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Abstract

We present the solutions for displacements and stresses subjected to a vertical point load in a continuously inhomo-
geneous transversely isotropic half-space with Young’s and shear moduli varying exponentially with depth. Planes of transverse
isotropy are assumed to be parallel to the horizontal surface. The solutions for the half-space are obtained by superposing the
solutions of two full spaces, one with a point load in its interior and the other with opposite traction of the first full space along the
z = 0 plane. The Hankel transform in a cylindrical co-ordinate system is employed for deriving the solutions. However, the resulting
integrals for displacements and stresses involve polynomial, exponential function, and Bessel function that cannot be given in closed
form; hence, numerical techniques are adopted in this work. In order to check the accuracy of numerical procedures, the
comparisons are carried out with the homogeneous solutions of Liao and Wang, and the calculated results agree with those to nine
decimal places. Furthermore, two illustrative examples are presented to elucidate the effect of inhomogeneity, and the type
and degree of rock anisotropy on the vertical surface displacement and vertical normal stress in the inhomogeneous isotropic/
transversely isotropic rocks subjected to a vertical concentrated force acting on the surface. The calculated results show
that the induced displacement and stress are decisively influenced by the inhomogeneity, and the degree and type of material
anisotropy. The proposed solutions can more realistically simulate the actual stratum of loading problem in many areas of
engineering practice.
© 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

In general, the magnitude and distribution of the
displacements and stresses in rock are predicted by using
solutions that model rock as a linearly elastic, homo-
geneous and isotropic continuum. However, for rock
masses cut by discontinuities, these solutions should
account for anisotropy. From the standpoint of
practical considerations in engineering, anisotropy rocks
are often modeled as orthotropic or transversely
isotropic medium. Besides, the effects of deposition,
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overburden, desiccation, etc., can lead geological media,
which exhibit both inhomogeneity and anisotropic
deformability characteristics. The type of elastic inho-
mogeneity is a useful approximation for modeling
certain problems of geotechnical interest [1]. In this
work, an elastostatic loading problem for a continuously
inhomogeneous transversely isotropic half-space with
Young’s and shear moduli varying exponentially with
depth is relevant.

The solutions of displacements and stresses for
various types of applied loads to homogeneous and
inhomogeneous isotropic/anisotropic full/half-spaces
have played an important role in the design of
foundations. However, it is well known that a point
load solution is the basis of complex loading problems
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Nomenclature

Cy (i,j = 1—6) elastic moduli or elasticity constants
(Pa)

E, E',v,V, G’ engineering elastic constants of trans-
versely isotropic materials (Pa)

h the buried depth, as seen in Fig. 2 (m)

J.0) Bessel function of the first kind of order n
(dimensionless)

k the inhomogeneity parameter (1/m)

P, a vertical point load in a cylindrical co-
ordinate system (N)

r, 0,z a cylindrical co-ordinate system (m,

radian, m)

R, ©®, Z Dbody force components in a cylindrical co-
ordinate system (N/m?)

Ui, Uy roots of the characteristic equation (dimen-
sionless)

U,, U, displacement components (m)

Greek symbols

&r, €09, €-- normal strain components (dimensionless)
V10> Yos» Vr- shear strain components (dimensionless)
Oy, G99, 0, normal stress components (Pa)

Tr9, Toz, Tr. Shear stress components (Pa)

for all constituted materials. A large body of the
literature was devoted to the calculation of displace-
ments/stresses in isotropic media with the Young’s
or shear modulus varying with depth according to
the power law, the linear law, and the exponential law,
etc. The related works prior to 1960 can be found in
Griffith [2], Frohlich [3], Holl [4], Borowicka [5],
Mikhlin [6], Ohde [7], Klein [8], Koronev [9,10],
Mossakovskii [11], Popov [12], and Olszak [13], etc.;
a more recent survey of the existing solutions for an
inhomogeneous isotropic half-space is summarized
in Table 1. Table I indicates the types of inhomogeneity,
analytical or numerical solutions presented, and
possible restrictions on Poisson’s ratio in the solutions.
Corresponding to the isotropic solutions, the literature
contributions to the inhomogeneous transversely
isotropic half-space are very limited. The lack of
analytical/numerical solutions is primarily because
of the mathematical difficulties involved. A summary
of the available solutions for an inhomogeneous
anisotropic material is given in Table 2. To the best of
the authors’ knowledge, no solutions for displacements
and stresses in a transversely isotropic half-space
subjected to a point load with Young’s and shear
moduli varying exponentially with depth have been
presented. Ultilizing the approaches proposed by Liao
and Wang [94], the solutions of displacements and
stresses in the Hankel domain for the continuously
inhomogeneous transversely isotropic full and half-
spaces subjected to a vertical point load are derived,
respectively. These solutions indicate that the displace-
ments and stresses in an inhomogeneous transversely
isotropic full/half-space induced by a point load are
affected by the inhomogeneity, and the type and degree
of material anisotropy. The actual expressions for
displacements and stresses can be obtained by taking
the numerical inversion of the Hankel transforms.

However, the resulting integrals involve products of
Bessel functions of the first kind, an exponential
function, and a polynomial, which cannot be given in
closed form; hence, the numerical integrations are
required. The numerical techniques are adopted from
Longman’s [95,96] as well as Davis and Rabinowitz’s
[97] methods. In order to check the accuracy of
numerical procedure, the presented solutions are then
simplified as the homogeneous solutions [94] by
approaching the inhomogeneity parameter k to zero.
The calculated results agree with those [94] to nine
decimal places. Two illustrative examples, a point load
acting on the surface of an inhomogeneous isotropic/
transversely isotropic half-space are given to show the
effect of inhomogeneity, and the type and degree of rock
anisotropy on the vertical surface displacement and
vertical normal stress.

