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Call Performance for a PCS Network

Yuguang FangStudent Member, IEEBmrich ChlamtacFellow, IEEE and Yi-Bing Lin, Senior Member, IEEE

Abstract—It is well known that, due to the mobility of a evaluate this behavior in a PCS network, the following three
portable and limited channel availability, calls of portables may possibilities need to be considered.
not be completed due to being blocked or terminated during the . . e .
call initiation or the handover process. The characteristics of the ~ * The call is blocked at its call initiation, and is never
call-completion and call-holding times for both a complete call connected (&locked new cal
and an incomplete call are of critical importance for establishing » The call is connected, successfully makes one or more
the actual billing process in the PCS network. In this paper, handovers, but is forced to terminate before its completion

we derive the call-completion probability (hence, call-dropping . .
probability) and the effective call-holding time distributions for because of the lack of an available channeli(@omplete

complete/incomplete calls with a general cell-residence time and call).
a general call-holding time are analyzed, and general computable « The call is connected and completedc@mplete cal).

formulas are obtained. We show that when call-holding times are | PCS t ideall ishes to all Il calls t
Erlang distributed, easy-to-compute formulas for the probability na system, one ideally wishes 1o allow all calls to

of a call completion and the expected effective call-holding times be completed. Clearly, in the presence of channel availability
for both a complete call and an incomplete call can be derived. limitations, this objective is not obtainable at all times. As an

Index Terms—Call blocking, call-holding time, call pricing, cell ~ alternative, one wishes to make the call completion probability
residence, PCS. as high as the grade of service (GoS) needed.

When defining the right objective, a major practical consid-
eration is obviously pricing. The use of the same flat rate for
both complete and incomplete calls is unfair and commercially
Apersonal communications servicg2CS) network allows nattractive. To stay competitive, a PCS network provider

users to communicate as they move [2], [8], [10], [17}nay apply discounts for calls that were not completed [12].
[18]. In this network, a large number of customers can W& ever, since incomplete calls may spend significant time
served using spectrally efficient cellular systems [10], [18]. 'Hsing PCS network resources, it is also impossible for the
this system, the service area is popqlated with base statio‘!%\,ider to apply a constant discount rate to all incomplete
The coverage area of a base station is calle@la The users 45, |n order to determine a reasonable (if not optimal)
(the mobile phone or mobile computer) in a cell communicaigscount factor, it is therefore necessary to know for how long
via radio links tq base stations. When a new call Is orlglnat%gca" (either complete or incomplete) has used the network.
and attempted in a cell, one of the channels assigned 10 )&, qyration of the requested call connection is referred to as
base station is used for the communication between the mojle .| holding time The duration of an actual call connection
portable and the baS(_a station as Iopg asa chqnnel IS a"a"aRJPan incomplete call will be callethe effective call-holding
When all channels. in a cell are in use while a new Catlame of an incomplete callwhile the duration of an actual
(or handover call) is attempted in the cell, the call will b%all connection of a complete call will be call¢ke effective
blocked and cleared from the system. When a call getsg&ll-holding time of a complete callt is obvious that the

channel,_ it will keep the channel untll |ts_complet|on, or unti ration of a requested call does not depend on the PCS
the mobile moves out of the cell, in which case the chan

il b | df h When th bil il twork; it only depends on the mobile user (how long he
will be released for other use. When the moblle MOVes INfGiopeq 19 maintain the call). For simplicity, we will term
a new cell while its call is ongoing, a new channel nee

Ris duration thecall-holding time as this is consistent with

to'be acquired in the new cell fpr further com'munlcat'lor{he ideal case when there are infinite nhumbers of channels
using a handover procedure. During handover, if there is no .
) ; W _— ... and the handover procedure does not affect the duration of a

channel available in the new cell for the “ongoing” call, it is . . . S
: ; : connection. In reality, the number of radio channels is limited,

forced to terminate before its completion [8], [10]. In order tQ : .
and the handover procedure does come into play. The duration

of an actual call connection will depend on the PCS network:

