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We compute the elliptic flow v2 of thermal photons in a strongly coupled plasma with constant magnetic
field via gauge/gravity duality. The D3/D7 embedding is applied to generate the contributions frommassive
quarks. By considering the cases in 2þ 1 flavor super Yang-Mills analogous to the photon production in
quark gluon plasma, we obtain the thermal photon v2, which is qualitatively consistent with the direct
photon v2 measured at the relativistic heavy ion collider at intermediate energy. However, due to the
simplified setup, the thermal photon v2 in our model should be regarded as the upper bound for the v2
generated by solely a magnetic field in the strongly coupled scenario.
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The elliptic flow v2 characterizes the momentum
anisotropy of produced particles in heavy ion collisions.
The recent observations from the relativistic heavy ion
collider (RHIC) and LHC revealed surprising results, where
the large elliptic flow of direct photons has been measured
[1,2]. Unlike the hadronic flow, the large flow of direct
photons is unexpected since the high-energy photons are
presumed to be generated in early times, where the initial
flow should be relatively small compared to the flow built
up by hydrodynamics. The anisotropy flow of thermal
photons with viscous hydrodynamics has recently been
reported in [3,4]. In theory, novel mechanisms should be
introduced to break the azimuthal symmetry of photon
production. The magnetic field led by colliding nuclei has
recently been considered as one of possible candidates to
bring about the large flow. In the weakly coupled scenario,
the photon production with magnetic field has been studied
in a variety of approaches [5–9]. Another mechanism, the
synchrotron radiation from the interaction of escaping
quarks with the collective confining color field, has been
proposed in [10].
However, in the strongly coupled scenario, the pertur-

bative approaches may not be applied. The AdS/CFT
correspondence [11–15], a holographic duality between
a strongly coupled N ¼ 4 super Yang-Mills (SYM) theory
and a classical supergravity in the asymptotic AdS5 × S5

background in the limit of large Nc and strong ’t Hooft
coupling, is thus introduced to handle nonperturbative
problems. Although the precise dual of QCD is unknown,
the SYM and QCD may share same qualitative features

in the strongly coupled regime at finite temperature. The
thermal photon production from adjoint matters in the
holographic dual was initiated by [16] and that from
fundamental matters was investigated in [17]. The relevant
studies of thermal photons have been generalized to the
QCD duals [18–20] and the SYM duals with the inter-
mediate coupling [21] or with pressure anisotropy [22,23].
On the other hand, the computations of prompt photons and
dileptons generated in early times via holography have
been analyzed as well [24–27].
Motivated by the anomalous flow of direct photons in

heavy ion collisions, the thermal photon production with a
constant magnetic field in holography has been studied
[28–32]. In [29], it is shown that the photon production
perpendicular to the magnetic field in D3/D7 and D4/D6
embeddings with massless quarks is enhanced. In [30], the
photon v2 is computed in the framework of the Sakai-
Sugimoto model [33]. The backreacted geometry in the
presence of a magnetic field may become anisotropic,
which also results in an enhancement of photon production
[32]. Furthermore, it is intriguing that the resonance in
photon spectra from the meson-photon transition may lead
to a mild peak of v2 as pointed out in [31] when the photon
production from massive quarks in D3/D7 embeddings is
considered. To manifest the influence of the resonance on
the elliptic flow, we will compute the v2 of thermal photons
in D3/D7 embeddings with a constant magnetic field and
incorporate the contributions from both massless and
massive quarks.
Our setup is illustrated in Fig. 1, where themagnetic field is

along the z direction and two types of polarizations, ϵin and
ϵout, are considered. The four-momentum of photons is
written as k ¼ ð−ω; 0; qy; qzÞ, where qy ¼ ω cos θ and
qz ¼ ω sin θ. We will generalize the computations in the
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isotropic case of [31] to the photon production with arbitrary
angle θ. We will take the quenched approximation by
assumingNf ≪ Nc, whereNf denotes the number of flavors,
and neglect the modification of flavor probe branes to the
backgroundgeometry. The inducedmetric on theD7-brane in
the AdS-Schwarzschild background reads [34–36]