2. Displacements and stresses in an inhomogeneous
transversely isotropic full space

To solve the displacements and stresses in an
inhomogeneous transversely isotropic full space
induced by a single concentrated force, we follow
the approach of Liao and Wang [94] for the correspond-
ing homogeneous full space. Fig. 1 depicts that a
cylindrical co-ordinate system (r, 6, z) is chosen such
that z-axis is normal to the free surface of the
inhomogeneous transversely isotropic material. The
X-Y plane of a Cartesian co-ordinate system is parallel
to the r — 0 plane. The anisotropic medium possesses
inhomogeneous elastic properties, and can be assumed
to vary from point to point along the z-axis within
the solid [77]. Then, the expression of stress—strain for
a continuously inhomogeneous transversely isotropic
medium in a cylindrical co-ordinate system is given
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Table 1

Existing analytical/numerical solutions for inhomogeneous isotropic media

669

Types of inhomogeneity

Author

Analytical or numerical solutions

Poisson’s ratio

E=mgz" or G =mgz* (0<a<])

E = Ey(a+ bz)  or G = Gy(a + bz)°

Rostovtsev [14]

Lekhnitskii [15]

Popov [16]

Rostovtsev [17]

Zaretsky and Tsytovich [18]
Kassir [19]

Rostovtsev and Khranevskaia [20]
Kassir [21]

Carrier and Christian [22]

Puro [23]
Popov [24]

Booker et al. [25]

Booker et al. [26]
Oner [27]
Booker [28]

Giannakopoulos and Suresh [29]

Giannakopoulos and Suresh [30]

Stark and Booker [31]

Stark and Booker [32]

Yue et al. [33]

Holzlohner [34]

Plevako [35]
Plevako [36]

Chuaprasert and Kassir [37]
Chuaprasert and Kassir [38]
Kassir and Chuaprasert [39]
Dhaliwal and Singh [40]

Harnpattanapanich and
Vardoulakis [41]

Settlement due to an elliptical, a circular,
and a paraboloid of revolution load
Radial stress for plane strain and
generalized plane stress

Surface displacement due to a circular
load

Stresses and displacements for plane and
axisymmetric problems

Contact stress beneath a rigid strip
Stresses and displacement due to
axisymmetric twisting deformation
(Reissner—Sagoci problem)

Stresses and displacements for plane and
axisymmetric problems

Surface displacements and stresses due to
a general-shaped cylindrical rigid punch
Displacements and stresses due to a
circular load by FEM

Displacements due to axisymmetric loads
Displacements due to vertical/horizontal
circular punches

Displacements and stresses due to
vertical/horizontal surface line and point
loads

Surface displacement due to strip, ring,
and circular loads

Displacements due to vertical/horizontal
point, circular and rectangular loads
Surface displacement due to a
rectangular load

Analytical and numerical solutions for
stresses and displacements due to a
vertical point load

Analytical and numerical solutions for
stresses and displacements due to rigid
axisymmetric indentors

Surface displacements due to a uniform
vertical/horizontal load on an arbitrarily
shaped area by numerical technique
Surface displacements due to a uniform
vertical/horizontal load on a rectangular
area by numerical technique
Displacements and stresses due to
vertical/horizontal point loads for a
layered half-space by backward transfer
matrix method

Displacements and stresses for a non-
linear half-space due to strip loads

Displacements for plane problems
Displacements due to vertical/horizontal
point loads

Surface displacement and stresses for
Reissner—Sagoci problem

Displacements and stresses due to a
uniform circular load

Stresses and displacements due to the
axisymmetric problem of a rigid punch
Stresses and displacements for Reissner—
Sagoci problem

Numerical surface displacements of a
rectangular footing for consolidation
problems

v=1/2+ )
General
General
General
v=1/2
General
General
v=1/2+a)
v=1/2

General
General

General

General
General
General

v=1/(a+2)

v=1/(0+2)

General

General

v=1/(e+2)

General
v=1/14¢)
General
General
v=1/2+¢)
General
General

General
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Table 1 (continued)

Types of inhomogeneity

Author

Analytical or numerical solutions

Poisson’s ratio

E=Ey+Azor G=Gy+ Az

E=Ey+ E ¢ or G= Gy + G

Rajapakse and Selvadurai [42]

Jeng and Lin [43]

Gibson [44]

Gibson et al. [45]

Brown and Gibson [46]
Awojobi and Gibson [47]
Brown and Gibson [48]
Carrier and Christian [49]
Gibson [50]

Alexander [51]

Calladine and Greenwood [52]
Brown and Gibson [53]

Rajapakse [54]

Rajapakse [55]

Chow [56]
Rajapakse and Selvadurai [57]
Dempsey and Li [58]

Yue et al. [33]

Ter-Mkrtich’ian [59]
Rowe and Booker [60]
Rowe and Booker [61]
Row and Booker [62]
Selvadurai et al. [63]
Vrettos [64]

Vrettos [65]

Vrettos [66]
Selvadurai [67]

Giannakopoulos and Suresh [29]

Giannakopoulos and Suresh [30]

Stresses and displacement due to rigid
circular and cylindrical foundations
Water wave-induced pore pressure on a
pipeline problem by FEM

Displacements and stresses due to strip
and circular loads

Stresses and displacements for plane
strain and axisymmetric problems
Surface displacement due to a strip or
circular load

Stresses and displacements for plane
strain and axisymmetric problems
Surface displacement due to a
rectangular load

Settlement and stresses due to a rigid
circular plate by FEM

Surface displacement of uniformly
circular loads

Vertical displacement due to a circular
load

Displacements and stresses for plain
strain and axisymmetric problems
Surface displacement for a layer of finite
depth due to a rectangular load

Stresses and displacements due to an
interior arbitrarily axisymmetric vertical
load

Stresses and displacements due to a
partially or fully embedded axially loaded
rigid axisymmetric inclusion

Vertical displacement of the smooth,
rigid rectangular foundation by FEM
Axisymmetric elastic response of circular
footings and anchor plates

Surface displacement of rectangular and
strip footings by numerical approach
Displacements and stresses due to a
circular load for a layered half-space by
backward transfer matrix method
Stresses and displacements due to a
circular load

Settlements due to strip footings by finite
layer method

Settlements due to circular footings by
finite layer method

Displacements and stresses by finite layer
method

Displacement for Reissner—Sagoci
problem

Displacements for SV/P surface wave
problem

Stresses and displacements due to an
interior time-harmonic vertical point load
Displacements due to vertical/horizontal
time-harmonic surface line loads
Settlement due to a rigid circular
foundation

Analytical and numerical solutions for
stresses and displacements due to a
vertical point load

Analytical and numerical solutions for
stresses and displacements due to rigid
axisymmetric indentors

General

General

v=1/2
v=1/2
General
General
General
General
v=1/2
v=1/2
v=1/2
v=0,1/3,1/2

v=1/2

v=1/2

General
v=1/2
v=1/3

v=1/2

General
General
General
General
General
General
General
General
General

v=1/((+2)

v=1/¢+2)
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Table 1 (continued)

