axisymmetric assumption for the
magneto-electro—elastic singularities in an MEE body of revolution
whose direction of polarization is not along the axis of revolution.
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0 0 0 0 cosf sind A dix B
L 0 0 0 0 —sinf cos0 | ppendix

Qi =4 %* (Zm = 1)[(€s5 — €11) SIN2& — 2€15 €08 2E] £ + [Am((Am — 1)C11 + C55) cos? &
—Jm(Zn — 2)C15 S0 28 + Zn((Zm — 1)Cs5 + €11) sin® &,

Qi = [cus 082 + crpsin €+ 5in2¢] 2+ (s — 1)[(cas — 1) in 2¢
—(C14 + C56) €O 28] 7 + [lm((im —1)C16 + C45) COS2 & — i (A — 2) L125558)
5101 26005 28) 2 4 (i — 1)1 + ) COS? & — i (i — 2) @435 sin 2
+m((Am — 1)Ca5 + C16) Sin° é],

Qs = [635 cos? & + 15 sin” ¢ + %ﬂ sin2£] % + (Am — 1)[(€35 — €15) Sin2¢
—(€13 + €55) €OS 2@’]0%+ [Am((im —1)C15 + C35) COS2 & — Jom (Vo — 2)% sin2¢
+m ((Am — 1)€35 + C15) sin? 5]

Qus = |35 €082 &+ ey sin’ £+ 45520 5in 2¢) 25+ (i — 1)](e35 — e1) sin2¢

—(eys + e31) cos 2¢] 2 [Am((/lm —1)en + €35) COS? € — (A — 2) 5741 5in 2¢

¢

+/m((Zm — 1)e3s + €11) sin® f].
Q

w

- [d35 cos? ¢ 4 dyy sin® & + G5t sip 25] 5z (m = 1)[(dss — di1) sin 2¢
—(drs + da1) cos 28 2 + [xm((ﬂm —1)dyy + dss) COS? & — oy (i — 2) 415380 5 2¢
(= 1)dlzs + dy) sin” ¢,
Qy =4 %22 + (Zm — 1)[(Ca4 — Co6) SIN 2& — 2€46 €OS 2&] & + [Am((Zm — 1)Ce6 + Caa) OS> &
—2m (A — 2)Ca6 SN 2 + Jn ((m — 1)Caa + Co6) sin’ &,

Qs = [634 cos? & + Csg sin’ & + (961%) sin Zq] 32 T (m = 1)[(C34 — Cs6) SiN 2¢
—(C36 + Cas) CO5 28] 7 + [&n(um — 1)Cs6 + C34) COS? & — Jim (fm — 2)585) sin 2¢

+m((Am — 1)C34 + Cs6) Sin® 5],
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Q= [634 c0s? & + eqg sin® & + M sin 24 5—22 + (Am — 1)[(e34 — €16) SIN2¢
— (€14 + e36) COS 2¢] a% + {zm(um “1)es + €34) COS2 & — (i — 2)(61“;—83‘"’) sin 2¢
+om((Am — 1)e34 + €46) sin® g“],

Q5 = [d34 cos? ¢ + dyg sin® & + wmzﬂ sin2¢ 88_; + (hm — 1)[(d34 — dis) Sin2¢
G+ ) c0528] 7+ [im(m = Dt + ) c05? € — (i~ 2) D454 sing

(i — 1)dsa + dyg) sin® cj ,
vj

Q33 = 43 ;&2 (Zm — 1)[(c33 — €55) SIN2& — 235 cOS 2¢] 6% + [Am((Am — 1)Cs5 + €33) cos? ¢
— Jn(Am — 2)C35 SIN 2E + n((2m — 1)C33 + C55) sin” &,
Q3 = [e33 cos? ¢ + ey sin’ & +M sin 2&} 80—; + (Am — 1)[(e33 — €15) sin 2¢
— (€13 + e35) cos 2¢] 8% + |:;Lm((/1m —1)eys + e33) €082 & — Ay (Am — Z)M sin2¢
+im((im — 1)es3 + ey5) sin® 5]7
Qs5 = [d33 cos? ¢ + dys sin’ & + M”’;ﬂ sin2§} 88_:2 + (m — 1)[(d33 — di5) sin 2¢
— (dy3 + d35) cOs 2¢] a@ + {Am(( lm — 1)d1s + d33) €082 & — Iy (O )M sin2¢