. . . . ) itks traffic situation, channel availability, etc.
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the probability that a call is successfully complete) and the a cell may be highly variable due to the mobile speed and
expected effective call-holding times of a complete or amotion and the geographic situation in the cell. For example, in
incomplete call. This paper deals with second-level modein urban area, the routes the mobile users take may be highly
ing. The extension of our results to the first-level modelingregular. The rate of the residence times is used to describe
is possible, and will be treated in a separate paper. Sirtbe mobility of the mobile portable.
existing cellular systems are typically engineered at 1-2%In the traffic models studied in the literature, the call-holding
new call-blocking and forced termination, these default valuéismes are assumed to be exponentially distributed for reasons
may be used as the reference input parameters for secopfdractability [6], [21]. Under the assumption of exponentially
level modeling. However, the call-completion probability andistributed call-holding times, Liet al. [13], [14] studied the
the expected effective call-holding times cannot be derivgrformance of channel assignment strategies, and obtained
directly from these two parameters. Both the cell-resideneaalytical results for forced termination probability and new
time and the call-holding time distributions must carefully beall-blocking probability. Under the same assumption, Lin and
chosen to reflect the real systems. In our model, a general c@lhlamtac [12] analyzed the call-completion probability and
residence time distribution is considered, which can be ust expected effective call-holding times. However, as pointed
to accommodate any real PCS system. The selection of @ig by Guerin [4], the most commonly used assumption for
call-holding times was in the past typically assumed to be efiading the blocking probabilities, i.e., the channel occupancy
ponentially distributed. Such an assumption may be reasonatiiiee is exponentially distributed, may not be valid for some
when the calls are charged based on the lengths of the cagllular networks. The reason for this is that either the call-
holding times. The assumption is no longer valid, howevdnolding times or the cell-residence times are not exponentially
for the modern telephone services which apply flat-rate billif§jstributed. Zonoozet al. [22] used the generalized Gamma
programs. Flat-rate billing encourages people to make loflptributions to model the cell-residence times.
calls (for example, people may log on from their PC’s at home In this paper, we study the case of PCS networks using the
to main computers in the companies through local telephofiéneralized assumptions above. For this generalized model,
calls, and sometimes keep the connections for several day¥j. obtain formulas for the call-completion probability and
Thus, with current communication environments, long taile distribution (its Laplace transforms) of the effective call-
are observed for the call-holding time distributions. In recefolding times of both complete and incomplete calls, from
telephone network engineering [1], lognormal distribution&hich expected effective call-holding times can be derived.
[5] have been used to approximate the wireline call-holding/hen the call-holding times are Erlang distributed, easily
times. For most existing cellular systems, the wireless cafl§mputable formulas are given and recursive algorithms are
are charged based on the call-holding times, and these systégieloped.
can be appropriately modeled with the exponential call-holding
time distribution [13], [14]. However, for future PCS systems II. CALL-COMPLETION PROBABILITY
(especially the low-power PCS syster_n; such as CT-2 [19]’|n this section, we study the call-completion probability.
DECT [3], or PACS [16]), flat-rate billing programs have . i .
been proposed. Thus, it is very important that we follow thFérewoust, I._|n and Ch!qmtac [12] obtained a fo_rmula for the
call-completion probability for a PCS network with a general

wireline telephone. ngtwgrk engineering approach, thgt 'S, Uidence time distribution and exponential call-holding time
a more general distribution to represent the call-holding ti

o Mfistribution. Here, we generalize these results to the case when
distribution.

. . . call-holding times have a more general distribution.
In order to determine the call-completion probability and the We first consider the effective call-holding tintefor an

effeqnvg caII—hoIdlng.ume's, we nged .to know the Ca”'.arr'valhcomplete call. Fig. 1 illustrates the timing diagram for the
distribution, call-holding time distribution, and cell-residenc

®all-holding time, wherd} is the time that the portable resides
time (i.e., a mobile stays in a cell) (reflecting the frequency f Ing time, wherd, | ! P !

" : : cell 1, and¢; (¢ > 2) is the residence time at cell
handovers or the mobility of a mobile portable). We will cal (=232

the durati f I . Il theell-resid i According to our assumption},ts,- - -, x, - - are i.i.d. Let
€ duration of a ca® in & given cet “fesidence ime 4. have nonlattice density functiofi(-) with mean1/r, and
In this paper, we will use the following assumptions.

let f*(s) be the Laplace transform of(-) (we will use *

* The call arrivals form a Poisson process. to denote the Laplace transform following the tradition [9]).

* The cell residence times (the intervals that a portable staygppose that a call for the portable occurs when the portable
in the cells) are independent, identically distributed (i.i.di} in cell 1. Lett; be the interval between the time instant

with nonlattice distribution. - . ~ when the call arrives and that when the portable moves out
. The call-holding times are i.i.d. with nonlattice distribuqpf cell 1. Letr(¢,) andr*(s) be the density function and the
tion. Laplace transform of the distribution, respectively. From the

The last two assumptions are a generalization of convarenewal theory [9]¢; is the residual life of the cell-residence
tional analysis assumptions (e.g., the commonly used expiore of the portable in cell 1, so we have
nential distribution satisfies these two assumptions), and are o
chosen to fit the emerging PCS networks. The cell-residence r(t) =7 / f(r) dr (1)
times should be general since the time the mobile may spend t1
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Fig. 1. Timing diagram for a forced terminated call /ath handover.

r*(s) = ﬂ [1— F*(s)]. (2) wheref,(t.) is the density function of the call-holding times.

In the last equation, the term ifi} is the probability that

Consider the effective h0|d'”9 time= ¢, +ty+- - -+, Where 4 cajl js forced to terminate at thiegh handover (notice that
Jr(t) and f{(s) are its density function and Laplace transformpe cajl is connected with probability— p,, and then makes

Sincet; (i = 2,3,---,k) are i.id, it is easy to derive k —1 successful handovers with probability— p)*~* and is
k forced to terminate at theth handover with probability ). In
fi(s) =E|exp <—8 <T1 + Z ti ))] the following derivation, we use the inverse Laplace transform
i=1 formula. We will uses to denote the real number with
=r*(s)[f*(s)]" " appropriate meaning used in the inverse Laplace transform
_n 1= D) 3) formula [11]. From (4), we have

Let p, be the probability that a new call attempt is blocked
(i.e., the call is never connected), lgt be the probability ;| _