Types of inhomogeneity Author Analytical or numerical solutions Poisson’s ratio
Vrettos [68] Stresses and displacements due to a static General
vertical surface point load
Jeng and Lin [43] Water wave-induced pore pressure on a General
pipeline problem by FEM
G = Goe George [69] Stress field due to torsional loads General
G = Gyr'z# Singh [70] Stress and displacement for Reissner— General
Sagoci problem
Dhaliwal and Singh [71] Griffith crack problem in an infinite solid General
under shear
G = Goxh/(h—z) Awojobi [72] Settlement of a circular foundation General
Awojobi [73] Stresses and displacements for plane General
strain problem
G =constant Gibson and Sills [74] Stresses and displacements due to point v=f(2)

and circular loads

as follows:
(g
(]i]
Oz
Thz
Tys
_‘Ere_
[ Cii—2Cs Ci3 0 0 0 1[en]
Ci1 —2Css Cn Csz 0 0 0 9o
C13 C13 C33 0 0 0 &2z -
= o ke
0 0 0 Cu 0 0 ||y
0 0 0 0 Cu 0 ||y
o 0 0 0 0 G|
(1)

where k is referred to as the inhomogeneity parameter;
Cyj (i,j=1-6) are the elastic moduli or elasticity
constants of the medium, and can be in terms of five
independent elastic constants E, E’, v, v and G’ as

C— E(1 — (E/E"W?) Con — Ev
T +u)(I—v—QE/EW? P T 1-v-QE/EW”
_ E(-v) L _E
Gz = = 0= QE/EW” Cu=G, Co = Ty
(2)
where

1. E and E’ are Young’s moduli in the plane of
transverse isotropy and in a direction normal to it,
respectively;

2. vand V' are Poisson’s ratios characterizing the lateral
strain response in the plane of transverse isotropy to
a stress acting parallel or normal to it, respectively;

3. @' is the shear modulus in planes normal to the plane
of transverse isotropy.

The differences between the homogeneous transver-
sely isotropic elastic constants [94] and inhomogencous
ones adopted in this paper can be summarized in
Table 3. It is clear that, for the inhomogeneous
transversely isotropic medium described by Eq. (1), only
three (E, E’, and G') of five engineering elastic constants
exponentially depend on the inhomogeneity parameter
k; the two Poisson’s ratios are constants. Furthermore,
depending upon the parameter k, we have the following
three different situations:

(1) k>0, denotes a hardened surface, whereas E, E’,
and G’ decrease with the increase of depth.

(2) k=0, is referred to as the conventional homo-
geneous condition [94].

(3) k<0, denotes a soft surface, whereas E, E’, and G’
increase with the increase of depth.

The expressions of strain—displacement relations for
small strain conditions in a cylindrical co-ordinate
system are:

o) = — % - ;66%0’ @
7’,-9:_%%_%4_?’ ©
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Table 2

Existing analytical/numerical solutions for inhomogeneous anisotropic media

Types of inhomogeneity

Author

Analytical or numerical solutions

Poisson’s ratio

G =mz, E=0G, E =E/)
E=o0z, F =pz,G =7z
E=o0z, F =fz,G =7z

G =mzcos 0

E' =FEy—pyz, z<z,; E' =
EO — PoZe + p(Z - Z(.), >z

Cii = Gur’ (i=4, 6)

Cylindrical anisotropy

C,',‘ = G,‘,'}’a(_‘)'z and C,',‘ =
Gir*(z + o) (i = 4, 6)

Ci = Gz + ¢)* (i = 4, 6)

Cii = Gy cosh? kz (i = 4, 6)

C44 — G()€2kz, C66 — G:)eZk:
C,',‘ = G,‘,'}’B COSh2 kz

E = myz"

Ci = Gy’ (i=4, 6)

E =myz"

Cas = Go(1 + mz)* or Caq = Goel”,
Cos = 7Cu4
Transversely isotropic and layered
half-space
Transversely isotropic and layered
half-space

Transversely isotropic and layered
half-space

Transversely isotropic and layered
half-space

General anisotropic and layered
half-space

General anisotropic
inhomogeneous full-space

Gibson and Kalsi [75]
Gibson [50]

Gibson and Sills [76]

Calladine and Greenwood

[52]
Rowe and Booker [61]
Erguven [77]

Tarn and Wang [78]
Tarn and Wang [79]

Erguven [80]

Erguven [81]

Erguven [82]
Erguven [83]

Kumar [84]

Erguven [85]

Kumar [86]

Rajapakse [87]
Yue and Wang [88]

Pan [89]

Pan [90]

Pan [91]

Yang and Pan [92]

Martin et al. [93]

Surface displacement for axisymmetric problem
(transverse isotropy)

Surface displacement due to general surface
pressure (orthotropy)

Surface displacement for plane strain problem
(orthotropy)

Displacements and stresses for plain strain
problem (transverse isotropy)

Parametric study of settlements due to a
circular footings by finite layer method
(transverse isotropy)

Displacement, stresses, and torque for
Reissner—Sagoci problem (transverse isotropy)
Fundamental solutions for torsional problems
Fundamental solutions for torsional problems
(transverse isotropy)

Deformation and shear stresses in the semi-
infinite solid for an axisymmetric torsional
problem (transverse isotropy)

Deformation and shear stresses in the semi-
infinite solid for an axisymmetric torsional
problem (transverse isotropy)

Displacement and stresses for axisymmetric
fundamental solutions (transverse isotropy)
Surface displacement and stress for Reissner—
Sagoci problem (transverse isotropy)

Surface displacement for plane strain opening
problem by finite/infinite element method
(transverse isotropy)

Displacement and stresses for the Reissner—
Sagoci problem (transverse isotropy)
Displacements and stresses due to point and
circular loads by finite/infinite element method
(transverse isotropy)

Displacement for an axisymmetric torsion
problem (transverse isotropy)

The transfer matrix approach to solve the
fundamental solutions

The vector functions and propagator matrix
methods to solve the deformations by point
dislocations

The vector functions and propagator matrix
methods to solve the deformations by general
surface loads

The vector functions and propagator matrix
methods to solve the deformations by point
loads

Fourier transforms and Stroh formalism

Analytical method

Incompressible
Incompressible
Incompressible
Incompressible

General

General

General
General

General

General

General
General

General

General

General

General
General

General

General

General

General

General

oy 10U.

Lou, v
oz or’

Yz =

(7

®)

where U,, Uy and U, are radial, tangential and vertical

displacement, respectively.

Also, the partial differential forms
equations are

aar!‘ lafrf) afrz O — 000
or r 00 0z

:R’

a‘L',A() 1 6000 a‘f()z 2‘5,,0 o

or ' r 00 ' oz ¥ ®,

of equilibrium

)

(10)
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Ve afull-space

Uz

<

Fig. 1. (P,, Py, P.) acting in a full space.

