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EQUATIONS BY DOUBLING*
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Abstract. We consider the solution of the large-scale nonsymmetric algebraic Riccati equation
XCX — XD — AX 4+ B = 0, with M = [D,—C; —B, A] € R(m1+n2)x(n14n2) being a nonsingular
M-matrix. In addition, A and D are sparselike, with the products A= u, A~ Tw, D= 1v, and D~ Tv
computable in O(n) complexity (with n = max{ni,n2}), for some vectors u and v, and B, C are low
ranked. The structure-preserving doubling algorithms (SDA) by Guo, Lin, and Xu [Numer. Math.,
103 (2006), pp. 392-412] is adapted, with the appropriate applications of the Sherman—Morrison—
Woodbury formula and the sparse-plus-low-rank representations of various iterates. The resulting
large-scale doubling algorithm has an O(n) computational complexity and memory requirement per
iteration and converges essentially quadratically. A detailed error analysis, on the effects of truncation
of iterates with an explicit forward error bound for the approximate solution from the SDA, and some
numerical results will be presented.
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1. Introduction. Consider the nonsymmetric algebraic Riccati equation (NARE)
(1.1) R(X)=XCX — XD — AX + B =0,

where A, B, C, and D are real ny X ni, ni X na, ng X ny, and ns X ny matrices,
respectively. From the solvability conditions in [12, 13], we assume the matrix

(12) M = [ _g _i :| c R(n1+n2)><(n1+n2)

is a nonsingular M-matrix, i.e., M has nonpositive off-diagonal entries and all elements
of M~ are nonnegative. In this paper, we are interested in developing an efficient
algorithm for solving the minimal nonnegative solution X of NAREs in (1.1).

The structure-preserving doubling algorithm (SDA) in [17] is first proposed for
solving the NARE (1.1) with quadratical convergence. Then in [5], more general
convergence results were given, especially for the critical case. Later in [4], Bini,
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Meini, and Poloni developed a doubling algorithm called SDA _ss, which has shown
efficient improvements over SDA in some numerical tests, but it can happen that
sometimes SDA _ss runs slower than SDA. Recently in [31], the alternating-directional
doubling algorithm (ADDA) has been developed by Wang, Wang, and Li to improve
the convergence of the SDA dramatically. In practice, ADDA is always faster than
SDA and SDA _ss, however, it may encounter overflow in F}, and E}, before Hy and Gy,
converge with the desired accuracy, and the scaling technique in [31] is not suitable
for the large-scale case which we will study.

We state the SDA for solving (1.1) as follows. Choose a suitable parameter -y
such that

1.3 > = max< max a;;, max d;
( ) = (1] {1<i<n1 “’lgignz i ()

where a;; and d;; are the diagonal entries of A and D, respectively. Compute

FO - In1 - 2'YW717 EO = I’I’L2 - 2’7‘/717
(1.4) Ho = 29yW-1BD-', Gy = 2yD-'CW—1
0 — Py ¥ v 0 — ’Y o Y
with Ay = A+~1I,,, Dy =D +~l,,, W, =A, - BD;'C, V, =D, — CA;'B. The
SDA [17] has the form (for k& > 0)

(1.5)
Frpi = Fk(Lu — Hka)ile, Erpi = Ek(In2 — Gka)ilEk,
Hk;+]_ = H; + Fk(Im — Hka)lekEk, Gk+1 =Gy + Ek(In2 — Gka)fleFk,

where Fj, € R™>*™ | . € R™X"2 [ € R"M*™2 and G € R™2*™,

For A = [aij], B = [bU] S Rmxn’ we write A > B (A > B) if Qij > bij (aij > bl])
for all 4, j. A matrix A is called positive (nonnegative) if a;; > 0 (a;; = 0). We denote
|A| = [|ai;]] and ||A]| := ||A[|2 the 2-norm of A.

Let

(1.6) D(Y)=YBY ~YA-DY +C =0

be the dual equation of NARE (1.1). The following convergence theorem for (1.5) is
originally given in [17] and improved in [5].

THEOREM 1.1. Let M in (1.2) be a nonsingular M-matriz. Then the NARE (1.1)
and its dual equation (1.6) have minimal nonnegative solutions X > 0 and Y > 0,
respectively. Moreover S = A — BY and R = D — CX are nonsingular M-matrices.
Let Sy = (S + 1) (S —vIn,) and Ry = (R + vIn,) " (R — v1I,,). Then the
sequences {F}, {Ex}, {Hr}, and {Gy} generated by the SDA (1.5) are well-defined,
and for all k > 0, we have

(a) Eo, Fo <0, and Fy = (I, — H,Y)S2 >0, Ej, = (I, — GxX)R2 > 0;

0< Hp < Hyp1 <X and 0 < X — Hy, = (I, — HyY)S? XR? < S2XR?';
0<Gr<Gr1 <Y and 0<Y — Gy = (I, — G X)RZYS? < RV S,
(e) Sy, Ry <0, the spectral radii p(S,), p(Ry) < 1, and S?Yk,ngk — 0 as k — oo;
(f) In, — XY and I,,, — Y X are nonsingular M-matrices.

Motivated by the low-ranked cases from the applications in transport theory [19,

22, 23], in this paper we further assume that n; and ny are large, A and D are
sparselike (with the products A='u, A~ Tu, D~'v, and D~ "v computable in O(n)
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complexity, where n = max{ni,na}, for some vectors v and v), and B and C are
low ranked (m and [, respectively, with m,l < ni,n2). In [19, 22, 23], A and D are
low-ranked updates of nonsingular diagonal matrices, which are nonsingular but not
sparse. We shall adapt the SDA [17] to solve the NARE (1.1), resulting in a large-scale
doubling algorithm (SDA_ls_¢) with an O(n) computational complexity and memory
requirement per iteration. Note that the orthodox SDA in [17] has a computational
complexity of O(n?).