. . . Do — DPe
that a call is completed (i.e., the call is connected and = poo [ o+joo
completed), and lep; be the forced termination probability = (1-po)py Z / [— / fi(s)e ds}
or the probability that no radio channel is available when a k=170 215 Jo—joo
handoff call arrives. Then the probability of an incomplete call w1l 7 dt | at
(i.e., the call is connected but is eventually forced to terminate) (A-py fe
p; is 1 —p, — p., which can be expressed as otjoo oo
Hopin ()@= pp)
1 —p, — p. = Pr(call is not blocked, makingk — 1) o | Py
handoffs and blocked dith handoff -
o0 et ds {/ fe(te)dt } dt
=Y (1=po)(L=pp)*'py y
i _ (1-popy /°° /"*J“
Pr(ti+ta+ -+t < t.) 2mj 0 Jo—joo
=3 (1 =p) (1 =)y / fi(®) : [Z A= PN P = pp)h ]
k=1
Pr(t.>tti+-- -+t =1t) dt
Bz [ ]
= 1—po)(1—ppFt / (t
;;( po) (L =psp)" "py fi(t) (1_popm
- Pr(t. > t) dt (independency)
o - 0'+JOO 1 _ f*( )
=D IEAIE LT A ;
et 0 T—joo k=1
: [/ Je(7) df} dt 17 (s) (@ —pf)]’“*] e
0
> { [ w-pnera-p-a as| [T i a
k=1 t
o0 (L =po)psn [T /"““’ 1—f*(s)
. o(te) dt.| dt 4 =0 E—
{t Jelte) } } @) 27y 0 o—joo s



FANG et al. CALL PERFORMANCE FOR PCS NETWORK 1571

1 t UOO } Theorem 1: The probability that a call is completed is given
. e ds (te) dt.| dt
—a-pre” @l S by
_ (L=po)psm /"“m L= /*(s) (L= f* () f2(=3)
- j ; —(1- * pe=(1—po)|1+nps Res < (7
20721 7=je0 s[1 = (1 —ps)f*(s)] ( ) Y i $2[L=(1—ps)f*(s)]
' {/0 et u fete) dtc} dt} ds. (5) whereRes,_, denotes the residue at paje= p.

j o Remark: Since f*(s) is analytic and bounded by unity in
Assume that the, is such that™* [[™ fe(tc)dtc <M < oo the right half complex plane, thel — f*(s))/s2[1 — (1 —
for any t (this will be true for most interesting distributionspf)f*(s)] is analytic in the right half plane; hence, the function
with finite mean); then, choosing < o1, we have (1— £*(8))f*(=s)/s%[L — (1 — ps) f*(s)] has the same poles

<l [T (including multiplicities) as the functiotf*(—s) in the right
/0 ¢ /t Fe(te) dte| dt half complex plane. In the computation of the residue in
0 0 Theorem 1, we only need to consider the poles and their
:/ Gat/ fe(te) dtc| di corresponding multiplicities.
O.oo ¢ . Next, we show how to compute. for a few specific cases.
:/ e~ (o1t e‘”/ fa(te) dte| dt If the call-holding times are exponentially distributed with
o t density functionf.(t) = pue™**, then its Laplace transform
<M / e—(o1=a)t 1 is given by f*(s) = p/(s + 1) which has a simple polg in
- MO the left half plane. From Theorem 1, we obtain
= < Q. _ f* *(_
oL=0a pc:(l—po) 1+77pf SF\;eS 2(11 fl(s))fC(*S) ]
Moreover, we have I ped. L= A=pp)f*(s)]
= = [ (L= f*(s)u/(=s + 1)
/0 et /t fo(te) dt. dt =(1-p,) _1 +py Res S = (1= p) )] }

1, ™ ® 1 L d 1 — o) 1 i (s — (1—f*(8))u/(—8+u)}
_ s _ = st & = Do 4+ lim (s — i
c [ s = [T R L P ETRIRO)
e [ nps(L— f* (1) }
. =(1-p,)|1— . (8)
[ gt dvea S T
_ 1 +1 oo ¢ F(t) dt = fH(=s)—1 This is obtained in [12] using a different approach.
s s o ¢ N s ' Assume now that the call-holding times are Erlang dis-
Taking this into (5), we obtain tributed with the following density function:
otico " tc m—1 B
1_po_pc:n(1—pg)pf/+1 1— f*(s) fc(tc):%ae ate m=1,2,--
2mj o—joo S[L=(L=ps)f*(s)] _ ' _
fr(=s)—1 where m is the shape parameter amd= mpu is the scale
'%d parameter. This density function has the following Laplace
1 o+joo transform:
=-7n 1— Po)Pf =—— / m
( )Py 25 Sy joo £5(s) :< j: )
A== (=) - e
s2[1 — (1= py)f*(s)] ' and f*(—s) has a unique pole at in the right half complex
Since f*(s) has no poles in the right half complex pIanePlane' Let .
I(1—ps)f*(s)| < 1. Let 0. denote the set of poles ¢gf(—s) g(s) = 1= f*(s) )
in the right half complex plane (i.eso. = {—z|z € 0.} is s?[1= (1 —=pp)f*(s)]

the set of poles of;(s) in the left half plane). Choosing the As we remarked before, this function is analytic in the right
contour that includes the vertical line= o and the semicircle half complex plane. From Theorem 1, we obtain

