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Analysis and Design of Integrated Control for Multi-Axis Motion Systems
Syh-Shiuh Yeh and Pau-Lo Hsu

Abstract—In modern manufacturing, the design of multi-axis
motion controllers for high-speed/high-precision and complex
machining is becoming more critical. In the past, controllers
for each axis were, in general, designed individually to obtain
desirable tracking accuracy. Although some advanced motion
control algorithms have been developed recently, they are mostly
applicable to single-axis or biaxial systems. In particular, the
design of two-axis integrated control, which includes: 1) feedback
loops; 2) feedforward loops; and 3) the cross-coupled control
(CCC), achieves significantly improved performance. However,
its applications are limited to basic linear and circular contour
commands for two-axis systems only. In this paper, system analysis
for the multi-axis integrated control structure is proposed in order
to achieve tracking and contouring accuracy simultaneously.
With the derived contouring error transfer function (CETF), the
integrated control design for multi-axis motion systems can be
formulated simply as a single-input–single-output (SISO) design.
Thus, a robust design with desirable performance for multi-axis
motion systems can then be achieved straightforwardly. Moreover,
by estimating the contouring error vector, the proposed multi-axis
integrated control can be widely applied to general contour
commands. Experimental results on a three-axis CNC machining
center indicate that both tracking and contouring accuracy are
simultaneously improved by applying the proposed control design.

Index Terms—Contouring accuracy, cross-coupled control
(CCC), feedforward control, integrated control, tracking accu-
racy.

I. INTRODUCTION

I N general multi-input–multi-output (MIMO) systems,
multivariable control theories are applied to minimize the

tracking error while maintaining satisfactory stability margins
for each control variable. However, in multi-axis manufacturing
systems, motion precision is determined by both the tracking
accuracy and the contouring accuracy, as shown in Fig. 1. In
multi-axis systems, although feedback and feedforward control
loops for each axis can be individually designed for each axis
to achieve enhanced tracking accuracy, a controller which
minimizes the mutual dynamic effects among the multiple axes
is desired in order to improve both tracking and contouring
accuracy. Pooet al.[1] indicated that matching open-loop gains
among axes results in better contouring performance. On the
other hand, feedforward control designs have been shown to
reduce servo lag and tracking errors. In particular, Tomizuka
proposed the zero phase-error tracking control (ZPETC) [2] and
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Fig. 1. Tracking error and the contouring error for multi-axis systems.

several modified ZPETCs have subsequently been proposed to
improve tracking performance [3]–[5].

Feedback and feedforward control loops have been applied to
each axis to improve tracking accuracy. In contrast, the cross-
coupled control (CCC) structure, which considers the mutual
dynamic effects among all axes, was developed mainly to reduce
the contouring error [6]. Various CCCs were then proposed for
biaxial systems [7]–[12]. However, it is difficult to extend the
available CCCs, derived simply from geometrical approxima-
tions of the contouring error, to multi-axis motion systems with
arbitrary contour commands.

Recently, Lo [13] proposed an feedback control approach for
three-axis motion systems. This approach involves transforming
the coordinates to obtain the moving basis. Chiu and Tomizuka
[14] proposed a task coordinated approach by considering all
axes as the first-order loops to obtain feedback and feedforward
control loops. However, Lo’s approach is difficult to apply and
since it lacks a feedforward control loop, its tracking accuracy
can be further improved. On the other hand, performance of a
first-order model design like Chiu and Tomizuka’s is inherently
limited in real applications. In fact, the integrated control which
includes different control structures has been proven to provide
the most reliable performance for bi-axial systems [15], [16].

In this paper, we use the estimated contouring error vector to
obtain the variable cross-coupling gains of CCC for multi-axis
systems [17]. Furthermore, we analyze the control structure
with integration of: 1) feedback control; 2) feedforward control;
and 3) the multi-axis CCC. Analytical results indicate that a
simple controller design algorithm can be obtained by applying
a novel formulation of the contouring error transfer function
(CETF) for multi-axis motion systems. Thus, robust integrated
controllers can be achieved with highly improved both tracking
and contouring accuracy. Experimental results on a three-axis
industrial DYNA 1007 CNC machine tool are provided to
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Fig. 2. Feedback and feedforward control for multi-axis motion systems.

verify that the proposed control design significantly improves
motion accuracy.