More generally, algebraic Riccati equations arise in many important applications,
including the total least squares problems with or without symmetric constraints [9],
the spectral factorizations of rational matrix functions [10], the linear and nonlinear
optimal controls [2], the contractive rational matrix functions [20], the structured
complex stability radius [18], transport theory [19, 22, 23], the Wiener—Hopf factor-
ization of Markov chains [32], and the optimal solutions of linear differential systems
[21]. Symmetric algebraic Riccati equations have been the topic of extensive research,
and the theory, applications, and numerical solutions of these equations are the sub-
ject of [5, 6, 7, 8] as well as the monographs [21, 29]. The minimal positive solution
to the NARE (1.1), for medium size problems without the sparseness and low-ranked
assumptions, has been studied recently by several authors, employing functional iter-
ations, Newton’s method, and the structure-preserving algorithm; see [1, 3, 4, 12, 13,
14, 15, 16, 17, 22, 23, 26, 27, 30, 31], and the references therein. Evidently, the ap-
plications associated with and the numerical solution to NAREs have attracted much
attention in the past decade but this paper is the first on general large-scale NAREs.

Main contributions. Apart from being the first paper on the numerical solution
to general large-scale NARESs, we shall formalize the discussion on the numerical rank
of the solution X, showing constructively when X is numerically low ranked. We
adapt the well-known structure-preserving doubling method efficiently for large-scale
NAREs. Then we show how the exponential growth in the rank of the approximate
solution is controlled by compression and truncation. A first order error estimate
will show that the difference between the approximate solution by the SDA with
small truncation and the exact solution has the same order as the truncation without
affecting the convergence of the SDA.

2. Large-scale doubling algorithm. Borrowing from [24], we shall apply the
Sherman-Morrison-Woodbury formula (SMWF) in order to avoid the inversion of
large or unstructured matrices, and use sparse-plus-low-ranked matrices to represent
iterates when appropriate. Also, some matrix operators are computed recursively, to
preserve the corresponding sparsity or low-ranked structures, instead of forming them
explicitly. If necessary, we compress and truncate fast growing components in the
iterates, to trade off the negligible amount of accuracy for better efficiency. Together
with the careful organization of convergence control in the algorithm, we obtain an
O(n) computational complexity and memory requirement per iteration.

2.1. Large-scale SDA. We assume B € R™*" and C' € R™*™ in (1.1) have,
respectively, the full low-ranked decompositions

(2.1) B=DBB;, C=CCy,
where By € R™M*X™ By ¢ R™*m O € R™*¢ 0y € Rm"* with m, | <« n =

max{ni,no}. We first state a basic large-scale SDA, and then propose a practical
large-scale SDA later in section 2.2.
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For the initial matrices in (1.4), we have Fy = I, —29W; ", Ey = I, —
2’)/‘/,;1, Hy = QIOEOQ;—Oa and GQ = Plol—‘opg—g, where
Q0 =29W;'B1, Q2 =D; B, o= 1p,
(2.2) Pio=2yD;'C, Py=W,TCy, To=1.

Note that efficient linear solvers for the large scale A and D, and thus for A, and D,,
are available. Applying the SMWF, W 'w and V 'v can be computed economically
by

(2.3)
_ _ _ _ -1 _ _
W lw = {Im + AS'By [In — (B D' C1)(CF A'By)] ' (By D 101)05} A,

(2.4)
Voly = {In2 + D10y [I - (Cf AS'By)(By D 'Cy)] (C;Angl)B;} D'

¥ ¥
For k = 1,2,..., we shall organize the SDA so that the iterates have the recursive
forms

(2.5) Hy, = QuxSxQsy,, Gi = Pyl Py,

(2.6) F,=F? | + Fi.Fy,, E.=FE} |+ EEy),

where Fj, € Rm*lk-1 [, € R"2X™k-1 (j = 1,2), and the kernels ¥, € R™*™k and
I'y € Rbsxle,

We should compute products like Eju, E,;'—u, Fyv, F,;'—v, for some vectors u and
v, by applying (2.6) recursively. Without actually forming Fjy and F, we avoid any
possible deterioration of their sparselike properties or other structures as k grows,
and preserve the O(n) computational complexity of the algorithm. As a trade-off, we
need to store all the Q;r, Xk, Pik, ['x, Fix, and E; for all previous k, as we shall see
below.

Applying the SMWF again, we obtain

1
(In, — GeHi) ™" = I, + GrQui Sk (I, — QngGleka) Qay,

—1
(2.7a) = I, + Py, (I, — TPy HiPip) TPy Hy,
_ —1
(In, — HyGy) ™" = Ly, + Quic (I, — Z1Q2,GiQ1r)  ZkQaiGr
-1
(2.7b) = I, + HyPuL'y (I, — Py HiPiel'x) Py,

Denote the direct sum of square matrices by @®. From (1.5) and (2.7), we can choose
the matrices in (2.5) and (2.6) recursively as

(2.8) Q1 k41 = [Qiks FrQukl, Qak+1 = [Qar, Ef Qarl,
(2.9) P k41 = [Pk, Ex Pix], Py jy1 = [Por, Fy Pog;

i1 = Sk @[Sk 4 (Iny, — SkQ2pGrQ1r) ' E1Q2, Gr Q11 2k ]
=% @[Sk + Yk Qo PriTk (L, — PgT;CHkPka)_ngTkaEk}
(2.10) =% @ Xy,
Tit1 =Tk @ [T + Te Py Qui i (Imy, — Q2,GrQ11Zk) ' Qap, Pil's]
=T% @ [Tk + (I, — DiPoy Hy Piy) ™' T Pyj Hy, PriTy ]
(2.11) =T o Ty
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Fipy1 = FrLHy Py Tx (I, — Py H Piply) 7"

(2.12) = FuQus(Imy, — Z1QapGrQ1x) ' E1Qay Pirl,
(2.13) Fy i1 = Fy Poy;
and

B i1 = BrGrQuiXi(Imy, — Qo GrQ1iXy) !
(2.14) = Ep P, — Tp Py Hi Prg) T Pyt Q1 Sk,
(2.15) Eopi1 = B Qo

Ultimately from (2.6), (2.8), and (2.9), we see that the SDA is dominated by the
computation of products like Fju, E,Iu, Fyv, F,;'—v for arbitrary vectors u and v. By
applying (2.6) recursively, these products can be computed using (2.3) and (2.4) in
O(n) complexity and memory requirement, because of our assumptions on A, B, C,
and D.

The SDA for large-scale NARESs is a competition between the convergence of the
doubling iteration and the exponential growth in the dimensions of Q;; and P;;. From
(2.5), (2.8), and (2.9), we have

(2.16) rank(Hy) < rank(Qqx) < 28m, rank(Gy) < rank(Py) < 2FI.