Cr = {2z =0+ Re®| — /2 < 6 < 7/2}, noticing that the

integrand in (6) is on the order af/ R? asR — oo, and using pe =(1—p,) {1 +npy 3659(3)(_ a ) }
the Residue theorem [11], from (6), we obtain = s +10‘
. d’nl—
1—po—pe=—n(1—p,)py =(1-p,) {1 + (mmifl)! fm -
(1 - f"(s) (A = f&(=5)) (
.{ — Res ¢ A (AN (e — A g 8)
{ b SRR IRO) (e -ar 255
from which, and the fact that the residue of an analytic function =(1-p,) [1 F (=)™ _"Ps__ g(m—l)(a):| _
is zero, we finally arrive at the following. (m - 1)!
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Thus, we have the following. Since we havg(s)h(s) = 1— f*(s), differentiating both sides
Corollary 1: For a PCS network with Erlang call-holdingand applying (12), we obtairp(> 0)

times, the probability of a call completion is given by »

P) ()BT () — — @)

) g ()R (s) = = [T (s).
pc=<1—po>[1+<—a>m%gw—”(a)} (©) 2 <

From this, we obtain the following recursive algorithm to

where g™~ (a) denotes the derivative d@fn — 1)th order. computeg(™=1(a):

Whenm = 1, we have

1— (o)
= (1= po)[1 - mpsg(e)] 90 =5
:(1_p){1_ npy(1 = f*(a)) } Ll
ofl— (= pp) @] ) PP+ () (@)= (a)
this is the same as (8(= y in this case), which is not 9% (a) =— = ) (p>0).
surprising because the Erlang distribution is exponential when (14)
m = 1.
Whenm = 2, note that Thus, using (13) and (14), we can easily compyte—)(«)
J(s) = d 1— f*(s) and hencep. from Corollary 1.
ds \ [ = (L= p,)F*(5)]
B f*(l)(s) 21 — f*(s)) Ill. THE EXPECTED EFFECTIVECALL HOLDING TIMES
_32[1 —(1=pp)fe(s)] - $3[1—=(1—pg)f*(s)] In the preceding section, we discussed the probability for
(1-pp)(1- FH)) O (s) a ca_II to complete. However, this quantiFy doe_s not address
+ SA-(A=p)/ G the time needed for a call to complete. It is desirable to know
/ how much time is needed for a complete call to finish, and
Thus, from Corollary 1, we obtain how much time an incomplete call spends using the resource
(bandwidth) so that an appropriate pricing scheme can be
=(1=po)[1 +psaty (a)]
Pe =11 = Do g . devised. In this section, we present a solution to this problem.
—(1- po){l _ e = [ (e) } Similar to the argument in [12], the density function for the
afl = (1 —pp)f(a)] effective call-holding time of an incomplete call that is forced
FO(@)/a+ (1 - f*(a))/a? to terminate is given by
—a(l- po)npf{
1—(1=ps)f*(a)
(L —pp) (L= f (@) f* D)/ < ) [Z Fr(®) (1 =po) (L =pp)* oy
- (1= =pp)f*()]? '
(10) _ “f(t)dt]
It is observed that as: increases, the computation becomes i
much more involved. We will give a recursive algorithm for _ 1—1p, = A (1 k1
the computation of;™(«) which is needed in Corollary 1. “\1-p.—p, Z Fe@) (L=pp)"py
Let =t
hs) = (1= (L=pp)f*(5)) an ARG dtc] (19)

Using the formula wherep; = 1 — p, — p. denotes the probability of a call to be

P ‘ ‘ incomplete ang.. is computed in the last section. In the first
(uv)®) = Z <p> u@DyP=) (12) equation, the term under the summation is the density that the
=0 \* call is forced to terminate aftgf handovers.
we obtain Next, we want to find the Laplace transform @f =) from
which the expected value can be easily obtained. From (15),
ha) =a®[1 = (1= pp) ()] we have

hD(a) = —a2(1 = p)f V()

20l = (1= p) (@) i) = [ e

B2 (a) = —a2(1 = pg) "D (a) — da(1 = py) O (a) CQmpr [T g et
Lol - (1 pp)f(al)] ‘ / 2 HOG =)

WP(a) = =a*(1=pp)f*P(a) = 2pa(l —pp) f*0~D(a) R PN
—p(p-1)(L—pp)f* " (), p>3. (13) / felte) de
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1_ o o+joo 0 2), '. Gz L .
p pfz/ [2 J/ *(S)estds} plane are those of*(—s+ z), i.e., {z +p|p € o.}. As in the
YW,