II. A NALYSIS OF MULTI-AXIS SYSTEMS

A. Design With Individual Axis

In manufacturing processes such as machining, quality is
determined by both tracking and contouring motion accuracy.
Traditionally, accuracy of motion systems is improved by ap-
plying feedback controller or feedforward
controller for each axis as shown in Fig. 2. For
feedback controllers, one may use PID, lead-lag, or modern
control designs to reduce tracking error of each axis. The
matched dc gain was proposed by Pooet al. [1] to improve
contouring accuracy in operations at low speeds. Recently,
the perfectly matched feedback control design for multi-axis
motion systems was developed through the whole frequency
range [18]. To further reduce tracking error caused by the servo
lag for each axis, the ZPETC or optimal ZPETC is suitable
feedforward control design.

To analyze tracking and contouring errors, consider the gen-
eral multi-axis motion control system as shown in Fig. 3. Here,

and denotes the tracking error and the contouring error, re-
spectively. To analyze the errors with and without CCC, the con-
touring error is further denoted asand , respectively. Other
terms are as follows:

, Axial reference position
command.

, Axial position error.
, Filtered axial position

error.
, Axial driving signal.

, Actual axial position.

, Feedforward controller of
each axis.

,
Position feedback con-
troller of each axis.

, Controlled plant of each
axis.
Column vector of geo-
metrical relationships be-
tween the tracking and
contouring errors.

Fig. 3. Equivalent 2-DOF control structure of a multi-axis motion system.

Since

the tracking error and the contouring error are derived as

(1)

(2)

Equations (1) and (2) show that the tracking and contouring er-
rors can be reduced through a suitable choice of the position
loop controller and the feedforward controller.

B. Design With Cross-Coupled Control

In addition to feedback and feedforward control loops for
each axis, we will consider the cross-coupled control (CCC)
structure [6], [10], [11] which takes into account the dynamic
effects among all the axes. Recently, Yeh and Hsu [15] inte-
grated the bi-axial CCC, feedback and feedforward controllers
to significantly improve both tracking and contouring accuracy
in motion systems with only two axes. To extend this approach
to pursue accuracy of systems with multiple axes, we introduce
the multi-axis integrated structure which combines: 1) feed-
back controllers ; 2) feedforward controllers

; and 3) the cross-coupled controller, as shown in
Fig. 4. The solid lines represent the feedback and feedforward
loops, and the dashed lines denote the multi-axis CCC structure.

are cross-coupling gains and denotes the es-
timated contouring error.

Fig. 5 shows the equivalent structure of the multi-axis inte-
grated control system in Fig. 4. denotes the estimated con-
touring error of the systemwith the CCC structure and is
the cross-coupled controller. Note that, as in (2), is the esti-
mated contouring errorwithout the CCC.

C. Formulation of the Multi-Axis Integrated Control

The terms in Fig. 5 are
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Fig. 4. Multi-axis integrated control system.

Fig. 5. Equivalent structure of the multi-axis integrated control system.

By applying the multi-axis CCC, the output signal, the error
signal , and the contouring error signal are derived as

(3)

(4)

(5)

Equations (4) and (5) indicate that the feedforward controller,
the feedback controller and the cross-coupled controller
can be designed to simultaneously minimize the tracking error

and the contouring error . The feedforward controller and
feedback controller can be designed simply by using propor-
tional integral derivative (PID) and ZPETC, respectively. How-
ever, design for the multi-axis CCC, including the variable gains

and the controller , have not been previously developed.

III. V ARIABLE GAINS OF THE MULTI-AXIS CCC

Koren and Lo proposed the variable-gain CCC for bi-axial
system with simple geometrical relationships between the
tracking error and the contouring error [10], [11]. However, the
method was developed for biaxial systems cannot be directly
applied to motion systems with multiple axes. In the present
approach, a new algorithm featuring real-time estimation of
the contouring error vector is adopted to determine the CCC
variable gains [17].