Table 3
The differences between the homogeneous and inhomogeneous
transversely isotropic elastic constants

Homogeneous [94] Inhomogeneous
E Eck
E E/e—k;
v v
v v
G Gle—k:
0t,, 1019, Q0. 7,2
rz 0z zz rz_ Z, (11)

or Tra0 ez v
where R, ©, Z are the components of the body forces
per unit volume on the co-ordinate directions, r, § and z,
respectively. A static point load with components (P,,
Py, P.), acting at the origin of the co-ordinate for a full
space can be expressed as the form of body forces:

R= % 5(73(0)8(2), (12)
Py

e = 75(}’)5(6)5(2), (13)
P.

Z = - o(r)o(0)o(z), (14)

where J( ) is the Dirac-delta function.

Substituting Eq. (1) and Egs. (12)—(14) into Egs. (9)—
(11), and adopting the strain—displacement relations
(Egs. (3)—(8)), then Egs. (9)—(11) can be regrouped as the
Navier—Cauchy equations for an inhomogeneous trans-
versely isotropic material.

0 10 1\ Ce G
{Cll<@+;a‘r—z>+r—z@+@4a—z}“

[(Cu — Cee) O (C11 + Ces) 6] Us

¥ orof r? 00

U oU, oU.
+(Ciz+ C44) kC44( T a—r“)

= 7 3(r) 6(0) 4(2), (15)

(Ci1— Ce) @ (Cii+Ceg) D U
r or oo ¥2 o0 "

o 10 1 Cyy o o?
+ [C66(a7+;ar—2> +r_2@+ C44@} Up
(C13+C44)a U. oUy 10U.

PR o]

= 050600, (16)

? 10 (Ci3 + Cuy) * Uy
€+ oG ) Ut T G

2 19 19 0’
+[C44<—+——+——)+C33 :|U

oz ror r2oe? 0z2
ouU, U. 10U oU.
k[cn 5 ( +69) + Cs3 3 }
P.
- o(r) 6(0) 6(z). (17)

In this work, considerations are given to

(1) axial symmetry about the z-axis, and the displace-
ments and stresses are independent of tangential co-
ordinate 0;

(2) only P. acting in the medium (P, = Py = 0).

Then, Eqgs. (15)—(17) will reduce to

o (2U 130 U, ’U
"o Trar 2

44 622
2
U oU. 0oU.
+(C13+C44) 44(62 or ) =0, (18)
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’U, 10U, *U. 10U.
(Ci3 + C44)< +- > + C44< =+ )

ordz  r Oz o2 ' r or
QU ou, U, oU.
*Cﬁwz%a4ar+r>+gﬂx]
P.
=——Z5(r) 8(2). (19)
2nr

In particular, the Hankel transform has found a wide
usage for solving the solutions of axisymmetric half-
space as the radial co-ordinate » ranges from 0 to oo
[98]. Hence, the displacements U, and U, in Egs. (18)
and (19) are transformed by a system of proper Hankel
transformations [99,100] with respect to r of order 1 and
0, respectively, in the following:

Uy > ) UJ(&r)
= / r dr, (20)
Ur 0 U-Jo(Sr)
where J,(¢r) denotes a Bessel function of the first kind of
order n (n = 0,1), and ¢ is the transform parameter.

[hen, Egs. (18) and (19) are rewritten by a system of
ordinary differential equations as follows:
d d?
2 *
_ — kCy — — U
|: Cllé C44 o C44 Z2:| p

d
- [(Cn + C44)& - kC44] ¢ur =0, (21)

d
{kCB + (C13 + Cyq) &} éU,*

d d? P.
_ 2 - s * 1z
+ |: C44f kC33 - + C33 22:| U; = B 5(2)

(22)

The homogeneous solutions of Egs. (21)-(22) are
obtained by solving the simultaneous ordinary differ-
ential equations as

Ur*(H) - A]e*lhfé’_|_Aze”lcfz_|_A3e(/€+u2§)z+A4e(k*u2§)Z’
(23)

U:*(H) — Blefuliz + Bzeuliz + B3e(k+uzi)z + B4e(k*”25)2’

(24)
where
S++/8?—-40 S —4/S?-4Q
uy = —_——, Uy = :
2 2
§_ C11Cs3 — C13(Cr3 + 2Cy4)
C33Cu4 ’
_Cun
Cs3'

A; and B; (i=1~4) are determined by substituting
Egs. (23) and (24) into Egs.(21) and (22). Then,
Eqgs. (23) and (24) can be expressed in terms of B;

(i = 1~4) as follows:
Ur*(H) = SlBleiuléZ + Sszeuliz
+ S3B3et297 4§y Buelhads, (25)

UX(H) = Bie 1% + Bye"1" + Byel 11297 4 Byelk—ns,
(26)

where

= —[(C13 + Cag)uy & + kCyy€]
[(—Ci1 + Caqtid)E + kCaarir €]

_ [(C13 + Cag)uy & — kCyy€)
[(—Cii + Caati})E — kCaqui&]

_ [(Ci3 + Cag)ur& + kC13¢]
[(—Ci1 + CaqtB3)E + kCaar€]
S, = —[(C13 + Ca)ur&® — kC5¢] .
[(—C11 + Caat3)E + kCaqur€]

In order to derive the particular solutions of Egs. (21)
and (22), defining two displacement functions as follows
(for z > 0, the sign of z is downward positive):

Ur*(P) — Clefuléz + Czeulcfz + C3e(k+u2§)z + C4e(k7u2cf)z’
(27)

UZ*(P) — D]efuliz +Dzeu1£: +D36(k+u2§)z +D4e(k7u2£)z'
(28)

The undetermined coefficients C; and D; (i = 1—4) can
be obtained by the method of variation of parameters
[101]. The general solutions are the sum of the
homogeneous and the particular solutions. The con-
stants B; (i = 1—4) can be determined by the condition
that the effect of the point load must vanish at infinity.
Therefore, the final resulting expressions of general
solutions for U* and UX are

«__ —P: [(Ci3 + Cag)ui & + kCya] ez
T AnChCu | w[(k + w &) — u3E

[(Ci3 + Cag)(k — ur$) — kCya] NS
w[(k — 1) — 13 ’

(29)

._ P. (C44u%§ + kCyqu; — C11&) e &z
Z 4nCy3Cu u[(k + Ulé)z - ugfz]
(Caquid& — kCaquy — C118) oty
wl(k — uré)* — u3)

