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Abstract

We study a single removable server in an M/G/1 queueing system operating under the N policy in steady-
state. The server may be turned on at arrival epochs or off at departure epochs. Using the maximum
entropy principle with several well-known constraints, we develop the approximate formulae for the
probability distributions of the number of customers and the expected waiting time in the queue. We
perform a comparative analysis between the approximate results with exact analytic results for three dif-
ferent service time distributions, exponential, 2-stage Erlang, and 2-stage hyper-exponential. The maximum
entropy approximation approach is accurate enough for practical purposes. We demonstrate, through the
maximum entropy principle results, that the N policy M/G/1 queueing system is sufficiently robust to the
variations of service time distribution functions.
© 2002 Elsevier Science Inc. All rights reserved.
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1. Introduction

This paper deals with a single removable server queueing system with Poisson arrivals and
general distribution service times using the maximum entropy principle. The decision-maker can
turn a single server on at any arrival epoch or off at any service completion (departure) epoch. The
term ‘removable server’ is just an abbreviation for the system of turning on and turning off the
server, depending on the number of customers in the system. The total number of arriving cus-
tomers and the system capacity are infinite.
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The M/G/1 queueing system whose arrivals of customers follow a Poisson process with para-
meter / and service times are independent and identically distributed (i.i.d.) random variables
obeying a general distribution S(u)(u > 0) with a mean service time 1/u and a finite variance 2. If
one customer is in service, then arriving customers have to wait in the queue until the server is
available. We assume that customers arrive at the server form a single waiting line and are served
in the order of their arrivals; that is, the first-come, first-served discipline. Suppose that the server
can serve only one customer at a time, and that the service is independent of the arrival of the
customers.

The maximum entropy principle is a probability inference method which has been widely ap-
plied in fields such as statistical mechanics (see [1]), queueing theory (see [2,3]), and computer
performance analysis (see [4]). The maximum entropy principle is utilised to analyse the ordinary
queueing system by several researchers such as Shore [2,3], Ferdinand [4], Arizono, et al. [5], Wu
and Chan [6], El-Affendi and Kouvatsos [7], Kouvatsos [8], and others. Ferdinand [4] used the
maximum entropy method to derive the steady-state solutions for the ordinary M/M/1 queueing
system. Shore [2] derive the steady-state and time-dependent distributions for the ordinary M/M/
oo/N and M/M/oo queueing systems by means of entropy maximisation. In the ordinary M/G/1
and G/G/1 queueing systems, Shore [3] used the maximum entropy method to derive the steady-
state characteristics of the system, such as the expected number of customers in the system, the
expected waiting time in the system, and etc. Arizono et al. [5] proposed an exact entropy model in
order to develop the steady-state probability distributions of the number of customers in the
ordinary M/M/S queueing system. Applying the method of maximum entropy to the ordinary GI/
G/C queueing system, Wu and Chan [6] derived the approximate formulae for the steady-state
probability distributions of the number of customers and the expected waiting time. El-Affendi
and Kouvatsos [7] provided the maximum entropy formalism to analyse the ordinary M/G/1 and
G/M/1 queueing systems. Based on the principle of maximum entropy, Kouvatsos [8] developed a
closed form expression for the queue length distribution of the ordinary G/G/1 queueuing system.

Yadin and Naor [9] first introduced the concept of an N policy which turns the server on
whenever N (N > 1) or more customers are present, turns the server off when there are no customers
present. After the server is turned off, the server may not operate until N customers are present in
the system. The N policy M/G/1 queueing system was first studied by Heyman [10] and was in-
vestigated by several researchers such as Bell [11,12], Kimura [13], Tijms [14], and others. Wang and
Huang [15] developed exact steady-state solutions for the N policy M/E;/1 queueing system. Re-
cently, Wang and Ke [16] developed a recursive method, using the supplementary variable tech-
nique, to obtain the exact steady-state solutions for the N policy M/G/1 queueing system.