ds2D7 ¼
1

u2
ð−fðuÞdt2 þ dx2 þ dy2 þ dz2Þ

þ 1 − ψðuÞ2 þ u2fðuÞψðuÞ02
u2fðuÞð1 − ψðuÞ2Þ du2

þ ð1 − ψðuÞ2ÞdΩ2
3; (1)

where
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ψðuÞ2

p
represents the radius of the internal S3

wrapped by the D7-branes and fðuÞ ¼ 1 − u4=u4h
denotes the blackening function and uh corresponds to the
event horizon. Here we set the AdS radius L ¼
ð4πgsNcl4sÞ1=4 ¼ 1. The temperature of the medium is
determined by πT ¼ u−1h . For convenience, we will further
setuh ¼ 1 in computations.We then turn on theworldvolume
U(1) gauge field 2πl2sAy ¼ u2hBzx coupled to the D7-branes,
which generates a constant magnetic field eB ¼
u2hBz=ð2πl2sÞ ¼ Bzπ

−1 ffiffiffiffiffiffiffi
λ=2

p
along the z direction, where

λ ¼ g2YMNc ¼ 2πgsNc denotes the ’t Hooft coupling. To
further introduce the electromagnetic currents, we should
perturb the D7-branes with worldvolume gauge fields. The
relevant part of the Dirac Born Infeld (DBI) action now takes
the form

S ¼ −KD7

Z
dtd3x⃗duF2

ð1 − ψ2Þ
u5

ð1þ B2
zu4Þ1=2

× ð1 − ψ2 þ u2fψ 02Þ1=2; (2)

where F ¼ dA is the worldvolume field strength from
perturbation and TD7 ¼ ð2πlsÞ−7ðgslsÞ−1 is the D7-brane
string tension for KD7 ¼ NfTD7ðπlsÞ2Ω3. In black hole
embeddings corresponding to the deconfined phase, the
field equation of ψ in the DBI action with F ¼ 0 can be
numerically solved by imposing the proper boundary
conditions near the horizon [36], ψðuhÞ ¼ ψ0 and
ψ 0ðuhÞ ¼ ð−3u−2ψ=f0Þju¼uh . The asymptotic solution of
ψðuÞ near the boundary behaves as

ψðuÞ ¼ m
u

21=2uh
þ c

u3

23=2u3h
þ � � � ; (3)

where the dimensionless coefficientsm andc are related to the
magnitudes of quark mass and condensate through [35,37]

Mq ¼
m

23=2πl2suh
¼

ffiffiffi
λ

p
T

2
m;

hOi ¼ −23=2π3l2sNfTD7u−3h c ¼ − 1

8

ffiffiffi
λ

p
NfNcT3c: (4)

In the presence of gauge fields, the DBI action then gives
rise to Maxwell equations

∂μð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detðGμνÞ

q
GμαGνβFαβÞ ¼ 0; (5)

where the diagonal terms of the induced metric read

Gtt ¼ − u2

fðuÞ ; Gxx ¼ Gyy ¼ u2

1þ B2
zu4

;

Gzz ¼ u2; Guu ¼ u2fðuÞð1 − ψ2Þ
1 − ψ2 þ u2fðuÞψ 02 : (6)

To compute the spectral functions, it is more convenient to
convert the field equations into gauge-invariant forms. For
the in-plane polarization ϵT ¼ ϵin ¼ ϵx, the computation is
straightforward. By taking Ex ¼ ωAx in momentum space,
we have to solve only one field equation,

E00
x þ ðlogð

ffiffiffiffiffiffiffiffi−Gp
GuuGxxÞÞ0E0

x − k̄2

Guu Ex ¼ 0; (7)

where G ¼ detðGμνÞ and k̄2 ¼ Gttw2 þGyyq2y þ Gzzq2z .
For the out-plane polarization ϵT ¼ ϵout, we have to
consider coupled equations. By implementing the relation
qyAy þ qzAz ¼ 0 as shown in Fig. 1, the field equations can
be written into the gauge-invariant forms as

