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Abstract. A planar encoder using conjugate optics is proposed for sens-
ing the 2-D displacement of a 2-D grating. A Doppler frequency shift of
diffracted light is generated when the grating moves. The optical conju-
gate path can compensate for the error arising from the relative tilt be-
tween the optical head and the scale (head-to-scale tilt). Additionally, the
optical head is easily integrated, having high tolerance in component-to-
component placement. The 2-D displacement system with the 2-D grat-
ing, which has period of 1.6 mm in both the X and Y directions, provides
a signal period of 0.4 mm by using a double-diffraction configuration. This
system and associated electronics provide interpolation with a factor of
400, corresponding to a measurement resolution of 1 nm. © 2005 Society
of Photo-Optical Instrumentation Engineers. [DOI: 10.1117/1.1839227]

Subject terms: displacement sensor; Doppler frequency shift; two-dimensional
displacement.
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1 Introduction

As nanometer-resolution technology has dramatically ad
vanced, studies of biological systems, materials~such as
DNA or protein!, and manipulative systems have entered
the nanometer regime. All of these applications require pla
nar substrate stages for sample scanning. These stages, w
high resolution and a long traveling range, generally use
heterodyne laser displacement measuring interferomete
~DMIs! to locate their positions. DMI sensors provide high
resolution in sensing displacement. However, they have th
disadvantage of being bulky and expensive, and are diffi
cult to integrate into compact systems. The accuracy o
high-performance planar stages depends on the alignme
of the workpiece platform with the interferometer’s mir-
rors.

A planar encoder, which comprises a 2-D grating plate
and an optical head, is easy to assemble for measuring 2-
displacement.1 Most recently, several different planar en-
coders have been designed by using the Moire´2,3 principle
or diffractive principles.4 Some of these designs, such as
those based on the Moire´ principle, are of limited resolu-
tion. The optical components in many diffraction devices
need to be very precisely assembled. A couple of reports o
the reading configuration of integrated optical grating
scales for sensing one-dimensional displacement have be
published.5,6 Chiang and Lee proposed a rotary or linear
encoder based on retroreflection.7,8 The retroreflection in
these encoders provides an interference scheme with equ
path lengths. Consequently, interference fringes of high vis
ibility and contrast will be seen.

In this paper, a new design for a 2-D optical encoder
with a high head-to-scale tolerance is described. We pro
pose a retroreflection design with optical conjugate path fo
measuring 2-D displacement. The conjugate configuratio
can compensate the errors arising from head-to-scale ti
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and gives the system high tolerance in component
component placement.

2 Theory

2.1 Configurations and Operational Principles

As shown in Fig. 1~a!, a laser beam is normally incident o
a 2-D grating with the same period in both directions. T
grating is located in theX-Y plane. The incident plane
wave isU in5A0 exp(2ikz), whereA0 is the amplitude of
the incident light, andk52p/l is the wave number. The
wave vector of the incident light can be written ask in

52kẑ, whereẑ is the unit vector in theZ direction. The
direction of light diffracted by the 2-D grating can be wri
ten as9,10

sinu5
~vx

21vy
2!1/2

~vx
21vy

21vz
2!1/2

5
@~m/p!21~n/p!2#1/2

1/l

5
~m21n2!1/2l

p
. ~1!

The 2-D grating equation~1! determines the direction o
the (m,n) diffraction order for the grating. The diffracte
field is denoted byU1(m,n). The four first diffraction or-
ders, m561 and n561, are considered. Then the di
fracted light fieldU1 , which includes those four orders, ca
be expressed as

U15U1~1,1!1U1~1,21!1U1~21,1!1U1~21,21!,
~2a!
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Fig. 1 Diffraction from a 2-D grating. (a) The incident light is diffracted into four first diffraction orders.
(b) The four orders are retroreflected by conjugate optics, generating double diffraction.
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U1~1,1!5A1 expS ik1,1z1 i2p
x1y

p D
5A1 exp~ ikz cosu!expS i

x1y

A2
k sinu D , ~2b!