(30)

The desired solutions for the displacements U, and U. in
the inhomogeneous transversely isotropic full space can
be obtained by taking the inverse Hankel transform with
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respect to ¢ in the following:

U\ L uraen
ST

31
U en b
From Egs. (29), (30), (3)—(8) and (1), the vertical and
shear stresses for axisymmetric problem in the Hankel
domain are expressed as

dU*
Ji:—(Cme;k—i—C% d;). (32)
dU*

The resulting expressions for the vertical normal and
shear stresses are given as follows:

0}

Fig. 2. P. acting in the interior of a half-space.
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Q)

3. Displacements and stresses in an inhomogeneous
transversely isotropic half-space

Since the half-space problem is of particular interest
to the geotechnical engineering, a point load acting in
the interior (including on the surface) of a half-space is
considered in this section. The solutions for displace-
ments and stresses in an inhomogeneous transversely
isotropic half-space are derived by the principle of
superposition as shown in Fig. 2. Fig. 2 depicts that a
half-space is composed of two full spaces, one with a
point load in its interior and the other with opposite
traction of the first full space along z = 0. The traction
in the first full space along z = 0 is due to the point load.
The solutions for the half-space are thus obtained by
superposing the solutions of the two full spaces. That is,

* f—
T2z 4nCy3Cy4

N

P. [C33Caatt} + (Cy + C13Ca4 — Cry C33)uy1E% + kCag(Cazud + Cp3)é e
w [k + & — 13

wl(k — 16)* — 13 é)

—uléz

o= —P. (Cr3u} + C1)E
Ay [k + w &Y — 137
I (Ci3t33 + C1)E — 2kCrzuré + K*Ci3 k-2 |
wl(k — 1)’ — i)

(35)

The expressions for displacements U* (Eq. (29)), U*
(Eq. (30)) and stresses o (Eq. (34)), 7% (Eq. (35)) in the
inhomogeneous transversely isotropic full space include
integrals, which have to be obtained by taking the
numerical Hankel inversion theorem with respect to ¢ of
order 1, 0, 0, and 1, respectively. In this study, the
inverse Hankel transforms were evaluated by means of
68 points Gauss quadrature formula [102]. The detailed
numerical integrations to estimate the displacements
and stresses will be elucidated in Section 4.

Cy3Caqtih + (Cly + C13Cas — Cri ))& — k(2C33Cagid + Cly — Cii C33)E + k2 C33Caaun e(k_uch)z} (34)

the solutions can be derived from the governing
equations for a full space (including the general
solutions (I) and homogeneous solutions (II)) by
satisfying the free traction on the surface of the half-
space. The solutions for displacements U and U in
the half-space can be directly obtained by the principle
of superposition of general solutions (Egs. (29) and (30))
by shifting |z| to |z — A| and being denoted by U/x(G) and
U!x(G), and homogeneous solutions (Egs. (25) and (26))
in which B; (i = 1—4) are denoted by B, (i = 1—4), and z
is replaced by (z — /) as follows [94]:

U, = Ux(G) + S| Bje 1% 4 8, Bje1

+ S3Bge(k+uzi)ll—/1\ + S4Bge(k_”25)|z_h‘, (36)
Uz — U;*(G) + Bllefulélth\ 4 Blzeulcf\thl
=+ Bge(k+uzi)l-’—h\ =+ Bae(k—uzi)lz—h\' (37)
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For a half-space with free traction on the bounding
plane, the boundary conditions in the Hankel domain
can be expressed in the forms of Egs. (32) and (33) as

6U*
om0 = [—CBfU* Cs3 32 ] =0, (38)
z=0
*
T |.m = [ C44(6U —5U*>} =0. (39
. 0z z=0

For solving Eqgs. (36) and (37), the coefficients B; (i =
1—4) can be determined by assuming the displacements
U, and U. tend to zero as z tend to infinity; hence, B)
and B, are both zero. However, the remaining
coefficients B} and B) are obtained by the transformed
boundary conditions (Egs. (38) and (39)) as follows:

=P JI(=Cu + Cuup)é + kCan]A1 5,
- 2 22 € )
47TC33C44 ul[(k =+ ulf) — Us¢ ]A
[(=Cui + Caqui)é + kCagun]4; ol +u)2h]
wf(k — uzf) 5 14

(40)

B _ —P; {[( Ci1 + Caqi3) — kCaqur] 43 ol 42l

o 41 C33Cy4 u[(k + u 6)2 - uzéz]A

[( Cn+ C44u2)é kC44u2]A4 2(k uy&h (41)
wl(k — ¢ — it E]A ’

where
A ={Ci3[(Ci3 + Cag)u1 & + kCysl
+ C33t[(— Chy + Caquid)é + kCaqry ]}
X {(k —wd[(Cr3 + Cag)uré — kCi3]
+[(—Ci1 + Caard)& — kCaquré]}
+ {u1[(C13 + Cag)ur & + kCus)
— [(—Cyy + Caqud)é + kCyqur]}
X {Ci[(C13 + Ca)uré? — kCi3¢]
— Cua(k — nd(—Cr1 + Caatn)é — kCaauz]},  (42)

Ay = {Ci3[(C13 + Cag)u1 & + kCyy]
— Cy3ui[(—C1y + Cagt})E + kCaquy]}
X {(k — wO(Cr3 + Cag)uré — kCy3]
+[(—Ci1 + Caqtid)& — kCaauré]}
—{u[(C13 + Cag)ur & + kCy4]
+[(—=Ci1 + Caqu)é + kCaqrr ]}
X {Ci[(C13 + Caur & — kC13¢]
— Cy(k — wO[(—Cr1 + Ca3)é — kCan]},  (43)

Ay =2k — & {Ci3[(Cr3 + Caa)uré — kCi3]
+ Ci3[(— Ci1 + Caai3)é — kCaaur]*}, (44)

Ay =2u E{C3[(Cr3 + Cag) & + kCag)?
+ Cu3[(— Ci1 + Caatr})é + kCaay 1}, (45)

Ay = — {Ci3[(Ci3 + Cag)u1 & + kCys)
+ C33t[(— Chy + Caqu)é + kCaqy ]}
X {(k — wd(Ci3 + Caa)uaé — kCi3]
— (= C11 + Cagt3)E — kCaqur €]}
+ 1 [(Cr3 + Cag)ur & + kCyy]
— [(—=Ci1 + Caqu})é + kCaar]}
x {C13[(C13 + Cag)un & — kCi3¢]
+ C33(k — i &)[(—C11 4 Caat3)é — kCyqun]}.  (46)