k last section, we obtain the following.
Theorem 2:
. G_Zt(]. - pf)k_l |:/ fc(tc) dtc:| dt g$(7) — _77(1 — po)pf
oo L 1- Po — Pe
Sl A A o = (L= f () Url=s+2) = 1)
fi(s) (1 =py) . R c - . (18
2pimj ; =5 Sl - (=) ) (18)
celmAt g U folte) dtc} dt Now, assume that the call-holding times are Erlang dis-
oo tributed with parametefm, «). Then f*(s) = («/(s + a))™.
(1 =po)ps / / Let
2pimy - f*
g1(s) = L= () . (19)
S Ta- renr e - AR
s Ps Then, from Theorem 2, we have
o0 N ]_ o
At s [ / fe(te) dtc} dt g (2) = %Sﬁﬁi 91(s)
_(L=po)psm / /"*m <L) 1
2pimj ) —SsS+2+«
sS—z
- [Z LS8 sy —pf>1’“—1]
k=1 5 — _(_1)771 anln(l - po)pf
(5=t gg [ / fc(tc)dtc} dt pi ()
g1s
- R
(L= po)pysn / /"*m 1-/"(s) s=rtn (5= 2)s — (z+ Q)"
m _ m—1
2pl7rJ :(_1)nl—la 77(1 po)pf hIn d
(m - ].)'pZ s—z4a dsm—1
T e
— — m 1
| . ) dt | d I =
eve _ m—1 O/nn(]' - po)pf .
5 =(-1) — . lim
(1 =po)psm /U ” 1—f*(s) 1 (m—=1lp;  s=z+a
- . . — (1 — * dm- 1
RN I DIRC) W{; gl(s)}
{/ o=t [/ Je(te) dtc} dt} ds. (16) mo(1 m—1
0 t :(_1)m—1 @ 77( —po)pf lim Z
— In. s—z+a
Similar to the argument in the last section, we have (m — 1)lp; eI
()
oo e m—1 1 (m—1—j)
(s—2)t . . g S
/0 e /t fe(te) dt. dt < j )(S_Z) 1 (s)
1 1 /oo (s—2)t Oéan](]. —p )p m—1
= - + e Pt dt (=1 & RS T Po)PF
s—2z Ss=2 Jo (=1) (m—1)lp; S—lgr-ll—a ]Z_:O
(—=s+2)—1 : -
R (=1 (D ey
~ j (S _ Z)j+1 g1 (S)
Taking this into (16), we obtain me1l
. — (_1)m—1 amn(l - po)pf m—1
=Py [T 1 () (m-Dipi 2\
i(2) = Q0T G 1 1 * Jj=0
PiT] og—joo 3[ - ( - pf)f (3)] (_1)JJ' (m—1—j)
el =L, (17) T A (z+a)
S—2z m—1 i
_ {1 —po)ps (=)™ 1)
Note that == JZO T % (z +a)
. fi(=st+2) - (1) 1
lim 7\ I TE T2 _ -
s s— 2z fe70) n(1 popf Z c'x (1)7—1—04). (20)

S0 s = z is a removable singular point [11] of the integrand of
(17). Thus, the poles of the integrand in the right half compleéxinally, we arrive at the following.
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Fig. 2. Timing diagram for the effective call times of a complete call: the call completes faftemdovers.

Theorem 3:For a PCS network with Erlang-distributed _ 11— po)ps
call-holding times, the Laplace transform of the density func- a(l —po —p)[l — (1 —pp)fr(a)]
tion of the effective call-holding time of an incomplete call 1— f*(a) pff*(l)(a) ”
is given by ' { @ 1-(1- pf)f*(a)} (24)
m—1
1- o
9i(z) = n(1 = po)py Z (-« ,.,) (J)(7+a) (21) This is the same as in [12], where a different approach is
1=po—pe = J! used. Using (8) in (24), we obtain
the expected effective call-holding time of an incomplete call 1 pff*(l)(a)
is given by R T ) R yaes)
m—1
T, = _Z(l PPy Z (- ') g™ (@) (22) Sincef*(l)(a) < 0and0 < f*(a) < 1, we havel; < 1/a,
~Po—Pe T ) i.e., the expected effective call-holding time of an incomplete

caII is less than the expected noninterrupted call-holding time.
S Form > 1, we can also give a recursive algorithm as before
to computeggp)(a) which is needed in (22). Let

and the variance of the effective incomplete call-holding time
is given by

m—1

y, = 1L = po)py Z 49 () hi(s) = s[1— (L—ps)f*(s)]. (25)

1 _po c .
2 Then, we have

L-p)ps N~ (=) a1
n(1 = po)ps ;( ) dI )| . (23) KO =all = (1= pp)f*(a)]

1—=po—pec J!
Proof: Equation (22) can be obtained by noticing that lp( o pf)f*(p)(a)Jr[ (1 =ps)f ()]
T, = —g;(0). Equation (23) can be proved by the following W (a) = —=all = ps) 77 (a)

@)

relationship:var (X) = E(X?) — E(X)? for any random —p(L=pp)f* P V(a), p>2 (26)
variable X. and
Remark: In fact, from (21), we can easily find all moments o, \_ 1—=f"a)
of the effective call-holding time of an incomplete call, which gi () = hi(a)
is easily given by letl;(k) denote thekth moment p—1
m—1 : f*(p) Z h’(p Z)( )
.1 = po)ps (=) Gitr)
Tik:_lkn( - J a), (p) __ i=
(k) =(-1)* T 2:3 o) o) o ,
k> 1. (p>0). (27)
Whenm = 1, the Erlang distribution is the exponentialrhys, usmg (26) and (27), we can easily Compg{f’e Dia
distribution. In this case, we have (p =1,2,---,m), and hencel; from Theorem 3.
o 0l =po)py Next, we study the expected effective holding time for a
9 (2) = 1—py— po 1z +a) complete call. The timing diagram is shown in Fig. 2, in

which the call is completed when the portable is in déll

t. represents, as before, the effective call-holding time for a
T = n{1 — po)ps @ 0) complete call. Ifk’ = 1, 0 < ¢, < #;, while if & > 1,
1—po—pc tittod Aty <te <ti+tot - -+t Letk =k —1;

and
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then we have Ifk(tc)/ d’/’—/ Fo(B)f(te — t) dt

for k=0, 0<t. <t (28) = et = falt) * f(t

for k>0, ti+ta+--+t ‘ ‘

<te<ti+to+ -+t (29) where * denotes the convolutlon operator; hence, the
Laplace transform offy° fi(t) ft T)drdtc is (fi(s) —