U1~1,21!5A1 expS ik1,2z1 i2p
x2y

p D
5A1 exp~ ikz cosu!expS i

x2y

A2
k sinu D , ~2c!

U1~21,1!5A1 expS ik1,3z2 i2p
x2y

p D
5A1 exp~ ikz cosu!expS 2 i

x2y

A2
k sinu D , ~2d!

U1~21,21!5A1 expS ik1,4z2 i2p
x1y

p D
5A1 exp~ ikz cosu!expS 2 i

x1y

A2
k sinu D ,

~2e!

whereA1 is the amplitude of the first diffraction orders an
sinu5A2l/p. According to Eq.~1!, the four first diffrac-
tion orders (m561 andn561) are in the four quadrant
of the Cartesian coordinate system. As indicated in F
1~b!, these four diffraction orders are retroreflected by co
jugate optics and return to the 2-D grating to produ
double diffraction. Each set of conjugate optics consists
a collimating lens and a reflective mirror. The mirror
placed on the back focal plane of the lens. For instance,
field U1(1,1) in Eq. ~2! is retroreflected by the conjugat
optics and returns to the 2-D grating to produce a dou
diffracted fieldU2(1,1), which can be written as
023603
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U2~1,1!5U2~1,1;1,1!1U2~1,1;1,21!1U2~1,1;21,1!

1U2~1,1;21,21!, ~3a!

U2~1,1;1,1!5A2 expF2 ik1,1;1,1z

2 i
2p~x1y!

p GexpF i
2p~x1y!

p G
5A2 exp~ ikz!, ~3b!

U2~1,1;1,21!5A2 expF2 ik1,1;1,21z

2 i
2p~x1y!

p GexpF i
2p~x2y!

p G
5A2 exp@2 iA2ky sinu1 ikz~cos 2u!1/2#,

~3c!

U2~1,1;21,1!5A2 expF2 ik1,1;21,1z2 i
2p~x1y!

p G
3expF2 i

2p~x2y!

p G
5A2 exp@2 iA2kx sinu1 ikz~cos 2u!1/2#,

~3d!

U2~1,1;21,21!5A2 expF2 ik1,1;21,21z

2 i
2p~x1y!

p GexpF2 i
2p~x1y!

p G
5A2 exp@2 iA2k~x1y!sinu1 ikz~1

24 sin2 u!1/2#. ~3e!
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erms of Use: http://spiedl.org/terms



c-
c-

re-

in

r

s

e

s

d as

m-

t in

.

trol
ome
As

the

ht

Kao, Chang, and Lu: Double-diffraction planar encoder . . .

Downl
The double diffraction is denoted by (m,n;m8,n8),
where (m8,n8) represents the order of the double diffra
tion and (m,n) represents the order of the original diffra
tion that produces it. Similarly, the fieldU1(1,21) in Eq.
~2! is retroreflected by the other conjugate optics and
turns to the 2-D grating to produce the fieldU2(1,21) of
the double diffraction, which can be written as

U2~1,21!5U2~1,21;1,1!1U2~1,21;1,21!1U2~1,

21;21,1!1U2~1,21;21,21!, ~4a!

U2~1,21;1,1!5A2 exp@ iA2ky sinu1 ikz~cos 2u!1/2#,
~4b!

U2~1,21;1,21!5A2 exp~ ikz!, ~4c!

U2~1,21;21,1!5A2 exp@2 iA2k~x2y!sinu1 ikz~1

24 sin2 u!1/2#, ~4d!

U2~1,21;21,21!5A2 exp@2 iA2kx sinu

1 ikz~cos 2u!1/2#. ~4e!

Next, we consider the change of angular frequency
the interference caused by the Doppler effect11,12 when the
2-D grating moves. In Fig. 1~b!, we denote the wave vecto
of the first diffracted fieldU1(1,1) byk1 , the wave vector
of the double diffractionU2(1,1;21,1) by k2 , and the
wave vector of the incident light byk in . According to Eq.
~3!, the wave vector of the light can be expressed as

k in52kẑ,

k15
1

A2
k sinu x̂1

1

A2
k sinu ŷ1k cosu ẑ, ~5!

k252A2k sinu x̂1k~cos 2u!1/2ẑ.