Note that 25m and 2% are the numbers of columns in Q1. and Pj, respectively. The
success of the SDA depends on the trade-off between the accuracy of the approximate
solution and its CPU time and memory requirements, controlled by the compression
and truncation of @ and Py in section 2.2. With the truncation and compression
process, rank(Q;x) and rank(P;;) will be much reduced even with high accuracy for
the approximate solutions Hy and GY,.

From the convergence results in Theorem 1.1, as well as (2.8), (2.9), and (2.16),
the fact that X and Y are numerically low ranked can be considered constructively.
We next define what we mean by being numerically low ranked of X (and similarly
for V).

DEFINITION 2.1. Let X € C™*™.

(i) For a given numerical rank tolerance T > 0, the numerical rank of X with
respect to T, denoted by rank; X, is defined as the lowest rank of X e crxn
such that || X — X|| < 7.

(ii) X s said to be numerically low ranked with respect to the numerical rank
tolerance T > 0 if rank, (X ) < n.

We first give a useful lemma which is simple but has not appeared in the literature.

LEMMA 2.1. For any A, B € R™", if 0 < A < B, then |A| < | B|.

Proof. Since 0 < A < B, we have 0 < AT < BT and then 0 < ATA <
BT B. From the Perron-Fronbenius theorem, we have ||A|| = \/p(AT A) < \/p(BT B)
=|Bl. O

2.2. Truncation and compression of Q;x and P;;. The truncation and com-
pression process described in this section is necessary when the convergence of the
SDA is slow in comparison with the exponential growth in the dimensions of the
iterates G, and Hp. In this situation, the numerical rank of X will be high and
we obviously cannot achieve high accuracy in the approximation Hy of X by any
method. We then have to compromise its accuracy for the sake of less memory and
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CPU-time consumption. We should then either choose larger tolerances for the trun-
cation and compression process (€5 below), to control the growth in the iterates and
adjust them until the accuracy of the approximate solution is acceptable, or simply
abandon the truncation and compression process and accept whatever approximate
solution is obtained within reasonable computing constraints.

We now propose a large-scale SDA with truncation error ¢ (SDA_ls_¢). For a
given sequence of tolerances ¢ = {g,}¥_, we first compute truncated initial matrices
for the SDA_Is_e. From (2.2) we compute the QR decompositions

Q1o = élole Q20 = @20R2q7 Py = ﬁlORlpa Py = 1520R2p,

where @10, @20, 1510, and ﬁgo are orthogonal and Ry, Ray, Rip, and Ry, are upper
triangular. Then we compute the SVD decompositions

quEOR;J = [Uir07 Ufo](zg @ 28)[[]507 U2€O]Tv HE(EJH < €o,
Ry, ToRs, = [V, Vigl(T5 @ T5) Vi, Vgl T, IT§ |l < eo,

where [Uj,U%] and [V, V5] (i = 1,2) are orthogonal, X7 @ X§ and I'] @ I'§ are
nonnegative diagonal with X7 € R™0X™0 and I'] € Rlo*!lo, By setting

(2.17) Qo = éloUle Q3 = C?2()[]2707 Py = ﬁlov{oa Py = ﬁQOVzTOv
we have the (truncated) initial matrices
T T T T T TT T T T TT
(2.18) Fy =Fo, Ej=Ey, Hj=Q1%Q%, o = PloloPy
for the SDA_Is_e. Let
- ~ ~ T~
(2.19) AHo = Ho—HJ = QU5 35Us, ' Qgp, AGo = Go—Gf = PioViT5Vay Pay.
The truncation errors of the initial matrices can be estimated by
(2.20) [AHo| = [5G < €0, [[AGo| = TG < o.
We repeat this process and suppose it holds at the k step that
T T T TT T T T TT
Hy = Q1 X5Q% k= Pl Py
T 7'2 T 7'—r T T2 T ‘I'—r
(2.21) Ep =Ep+ BBy, Fy = Fe_y + Pk

where Q7 and Pjj, are orthogonal with widths being my, and I, (i = 1, 2), respectively.
To estimate the (k + 1)th truncation error, from (2.10)—(2.15) as well as (2.21),
we compute

T T, T AT DT T T T ryr pr pr\—1 DT AT VT
B =Xp + EpQ5, PR (Ly, — Py Hp PRLIL) ™ Py, QTXE,

T 7T 7T pT \—177T DT 17T DT T
(2.22) p=T%+ (L, —TLPsy, HEPly) UL Py H Pl
and
T T I7T DT T°T T 777 pr ) L T ' pr
Fl,k+1 :FkaPlka (Ilk _sz HkPlka) ) F2,k+1 :Fk sza

T T T T ‘I'T T T L T ‘I'T T T T 7'T T
(2-23) E17k+1 = EkPlk (Ilk - FkPZk HkPlk) FkPZk Qlkzkv Ez,k+1 = Ek Q2k'
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From the QR decompositions

~ I S T ~ I S
Q7 FEQT) = Q5 Gul g 3] 105 BT Q5 = (03.Qu [g 1)

T T DT T D I S T T T T D I S
[Ply, E Pli] = [P}, Pix] [P FY Py = [P3, Pal .
0 Ry, 0 Ry,

(2.24)
we set
(2.25)
o [ Su] [EE 011 Su] g [T Sw] [TEOO)[1 Su]
FET0 Ryl [0 D7) |0 Rag),t MTTT0 Ry, [0 TR |0 Ry,

We next compute the SVDs

N - X7 0 . T
Y1 = [U1,k+1 16,k+1} [ %H 22+1:|[ 2, k41 U§,k+1] ;

0

= - Iz - T
(2.26) Ty = [Vl,k+1 Vf,k-&—l} [ k0+1 e ] [Vz,k+1 VQE,IH—J
k1

with |35, || < erq1 and [T, ]| < exy1. To truncate, we compute

Q1 k1 = [QTp, Qur)UT jopg € R™XME1 Q7 1 = [Q3y, Qar]U3 jyq € RTZXMEHL
Pl i1 =[Pl Pie]Vigyq € R™2 X1 Py i1 = [Pog, Por]Va i1 € R™ 1,
(2.27)

Let

(2.28)
Hyyy = Hf + F{(I = H{G})'H{ E],, Gyy1 = Gj + E[(I - GLH]) 'GLF].