The purpose of this paper is:

(a) to construct the maximum entropy formalism for the N policy M/G/1 queueing system;

(b) to derive the maximum entropy approximate solutions for the N policy M/G/1 queueing sys-
tem by using Lagrange’s method;

(c) to obtain the approximate expected waiting time in the queue for the N policy M/G/1 queue-
ing system;

(d) to perform a comparative analysis between the approximate results obtained through maxi-
mum entropy principle and the exact results obtained from Sivazlian and Stanfel [17], Wang
and Huang [15], and Wang et al. [18].
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1.1. Notations and probabilities

In this paper the following notations and probabilities are used.
N threshold
S(u)  service time distribution function
Py(0) steady-state probability of no customers in the system when the server is turned off
Py(n) steady-state probability of n customers in the system when the server is turned off
Pi(n)

n) steady-state probability of n customers in the system when the server is turned on and
working
A mean arrival rate
1/u mean service time
p traffic intensity, where p = 4/u. In the steady state p < 1

E(S) first moment of the service time distribution
E(S?) second moment of the service time distribution

Lon expected number of customers in the system when the server is turned on and working
Logr expected number of customers in the system when the server is turned off
Ly expected number of customers in the system

E(W) exact expected waiting time in the queue
E(W*) approximate expected waiting time in the queue

2. The maximum entropy formalism

We consider a system O which has a finite or countable infinite set B of all possible discrete

states By, B1,B,,...,B,,... Let P(B,) represent the probability that the system Q is in state B,.
Following El-Affendl and Kouvatsos [7], we obtain the entropy function as follows:
H=-YP(B,) In{P(B,)}, (1)
B0

which is maximised subject to the following two constraints

ZP(BYI) =1, (2)
B,€Q

and
kaP(B,,):Fk, k=1,2,....m (3)
B,€Q

where {F;} denotes that the expected values defined on the set of several suitable functions

{fl (Bn)7f2(Bn)7 v 7fm(Bn)}

The maximisation of (1) subject to constraints (2) and (3) can be obtained using Lagrange’s
method of undetermined multipliers leading to the solution

P(B,) = exp [ —Bo— Y BuSi(B
k=1
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where f3, is a Lagrangian multiplier determined by the normalisation constraint (2) and {f,},
k=1,2...,m are the Lagrangian multipliers determined from the set of constraints (3).

3. The maximum entropy solution

In this section, we will develop the maximum entropy solution for the steady-state probabilities
of the N policy M/G/1 queueing system. There are three basic known results from the literature
(see [10,14,16]) that facilitate the application of the maximum entropy formalism to study the N
policy M/G/1 queueing system.

3.1. The three basic known constraints

For the N policy M/G/1 queueing system, three well-known results are stated as follows:
The first result is the probability of turning the server off given by

Py(0) =PR(l)=---=P(N —1), (4)
(see [16]).
The second result is the probability that the server is busy given by
> Pin) =p, (5)
n=1
(see [10]).

The third result is the well-known formula for the expected number of customers in the system
given by

N—-1 | JE(S?)
LN:T—F/LE(S)-Fm, (6)

(see [14]).
3.2. The maximum entropy model

In order to develop the steady-state probabilities Py(n) and P;(n) by using maximum entropy
method, we formulate the maximum entropy model as follows. According to (1) and (4)—(6), the
entropy function H of the N policy M/G/1 queueing system is formed as

N-1 o
H = —-EZ:l%(n)ln]%(n)——j{:lﬁ(n)lnfﬂ(n%
n=0 n=1
or equivalently
H = —NPy(0)In Py(0) = > " Pi(n) InPy(n). (7)
n=1

The maximum entropy solution for the N policy M/G/1 queueing system is obtained by

maximising (7) subject to the following three constraints, written as,
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(1) normalising condition:

Zpo(n) + io:Pl(n) = NPy(0) + iPl(n) =1, (8)

(i1) the probability that the server is busy:

ZPl(n)zp (p=4i/w), 9)

(iii)) the expected number of customers in the system:

S nBn) + > nPi(n) :WPO(O) ©3 nPin) = Ly, (10)

where Ly is given by (6).
In (8)-(10), (8) is multiplied by w, (9) is multiplied by 6, and (10) is multiplied by ¢. Thus the
Lagrangian function / is given by

h= —NP()(O) lnP()(O) — zoo:Pl(l’l) lnPl(n) —

n=1

- ¢[WPO<O> +3 A —LN], (1)

NP()(O) + zoo:Pl (n) - 1]

o0

Y Pi(n)—p

n=1

-0

n=1

where o, 6, and ¢ are the Lagrangian multipliers corresponding to constraints (8)—(10), respec-
tively.

To find the maximum entropy solutions Py(n) and P;(n), maximising in (7) subject to con-
straints (8)—(10) is equivalent to maximising (11).