Using a similar argument in [12] (or a simple condmonay F(s)/s = (1 — f(s)f ( )/3 From (32) and the
probability argument), we can obtain the density funcques'due theorem, we have
gc(tc) of the effective call-holding time of a complete call

given by W (Z) _ / G_ZtCW(tc) dt.
0
ge(te) = Ulte) + W(te) (30) 1—p ) oo
— o _ —zte
here ~ (=) > (1-p [ et
1—p, eo oo
o) = (10 ) e | w e ] / 5 [ sy ar ] i
te
1—1p, =
weo=(52) e [ (E2) S ammese
De b1 —t Pe =
‘ 1 fotiee g
S A =pp)*f(r) dr dt]. (32) . {2— / 1- /") fi(s)est ds} dt.
wJ g—joo 5
—_ — oo ag+joo
U(t,) corresponds to (28) andV(t.) corresponds to (29), - <w> / @—Ztcfc(tc)/
where(1—p,) is the probability of nonblocking, and —py) 2mpe] 0 o—joo
is the probability of no forced termination. Equation (30) can 1- f* i it [ ot
be derived fromP(t. < z) = 232, P(t. < x,k) where Z ds dt.
P(t. < z, k) denotes the probability that the call is completed - oo
in cell k41 and the effective call-holding time does not exceed _ <(1 —po) (1 — pf)) / e fu(te) /
z. Rigorous derivation can be obtained following a similar 2mpey 0 o—joo
argument in [13]. 1— f*(s) 2] = ) el
We first find the Laplace transforms 6f(¢.) and W (¢.). U{T} Z[(l —pp)f*(s)]
From (31) and the Residue theorem, we have k=1
oo -eSte ds dt.
U = [ e Ut . (=2 0=p)) [ g
01 B - - 27Tpcj o c\le
— < po) / C_Ztcfc(tc) </ 7’(t1) dt1> dt. /cr-l-joo |:1 _ f*(S):|2
pC 0 te N f
1-p, /°° —at ! 7
=\ — “Jelle) =—
< De ) o e e )27rj . 1 este ds dt,

1— (1 =pp)f*(s)

</::o 1%’*(3)@8% ds) dt. _< (1 =po) (1—pj) ) ohieo [ ~J*(s )}

- <1 ‘po) . / L) e ’
Po /AT Jomjeo 3 T 1—pf V(s /0 R ACHR AL
</o Jelte)e 7" dtc) o :< (1= p,) l—pf ) o+joo
(o) L [ ) N
P . 2 .
re—ge T >]f e
1-p, s—n(l— f(s)) :_<”(1‘p0)(1‘pf)) Res
(e P 21522) 2
Pe ey : . , .
(=54 2). (33) S e C)) W T (34)

s?[1 = (1= ps)f(s)]

. o From (33) and (34), we finally obtain the following.
di { / fu(t) f(r) dr dt} Theore.m 4: For_ a PCS network,. the Laplacg trar_15form of
¢ the density function of the effective call-holding time of a

Note that
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complete call is given by A (@) + (1= pp)ngd T (a)]
2m 1— " 2 m m
g*(,)__<1—po>[ Res 2= 1"G) f R (_1)!232 [95™ (@) + (1 = p)ngs™ ()] (40)
o De s=2+p 52 )
pEoc

Remark: In fact, all moments of the effective call-holding
time of a complete call can be obtained from (38), and are
given as follows (letf (k) denote thekth moment):

+n(1—p;) Res (1= f ()P fe(=s+2)

. (35
B8 ei-a-poren || ®

Suppose now that the call-holding times are Erlang T(k):(—l)"”’k_locm(l—po)

distributed with parametetm, ) with Laplace transform (m —1)p.
fel(s) = (e/(s + a))™. Let (g @) + (L= ppngs T (@),
s—n(l— f*(s kE>1.
[1— f*(s))? Whenm = 1, i.e., the call-holding times are exponentially
gs(s) = P —(—p) /&) (37)  distributed, we have
Then, we have a(l —p,
* 7, = =222 140 0) (1 = py)gf )
Res —77(1—f (3)) f*(—8+7) De
s=z+4p 52 ) _ (@ =po){a—nlaf*P(a) +2(1 — f(a)]}
pEoc = 5
m pca
67 *
— Res () =550 ) L =) (A =p)[L = f*(@)]
e - +; (+)O‘ peall = (1= py) f*(a)]
=(—a)™ Res — = 21— f ()] | ey pr M ()
= s (2 ) o« T r@ )
= L2 mon, g
(m—1)! This is obtained in [12] using a different approach. This
and formula can be further simplified using (8) as follows:
res L= S (OPL(=5+2) *
g s2[1= (1 =pp)f*(s)] T, = (d=p) {l _n [f*(l)(oc) + 2(1 = f*(e) (O‘))} }
e no oo :
=(-a)" Res ———-—— Nl —po { Dy }
s=z+4a —(z+ m + —-=|1-
= 1),93 2+ a). _{2[1 — *(a)] + O + - Iz{f*(l)()c;)( )}
o - (1- o
From these and Theorem 4, we obtain the following. 1—p, (1 np bs
Theorem 5:For a PCS network with Erlang-distributed = : {a - all—(1 _f V()]
call-holding times, the Laplace transform of the density func- pe . pf(l)
tion of the effective call-holding time of a complete call is [2(1 — [*(a)) pr " a }}
given by o — (I =pp)f*(e)
. (_1)nl—lanl(1 _ po) _ 1- Po {1 _ Upf(l — f ( )) }
9 = pa U7 ol = (1=pp)f* ()]
. (m—1) _ (m—1) _ (1 - po)m’f (1 - f*( )) pff*(l)(a)
05"+ o)+ (L= png" e+ )] (@) o e
the expected effective call-holding time of a complete call is _ 1 (1= po)npy [ (1= f*(a))
given by o Dex @
*(1)
T. =-gM(0) 4 bif (a)* } (41)
(_1)nlanl(1 _ po) 1 — (1 — pf)f (Oé)