Consider the geometric relations among an arbitrary contour,
the actual position , and the reference position in three-di-
mensional (3-D) space as shown in Fig. 1. In multi-axis CCC,
we wish to minimize the contouring error by applying suitable
compensation components to each axis. In general, it is diffi-
cult to obtain the exact contouring error vectorin real time
for multi-axis systems. However, the magnitude and direction
of the contouring error vector, as shown in Fig. 1, can be ap-
proximated simply by the estimated contouring error vector.

is defined as a vector from the actual positionto the nearest
point on the line passing through reference positionwith tan-
gential direction . The estimated contouring error vectorlies
on the plane expanded by the tracking error vectorand the nor-
malized tangential vector, and is perpendicular to the normal-
ized tangential vector. In fact, when the tracking error of
the motion systems is small enough, the contouring error vector

can be properly approximated by the estimated contouring
error vector . Define the normalized estimated contouring error
vector as

(6)

where

(7)
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or (8)

(9)

The relation between and can be derived from (7)–(9) as

(10)

By substituting (10) into (8) with the practical limit that the
angle between this vector and the tracking error vector is within

, and are obtained as

(11)

(12)

As shown in (6), the magnitude of the estimated contouring
error vector is the inner product between the normalized esti-
mated contouring error vector and the tracking error vector

(13)

Where . The compensation direc-
tion for a given axis is the cross-coupling gain in the CCC. As
long as the tracking error is small enough, the cross-coupling
gains can be directly obtained as the elements of the normal-
ized estimated contouring error vector. The cross-coupling gains

for multi-axis motion systems are, thus,
directly determined as

IV. DESIGN OF THECCCIN THE INTEGRATEDCONTROL

A. Multi-Axis Contouring Error Transfer Function

Applying the inversion lemma to (5), we have

(14)

By substituting (14) and (2) into (5), a relation between the es-
timated contouring error,with andwithout the CCC denoted as

and , is obtained as

(15)

Since

Equation (15) can be represented in a more compact form as

(16)

Define the equivalent controlled plant, in which all models
and parameters are known, and the desirable transfer function

as

(17)

then, (16) can be further represented as

(18)

The transfer function is named the contouring error transfer
function (CETF). It constitutes the response of contouring error
betweenwith andwithout the multi-axis CCC [15]. From (18),
it is clearly desirable to design a cross-coupled controllerso
that the contouring error can be further reduced to . The
control design problem for the multi-axis motion system now
becomes the general single-input-single-output (SISO) control
design for obtaining a desirable sensitivity function.

By including the feedback loop, the feedforward loop, and the
proposed multi-axis CCC, we obtain an integrated control which
minimizes both tracking and contouring errors. The design is
summarized as follows.

Algorithm: The Integrated Controller
Design
Step 1. Design the feedback controller
individually for each axis with matched
dynamic properties.
Step 2. Design the feedforward controller

for each axis to reduce the tracking
error.
Step 3. Design the cross-coupled con-
troller and the CETF to further reduce
the contouring error.

B. Stability Analysis

The stability of the multi-axis integrated control system is
considered in the following lemma.
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Lemma: If the multi-axis integrated controlled system is de-
signed to meet the following requirements:

(A1) the position loops which include feedback and feed-
forward controllers as shown in Fig. 3 are designed to be
bounded-input–bounded-output (BIBO) stable;
(A2) the CETF remains stable as the cross-coupling
gains are varied;

then the designed multi-axis integrated control system is BIBO
stable.

Proof: Since the tracking error as in (4) is

(19)

and the CETF is

(20)

the characteristic roots of the integrated system can be divided
into two parts: 1) the term ,
which is determined by the position loops and 2) the term

, which is deter-
mined by the CCC loop as shown in (19). Since all the designed
feedback loops, feedforward loops, and CCC meet require-
ments (A1) and (A2), all poles of the integrated multi-axis
system are stable and the system is, thus, BIBO stable.