FIG. 1. Coordinates of the system, where the magnetic field
points along the z axis and the x axis is parallel to the beam
direction. The k⃗ denotes the momentum of emitted photons and θ
denotes the angle between the momentum and the x-y plane as the
reaction plane; ϵout and ϵin represent the out-plane and in-plane
polarizations, respectively.
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E00
z þ

�
ðlogð

ffiffiffiffiffiffiffiffi−Gp
GuuGzzÞÞ0 þGzzq2z

k̄2

�
log

�
Gtt

Gzz

��0�
E0
z

þ qyqzGyy

k̄2

�
log

�
Gtt

Gzz

��0
E0
y − k̄2

Guu Ez ¼ 0;

E00
y þ

�
ðlogð

ffiffiffiffiffiffiffiffi−Gp
GuuGyyÞÞ0 þ Gyyq2y

k̄2

�
log

�
Gtt

Gyy

��0�
E0
y

þ qyqzGzz

k̄2

�
log

�
Gtt

Gyy

��0
E0
z − k̄2

Guu Ey ¼ 0; (8)

where EzðyÞ ¼ qzðyÞAt þ ωAzðyÞ. The Maxwell equations in
(7) and (8) can be solved numerically by imposing
incoming-wave boundary conditions near the horizon
[16], where E⃗ðuÞ ∼ ð1 − u2=u2hÞ−

iω
4πT .

Since k̄2 ≈ −u6ω2ð1þ B2
zcos2θÞ near the boundary,

Eq. (8) reduces to

ðGyyqyE0
y þGzzqzE0

zÞu→0
¼ 0: (9)

By utilizing the relation above, the near-boundary action
can be simplified as

−Sϵ
2KD7

¼
Z

d4k
ð2πÞ4

ffiffiffiffiffiffiffiffi−Gp
Guu

ω2
GjjE�

jE
0
j; (10)

where j ¼ x; y; z. We then evaluate the spectral density
with the polarization ϵT via

χϵT ðk0Þ ¼ −4 Im½ϵμTϵνTCR
μνðkÞ�

¼ −4 Im
�
lim
u→0

�
ω2ϵTμϵTν

δ2Sϵ
δE�

μEν

��
; (11)

where CR
μν denotes the retarded correlator. For the in-plane

polarization, we have

χϵin

8KD7

¼ −1
2KD7

ImðCxx
R Þ

¼ Im

�
lim
u→0

� ffiffiffiffiffiffiffiffi−Gp
GuuGxx E

0
x

Ex

��
: (12)

For the out-plane polarization, we have

χϵout

8KD7

¼ −1
2KD7

Im½sin2θCyy
R þ cos2θCzz

R

− cos θ sin θðCyz
R þ Czy

R Þ�

¼ Im

�
lim
u→0

� ffiffiffiffiffiffiffiffi−Gp
Guu

�
Gyy E

0
y

Ey
þ Gzz E

0
z

Ez

���
; (13)

where we utilize (9) to derive the second equality above.
Solving the Ez and Ey for the out-plane polarization is
more involved with the coupled equations; we discuss the

technical details for this is in the following. The procedure
is similar to the computations in [23].
Given that the out-plane solution is written in terms of

the relevant bases as

E⃗outðuÞ ¼ E⃗1ðuÞ þ E⃗2ðuÞ; (14)

where E⃗1ðuÞ ¼ E1
yŷðuÞ þ E1

z ẑðuÞ and E⃗2ðuÞ ¼ E2
yŷðuÞ

þE2
z ẑðuÞ, such bases should reduce to E⃗1ð0Þ ¼ E1

yð0Þŷ
and E⃗2ð0Þ ¼ E2

zð0Þẑ on the boundary, which correspond to
Ey and Ez in (13). Since Atð0Þ ¼ 0 on the boundary, the
bases follow the constraint E1

yð0Þ=E2
zð0Þ ¼ − tan θ. The

task will be to find these relevant bases.
Presuming that E⃗aðuÞ ¼ Ea

yðuÞŷþ Ea
z ðuÞẑ and E⃗bðuÞ ¼

Eb
yðuÞŷþ Eb

z ðuÞẑ are two sets of incoming-wave solutions,
the relevant bases should be formed by linear combinations
of them. We thus define