1)1y + 133) cOs* &

+im((Am — 1)ds3 + dy5) sin® 4
Qu=-4 8—2—(1 —1)[(N35 — n41) SIN2¢& = 2 cosZ“]g—[) ((%
44 = 4852 m N33 — My =24l < g~ Vm\tm
— Jm(Fm = 2)1y3 SI0 2& + Am((Am — 1)1]35 + 13 sin* &,
. . o .
Qus = —[g33COS* E + g1 sin’ ¢ +813 szﬂa? = (Am = 1)[(833 — &11) SIn2¢
+ [Am((Am — 1)811 + &33) €082 & — Jim(Jm —
>
Qss = _4158_62 = (dm = D)[(Hg3 — Hq7) SIN2E — 215 COSZ&]_é = [Am((Am

— m (= 2) g3 SIN2E + A ((ln — 1) 33 +,uﬂ)sm g,

Ay = €11 SiN? &€ + Cs5 COS? € 4 C15SIN2E, Ay = Cog SIN? & + Caq COS? €

+ C46 SIN 28,

A3 = C55 SN € 4 €33C08? & + €35 SIN2¢,  Ag = 1]y, SID® &+ 135 COS? €

+ 143 SIN 2¢,
= U4y SIN® & + fUyy COS? & + LUy SN 2E.

Appendix C

(A) Expressions of gt forlandn=1,2,...,5

@O =" =20 =1, =g =1,
<C45b +516C0 ® +(C142i56)[1(1)()>7

= <C35b +C1SCO )+(C]32ﬂaé()>7

= (egsb tené) >+Ma3<>>7
(d35b '+ dnc)? +Maém>7

0
— 2833 cos 25]87‘

2)813 SIN 2 + 2m((Am — 1)833 +g11)5m2 g,

— 1)y + lg3) COS> &

3" =

2
q4(l)

3
q4(l)

3" =

2(i)

C34b + Cs56Cy " +

334b(2)(') + elséﬁ(” +

d34b + d]sf(z)(l)

II
N 7N 7N N N

d33b + dlsé?f’) +

(€36 + Ca5)

2

(e14 + €36)

e b3 4 eg5e300 4 (G137 €55)

~2(i
ao()),
dé(”),

4(i £ 4(i A - 4(i
QSO) = —(g33b0(’) +gnco(l) +g13ao(l)>7

and ¢\ =q"

Al(D)
dy

(B) Expressions of g

_qnx
=4
When [ = n,

= 0.

Dforlandn=1,2,...



When I
a bV and ¢ in g

Gl
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' are replaced by a b’ kandc

respectively. _
(C) Expressions of i for land n=1,2,...,5

=13

ql()

q;"
"
3" =
0" =
3"

SA(D)
qy

' -
"
4
4"
%" =
3"

{(c55—c11) - 20 dl ]

()

it
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1(0)

1)
C33 — Cls) ¢ — (€13 + Css)dj,(lk]7

1 qua
j(l;i (e15 +e3q) J,(l,z]

—(dis + d31)d] k]

i
C44 — Cop - 2c sd k],

2 ~2(i)
j(l;i (914+€36)d k]

3 o
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)a; "
)
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[
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[

I )4

[
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[
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[

[

I )

ﬁf_“}ﬂ —(diz + d35)d-3(i,3]7

*[(’733 ’711)(1' 27]13‘3;152]’

3" =- [(g33 - gn)ﬁfg,k - 2g13a537k],

Elg(i):—[(ﬂ33 .un) l 2#13d5]

and qi‘(i) _ q?(f)

(D) Expressions of gi” for landn=1,2, ..., 5
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