Because the multi-axis CCC includes cross-coupling gains
which vary within the range and depend on the path
trajectory, the integrated system under discussion is a param-
eter-varying motion system. In general, the stability of param-
eter-varying systems is guaranteed when parameters vary slowly
[19], [20]. In practice, multi-axis motion control systems are
typically applied to processes with slow contour motion such
as fine machining.

Fig. 6. Experimental setup.

V. EXPERIMENTS

A. Experimental Setup

The experimental setup of a three-axis DYNA 1007 CNC ma-
chine center is shown in Fig. 6. A PC-486 generated the main
control commands and recorded the signals including: the input
commands for different contours, the implementation of a vari-
able-gain CCC, and the control inputs to the velocity loop of
the AC servo motors. The PC-486 interface utilized an AD/DA
card to send and receive the control input and position output at
a sampling period of 1 ms.

To identify the controlled plant of each axis, the axial control
input was given a pseudorandom binary sequence (PRBS) and
the plant was modeled using the ARX model [21] as shown in
the equation at the bottom of the page.

B. Control Design

The following four control structures were tested:

Case 1) system with feedback control only (feedback);
Case 2) system with feedback and feedforward control

(feedforward);
Case 3) system with feedback control and multi-axis CCC

(CCC);
Case 4) system with integrated controller including feed-

back, feedforward, and CCC (Integrated).
To achieve both stable motion and matched dynamic prop-

erties for the uncoupled system [1], the proportional position
feedback controllers were set at



380 IEEE TRANSACTIONS ON CONTROL SYSTEMS TECHNOLOGY, VOL. 11, NO. 3, MAY 2003

Fig. 7. Frequency responses ofKK .

Fig. 8. Three-axis contour commands[17].

To further reduce tracking errors, the optimal ZPETC [5] was
applied to each axis as shown in the equation at
the bottom of the page.

Then, we designed the multi-axis CCC. To maintain system
stability as cross-coupling gains vary, the designed gain margin
and phase margin were chosen as 40 dB and 90, respectively.
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Fig. 9. Experimental results of the three-axis motion system for different structures: Case 1): P controller (dashed). Case 4): integrated controller (solid).

TABLE I
EXPERIMENTAL RESULTS OF THETHREE-AXIS MOTION CONTROL SYSTEM

The QFT algorithm [12] was applied to obtain a robust CCC
design

and the obtained frequency responses of , shown on the
inverse Nichol’s chart in Fig. 7, easily meet the conservative
design specifications as varies within .

C. Experimental Results

The present position commands performed an inclined cir-
cular contour with a 18.75 mm radius at a speed of 600 mm/min
for the three-axis machining center, as shown in Fig. 8 [17].

Experimental results for four control structures are shown in
Fig. 9 and Table I. Compared with the well-tuned P control
structure provided by the manufacturer, results indicate that
contouring accuracy is greatly improved but the tracking ac-
curacy is about the same by applying the CCC only, as in
Case (3). Moreover, results also indicates that tracking error in
Case (2) is significantly reduced as the feedforward controller
is applied; however, the contouring error is about the same if
the CCC is not applied. Similar to results obtained for biaxial
systems [15], the present integrated control as in Case (4),
which is formulated for general multi-axis systems, including
all feedback loops, feedforward loops, and CCC, provides both
the best tracking and contouring accuracy simultaneously as
shown in Fig. 10.
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Fig. 10. Tracking and contouring errors in rms.

VI. CONCLUSION

In this paper, we provide analysis and systematic design pro-
cedures for the integrated controller. Since the tracking error is
reduced by applying the feedforward and feedback controllers,
the contouring error accordingly decreases. Furthermore, the
formulation of CETF for integrated control systems leads to an
efficient design as in a simple SISO control system. The robust
design of the integrated system provides sufficient stability mar-
gins to overcome the parameter-varying control design problem
in real applications. Note that although the proposed multi-axis
integrated control design is based on the decoupled motion axes,
the proposed approach is also suitable for MIMO motion sys-
tems with prior decoupling control. Theoretical analysis and ex-
perimental results show that the proposed formulation and con-
trol design significantly improve motion accuracy for multi-axis
motion systems.
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