E⃗1ðuÞ ¼ a1E⃗
aðuÞ þ b1E⃗

bðuÞ;
E⃗2ðuÞ ¼ a2E⃗

aðuÞ þ b2E⃗
bðuÞ: (15)

The bases on the boundary then read

E⃗1ð0Þ ¼ a1E⃗
að0Þ þ b1E⃗

bð0Þ ¼ −E0 sin θŷ;

E⃗2ð0Þ ¼ a2E⃗
að0Þ þ b2E⃗

bð0Þ ¼ E0 cos θẑ; (16)

where E0 ¼ jE⃗outð0Þj. By solving the coupled equations
above, we find

ða1; b1Þ ¼
ð−Eb

z ð0Þ sin θ; Ea
zð0Þ sin θÞ

Ea
yð0ÞEb

z ð0Þ − Eb
yð0ÞEa

z ð0Þ
;

ða2; b2Þ ¼
ð−Eb

yð0Þ cos θ; Ea
yð0Þ cos θÞ

Ea
yð0ÞEb

z ð0Þ − Eb
yð0ÞEa

z ð0Þ
; (17)

where we set E0 ¼ 1 since the retarded correlators are
invariant for an arbitrary E0. In practice, we could solve for
two arbitrary incoming waves E⃗aðbÞðuÞ. Then by employing
the coefficients shown in (17) to recombine these two
solutions, we are able to deriveEyðuÞ and EzðuÞ for the out-
plane polarization.
Finally, we may compute the elliptic flow v2 for photon

production. In the lab frame of heavy ion collisions, the
four-momenta of photons can be parametrized as

kμ ¼ ð−kT cosh ~y; kT sinh ~y; kT cos θ; kT sin θÞ; (18)

where ~y denotes the rapidity and kT denotes the transverse
momentum perpendicular to the beam direction x̂. Notice
that ω ¼ kT cosh ~y ≈ kT at central rapidity ð~y ≈ 0Þ, which
reduces to our setup illustrated in Fig. 1. The elliptic flow
v2 is defined as
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vγ2ðkT; ~yÞ ¼
R
2π
0 dθ cosð2θÞ dNγ

d2kTd~yR
2π
0 dθ dNγ

d2kTd~y

; (19)

where Nγ is the total yield of the emitted photons. In
thermal equilibrium, the differential emission rate per unit
volume is given by

ω
dΓγðϵTÞ
d3k

¼ dΓγðϵTÞ
d2kTd~y

¼ 1

16π3
χϵT ðk0Þ
ðeβω − 1Þ : (20)

In general, we have to take the four-dimensional spacetime
integral of the emission rate to obtain the yield of photons.
In our setup, where the medium is static, the spacetime
integral leads to a constant volume, which is irrelevant for
v2 here. The elliptic flow at central rapidity hence becomes

vγ2ðω; 0Þ ¼
R
2π
0 dθ cosð2θÞχϵT ðk0ÞR

2π
0 dθχϵT ðk0Þ

: (21)

Allphysicalobservablesnowwillbescaledbytemperature
of the medium. We set Bz ¼ 1ðπTÞ2, which corresponds to
eB ¼ 0.39 GeV2 in the regular scheme for λ ¼ 6π and the
average temperature of the SYM plasma T ¼ TQGP ¼
200 MeV. In an alternative scheme [38], eB ¼ 0.12 GeV2

for λ ¼ 5.5 and T ¼ 3−1=4TQGP ≈ 150 f, where the temper-
atureofSYMplasma is lower than thatofquarkgluonplasma
(QGP) at fixed energy density. In heavy ion collisions, the
approximated magnitude of the magnetic field is about the
hadronic scale, eB ≈ m2