= g " @+ = g™ @)
Pe (39) It is observed from simulation in [12] th&t. < (1/«) when
the cell residence times are Gamma distributed. Using this
and the variance of the effective complete call-holding timé§luation, we can prove this analytically for general cell-
is given by residence distribution. We want to show that the tgjrin

the last equation of (41) is nonnegative. Let
(_1)nl—lanl(1 _ po) q ( ) g

(m = Dipe Afa) = [1 = (@)L = (T = pp)f* ()] + aps V().

V.=
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Since f*(0) = 1, A(0) = 0. Also, we have with the following density function and Laplace transform:
d (ym) e
il = - — f* — L) f@) =—————-, t >0,
— M) =21 = p)(A = fH (@)= )] ®) e
+ap;fP(a) >0 e ("
fi(s) =
s+n

where we have used that< f*(a) < 1, f*M(a) < 0, and
f*@(a) > 0. Thus, A(«) is an increasing function; hence
A(a) > A(0) = 0, from which we conclude that the terfj
in the last equation of (41) is nonnegative. Thus, for any ce

which have meari/n and variancel’ = 1/(yn?). The call-
’holding times are Erlang distributed with the following density
n_mction and Laplace transform:

residence distribution, the expected effective call-holding time (mp)mgm—lemmut
H 1 fc(t) = ? t Z 07
of a complete call is always less than the expected call-holding (m —1)!
time. . mpe \™
When m > 1, the closed-form formula may be quite fels) = <3 T mu)

involved. However, as before, recursive formulas can be easily

developed for the computation @f”(a) and ¢ (a). For Which have meari/n and variance/” = 1/(mu?). We wil
gép)(a)’ we have investigate how the probability of a call completion and the

expected effective call-holding times are affected by some

©, _ a—n(l-=f(a)) parameters such as the means and variances. In this section, we
95" () = a2 use the commonly used average call-holding tiyie = 1.76
W 1+ nf*O(a) — 2@950)(a) min [10]; we usem = 2 when we vary~, while we use
93 () = o2 ~ = 1.5 when we varym.
#(D) () _ (=1 N _ o (0-2) As mentioned earlier, the lognormal distributions have been
ggp)(a) = nf""(a) = 2pag; (g) p(p = 1)g; (a), proved to be a good approximation to the wireline call-holding
67

42) time distribution [1]. Statistically, both the lognormal distribu-
tions and Gamma distributions (including Erlang distributions)
For ggp)(a)’ let h(s) = s2[1 — (1 — p;)f*(s)] as defined in have the same capacity to approximate the measured data

(11), ®)(a) can be computed as in (13), and as shown }{]; the assumption of Erlang call-holding times seems to
(43), found at the bottom of the page. be a reasonable replacement of the lognormal distributions

As observed earlier, we can analytically prove that fdP" the performance analysis. An important advantage of the
exponentially distributed call-holding times, the expected cerlang/Gamma distribution over the lognormal distribution

fective call-holding times for both a complete call and aff that the Erlang/Gamma distribution has a simple Laplace

incomplete call are less than the expected call-holding tinfE@nsform, which is a desired property in our modeling.
However, it is difficult to analytically prove from the formula We first consider the prop"f‘b'“ty of a complete gall.

for m > 1 that the expected effective call-holding times Fig. 3 shows the probability of a call completion versus
for both a complete and an incomplete call are less thihe inverse of the expected cell-residence time normalized
the expected call-holding timé/s. The following intuitive PY #: i-€.. the mobility 5/, for different values of the

argument can be used to prove this: the effective call-holdif§@Ping parametey in the Gamma distribution, while Fig. 4
times are just the “interrupted” call-holding times, and hen monstrates the variability of the call-completion probability

should be “smaller’ than the “noninterrupted” call-holding*9inst the mobility;)/;. for various values of the shaping

times. We will verify this observation in the next section. Parameterm in the Erlang distribution of the call-holding
times. Whem, is fixed, the variance of the cell-residence times

(the call-holding times, respectively) is uniquely determined
IV. ILLUSTRATIONS AND DISCUSSIONS by the shaping parameter(m). From Figs. 3 and 4, we can
In this section, we present an example to show how fPserve the following properties.
apply our results to analyze the effective call-holding times 1) The call-completion probabilityp. decreases as the
and attempt to draw some general conclusions. In this section, expected cell-residence timd /) decreases. This is
we assume that the cell-residence times are Gamma distributed reasonable because, for a fixed mobile route, i.e., the

pz2

© _ 1= (@
g3 = h(Oé)
—2*®) () + Z <p> £ () f+@=D) (o) — Z <i’> ggj)(a)h(f’—j) ()