The maximum entropy solutions are obtained by taking the partial derivatives of / with respect
to Py(0) and P;(n), and setting the results equal to zero, namely,

aP?)}(lO) = —NlnPo(O)—N—coN—d)wZO, (12)
and

%}(ln):—lnﬂ(n)—l—w—ﬂ—@/t:O. (13)
It follows from (12) and (13) that we obtain

Py(0) = e (1700, (14)
and

Pi(n) =e MH@lefel n=12 .. (15)

Let

a=e ) p=e? and yp=c’
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We transform (14) and (15) in terms of «, 8, and y given by

P(0) = af T, (16)
and
Pi(n)=af'y, n=1,2,.... (17)
Substituting (16) and (17) into (8)—(10), respectively, yields
Nof' T =1 p, (18)
and
o, OBy
off'y = =p (19)
2=
From (18), we get
1—p —ov
o°=— [3 (20)
After the algebraic manipulations, we obtain y from (19) given by
p(1—p
=220, (1)
Substituting (20) into (21) finally gives
N N=3
=BT ) (22)
We substitute (20) and (22) into (16) and (17), respectively, yielding
1 —
R(0) =—*, (23)
and
P =p(L= BB, n=1,2,... (24)
The expected number of customers in the system when the server is turned off is given
NN -1, gy V=D ~p)
Lot = Z”P 2 Py(0) = 3 : (25)

Note that Ly = Lo, + Lo From (25), the expected number of customers in the system when the
server is turned on and working, L,,, is given by

Lon =Y nPi(n) =Ly — Loy = Ly — >

To determine the unknown Lagrangian multiplier f, substituting (24) into (26) finally gets
(27)
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We substitute (27) into (20) to determine the other unknown Lagrangian multiplier « as

—(v-1)

1— z
p=—"r (1 S ) . (28)
N Loy
Substituting (27) into (24), we finally obtain
P P\
Pl(n):Lon (1_L0n> , n=12... (29)

We first note that the results for the ordinary M/G/1 queueing system are obtained by setting
N =1. When N =1 (that is, L,, = Ly), expression (29) for P;(n) reduces to a special case of
expression (3.14) of El-Affendi and Kouvatsos [7] (p. 344). Next, we should note that the derived
solutions Py(0) and P;(n) (n > 1) satisfied constraints (8)—(10).

4. The exact and the approximate expected waiting time in the queue

Here we derive the exact and the approximate formulae for the expected waiting time in the
queue for the N policy M/G/1 queueing system.

4.1. The exact expected waiting time in the queue

Let E(W) denote the exact expected waiting time in the queue for the N policy M/G/1 queueing
system. Using Little’s formula, it follows that

E(W) =5 (L — ), (30)
where Ly is given in (6).
4.2. The approximate expected waiting time in the queue
We define the idle state and the busy state as follows:

(1) Idle state denoted by I: the server is turned off and the number of customers waiting in the
system is <N — 1.
(i1) Busy state denoted by B: the server is busy and provides service to a customer.

We wish to find the mean arriving time and the mean service time for both states [ and B. Let W
denote that the time of a customer C waits in the queue until he starts his service. Suppose that the
customer C finds n customers waiting in the queue for service in front of him, while the system is
at any one of the states I and B are described, respectively, as follows:

(i) In idle state I: The server will be turned on after (N — n — 1) customers arrive in the system.
Thus customer C will be served until (N — n — 1) customers arrive and n customers in front of
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him waiting for service. The mean arriving time of (N —n — 1) customers and the mean ser-
vice time of n customers is given by (N —n — 1)/ and n/u, respectively.

(i1) In busy state B: Since the server is turned on, customer C only waits # customers in front of
him to be served. The mean service time of n customers is n/pu.

Thus we obtain the approximate expected waiting time in the queue given by

E) =Y [ﬁﬂ%’“%(owi%mm? (31)

n=0 H
where Py(0) and P;(n) are given in (23) and (29), respectively.

5. Comparative analysis between the exact and the approximate results

In this section, we present specific numerical comparisons between the exact results and the
approximate results. This section includes the following three subsections:

(1) Comparative analysis between E(W) and E(W*) to the N policy M/M/1 queueing system,;
(2) Comparative analysis between E(W) and E(W*) to the N policy M/E;/1 queueing system;
(3) Comparative analysis between E(W) and E(W*) to the N policy M/H,/1 queueing systems.