The change of the angular frequency is given by

Dv15~k12k in!•Vg1~k21k1!•Vg , ~6!

whereVg is the velocity of the 2-D grating and is written a
Vg5Vgxx̂1Vgyŷ. From Eq.~6!, we have

Dv15S 1

A2
k sinu x̂1

1

A2
k sinu ŷ1k cosu ẑ1kẑD •~Vgxx̂

1Vgyŷ!1F2A2k sinu x̂1k~cos 2u!1/2ẑ

1
1

A2
k sinu x̂1

1

A2
k sinu ŷ1k cosu ẑG•~Vgxx̂

1Vgyŷ!5A2k sinu Vgy . ~7!

Similarly, in Fig. 1~b!, we denote the wave vector of th
first diffracted fieldU1(1,21) by k1 , the wave vector of
023603Optical Engineering
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the doubly diffracted fieldU2(1,21;21,21) by k2 , and
the wave vector of the incident light byk in . According to
Eq. ~4!, the wave vector of the light can be expressed a

k in52kẑ,

k185
1

A2
k sinu x̂2

1

A2
k sinu ŷ1k cosu ẑ, ~8!

k252A2k sinu x̂1k~cos 2u!1/2ẑ.

The change of the angular frequency can be describe

Dv252A2k sinu Vgy . ~9!

The doubly diffracted fieldsU2(1,1;21,1) andU2(1,
21;21,21) propagate in the same direction, so the a
plitude distributions can be expressed as

E15A2 exp$ i @~w1Dw1!t1f0#%, ~10!

E25A2 exp$ i @~w1Dw2!t1f0#%. ~11!

The light intensityI y of the superposition of the two
beams is given by13

I y}uE11E2u25uA2u2@212 cos~Dw22Dw1!t#

5uA2u2@212 cos~2A2Vgyk sinu t !#

5uA2u2@212 cos~2A2k sinu Dy!#

5uA2u2F212 cosS 8p Dy

p D G , ~12a!

whereDy is the displacement in theY direction. Likewise,
the light intensity of interference due to the displacemen
the X direction can be expressed as

I x5uA2u2F212 cosS 8p Dx

p D G , ~12b!

whereDx is the grating displacement in theX direction. As
mentioned, the 2-D displacement can then be obtained

2.2 Head-to-Scale Tolerance

When the planar encoder is applied in a position con
system, such as a planar motor, any wobble can cause s
tilt between the encoder head and the scale grating.
shown in Fig. 2, the scale grating lies on theX-Y plane.
The angle between the incident light and the normal to
grating isDh, and the azimuth angle isDj. If this tilt con-
dition is considered, the wave vectors of the incident lig
and diffracted beams in Eq.~5! become

k in52~k sinDh cosDj!x̂2~k sinDh sinDj!ŷ

2~k cosDh!ẑ,
-3 February 2005/Vol. 44(2)
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k15kS 2sinDh cosDj1
1

A2
sinu D x̂1kS 2sinDh sinDj

1
1

A2
sinu D ŷ1k1Zẑ, ~13!

k25k~sinDh cosDj2A2 sinu!x̂1k2Zẑ.

The change of angular frequency from the Doppler eff
can be rewritten as

Dv15~k12k in!•Vg1~k21k1!•Vg5S 1

A2
k sinu x̂

1
1

A2
k sinu ŷ1k cosu ẑ2kẑD •~Vgxx̂1Vgyŷ!

1F2A2k sinu x̂1k~cos 2u!1/2ẑ1
1

A2
k sinu x̂

1
1

A2
k sinu ŷ1k cosu ẑG•~Vgxx̂1Vgyŷ!

5A2k sinu Vgy . ~14!

Similarly, Eq. ~8! becomes

k in52k~sinDh cosDj!x̂2k~sinDh sinDj!ŷ

2k~cosDh!ẑ,

Fig. 2 Tilt between incident beam and 2-D grating. The angle be-
tween the incident light and the normal to the grating is Dh. The
azimuth angle is Dj.
023603Optical Engineering
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k185kS 2sinDh cosDj1
1

A2
sinu D x̂1kS 2sinDh sinDj

2
1

A2
sinu D ŷ1k1Zẑ, ~15!

k25k~sinDh cosDj2A2 sinu!x̂1k2Zẑ.