We define the local truncation errors of H; , and G}, as

(2.29) SHyyr = Hyor — HL,y, 0Gry1 = Gy — Gyt

From (2.26), we see that

(2:30)  16Hs1l = [[1QTks QulUF 1 Tha U o [Q5s Qoal T|| = 1551l < s
(231)  0Gksll = ||[Pfi PudVE i i Vi [P Pon] || = ITE 0l < 2.
Moreover, we define the global truncation errors of H ; and G, by

(2.32) AHpyy = Hppr — Hi o, AGryr = Gryr — Gigqs

which will be estimated in section 3.

Algorithm SDA _ls_¢ for solving large-scale NAREs realizes the iterations in (1.5)
with initial matrices in (2.18), and the help of (2.3), (2.4), (2.21)—(2.27).
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ALGORITHM 1. SDA _LS_¢.

Input: A€ R™*™_ BeRMxn2 O ¢ R™*™ D e R™%" with B = BB, and
C = C1Cy being full low ranked as in (2.1); suitable shift v as in (1.3);
truncation tolerances € = {e;}¥_, and convergence tolerance £, > 0.

Output: HF = Q[;XQp; and Gf = PLITPE with Q7 € R>X™s, PT o c R Xlx
orthogonal (i = 1,2;j; = 2, j2 = 1), approximating the solutions X and Y
to the large-scale NARE (1.1) and its dual equation (1.6), respectively.

Initial matrices:

Set k =0;

Compute Qio, Py (2 =1, 2) in (22),

Compute QF), P (i =1,2) in (2.17) with truncation tolerance eo;

Do until convergence:
Compute Xf, I'7 as in (2.22) and FJ,,,, Ef, ., (i =1,2) as in (2.23);
Orthogonalize FfQ7T,., Ef  Q%y, EL Py, and F{ ' PJ, as in (2.24);
Compute S54q and Liyq as in (2.25), and their SVDs as in (2.26);
Compute Q7 1, P[4y (i = 1,2) using the tolerance €41 as in (2.27);
Compute k + k + 1, di, = max{||dH] ||, ||dGL||} and r, = |R(H])|;
(An economic way for computing ||[dH] ||, ||dGL||, and ||R(H])|| can be
found in (4.1), (4.2), and (4.3) in section 4.1.)
If dj, < e., Set k = k; Stop; End If;

End Do

2.3. SDA and Krylov subspaces. There is an interesting relationship between
the SDA and Krylov subspaces. Define the Krylov subspaces

span{V'} (k=0),

4, V) E{ span{V, AV, A2V, ..., A1V} (k> 0).

From (1.4), (2.2)-(2.4), and (2.8), we see that

Qo =29W; ' By C Ko(ATh, AT'B1), Qa0 =D B> CKo(Dy', Dy Ba),
Q11 = [Q10, FoQ10] C Kl(A;17 A;131)7 Q21 = [Q20, Ey Q20] C /C1(D;T, D;TBQ)-
(We have abused notation, with V' C i (4, B) meaning span{V'} C K;(A, B).) Sim-
ilarly, it is easy to show that

Qux CKi(AT', AT'B1),  Qor € Ki(DS T, DT By),

Py, C /Ck(Dy_l, Dilol), Py, C /Ck(A;T, A;TCQ)-
In other words, the general SDA is closely related to approximating the solutions X
and Y using Krylov subspaces, with additional components diminishing quadratically.
However, for problems of moderate size n, Q;x and P;; become full-ranked after a few
iterations.

The link between the SDA and the Krylov subspaces defined above is important

in explaining the fast convergence of the SDA. We used to believe the convergence of
the SDA came from the following inequalities:

|He — He—1ll < [|[Fr—1ll|(In, — Hee1Gr—1) ™" Hp—1 ||| Ex—1],
Gk = Gr—1ll < NEx—1l|(In, = Gre1Hi—1) "' G ||| Fia ],
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and the fact that |Ex—1]|,||Fk—1]] — 0 quadratically, as k — oo. This is consistent
with numerical results from examples associated with M in (1.2) which is barely a
nonsingular M-matrix, where the corresponding Ey, F, — 0 slowly but the overall
convergence for Hy and G}, is much faster.

3. Truncation error estimates. In this section, we shall estimate the global
truncation errors defined in (2.32). For simplicity, we derive only the first order error
bounds.

From Theorem 1.1, we have 0 < Hp < X, 0 < G <Y, and

0 < (I - Gka)_l =1+ Gka + (Gka)z 4+
<TH+YX+(YX)P?2P 4. =(T-YX)!

and 0 < Fi, = (I,, — HyY)S?" < S2°. By Lemma 2.1, we have

(3.1) [Hill < I1XT1], 1GRll < (Y1,
and

— _ k
(32) I = GeHe) I < T =YX)H =61, 1F:ll <1155 1 = 0.
Similarly, from Theorem 1.1 and Lemma 2.1 we also have

— _ k
(3.3) (I = HyGr) I < (I = XY)7H = B2, Bl <IRS| = 0.
Denote

(3.4) pr = max{||[RZ'||, [S2'[|}, a = max{|| X[, [V]}}, 8=max{B,B5)}.

w_»

In the following we abuse the notation and “=” by ignoring the higher order
terms. Suppose that p(HLG}) < 1, |AH| and |AGy|| are sufficiently small. From
(2.32) we have the first order approximation of (I — HfG7)™":

(I — HGy) ' = [I — (H, — AH) (G — AGE))
= [I — Hi.Gy + AHG, + HyAG), — AHLAGE] ™"
= (I — Hka)71 — (I — Hka)fl(AHka + HkAGk)(I — Hka)fl.