π ≈ 0.02 GeV2 [39]. It turns out that
themagnitude of themagnetic field in the alternative scheme
is close to the approximated value at the RHIC. Even in the
regular scheme, the magnitude of the magnetic field in our
model is not far from the approximated value. Hereafter we
will make comparisons to QGP in the alternative scheme.
We first consider the elliptic flow contributed by mass-

less quarks, which corresponds to the trivial embedding
ðψ 0 ¼ 0Þ. As shown in Fig. 2, the presence of a magnetic
field results in nonzero v2, while the v2 remains featureless
(without resonances). Here the averaged v2 is obtained
from the averaged emission rate of both the in-plane and
out-plane polarizations. Whereas quarks may receive mass
corrections at finite temperature, we should consider the
contributions from massive quarks as well. In addition, at
intermediate energy, the photon spectra from the massive
quarks may lead to resonances originated from the decays
of heavy mesons to lightlike photons [17,40], which bring
about considerable contribution to the spectra. As indicated
in [31], the resonances in the presence of a magnetic field
depend on the moving directions of produced photons,
which may generate prominent peaks in v2. To incorporate
the massive quarks, we choose ψ0 ≈ 0.95, which is close to
the critical embedding ðψ0 → 1Þ. In fact, by further tuning
ψ0 up to 1, the black hole embeddings may become
unstable and multiple resonances will emerge in photon

spectra, similar to the scenarios in the absence of a
magnetic field [17]. From (3), we find m ¼ 1.143 for
the solution of the massive quarks, which corresponds to
the bare quark mass Mq ¼ 204 MeV at the average RHIC
temperature TQGP ¼ 200 MeV in the alternative scheme.
Due to the presence of a magnetic field and the choice of
the alternative scheme, the bare quark mass for the massive
quark here is smaller than that in [17,40] to generate the
resonance. As shown in Fig. 3, a mild peak emerges at
intermediate energy for the photon v2 contributed by solely
the massive quarks.
In analogy to the thermal photon production in QGP, we

may consider a scenario in the 2þ 1 flavor SYM plasma.
We sum over the photon emission rates from two massless
quarks and that from the massive quark with Mq ¼
204 MeV to compute the v2. The results are shown in
Fig. 4, where the resonances of v2 are milder. In QGP, the
regime in which the thermal photons make substantial
contributions is around pT ≈ 1 ∼ 4 GeV at central rapidity,
where pT ≈ ω denotes the transverse momentum of direct

2 4 6 8 T

0.05

0.10

0.15

0.20
v2

FIG. 2 (color online). Red (dot-dashed) and blue (dashed)
curves correspond to the v2 of the photons with in-plane and out-
plane polarizations, respectively. The black (solid) curve corre-
sponds to the one from the averaged emission rate of two types of
polarizations. Here we consider the contribution from massless
quarks at Bz ¼ 1ðπTÞ2.
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0.20
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FIG. 3 (color online). Colors correspond to the same cases as in
Fig. 2. Here we consider the contributions from solely the
massive quarks with m ¼ 1.143 at Bz ¼ 1ðπTÞ2.
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photons. By rescaling pT with πTQGP, such a regime
corresponds to ω=ðπTÞ ≈ 1.5 ∼ 6 in Fig. 4 at
TQGP ¼ 200 MeV. It turns out that the v2 in our holo-
graphic model resembles the RHIC data for the flow of
direct photons at intermediate pT [1]. Although the mass of
the massive quark in our setup does not match that of the
strange quark, the mass we introduce is not far from the
scale of strange mesons. The resonances in our setup may
suggest the transitions of strange mesons to photons in
QGP in the presence of a magnetic field. On the other hand,
the resonance of v2 coming from meson-photon transitions
may not be subject to the strongly coupled scenario. In the
weakly coupled approach such as [7], where the finite-
temperature corrections to the intermediate meson in the
effective coupling are not considered, the photon produc-
tion perpendicular to the magnetic field can possibly be
enhanced provided that the thermal dispersion relation of
the intermediate meson becomes lightlike.
Finally, we mention the caveats when making compar-