Finally, the displacements in Hankel domain for an
inhomogeneous transversely isotropic half-space sub-
jected to a vertical point load P, that acts at z=nh
(measured from the surface) are expressed as follows:

S
*

__—F {[(C13 + Cag)u1 & + kCy4] i élz—i
4nC3Cu | [k + i &) — ud&?
[(C13 + Cag)ur — kCi3] k=l
wl(k — wré)* — ué?]
~ [(Ci3 + Cag)un & + kCas) 4y &)
wl(k+uw ) — 374
~ (Ci3 + Cag)ui & + kCyg]4, k192 g-urh
wl(k — wé) — u3e14
~ [(Ci3 + Cag)ur — kCi3]43 olk—t38)z g £h
w [k + 1) — u3E4

[(CH + C44)u25 kC13]A4 (k up&)(z +/1)} (47)

w(k — uré)* — u3E*A

U;  4nC33Cay ul[(kJerf) —u é ]

[(—C11 + Caqrid)E — kCaqur] oU—18)lz =]
wl(k — ur6)* — 13&]

 [(=Cut + Cutd)é + kCaan] 4y e
ui[(k + w &) — U3 &4

[(=Cui + Caau)é + kCaaui] 45 elk—u&)zg—urCh
wl(k — wé)* — u3&)4

_[(=Cii + Caag)é — kCuaur] 45 elhmdzgmuich
wl(k +u &) — 134

=G+ Cag13)€ — kCaqur]44 elk— ”2€(+h)}
wl(k — 1¢)’ =134

«_ P {[( Ci1 + Caqu)é + kCyqui] o dlz—h

(48)

From Egs. (47), (48), (3)—(8) and (1), the vertical normal
and shear stresses in Hankel domain for the half-space
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Table 4

. L L . % ﬁ elk—u18)z—uséh
Terms that require numerical integrations in the presented solutions

Bessel function of first kind of order n (n =0, 1)

- . - | [(Ci1 + Ci3u3)E® — 2kCrzuné + k> Ciz] 43 clk—t28)2-1;Eh
—uiéz 3 (k—u38)z 3
A K tmEe | rende A s ende w [k — w16 — u3&] 4

M, (En) dé e, () dé ‘

[(Cll + CIS“z)f — 2kC3url + k* Ci3] 44 (k u2c)(z+h)}

P
/m wl(k — uréy? — u2é? 4

*© 1
/0 kA4 (uy — u2)é

(50)

e e (Er) A& ekmd= g, (¢ér) dé&

¢ ¢ ¢

The displacements U* (Eq. (47)), U* (Eq. (48)) and
stresses o (Eq. (49)), 72 (Eq. (50)) in the inhomoge-
neous transversely isotropic half-space can also be
obtained by taking the numerical inversion of Hankel
- 2 o . 2 e theorerp with res'pect' tq & of 01Tder 1', 0, 0, and 1,
A M (Er) dé N 27 Ju(Er) dg respectively. The infinite integrals involving products of
Bessel function of the first kind of order n (n = 0, 1), an

exponential function, and a polynomial, in Egs. (29),

ek (¢r) dé (30), (34), (35) for the full space, and in Egs. (47)—(50)
for the half-space, are listed in Table 4. It seems that
several terms in Table 4 cannot be given in closed form
that requires numerical integrations. The related numer-
ical procedures to calculate the induced displacement

e, (Er) dE e, (Er) e

[ —
o Kk —w) Jo k+( —w)é

22

S —uéz
/0 m € Ju(Er)dg

¢
/0 k+ @ — )

can also be expressed as and stress in an inhomogeneous transversely isotropic
ot P. [(C33Caat} + C}y + Ci3Cas — C1i C33)ur & + kCaa(Catad + Cr3)¢] i El—h
T 4nCyCy ui[(k + w &) — udé?)

[(C33 Cagtid + C3 4 C13Cyy — Cpy C33)urE — k(2Cs3 C44u2 + Cl — C11 C33)E + k* C33 Caqun) k-1

wl(k — u28)* — U3
[(C33C44u1 + CH + Ci3C4 — Cpy Ci3)un & + kC44(C3zu1 + Ci3)dl 41 &)
[k + u &) — u3& 4
[(C33C44u1 + Ch + Ci3C4 — Cpi C33)un & 4 k(C13Caq + Cri C3)E — K2 C33Caqui] 42 k= )=y
wl(k — w¢)* — u3e] 4
(&5 Caats + Cl + C13Cas — Cpy Ci)ur & — k(2C33Caati3 + Cy — C11 C33)E + k> C33 Caatin] ﬁe(k_uzg)z_,,lgh
ml(k — &)’ =3¢ 4
 [(C33Caqtd + Cl + Ci3Cas — Cii Ci)ur&® — k(2C33 Caarid + Chy — Cri Cxa)é + k2 Ca3 Caqur] ﬁe(k_uzcj)(zw)}
wl(k — )’ =i’ 4 ’
(49)
«  —P (Ciy + Craud)& e half-.space by a vertical point load will be illustrated in
T = 4nC33{u1[(k ey — u%fz] € Section 3.

[(Cii + Ci31B)E — 2kCr3uné + k> C3) k-8
wf(k = uré)’ — ulé]
(Cu+ Ca)& 4 At e
ui[(k + u &) — “252] The integrals in Table 4 involve polynomial, expo-
nential function, and Bessel function of the first kind of
[(Cii + Ci3uD)&E — k(Ci3 + Caa)ui & — k2 Ci3) X

S order n (n = 0, 1). It seems that several terms cannot be
wf(k —upd)” — uyl’] presented in closed form because those where the

4. Numerical integrations
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integrand includes Bessel functions are perhaps the most
difficult to evaluate analytically in engineering analysis.
Besides, the Bessel function is an oscillation function;
numerical integration is often far from straightforward
as an adequate level of computational accuracy can be
difficult to achieve [98]. According to the aforemen-
tioned reasons, various algorithms, like numerical
quadrature, logarithmic change of variables, asymptotic
expansion of the Bessel function, and projection-based
methods have been published [103]. Early attempts at
numerical evaluation of the Hankel transform were
made by Longman [95,96]. He formulated a method
based on Euler’s transformation of slowly convergent
alternating series for the numerical evaluation of
integrals. Blackmore et al. [104] divided the infinite
range of oscillatory integrals into several terms using the
zero points of Bessel function. Namely, such treatment
enabled to keep the Bessel function always positive or
negative, so that after integrating individually and
summing up all contributions, it could improve the
numerical accuracy. Davis and Rabinowitz [97] and
Evans [105] believed that both using the methods of
Longman [95,96] and Blackmore et al. [104] was the
most efficient way to solve this problem. However, Cree
and Bones [103] reviewed a number of algorithms, and
found that the projection-based methods could provide
acceptable accuracy. Recently, Lu and Perng [106]
considered that a point heat source induced thermo-
consolidation problem for an elastic isotropic medium.
They evaluated the inverse Hankel transforms by means
of 68 points Gauss quadrature formula, and concluded
that only the calculation of the first six terms of
Bessel function was accurate enough for engineering
practices.