From (2.19) and (2.20), we have H] = Hy — AHy, G§ = Go — AGy with |AH||,
|AGo|| < eo. Since E] = Eo and FJ = Fp, (2.28) implies
H, = Hj + Fj (I - H;G}) ' H; E}
= Hy— AH,
+ Fy [(I = HoGo) ™" — (I = HoGo) " (AHoGo + HoAGo)(I — HoGo) ']
x (Hy — AHy)Eq
= Ho + Fo(I — HyoGo) " HoEy — AHy — Fo(I — HoGo) 'AHyEy
— Fy(I — HyGo) Y (AHGo + HiAGo) (I — HyGo) *HyEy
(3.5) = H, — 6H,,

where 0 H 1 is the first order truncation error given by

SH) = AHy + Fo(I — HoGo) ' AH,Ey
+ Fo(I — HQGQ)il(AHOGO + HQAGO)(I — H0G0)71H0E0.
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From (2.29), (2.32), and (3.5), it follows that AHy = Hy, — Hf = 6H, + 6H;. By
(2.30) and (3.1)—(3.4), we have
IAH, || < [|6Hy| + |05 |
< e1+ | AHo|| + || Follll Eoll[|(I — HoGo) ™ [[||AHo|
+ [ FollllZollI| Holl | (I — HoGo) ™ I*(|AHo ||| Goll + [ Hol[ [ AGo]|)
< e+ (L4 pgB + pa® 82| AHo|| + pga® 8[| AGo||.
Similarly, we have
[AGH| < er+ (1+ poB + poaB°) | AGol| + pja? 52| AH||.
From (2.21), we have
F} = F§(I - H;G}) 'y = Fy(I — H; G3) 'Ry
= Fy(I — HoGo) ' Fy — Fo(I — HyGo) Y (AHGo + HoAGo)(I — HoGo) ' Fy
=F, — AFy,
where AFy = Fy(I — HoGo) M (AHoGo + HoAGy)(I — HoGo) " Fy is the first order
truncation error and satisfies
[AF < [[FolI2I(I = HoGo) [P (IAHol|Goll + [ Hol[ | AGo|)
< ppa(|[AH, | + [|AGo]).
Similarly, we also have
IAE| < pgas®([|AHo| + | AGo])).
Performing the (k 4 1)th step in the SDA_ls_e algorithm, we obtain
Hyy = HJ + F{ (I - H{G}) " H E]
= Hy, — AHy, + (Fy, — AFy)(I — Hi,Gy) ' (Hy — AHR)(Ey — AEy)
— (F, — AFL)(I — HyGy) Y (AHRGy + HLAGE) (I — HGy)™*
(Hy — AHy)(Ey — AEy)
= Hy, + F,(I — HyGy,) "HyEy, — AHy, — Fi(I — HyGy,) "(HRAEy + AHLEy)
— AFy (I — Hi,Gy) " HyEy, — Fi.(I — HiGy) " (AHLGy + HL,AGY)
x (I — H,Gy) ' Hy,E},
=Hppq — SHk+1,
where
6Hji1 = AHy, + Fi(I — HyGy)~(HyAEy + AHLEY) + AF (I — HyGr) " HyEy,
+ Fp(I — Hi.Gy) Y (AHLGy + H AGR)(I — HyGy) ' HyEy,
is the first order truncation error. Then (2.30)-(2.32) and (3.1)-(3.4) imply

IAH 41|l < 16Hxq1 ]| + [0 Hpa |
< |6Hkr1 || + |AHL| + (I — HeGr) " 1 Fel| (| He || AEx| + | B | | AH])
+ I( = HxGr) " || Hil ||| Ex ||| AF |
+ |l Exll | Hell| (I — HxGr) " P AH I Grll + | He || AGK])
< eppr + (L4 pp B+ ppa®B2)|| AH|
(3.6) + 030282 AGy | + praB(| AEL| + || AF]).
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Similarly, we also have
(3.7)
IAGk1]| < ekt (1+pRB+0ka® B AGK | +pia® B2 | AHk || +praB(| AF ||+ AE).

From (2.21), it holds that
Filp = F{(I - H{G)"'F] = (Fy — AF)(I — HLG})™' (Fx — AFy)
= Fk(I — Hka)ile — Fk(I — Hka)ilAFk — AFk(I — Hka)ile
— Fo(I — HyGy) N AHG, + HyAGy)(I — HyGy) L Fy
= Fip1 — AFp4,
where
AFy 1 =Fy(I — HyGr) 'AF, + AF (I — H,Gy) ' Fy,
+ Fk(I - H;@Gk)il(AHka + HkAGk)(I - Hka)ile
is the first order truncation error and satisfies

[AFyp]l < 2| Fell|(I — HyGr) I AF|
+ 1 F: PN = HiGr) T P(IAHR N Gell + | He || AG])
(3.8) < 201B||AFL| + praB (| AHk| + |AGK]).

Similarly, we also have

(3.9) IAE 1l < 2068l AE|| + pRaB® (| AHK] + [ AGK]).-
Assembling (3.6)—(3.9) in matrix form, we have
[AHea |l [1+pkB + pia®B” pra’p? praf praf] [IAH|]  [eria
[AGk ]l | pio’B? L+ piB+ 0’8 praB praB| IAGK|| | |ekn
N Raf? 2008 0 | [IaRJ| ] 0
|AE pap? g 0 208 LIaE] | 0
(3.10) = W AH JAGH 1A, [AET + [exr1, exs1,0,0] T

Substituting ¥y in (3.10) recursively, the error bound can be estimated by

HAHK+1|| it [in Eh—it1 Ek+1

AGk1| | Ek—ir1 €k+1

(3.11) [AF = Z; [[0\1/1@—] 0 1o
Akl AT 0 0

In the following theorem we claim that the first order forward error bounds of
Hf, G} and the first order truncation errors of Fy and EJ, only depend on pj and
the tolerance ¢ = {ex }¥_,.

THEOREM 3.1. Let X and Y be the minimal nonnegative solutions of NARE
(1.1) and its dual equation (1.6), respectively. For given tolerances ¢ = {ex}¥_,
suppose {HJ, Z,F,:,E,Z}’,jzo is the sequence generated by the SDA_lse satisfying
p(HLGYT) <1 for all k. Then we have

k 4
1
(3.12) I = X[ G =Yl < e+ 5 Yo+ IO +my) | e+ pie
i=1 j=1
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and
L& i
(3.13) 1EE = Fill, 1B — Exll < 5 Do+ IO +my) | ens
i=1 j=1
for k=0,1,---k, where py, is given by (3.4) and ny, is defined by
(3.14) = dmax{p8 + ppa’B?, prafB, prafB, 2pB}.
Proof. For convenience, we let