The change of angular frequency is

Dv252A2k sinu Vgy . ~16!

Equations~13! and ~15! imply that the two doubly dif-
fracted beams propagate in the same direction when
wobble causes a tilt between the encoder head and the
grating. From Eqs.~14! and~16!, such a tilt does not affec
the changesDv1 andDv2 of the angular frequency. There
fore, the tilt can be automatically compensated without a
effect on the measurement of displacement in this confi
ration. However, the size of the optical components d
affect the head-to-scale tolerance.

Fig. 3 Scheme of experimental setup for planar encoder. A He-Ne
laser is the light source, and a beamsplitter cube divides the light
into two beams for X- and Y-direction measurements.

Fig. 4 Enveloping sinusoidal signal formed by three interferences.
-4 February 2005/Vol. 44(2)
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3 Experiment

3.1 Experimental Setup

Figure 3 shows the experimental setup. A 2-D grating w
a period of 1.6mm, a depth of 150 nm, and a duty ratio
0.5 was used. When a He-Ne laser beam with fiber guid
was incident on the grating, several diffracted beams w
generated~as shown in Fig. 1!, including, for example, the
first orders~1,1!, ~1,21!, ~21,1!, ~21,21!, the second or-
ders~0,2!, ~2,0!, and so on. As mentioned in Sec. 2.2, t
four first-order diffracted beams were retroreflected by
optical conjugate system and generated double diffractio
The double diffractions~1,21;21,21! and~1,1;21,1! were
very close to the original second-order~22,0! diffracted
beam, and would yield an extra undesired interference
shown in Fig. 4. In order to avoid such interference,
resorted to shifted optics that separates the original sec
order diffracted beam from the doubly diffracted beam
and avoids interference between the doubly diffracted be
and the original second-order diffractions, as shown in F
5. Therefore, only a pure sinusoidal signal of the interf
ence between the double diffractions was left.

Let us consider the first diffraction orders~1,1! and ~1,
21!, which are retroreflected by conjugate optics. The c
jugate optics comprises a doublet lens with focal lengt
mm and a planar mirror. The light reflected by the mirror
incident again on the 2-D grating, which generates dou
diffractions ~1,21;21,21! and ~1,1;21,1! in the same di-
rection. Then these double diffractions~1,21;21,21! and
~1,1;21,1! interfere with each other. A piezotransducer p
nar stage was used to move the 2-D grating. Figure 6 sh
the generated sinusoidal signals when the stage mo
alongAB andBC in a hexagonal path. The solid sinusoid
curve represents theY-axis displacement, and the dash
sinusoidal curve represents theX-axis displacement.

For measurement purposes, the two orthogonal s
soidal signals~sine and cosine! are produced by phase-shi
signals with a polarization and retarder plate.14 As shown in
Fig. 3, a quarter-wave plate is inserted into one path of
conjugate optics. The quarter-wave plate is inserted into
023603Optical Engineering
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path of the first diffraction order~1,21!, and the~1,21!
beam is retroreflected by the conjugate optics. Theref
the ~1,21! beam passes twice through the quarter-wa
plate. The first diffraction orders~1,1! and ~1,21! are re-
flected by the grating and induce two doubly diffract
beams with orthogonal polarizations.

As shown in Fig. 7~a!, the double diffraction, which
propagates along theZ axis, is divided into four beams by
beamsplitters. Polarizers are inserted into the paths of
four beams with different azimuths. The phase variation
the light that penetrates the polarizer located with a spec
azimuth in the path of the circularly polarized beam can
calculated with the Jones calculus. For example, as sh
in Fig. 7~b!, the doubly diffracted beam is perpendicular
polarizer 3, which has an azimuth of 0~horizontally polar-
ized!. The intensityI 1 of the interference between the hor
zontal components of the two doubly diffracted beams
given by