The method employed in this work is performing
the integration over each of the first 20 half-cycles of
Bessel functions. Euler’s transformation was applied to
this series to speed up rapidly the convergence [95].
The first 20 terms of zeros of Bessel function of the
first kind of order n (n = 0, 1) are quoted from Watson
[107]. Also, the Gauss quadrature formula was utilized
for 68 points of subdivision of each interval in order
to obtain high accuracy of numerical values. The
method proposed by Longman [95] can be expressed
as follows:

o0 20 Xn+1
/0 Jo(x)dx;nz_;/xn Jo(x) dx. (51)

In each division, the 16 points of Gaussian quadrature
are adopted, and x can be transferred by

_ (Xnt1 = X)) + Xpp1 + X

5 (52)

Then, revising Eq. (51) with Eq. (52) yields the following

expression:
20
Z (Xnr1 — Xn)
2

20 Xn+1
> / Jo(x) dx=
n=0 v Xn n=0
% [i wido <(xn+1 - xnﬁ;“" Xnt1 + Xn)
i=1

In order to speed up the convergence, summing up the
values of the former ten terms, and introducing the
Euler’s transformation into the latter ten ones as

0 10 Xn+1
/ Jo(x) dx= Z/ ' Jo(x) dx
0 n=0 7 Xn

20 n—10
+ 21:1 Srio = 0:999999992, (54)

. (53)

where A is the first advancing row of differences [95],
and n is a constant ranging from 0 to 20. Thus, the
approximate value (0.999999992) calculated by Eq. (54)
is very close to the exact result (is equal to 1).

Regarding the singularities involved in Table 4, they
can be solved by means of the Taylor’s theorem
expansion as [97]

b b
foo= [0 g [0S0y, / 16 g,

a

f(t) f( )dH—f(x)logb

a

/* o~ f(x) [O-f()y, / 101 f(x)

b
+ f(x) log + 2ef"(x) + f”’(x) + -, (55
where x is a singular point, ¢ is a tiny parameter, and a, b
are the lower and upper limits, respectively.

5. Illustrative example

This section presents a parametric study to confirm
the derived solutions and elucidate the effect of
inhomogeneity, and the type and degree of material
anisotropy on the displacements and stresses. Two
illustrative examples related to a vertical point load
acting on the surface of an inhomogeneous transversely
isotropic half-space are given to show the effect of
various parameters on the vertical surface displacement
and vertical normal stress, respectively. The effect of the
inhomogeneity parameter k, and the degree of aniso-
tropy, specified by the ratios G/G’, E/E’ and v/v' on the
displacement and stress is considered. Several types of
isotropic and transversely isotropic rocks are considered
as foundation materials. Table 5 lists their elastic
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properties, with G/G’ and E/E’ ranging between | and
3, and v/v' varying between 0.75 and 1.5. The values of
E and v adopted in Table 5 are 50 GPa and 0.25,
respectively. The selected domains of anisotropic varia-
tion follow the suggestions of Gerrard [108] and Amadei
et al. [109]. The variation of the proposed solutions for
the inhomogeneity parameter k varies between 0
(homogeneous) and —0.5. The calculated results by
aforementioned numerical approaches, as depicted in
Figs. 3-6, are presented.

Based on Egs. (29), (30), (34), (35) for the full space,
and Egs. (47)—(50) for the half-space, a FORTRAN
program was written to calculate the displacement and
stress components due to a point load in an inhomo-
geneous transversely isotropic medium. The presented
solutions indicate that the displacements and stresses are
affected by the inhomogeneity parameter k, and the
degree and type of material anisotropy. In order to
check the accuracy of numerical procedures, the
comparisons are carried out with the homogencous
solutions [94] (when k& = 0), and the calculated results
agree with those to nine decimal places.

Table 5
Rock types and their elastic properties
Rock type G/G E/E v/v
Rock 1: Isotropy 1.0 1.0 1.0
Rock 2: Transverse isotropy 2.0 1.0 1.0
Rock 3: Transverse isotropy 3.0 1.0 1.0
Rock 4: Transverse isotropy 2.0 2.0 1.0
Rock 5: Transverse isotropy 2.0 3.0 1.0
Rock 6: Transverse isotropy 2.0 1.0 0.75
Rock 7: Transverse isotropy 2.0 1.0 1.5
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In this study, firstly, the influence of inhomogeneity,
and the degree and type of rock anisotropy on the
vertical surface displacement in the half-space is
investigated. Figs. 3a and b present the effect of
inhomogeneity parameter & on the normalized vertical
surface displacement (U, /P;) for Rock 1 and Rock 5, as
listed in Table 5, respectively. These figures reveal that
as the degree of inhomogeneity of a rock increases (from
k = 0to —0.5 (since k<0 denotes a soft surface, whereas
E, E', and G’ increase with the increase of depth)), the
magnitude of the vertical displacement on the surface
decreases (Figs. 3a and b). Figs. 4a—c plot the rock
anisotropic ratios of G/G’, E/E', and v/v' on the
displacement. It is evident that the magnitude of surface
displacement is decisively influenced by rock anisotropy.
Figs. 4a and b show that, for the fixed parameter k
(k=0, —0.1, —0.5), the vertical displacement on the
surface increases with the increase of G/G
(E/JE'=v/v =1, for Rocks 1, 2, 3), and E/E'
(v/v =1, G/G' =2, for Rocks 2, 4, 5). It reflects that
the displacement increases with the increase of deform-
ability in the direction parallel to the applied load.
However, the ratio v/v' (E/E' =1, G/G’ = 2, for Rocks
2, 6, 7) has little effect on the wvertical surface
displacement.