~ 1
V), = diag(1,1,0,0) + ZﬁkeeT = Jo + 1,

where e = [1,1,1,1]T and 7 is given in (3.14). Then (3.11) can be simplified to

|AH 1| it [ Ek—it1 Ekt1
|AGk+41 | Ek— z+1 Ek+1
(3.15) |AFp|| < Z H\Ijk —J 1o
1=1 7=0
[AE)41] 0 0
It is easily seen that
(3.16) J§=do, Ji=J1, JoJiJo <1, Jidody < i

Let C(J§,J{) denote the product of s’s Jy and t’s J; in any order. From (3.16), it
follows that

Jift>1,

3.17 C(Js,JhH <
(3.17) g 1)_{J0 if t = 0.

y (3.17), the products in (3.15) can be bounded by
-1 R R i
(318) H\I/k_j :\I/k"'\l/k_i-i-l < JO+Z Z Mry = Ty Jl'
j t=1 \k>ri>-->r>k—i+1

Postmultiplying (3.18) by [ex—i+1,k—i+1,0,0] " and substituting the result into (3.15),
we obtain the first order upper bounds

k+1
1
||AH]€+1H < Ek+1 + Z 1+ - Z Z Nry = My E€k—i+1
i=1 t 1 \k>ri>>r >k—it1
1 k+1 i—1
(3.19) =erm1t g S+ T+ m—y) | ermivas
i=1 =0
1 k+1 i—1
(3:20)  [AFenl <5 Do+ T +mey)| enirn,
i=1 j=0

which also hold for ||AGg11]| and ||AEj+1||, respectively. By Theorem 1.1 and (3.4),
we have ||Hy — X || < pia and |Gy, — Y| < pia. Since |H] — X|| < ||H] — Hg|| +
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|Hiy — X|| and |G}, = Y|| < |G}, — Gil| + |Gk — Y], it follows from (3.19) and (3.20),
by setting k < k + 1, that we prove the assertions in (3.12) and (3.13). O

Remark 3.1.

(a) To obtain an approximate solution HY from {QIE’E% ;E} generated by
the SDA _Is_e algorithm will be the most expensive step. Specifically, we
need a postprocess for the computation of Hf = Q7 X7 ;I—I which require
O(n?) flops and n? memory. Furthermore, the computed HY is no longer
nonnegative. If a nonnegative solution is required, it is suggested to set
HI* = (HI + |HZ|)/2. Since X > 0, it is easily seen that the forward

error of H£+, ||H]€Jr — X||, can be estimated by the upper bound of (3.12) in

Theorem 3.1. o
(b) For k = k in (3.12), we see that the coefficients ¢; = 1 + H;:{(l + M—j)
of &; are decreasing, for i = 1,...,k. It is reasonable to choose the tol-

erance sequence {g;}*_, as an increasing sequence. However, in general, it
is hard to estimate those coefficients of ¢; beforehand. Therefore, in prac-
tice, we suggest to choose a constant sequence of tolerances {aT}i?:l (e.g.,
g, = 1073,107%,...,1071%). From our numerical experiments, the forward
errors of H] and G} almost have the same order of the given truncation
tolerance €.

4. Computational issues.

4.1. Residual and convergence control. In the SDA_ls_e, we should compute
residuals and differences of iterates carefully in O(n) complexity.
From (3.12), consider the difference of successive iterates

T _ T T __ T T 7'T T T 7'T
dHj = Hjy — Hp = Q7 112741 Q3 1 — QX Q2

Q.
2R = Yig (240 @ 2F)Yar,

= [QI,I@JA | QL@] (E;Jrl @ E;)
2k

where Qir, Qiry1 (i = 1,2) are orthogonal. We compute ||[dH] | efficiently as
follows:

(4.1) ldHE 1|l = [1RYL(ST41 © Z0) R I,

where Y1, = W R, and Yo, = Wi RS, are the QR decompositions of Vi) and Yay,
respectively. Similarly, we have

T T T T
(42) 1dGE || = 1R, (Thyy @ TR RS, |l
with the QR decompositions [P, ., Pl,] = W, R{; and [P],,,,—P5] = W5 RJ,.
From the NARE (1.1) we have
T T T TT T T TT T T TT T T TT T
R(H) = QX% (sz CQlk) rQo — AQTYLQ%: — QTpXrQar D + BB,y
T T T T T 7
Y@, CQL)YE —Xp 0 Qy,

= [Q7) | AQTy | Bi] = 0 0 ||QsD
0 0 I, By

= Z1u®p 2y,
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TABLE 4.1
Operation and memory counts for the kth iteration in Algorithm 1 (SDA_ls-¢).

Computation Flops Memory
27, f“; Alpmyn -
B Pl E]TQ}, [25(ey + 4305, 279my)] (1 + min 2k m,
Fir,k+l’ E{,k{»l 4lkmkn 2n(mk +lk)
Orthogonalize F|7 Q7,,
F{ TPy, ELPY, 2[6(m3 + 1) + my + l]n -

and E7TQT,

Sht1s Drgr, D) AP A O3 +m3) lkt1 +mpp
Qi1 Pl (1=1,2) 8(klk+1 +mrmpp1)n 2n(lps1 +mpa1)
Total flops & memory [2k+1 (c,Y +2 Z§:1 279(l; + m])) (lg +my)  2n Zfill(l] +mj)

+8(lmp + lelpy1 + mEpmp1)
+12(m2 + 12) + 2(my, + li)] n

Then the residual and the relative residual,

_ Tk
[ H{CHE|| + [ H{ DIl + [|AHT|| + [|B|I”

(4.3) e = [[RUHDI 7

can be efficiently calculated by

N
IR(HD)I| = Ry @ Reg ||, [HECHE| = [[SE(Q% CQT)SEI,
IAHT || = [|RESEN, NHED] = SRR N1B] = | R Ry,

with the QR decompositions Z;, = W/, R, AQT, = W2RE, DTQ3, = WIRY, and
B; = W) Ry;, for i = 1,2.

4.2. Operation and memory counts. We shall assume that c¢yn flops (n =
max{ni,ny}) are required in the solution of Mz = b or Mz = b (with M = A, be
R™ or M = D,, b € R™). The operation count for the QR decomposition of an
n X r matrix is 4rn flops [11, p. 250]. A start up cost of (¢; + co + c3)n flops is made
up of the following:

(1) set up A, = A+~vI,, and Dy = D + vI,,, requiring n; + ng < 2n flops; we

shall denote this part of the count by c;n flops, with ¢; = 2;

(2) set up Qi and Py (i = 1,2) as in (2.2) with the help of (2.3), requiring caon

flops with c¢o =2 [(¢y + 1)(m +1) + 2lm + m? + [?]; and

(3) set up Qf, and Pj (i = 1,2) as in (2.17), requiring csn flops with ¢z =

12(12 + m?).