—\J
(p) — Jj=0 >
g3 h(Oé) ’ b= 1 (43)
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Fig. 4. Probability of a call completion: varying.. Fig. 5. Effective call-holding time of an incomplete call: varying

2)

3)

distribution of the cell-residence time is fixed, then the 4) There is a significant difference between the for
expected cell-residence time is fixed, and the longer the ™ = 1 and that form > 1; this may be due to the
expected call-holding time, the more often the handovers ~ fact that the exponentially distributed call-holding times
happen, and the greater the chance the call will be (m = 1) are memoryless.

dropped. This is equivalent to saying that for a fixed call- We remind readers that the above properties hold when the
holding time pattern (or the fixed expected call-holdingew call-blocking probability,, and the handoff call-blocking
time), the probability of dropping the call increases agrobability p; are fixed (the second-level modeling); this is
the expected cell-residence time becomes smaller; henite situation when one is asked to compute the call-completion
the probability of a call completion decreases as tigobability for a PCS network already in operation. Of course,
expected cell residence time increases. call-completion probability is also dependent on some other
The call-completion probability decreases as the vafactors such as the number of channels and carried traffic; this
ance of the cell-residence times or the variance of tliependency is implied in the new call-blocking probabifity
call-holding times decreases (i.e.,a®r m increases). andp;. By varying the values op, andp;, we can observe
When the expected cell-residence time is large (i.¢he properties of call-completion probability.

wheny is small), the effect of the variance of the call- Next, we study the effective call-holding times.

holding times on the call-completion probability is not Figs. 5 and 6 show the expected effective call-holding time
significant. This is why the call-completion probabilityof an incomplete call. From these figures, we obtain the
p. alone is not a good evaluation measure for a Pd8llowing observations for the expected effective call-holding
network, and the effective call-holding times are needetimes of an incomplete call.
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Effective call-holding time of an incomplete call: varying Fig. 7. Effective call-holding time of a complete call: varying

Tipp <1, i, T; < 1/p. This implies that the expected gy There is a big difference between the caserfor 1 (the

effective call-holding time for an incomplete call is no exponential distribution case) and the casesfor> 1

more than the expected noninterrupted call-holding time, | . may be contributed from the memoryless property

which is consistent with the observation we made based of the exponential distribution

;n.Ol(er Intuition. th bilit . ) The variance of the effective call-holding time of an

T;].'S .ecrle?s.(tats asb € mo ||yhparame:1;éﬂ mcreas&:s. incomplete call decreases as the mobility increases; for
is is intuitive because whem/u increases, the small mobility n/p, it increases as the variance of

cell-residence times decrease, more handovers are . :
o the cell-residence times decreases, however, for large
undertaken, more often the call is incomplete, and . : .
. . . mobility n/u, it decreases as the variance of cell-
hence the incomplete call-holding times tend to be . .
residence times decreases. It always decreases as the

shorter. variance of the call-holding times decreases
For small mobilityn/p, the expected incomplete call- 9 '

holding time decreases as the variance of the cell resi-Finally, we observe the expected effective call-holding time

dence times increases, while for large mobility:, this  Of & complete call. _
is reversed. Figs. 7 and 8 show the results for the effective complete

T; decreases as the variance of the call-holding tim&8ll-holding times. We have the following observations.
decreases for a longer range of mobility. This relation- 1) 7. < 1, i.e., T. < 1/p. This implies that the expected
ship will be expected to reverse for very large mobility effective call-holding time for a complete call is no
(which may be an impractical range). more than the expected noninterrupted call-holding time,
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Normalized expected value
1 T T T T

mu*T_c

eta/mu
(€Y

Variance
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(b)

Fig. 8. Effective call-holding time of a complete call: varying.

which is consistent with the observation we made based

on our intuition.

2) T. decreases as the mobiliy/;. increases. This is not

intuitive.

3) The expected effective complete call-holding tihg
decreases as the variance of the cell-residence tim@g

decreases.

4) T. increases as the variance of the call-holding timd&!

decreases.
5) There is a major difference between the casenfor
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As mentioned in the Introduction, the study of the effective
call-holding times can support the provider’s billing activity.
Lin and Chlamtac [12] investigated the billing problem for
the case when call-holding times are exponentially distributed.
Similar conclusions can be drawn for our cases here. For
details of this application of our results to pricing strategies,
the interested reader is referred to [12].

V. CONCLUSIONS

All previous performance studies of PCS channel alloca-
tion assumed that the call-holding times are exponentially
distributed. While this assumption can be justified for ex-
isting cellular systems where the wireless calls are charged
based on the lengths of the call-holding times, future PCS
systems may exercise flat-rate billing programs, and therefore
a more general distribution is necessary for modeling the call-
holding times. In this paper, we use a general distribution
to model the call-holding times, and derive general formulas
for the probability of a call completion and the expected
effective call-holding times of both complete and incom-
plete calls. By specifying the call-holding time distribution
to be Erlang, we obtain easy-to-compute recursive formulas
to compute the above performance metrics. Our results can
be directly applied to pricing strategies for the emerging PCS
networks.
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