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Abstract

Recently, modern manufacturing systems have been designed which can machine arbitrary parametric curves while greatly reducing data
communication between CAD/CAM and CNC systems. However, a constant feedrate and chord accuracy between two interpolated points
along parametric curves are generally difficult to achieve due to the non-uniform map between curves and parameters. A speed-controlled
interpolation algorithm with an adaptive feedrate is proposed in this paper. Since the chord error in interpolation depends on the curve speed
and the radius of curvature, the feedrate in the proposed algorithm is automatically adjusted so that a specified limit on the chord error is met.
Both simulation and experimental results for non-uniform rational B-spline (NURBS) examples are provided to verify the feasibility and
precision of the proposed interpolation algorithm. © 2001 Elsevier Science Ltd. All rights reserved.
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1. Introduction

In modern CAD/CAM systems, profiles for parts such as
dies, vanes, aircraft models, and car models are usually
represented in parametric forms. Since conventional CNC
machines only provide linear and circular arc interpolators,
the CAD/CAM systems have to segment a curve into a huge
number of small linearized segments and send them to CNC
systems. Such linearized-segmented contours processed on
CNC systems are undesirable in real applications for the
following reasons:

e the transmission errors between CAD/CAM and CNC
systems, i.e. lost data and noise perturbation, may be
unavoidable for huge amounts of data;

e the discontinuity of segmentation deteriorates surface
accuracy; and

e the motion speed becomes non-uniform and unsmooth.

In modern manufacturing processes, only the parameters of
curves or profiles are required to be efficiently transferred
among CAD/CAM/CNC systems, as shown in Fig. 1. Shpi-
talni et al. [1] proposed the transfers of curve segments
between CAD and CNC systems, and Bedi et al. [2]
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proposed a B-spline curve and B-spline surface interpola-
tion algorithm.

There are many different formats for parametric curve
representation, such as Bezier, B-spline, cubic spline, and
NURBS (non-uniform rational B-spline). The general para-
meter iteration method used is u;, | = u; + A(y;) where u; is
the present parameter, 1, is the next parameter, and A(y;)
is the incremental value. The interpolated points are calcu-
lated by substituting u; into the corresponding mathematical
model to recover the originally designed curves. Since the
cutter moves in a straight path between contiguous interpo-
lated points, two position errors may occur during para-
metric curve motion: (a) radial error; and (b) chord error
[3] as shown in Fig. 2. The radial error is the perpendicular
distance between the interpolated points and the parametric
curve, and the chord error is the maxjmum distance between
the secant CD and the secant arc AB. Basically, the radial
error is caused by the rounding error of computer systems.
With the rapid development of microprocessors for high
precision applications, the radial error is no longer a
major concern. The chord error is thus the main concern
of this paper and we will propose an interpolation algorithm
that limits the chord error to a specified tolerance.

Several researchers have developed interpolation algo-
rithms to deal with the parametric curves. Bedi et al. [2]
set A(y;) as a constant in the uniform interpolation algo-
rithm. To reduce speed fluctuation during the interpolation
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process, Houng and Yang [4] and Shpitalni et al. [1] devel-
oped first-order approximation interpolation algorithms
using Euler and Taylor’s expansions, respectively. These
first-order approximation interpolation algorithms provide
uniform curve speed during the interpolation process.
Furthermore, the second-order approximation and speed-
controlled interpolation algorithms proposed by Yang and
Kong [5] and Yeh and Hsu [6], respectively, yield more
precise results. However, these algorithms do not consider
chord error explicitly during the interpolation process.

In this paper, we propose an interpolation algorithm that
confines the chord error within a specified tolerance range
during the interpolation process. Since the chord error is
closely related to the curve speed and the radius of curva-
ture, the relations among chord error, curve speed, and
radius of curvature are identified in the algorithm. The
circular approximation is adopted for general parametric
curves in the proposed method. Then, the adaptive curve
speed based on the chord error of the approximated circular
curve is derived and applied to the speed-controlled para-
meter iteration algorithm to make the chord error within the
specified tolerance. To demonstrate the performance of the
proposed chord error-controlled interpolator, a NURBS
parametric curve example using a personal computer is
also provided in this paper.