Fig. 5 Conjugate optics with shifted optical axes.
Fig. 6 Sinusoidal signals as the stage moves along AB and BC in a hexagonal path.
-5 February 2005/Vol. 44(2)
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I 15uE1x9 1E2x9 u25UE09e
if

A2
F10G1 iE09

A2
F10GU2

5
E09

2

2
UFeif1exp~ ip/2!

0 GU2

5
E09

2

2 F212 cosS f2
p

2 D G .
~17!

Similarly, the doubly diffracted beams pass through p
larizer 1 with an azimuth of 90 deg~vertically polarized!.
The intensityI 2 of the interference between the vertic
components of the two doubly diffracted beams, and
interference intensitiesI 3 for the 145-deg component an
I 4 for the 245-deg component, can be expressed as

I 25
E09

2

2 F212 cosS f1
p

2 D G ,
I 35

E09
2

2
~212 cosf!, ~18!

I 45
E09

2

2
@212 cos~f1p!#.

Fig. 7 (a) Scheme for phase-shift module. (b) The horizontal and
vertical components of the doubly diffracted beams.
023603Optical Engineering
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From these equations, four signals are obtained, wh
have phase shifts of 90 deg with respect to each other.
encoder head gives a signal period of 0.4mm, which is
one-quarter of the scale pitch 1.6mm. An electronic inter-
polation by using the IK22015 ~Heidenhain Inc.! with an
interpolation factor of 400 gives a measurement resolut
of 1 nm.

3.2 Results and Discussion

A piezo positioning system from PI Inc. with a scannin
range of 20mm was used to measure the accuracy of
planar encoder. A flexure stage with a high mechani
stiffness and excellent guidance accuracy provides nan
eter resolution, linearity of 0.1%, and repeatability of65
nm by means of an internal capacitance displacement
sor. We measured a circle with radius 10mm. In the Fig.
8~a!, the dotted circle was measured by the encoder, and
solid circle by the capacitive sensor. The readings of
encoder and sensor are denoted by (xe ,ye) and (xc ,yc),
respectively. The difference between the two measu
ments,@(xe2xc)

21(ye2yc)
2#1/2, is plotted in Fig. 8~b!,

where the horizontal axis gives the pixel number for t
pixels sampling the circle. The maximum difference b
tween the measured values is 51 nm. This difference
cludes the intrinsic periodic error of the 2-D gratings,
inherent nonlinearity of this positioning system, and no
of the electronic circuit. As shown in Fig. 8~b!, the circle

Fig. 8 (a) Circles measured by the capacitance displacement sen-
sor (solid) and the planar encoder (dotted). (b) The differences be-
tween the measurements and the standard deviation of the repeat-
ability measurements.
-6 February 2005/Vol. 44(2)
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was measured 10 times to check the repeatability of
encoder. The standard deviation of the repeatability m
surements is better than 7 nm.

In this experiment, the aperture of the conjugate optic
3.5 mm, the diameter of the incident beam is 1 mm,
aperture of the detector is 3 mm, and the distance betw
the grating and the conjugate optics is 8 mm. The tolera
region of the incident beam is about 1.5 mm. The head
scale tolerance can be calculated as

Dh56sin21~0.75/8!565.4 deg. ~19!

4 Conclusions

A planar encoder with a high head-to-scale tolerance
been developed. In this encoder, conjugate optics has
used, which has two advantages. First, the double diffr
tion gives a signal period 0.4mm, which is only one-quarte
of the scale period~1.6 mm!. An electronic interpolation
with a factor of 400 leads to a measurement resolution o
nm. Second, the head-to-scale relation does not affect
interference between the diffractive beams and con
quently gives a large tolerance for the measuring syst
The uniformity of the grating pitch, the diffractive effi
ciency of the grating, and the interpolation error~which
depends on the dc offset, the amplitudes of the sinuso
signals, and the phase difference between those signal! all
affect the performance of the planar encoder. This eq
path configuration can provide almost 100% fringe co
trast. Therefore, we can use a low-coherence light sou
such as a diode laser. Further efforts can be directed tow
improving the diffractive efficiency of the cross grating a
integrating the conjugate optics module with the detect
module and the laser source module.
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