5.1. Comparative analysis between E(W) and E(W*) to the N policy MIMI1 queueing system
Here, we perform a comparative analysis between E(W) and E(W*) for the N policy M/M/1

queueing system.
From Sivazlian and Stanfel [17], we obtain

N -1 0
Ly —=— "+ " 2
N 2 * 1—p (32)
It implies from (30) that
1{N—-1 p?
E(W)—Z[T+1_p} (33)
Substituting (26) and (32) into (29), we finally get
Pi(n) : [1 ! " 1,2 (34)
) =p|\y7 1 NI T o on=1,2,...
T S
Substituting (23) and (34) into (31) yields
1[N-1 p?
EWH) == | —— .
O (35)

It is interesting to note that the approximate result £(#*) obtained in (35) is identical to the exact
result E(W) obtained in (33).
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5.2. Comparative analysis between E(W) and E(W*) to the N policy MIE,/1 queueing system

Here, we perform a comparative analysis between E(W) and E(W*) for the N policy M/E;/1
queueing system.
From Wang and Huang [15], we have

N—1 p(p—kp+2k)

Ly == 2k(1 - p) (36)
Thus we get
Low = Ly — Logy = Ly — w (37)

2
From (30), we have
1[N—=1 (1+k)p?

EW) =5 | k1= (38)

Substituting (23) and (29) into (31), it finally gets

14 1 1
EW?) = i LN_ELonszN"‘ELofP (39)

We choose p = 1.0, and varying the values of A (= p) for two cases (i) N = 5 and (ii)) N = 10.
We perform a comparative analysis for the expected waiting time in the queue for the N policy
M/E,/1 queueing system between the approximate results obtained through maximum entropy
principle, and the exact analytic results obtained from Wang and Huang [15]. Comparison be-
tween the approximate results and the exact results are shown in Tables 1 and 2, for cases (i) and
(i1), respectively. The relative error percentages are very small (0-4%).

5.3. Comparative analysis between E(W) and E(W*) to the N policy M/H,/1 queueing system

Here, we perform a comparative analysis between E(W) and E(W*) for the N policy M/H,/1
queueing system.
From Wang et al. [18], we get

N -1 %P%—F%P%
Ly =—— A0 T2 40
e T P (40)
where g1 +q> = 1, p; = /1y, py = A/ 1y, and p = q1p; + q2p5.
Table 1

Comparison between the approximate results and the exact results for the N policy M/E,/1 queueing system
(N=5pu=1)

Alp) E(W*) E(W) % Error
0.1 20.0833 20.1083 0.12
0.2 10.1875 10.2375 0.49
0.4 5.5000 5.6000 1.82
0.6 4.4583 4.6083 3.36
0.8 5.5000 5.7000 2.51

0.9 8.9722 9.1972 2.86
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Table 2

Comparison between the approximate results and the exact results for the N policy M/E,/1 queueing system (N = 10,
p=1)

A(p) E(W*) E(W) % Error
0.1 45.0833 45.1083 0.05
0.2 22.6875 22.7375 0.22
0.4 11.7500 11.8500 0.85
0.6 8.6250 8.7750 1.74
0.8 8.6250 8.8250 2.32
0.9 11.7500 11.9750 1.91

From (30) and (40), the exact result £(/) can be calculated.
Substituting (23) and (29) into (31) again, we have

N-1 00 2 n—1
n N—n—-1|1-p nop o
EW") = - — 1- 41
=3 R b +zn_lu]m< 23 (41)

where 1/u = q1/u; + g2/ 1, and Ly, is given in (26).

We choose ¢; = 0.4, ¢, = 0.6, u;, = 0.8, 1, = 1.0, and varying the values of 1 for two cases
(1) N = 5 and (i1)) N = 10. We perform a comparative analysis for the expected waiting time in the
queue for the N policy M/H,/1 queueing system between the approximate results obtained

Table 3
Comparison between the approximate results and the exact results for the N policy M/H,/1 queueing system (N = 5,
qi1 = 04, qr = 06, Hy = 08, Hy = 1)

A P E(W*) E(W) % Error
0.1 0.11 20.1376 20.1361 0.007
0.2 0.22 10.3141 10.3111 0.029
0.4 0.44 5.875 5.8690 0.100
0.6 0.66 5.4951 5.4861 0.160
0.8 0.88 10.6667 10.6547 0.111
0.9 0.99 112.4722 112.4587 0.012
Table 4

Comparison between the approximate results and the exact results for the N policy M/H,/1 queueing system (N = 10,
g1 =04, ¢ =06, u, =08, y, = 1)

A P E(W*) E(W) % Error
0.1 0.11 45.1376 45.1361 0.003
0.2 0.22 22.8141 22.8111 0.013
0.4 0.44 12.1250 12.1190 0.049
0.6 0.66 9.6618 9.6528 0.093
0.8 0.88 13.7917 13.7797 0.087

0.9 0.99 115.250 115.2365 0.012
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through maximum entropy principle, and the exact results obtained from Wang et al.
[18]. Comparison between the approximate results and the exact results are shown in Tables 3
and 4, for cases (i) and (ii), respectively. Again, the relative error percentages are very small
(0-0.2%).