isons between our holographic model and heavy ion
collisions in reality, except for the intrinsic difference
between SYM theory and QCD. First, the QGP undergoes
time-dependent expansion, while the medium in our model
is static in thermal equilibrium. Second, the magnetic field
produced by colliding nuclei is time dependent, which
decays rapidly in early times. Although the influence of
thermal quarks on the lifetime of a magnetic field is
controversial [39,41,42], the constant magnetic field in
our model could overestimate the flow. According to [39],
the magnetic field decreases by a factor of 100 between the
initial (0.1 fm/c) and final (5 fm/c) times in the presence of
nonzero conductivity. As a simple approximation, we may
assume that the magnetic field is described by a power-law
dropoff, which results in BðtÞ ∼ 1=t1.2. By taking the
initial and freeze-out temperature as Ti ¼ 430 MeV and
Tf ¼ 150 MeV, we find the freeze-out time τf ∼ 7 fm as
we set the thermalization time τth ¼ 0.3 fm and average
temperature Tavg ∼ 200 MeV with the Bjorken hydrody-
namics T=Ti ¼ ðτth=τÞ1=3. We then obtain the average

magnetic field Bavg ∼ 0.1B0 with the setup above, where
B0 is the initial magnetic field. By utilizing the average
magnetic field with the same ’t Hooft coupling and average
temperature, we find that the v2 drops about 100 times as
shown in Fig. 5.
Although the photon v2 here can only be evaluated

numerically, it is approximately proportional to B2
z for

small Bz. As a result, we may also consider the result with
average ðeBÞ2. With the above approximation, we find
B2
avg ∼ 0.031B2

0 corresponding to Bavg ∼ 0.18B0. As shown
in Fig. 6, the v2 with B2

avg ∼ 0.031B2
0 drops 25 times.

However, as the nonlinear effect with large Bz becomes
more pronounced, the computation with an average mag-
netic field may underestimate the contribution from such a
strong magnetic field in early times. It is thus desirable to
incorporate a time-dependent magnetic field in the setup for
future work. On the other hand, it is also worthwhile to
notice that the v2 in our model is enhanced as we turn down
the coupling with a fixed magnetic field and temperature
through the relation eB ¼ Bzπ

−1 ffiffiffiffiffiffiffi
λ=2

p
.

Since we choose the maximum magnetic field from its
initial value, the v2 obtained in our model should be
regarded as the upper bound generated solely by a magnetic

2 4 6 8 T
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0.10

0.15

0.20
v2

FIG. 4 (color online). Colors correspond to the same cases as in
Fig. 2. Here we consider the contributions from both massless
quarks and massive quarks with m ¼ 1.143 at Bz ¼ 1ðπTÞ2.

2 4 6 8 T

0.0005

0.0010

0.0015

0.0020
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FIG. 5 (color online). Colors correspond to the same cases as in
Fig. 2. Here we consider the contributions from both massless
quarks and massive quarks with m ¼ 1.307 at Bz ¼ 0.1ðπTÞ2.
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0.008
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FIG. 6 (color online). Colors correspond to the same cases as in
Fig. 2. Here we consider the contributions from both massless
quarks and massive quarks with m ¼ 1.3 at Bz ¼ 0.2ðπTÞ2.
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field in the strongly coupled scenario. In reality, such a
mechanism only yields a partial contribution of the mea-
sured v2. As shown in [4], the viscous hydrodynamics also
results in a substantial contribution to thermal photon v2.
To construct full v2 for thermal photons, both contributions
from a magnetic field and from viscous hydrodynamics
should be taken into account. Furthermore, in the alter-
native scheme, the intermediate ’t Hooft coupling is taken,
where the corrections from the finite ’t Hooft coupling in
the gravity dual have to be considered. More explicitly, the
next leading order correction is of Oðλ−3=2Þ. It is found in

[21] that the photoemission rate increases as the coupling
decreases in the absence of a magnetic field when the
Oðλ−3=2Þ correction is included.

The authors thank S. Cao and G. Qin for useful
discussions. This material is based upon work supported
by DOE Grant No. DE-FG02-05ER41367 (B. M. and D.
L. Y.), the National Science Council (NSC Grant No. 101-
2811-M-009-015) and the National Center for Theoretical
Science (Grant No. 102-2112-M-033-003-MY4), Taiwan
(S. Y.W.).
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