Secondly, the effect of inhomogeneity, and rock
anisotropy on the vertical normal stress in the transver-
sely isotropic half-space is studied. In order to investi-
gate the variation of ¢., point by point in the r —z
plane, the relation of two non-dimensional factors, r/z
and 720, /P is presented in Figs. Sa—d. In these figures,
increasing the value of k& (from k=0 to —0.5) for
each rock reduces the magnitude of vertical stress

Radial Distancer (m)
0 0.1 0.2 0.3 0.4 0.5

0.01 —

0.02 —

0.03 —

0.04 —

Uz for Rock 5 (E/E'=3, v/v'=1, G/G'=2) in the half-space

Rock 5 (homogeneous), k=0 .
——<—— Rock 5 (inhomogeneous), k=-0.1
——e&—— Rock 5 (inhomogeneous), k= -0.3
———— Rock 5 (inhomogeneous), k= -0.5

0.06 L | L | L | L |

0.05 —

(b)

Fig. 3. (a) Effect of inhomogeneity parameter k on the normalized vertical surface displacement (Rock 1: isotropy). (b) Effect of inhomogeneity
parameter k on the normalized vertical surface displacement (Rock 5: transverse isotropy).
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Fig. 4. (a) Effect of ratio G/G’ on the normalized vertical surface displacement (Rocks 1-3). (b) Effect of ratio E/E’ on the normalized vertical
surface displacement (Rocks 2, 4, 5). (¢) Effect of ratio v/v' on the normalized vertical surface displacement (Rocks 2, 6, 7).

considerably. Notably, the normalized stress in some
regions could be larger than one unit when k = 0 and
—0.1 (Fig. 5b). It means that the excessive compressive-
stress may appear in these media. Figs. 6a—c plot the
rock anisotropic ratios of G/G’, E/E’, and v/v' on the
stress. From these figures, the vertical normal stress
increases with increasing G/G’ (Fig. 6a, E/E' =v/v =
1, for Rocks 1-3), but decreases with increasing E/E’
(Fig. 6b, v/v' =1, G/G' =2, for Rocks 2, 4, 5). Again,
the ratio v/v' has nearly no influence on the stress
(Fig. 6¢, E/E' =1, G/G' = 2, for Rocks 2, 6, 7).

The above examples were presented to elucidate the
solutions and clarify how the inhomogeneity, and the
type and degree of rock anisotropy affect the vertical
surface displacement and vertical normal stress in the

medium. The results show that the displacement and
stress in the continuously inhomogeneous transversely
isotropic half-space subjected to a point load (on the
surface or in the interior) are easily calculated by the
presented solutions. The magnitude and distribution of
vertical surface displacement and stress are both
evidently sensitive to the inhomogeneity parameter k
(Figs. 3a and b, Figs. 5a—d), the anisotropic ratios of
G/G' (Fig. 4a and 6a), and E/E’ (Fig. 4b and 6b);
however, the ratio of v/v has little effect on the
displacement (Fig. 4c) and stress (Fig. 6¢). Hence, both
the inhomogeneity and anisotropic deformability must
be considered when estimating the displacements and
stresses in a transversely isotropic full/half-space sub-
jected to applied loads.
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Fig. 5. (a) Effect of inhomogeneity parameter k on the non-dimensional vertical normal stress (Rock 1: isotropy). (b) Effect of inhomogeneity
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dimensional vertical normal stress (Rock 4: transverse isotropy). (d) Effect of inhomogeneity parameter k£ on the non-dimensional vertical normal

stress (Rock 7: transverse isotropy).

6. Conclusions

The solutions for displacements and stresses in a
continuously inhomogeneous transversely isotropic
full/half-space with Young’s and shear moduli varying
exponentially with depth subjected to a vertical
point load are proposed in this work. These solutions
are limited to planes of transverse isotropy that are
parallel to the horizontal surface of the spaces. The
Hankel transform is employed for solving this problem,
and the desired solutions can be obtained from the
governing equations for a full space by satisfying the

free traction on the surface of the half-space. The
resulting integrals for displacements and stresses associ-
ate with polynomial, exponential function, and Bessel
function of the first kind of order n (n =0, 1) that
cannot be given in closed form; hence, numerical
integrations are required. The solutions are the same
as the Liao and Wang’s solutions [94] when the
inhomogeneity parameter k is approaching zero. It is
shown that the presented solutions are prominently
influenced by the inhomogeneity, and the degree
and type of material anisotropy. In particular, a
parametric study has been carried out for two
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Fig. 6. (a) Effect of ratio G/G’ on the non-dimensional vertical normal stress (Rocks 1-3). (b) Effect of ratio E/E’ on the non-dimensional vertical
normal stress (Rocks 2, 4, 5). (c) Effect of ratio v/v' on the non-dimensional vertical normal stress (Rocks 2, 6, 7).

illustrative examples, which has yielded the following
interesting conclusions:

(M

(@)

The inhomogeneity considered has a great influence
on the vertical surface displacement and vertical
normal stress. As the degree of inhomogeneity of a
rock increases, there is a decrease in the effect of
loading at some distance from the point where
displacement (Figs. 3a and b) and stress (Figs. 5a—
d) are measured.

The vertical surface displacement increases with
increasing deformability in the direction parallel to
the applied point load (Figs. 4a and b).

(©)

4)

®)

The vertical normal stress increases with increase in
G/G' (Fig. 6a), but decreases with increase in E/E’
(Fig. 6b). Furthermore, the ratio v/v' has little
influence on the stress (Fig. 6¢).

With increase in G/G’, the non-dimensional vertical
normal stress could become larger than one unit
(Fig. 5b, when k = 0 and —0.1). It means that the
excessive compressive stress may appear in these
media.

The magnitude and distribution of vertical surface
displacement and vertical normal stress are both
notably sensitive to the ratios G/G’ (Fig. 4a and 6a),
and E/E’ (Fig. 4b and 6b); however, the ratio v/v'
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has little effect on the displacement (Fig. 4c) and
stress (Fig. 6c).

The calculation of displacements and stresses due to a
point load in an inhomogeneous transversely isotropic
full/half-space is fast and correct by the presented
solutions. These solutions can more realistically simulate
the actual stratum of loading problem in many areas of
engineering practice. Also, they can be applied to
estimate the displacements and stresses in the media
due to an embedded point load for an end-bearing pile,
uniform skin friction, linear variation of skin friction,
and non-linear variation of skin friction for a friction
pile, respectively. Besides, these solutions based on the
assumption of axis symmetry can be extended to solve
the displacements and stresses subjected to circular, and
ring loads, etc. The results will be presented in forth-
coming papers.
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