6. Conclusions

In this paper, we have developed approximate steady-state solutions for the N policy M/G/1
queueing system by using maximum entropy principle. A comparative analysis of approximate
results with exact results has shown that the relative error percentages are very small (below 4%).
The numerical results indicate that the use of maximum entropy principle is accurate enough for
practical purposes. One observes from Tables 1-4 that the maximum entropy approximation
provides very good results for the N policy M/M/1, the N policy M/E»/1, and the N policy M/H,/1
queueing systems. Through the maximum entropy principle study, we demonstrate that the N
policy M/G/1 queueing system is sufficiently robust to the variations of service time distribution
functions.

References

[1]1 Y. Bard, Estimation of state probabilities using the maximum entropy principle, IBM J. Res. Develop. 24 (1980)
563-569.
[2] J.E. Shore. Derivation of equilibrium and time-dependent solutions to M/M/oo/N and M/M/oo queueing systems
using entropy maximization. In proceedings, 1978 National Computer Conference, AFIPS, pp. 483-487.
[3] J.E. Shore, Information theoretic approximations for M/G/1 and G/G/1 queueing systems, Acta Information 17
(1982) 43-61.
[4] A.E. Ferdinand, A statistical mechanical approach to systems analysis, IBM J. Res. Develop. 14 (1970) 539-
547.
[5] I. Arizono, Y. Cui, H. Ohta, An analysis of M/M/S queueing systems based on the maximum entropy principle,
J. Opl. Res. Soc. 42 (1991) 69-73.
[6] J.-S. Wu, W.C. Chan, Maximum entropy analysis of multiple-server queueing systems, J. Opl. Res. Soc. 40 (1989)
815-825.
[71 M.A. El-Affendi, D.D. Kouvatsos, A maximum entropy analysis of the M/G/1 and G/M/1 queueing systems at
equilibrium, Acta Information 19 (1983) 339-355.
[8] D.D. Kouvatsos, Maximum entropy and the G/G/I/N queue, Acta Information 23 (1986) 545-565.
[9] M. Yadin, P. Naor, Queueing systems with a removable service station, Opl. Res. Q. 14 (1963) 393-405.
[10] D.P. Heyman, Optimal operating policies for M/G/1 queueing system, Opns. Res. 16 (1968) 362-382.
[11] C.E. Bell, Characterization and computation of optimal policies for operating an M/G/1 queueing system with
removable server, Opns. Res. 19 (1971) 208-218.
[12] C.E. Bell, Optimal operation of an M/G/1 priority queue with removable server, Opns. Res. 21 (1972) 1281-
1289.
[13] T. Kimura, Optimal control of an M/G/1 queueing system with removable server via diffusion approximation, Eur.
J. Opl. Res. 8 (1981) 390-398.
[14] H.C. Tijms, Stochastic Modelling and Analysis, Wiley, New York, 1986.
[15] K.-H. Wang, H.-M. Huang, Optimal control of an M/E;/1 queueing system with a removable service station,
J. Opl. Res. Soc. 46 (1995) 1014-1022.



1162 K.-H. Wang et al. | Appl. Math. Modelling 26 (2002) 1151-1162

[16] K.-H. Wang, J.-C. Ke, A recursive method to the optimal control of an M/G/1 queueing system with finite capacity
and infinite capacity, Appl. Math. Modelling 24 (2000) 899-914.

[17] B.D. Sivazlian, L.E. Stanfel, Analysis of Systems in Operations Research, Engle-wood Cliffs, New Jersey, 1975.

[18] K.-H. Wang, K.-W. Chang, B.D. Sivazlian, Optimal control of a removable and non-reliable server in an infinite
and a finite M/H»/1 queueing system, Appl. Math. Modelling 23 (2000) 651-666.



	Maximum entropy analysis to the N policy M/G/1 queueing system with a removable server
	Introduction
	Notations and probabilities

	The maximum entropy formalism
	The maximum entropy solution
	The three basic known constraints
	The maximum entropy model

	The exact and the approximate expected waiting time in the queue
	The exact expected waiting time in the queue
	The approximate expected waiting time in the queue

	Comparative analysis between the exact and the approximate results
	Comparative analysis between E(W) and E(W*) to the N policy M/M/1 queueing system
	Comparative analysis between E(W) and E(W*) to the N policy M/Ek/1 queueing system
	Comparative analysis between E(W) and E(W*) to the N policy M/H2/1 queueing system

	Conclusions
	References