The operation and memory counts of Algorithm 1 (SDA_ls_¢) for the kth iteration
are summarized in Table 4.1. In the third column, the number of variables is recorded.
Only O(n) operations or memory requirement are included. Note that most of the
work done in the computation of F}Q7,, F,CTTP{,C, E]PJ,, and EgTng in (2.23) has
to be calculated recursively, as E] and F] in (2.21) are not available explicitly.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/27/14 to 140.113.38.11. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

LARGE NONSYMMETRIC ALGEBRAIC RICCATI EQUATIONS 1143

With [ and my, controlled by the compression and truncation in section 2.2, the
operation count will be dominated by the calculation of FyQ7,, F7 " Pj,, Ef Pf,., and
EgTng. In our numerical examples in section 5, the flop count near the end of
Algorithm 1 dominates, with the work involved in one iteration approximately double
that of the previous one. This corresponds to the 21 factor in the total flop count.

5. Numerical examples. We constructed the examples as in [23], A and D
are rank one updates of nonsingular diagonal matrices and B and C' are rank one,
generated randomly. Three examples of sizes n = n; = ny = 1000, 10000, 100000 were
generated, all satisfying the corresponding solvability conditions. The numerical re-
sults in Examples 5.1-5.3 (n = 1000, 10000, 100000) were computed using MATLAB
[28] Version R2012b, on an iMac with a 2.97 GHz Intel Core i7 processor and 8 GB
RAM, with machine accuracy eps = 2.22 x 10716,

In Algorithm 1, the stopping criterion is dy = max{||dH]||, ||dG}||} < e, where
[dH] || = ||Hf — H]_,|| and ||[dG}|| = |G}, — GJ._, || and convergence tolerance &;
please also consult the convergence results in Theorem 3.1. All numerical experiments
were considered with a constant truncation tolerance £, in each iteration, i.e., g; = &,
fori=0,1,...,k.

In Example 5.1 with the smallest n = 1000, we apply the SDA (1.5) to compute
the near-exact solutions X and Y of NARE (1.1) and its dual equation (1.6). These
were then used to illustrate the results for rank,(X), rank,(Y") in Table 5.1 and the
forward errors in Tables 5.2-5.3. Effects of different tolerances e, (or e.) are also
presented in Table 5.2 (and in Table 5.3).

In Examples 5.2-5.3, the iterations in the SDA _ls_¢ are reported for a correspond-
ing set of tolerances ¢, and e,. In Tables 5.4-5.5 below, |HZ|, [|GL|, dis Tk, Tk, Mk,
li, 0ty, and t; are displayed. Note that dt; is the execution time for the ith iteration
and the subtotal execution time ¢ = Zle Ot;.

TABLE 5.1
The numerical ranks of X and Y with respect to various T.

T 1073 10=®> 1077 1079 10711 10°13 10715
rank, (X) 4 7 11 14 17 21 24
rank, (V) 4 8 11 14 18 21 24

TABLE 5.2

Numerical results with various truncation tolerances r.

er 10~3 10~7 10—11 1015
k 12 12 12 12
my, 3 10 17 24
g 3 11 17 24
HI — OZ 1.208e—13  6.706e—13  6.844e—13  6.844e—13
k k—1
GT —Gf_ Il | 1.767e—12  9.638e—12  9.640e—12  9.640e—12
T 1.134e—03  7.820e—08  1.490e—11  4.245¢—15
HI — X 1.494e—03  1.473e—07 1.843e—11 7.09le—15
k
GT -Y 2.174e—03  8.537e—08 1.456e—11  7.69le—15
IG7
|HT |l 1.606e—12 0 0 0
Gz |l 9.034e—12 0 0 0
tr 2.104 4.449 6.471 8.377
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TABLE 5.3

Numerical results with various truncation tolerances ec.

€e 10-3 10=7 10—11 10-15
k J 11 12 13
mg, 17 19 19 19
Iz 17 19 19 19
[Hf —HZ || | 1.251e—04 7.131e—09 6.844e—13 1.918¢—16
G —Gr ||l | 4.982e—04 9.899e—08  9.640e—12 1.311e—16
TE 1.163e—07 8.310e—13 8.310e—13  8.310e—13
TH, — Xl 1.751e—05 1.094e—12 1.077e—12 1.077e—12
Gz =Y 1.417e—04  9.765e—12 1.316e—12  1.316e—12
|HT |l 0 0 0 0
Gz |l 0 0 0 0
tr 0.3517 3.227 6.937 12.93
TABLE 5.4
n = 10000, e, = 10712, ¢, = 10-8.
k IHE IGLA dy, Tk T my g Sty ty
1 | 0.24203 0.23622 | 4.245e—2 1.110e—02 2.513e—02 | 2 2 | 1.2e—2 1.2e—2
2 | 0.25704 0.25051 | 2.643¢—2 3.201e—03  7.165¢—03 | 4 4 | 4.5e—2 5.7e—2
3 | 0.26182 0.25500 | 1.388¢—2 7.928¢—04 1.771e—03 | 8 8 | 3.1e—2 8.8e—2
4 | 0.26294 0.25606 | 6.634e—3  1.888¢—04 4.216e—04 | 10 10 | 1.le—1 1.9e—1
5 | 0.26316 0.25627 | 3.166e—3  4.494e—05 1.003e—04 | 12 12 | 2.6e—1 4.6e—1
6 | 0.26320 0.25631 | 1.473¢—3  9.990e—06 2.231e—05 | 14 14 | 6.3e—1 1.1le+0
7 1 0.26321 0.25631 | 6.16Te—4  1.904e—06 4.252e—06 | 15 15 | 1.5e+0 2.6e+0
8 | 0.26321 0.25632 | 2.365e—4  3.021e—07  6.746e—07 | 17 17 | 3.2e+0 5.8e+0
9 | 0.26321 0.25632 | 6.564de—5 3.417e—08 7.631e—08 | 18 18 | 7.5e+0 1.3e+1
10 | 0.26321  0.25632 | 1.076e—5 1.295¢—09  2.891e—09 | 19 19 | 1.6e+1  3.0e+1
11 | 0.26321  0.25632 | 6.023e—7 3.942¢—12 8.803e—12 | 20 20 | 3.4e+1 6.de+1
12 | 0.26321 0.25632 | 3.142e—9 1.247e—12 2.784e—12 | 20 20 | 7.3e+1 1.4e+2
TABLE 5.5
n = 100000, e, = 10712, ¢, = 10~ 5.
k ([HT | |Gl dy Tk T my g Oty tr
1 | 0.23862 0.23907 | 4.180e—02 1.088¢—02 2.497¢—02 | 2 2 | 45e—2 4.5e—2
2 | 0.25331 0.25372 | 2.587e—02 3.142¢—03  7.130e—03 | 4 4 | 1.5e—1 1.9e—1
3 | 0.25797 0.25836 | 1.378¢—02 8.036e—04  1.820e—03 | 8 8 | 4.2e—1 6.2e—1
4 | 0.25910 0.25948 | 6.832e—03 1.969e—04 4.457e—04 | 10 10 | 1.7e+0  2.3e+0
5 | 0.25933  0.25972 | 3.309e—03  4.709¢—05 1.066e—04 | 12 12 | 4.1e+0 6.4e+0
6 | 0.25938 0.25976 | 1.567e—03 1.091e—05 2.471e—05 | 14 14 | 9.7e+0 1.6e+1
7 | 0.25939  0.25977 | 7.140e—04  2.394e—06  5.420e—06 | 15 15 | 2.2e+1  3.8e+1
8 | 0.25939 0.25977 | 2.96le—04 4.475¢—07 1.013e—06 | 17 17 | 4.7e+1 8.6e+1
9 | 0.25939 0.25977 | 9.725e—05 5.627¢—08 1.274e—07 | 18 18 | 1.1le+2 1.9e+2
10 | 0.25939  0.25977 | 1.896e—05  2.937¢—09  6.648¢—09 | 20 20 | 2.3e+2  4.2e+2
11 | 0.25939  0.25977 | 1.276e—06  2.340e—11  5.297e—11 | 21 21 | 5.0e+2  9.2e+2
12 | 0.25939 0.25977 | 1.146e—08 1.181le—12 2.672e—12 | 21 21 | 1.0e+3  2.0e+3
13 | 0.25939 0.25977 | 1.662e—12 1.181le—12 2.672e—12 | 21 21 | 2.1e+3  4.0e+3

Ezample 5.1 (n =1000). In this example, we have performed three tests.

Test 1. We first apply the SDA (1.5) with initial (1.4) to compute the near-
exact solutions X and Y of NARE (1.1) and its dual equation (1.6).
converges after 12 iterations and the norms (|| X||, [|Y]|), residuals (||R(X)||, |D(Y)I)

The SDA
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are estimated, respectively, as

| X|| =2.5748 x 1071, ||R(X)| = 5.9875 x 10~
Y] =2.6545 x 1071, ||D(Y)|| = 5.6928 x 10717,

Table 5.1 shows the rank, (X) and rank,(Y) with 7 = 1073,107°,10~7,107%, 1071,
10713, and 107!5. Note that rank,(X) and rank,(Y) are much smaller than the
matrix size n = 1000.

Test 2. In the test, we set convergence tolerance . = 10~% and employ Algo-
rithm 1 with various truncation tolerances .. Suppose that Algorithm 1 converges
after k iterations, i.e., dj < e, = 1078, To determinate whether the computed solu-
tions, Hy and G7, are nonnegative, we denote

HE = (HE - [HED/2, GE = (G} ~IGED/2

From the results of Test 1, we have near-exact solutions X and Y. Hence, we can
compute the forward errors, || H] — X|| and ||G7 — Y| in the example. The numerical
results are shown in Table 5.2.

Table 5.2 shows that Algorithm 1 converges within 12 iterations (in 2.1 ~ 8.4 sec-
onds) for various tolerances e, and the residual rj; and forward errors, |[H] — X||
and [|GT — Y|, are heavily dependent on the chosen truncation tolerances e,. Fur-
thermore, the computed solutions, H] and G7, are nonnegative matrices when e, =
1077,107 1, 10712,

Test 3. In the test, we set truncation tolerance ¢, = 107!2 and employ Algo-
rithm 1 with various convergence tolerances .. The numerical results are shown in
Table 5.3.

Table 5.3 shows that Algorithm 1 converges within 8 ~ 13 iterations for various
tolerances €. and the residual and forward errors achieve the accuracy of O(e;) for
ge=1077,10", 10715,

Ezample 5.2 (n = 10000). In this example, we set the truncation tolerance
er = 1072 and convergence tolerance e, = 1073, In Table 5.4, the residual (or
relative residual) achieves the accuracy of O(e;) within 12 iterations, in 140 seconds
(execution time).

Ezample 5.3 (n = 100000). In this example, we set the truncation tolerance
e, = 10712 and convergence tolerance £, = 1078, In Table 5.5, the residual (or
relative residual) achieves the accuracy of O(e,) within 13 iterations, in 4000 seconds
(execution time).

6. Conclusions. We have proposed a structure-preserving doubling algorithm
for the large-scale nonsymmetric algebraic Riccati equation (1.1), the SDA_ls_e, with
A and D being large and sparse(like), and B and C being low ranked. We apply
the SMWF when appropriate and do not form Ej and Fj (the iterates for E and
F) explicitly. For well-behaved NARESs, low-ranked approximations to the solutions
X and Y can be obtained efficiently. The convergence of the SDA _ls_¢ is quadratic,
ignoring the compression and truncation of @Q; , and P; i, as shown in [17, 25]. The
computational complexity and memory requirement are both O(n), provided that the
growth in the dimensions of Q; and P is controlled. In the error analysis part,
we gave a first order forward error bound for the computed approximate solution in
Theorem 3.1. Notice that large-scale NARESs, arisen naturally from transport theory
[22, 23], have not been investigated before. Our technique can be applied when A
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and D are large and sparse(like), or are products (inverses) of such matrices. The
feasibility of the SDA_ls_¢ depends on whether A= u, A~ Tu, D~'v, and D~ Tv can
be formed efficiently, for arbitrary vectors u and v.
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