2. Speed-controlled interpolation

There are many interpolation algorithms that consider
speed uniformity [1,4-6]. In particular, the first-order
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Fig. 2. Radial and the chord errors.

approximation interpolation algorithm is adequately applied
to generate commands in general motion systems. Suppose
C(u) is the parametric curve function and the time function u
is the curve parameter with u(#;) = u; and u(t; ;) = u;1,. By
using a Taylor expansion, the approximation up to the first
derivative is

Uipyp = u; + (v — 1) T HOT (H

1

u
dr |i=
Since the curve speed V(u;) can be represented as

dC(u) _ H dC(u) du
dt ”:”i_ du u=u; dt

V(y;) = H

t=t;
the first derivative of u with ¢ is then

du V(u;)
dr |, HdT

u=u;

@

Let the sampling time in interpolation be T seconds, that is
t;+1 — t; = T,. The first-order approximation interpolation
algorithm is thus obtained by substituting Eq. (2) into Eq.
(1). By neglecting the higher-order terms, the interpolation
algorithm in Eq. (1) can be expressed as:

V(u)-T,

iy = H TET— 3)

where V(;) can be the feedrate command or the desired
curve speed in a general machining process.

3. Adaptive feedrate and chord error

Although the first-order approximation interpolation
algorithm given by Eq. (3) makes the curve speed almost
equal to the desired valueV(y;), the chord error, as shown in
Fig. 2, exists and it may become unacceptable if an impro-
per curve speed V(u;) is given. To keep the chord error
within a tolerance range, the curve speed V(u;) has to be
changed adaptively depending on the curvature during the
interpolation process. To determine the relation between the
chord error and the curve speed, the circular approximation
is thus applied.
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Fig. 3. Estimation of the next interpolated point.

Suppose the sectional curve of u € [u; u;,) is an arc
of a circle with the radius p; at parameter u = u; as shown in
Fig. 3. where, p; = 1/K;: the radius of curvature at parameter
u = u;, and the curvature K; is

dC,u) d°C,(w)  dC,(w) d*C(u)
du du? du du?
K;
HdC(u) 3
du

u=u;

where: P(u;) is the interpolated point on circle at u = u;;
P(u;+q) is the estimated interpolated point at u = u;,;
C(y;) is the interpolated point on curve at u = u;; and
C(u;4) is the interpolated point at u = u; .

Since, C(u;) = P(u;), and  defining L; as
||PGu; 1) — P(w;)|| = L;, the approximated curve speed
V(u;) is determined as

L;

V) = T “4)

s

150 T T

and the chord error ER; is derived as

N ﬁ)z
ERl_pl Pi (2 4 (5)

The curve speed V(u;) corresponding to the chord error ER;
is then derived as

2
V(u;) = 7V p; — (p; — ER)? (6)

N

By setting ER; as the tolerance value of the chord error, V(u;) is
thus obtained as the acceptable curve speed. Since the radius of
the curvature p; is much larger than the tolerance value of
chord error ER;, V(u;) is a real value in this formula.

Eq. (6) implies that the curve speed V (i;) should be changed
adaptively according to the tolerance value of the chord error
ER; and the radius of curvature p;. Since the adaptive curve
speed is derived by applying a circular curve approximation,
the next actual interpolated point is C(u; 1) as shown in Fig. 3.
This implies that the chord error after interpolation will be near
the tolerance value and its value depends on the radius of
curvature. To reduce the influence of chord error fluctuation,
a conservative chord error tolerance value is preferred.

Since the curve speed is adaptively changed according to
the radius of curvature, the following adaptive-feedrate law
is proposed for parametric curves:

e 2
F, if ?-ﬂp,-z—(pi—ER[)z >F
Ve =1, ) . (D
F‘\/P,-z = (p; — ER)*, if 7'\/&-2 —(p—ER)=F

where F is the given feedrate command. If the instantaneous
radius of curvature is small enough, the curve will lead to
exceeded chord errors and the proposed interpolation algo-
rithm will automatically reduce the feedrate F as
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Fig. 4. The NURBS example.
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Fig. 5. Chord errors of the uniform-interval NURBS interpolation (dotted, Au = 0.0005) and the speed-controlled NURBS interpolation (solid, F = 12 m/

min).

2/T¢+/p? — (p; — ER;)* to meet the specified chord error.
Otherwise, the interpolation generates constant-speed
operation with the given feedrate F.

To ensure the generated parameter sequence with the

desired curve speed, the first-order approximation interpo-
lation algorithm in Eq. (3) is employed here. Thus, the
proposed algorithm achieves interpolation accuracy within
the specified limits on both the chord error and the speed.
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Fig. 6. Curve speed of the uniform-interval NURBS interpolation (dotted, Au = 0.0005) and the speed-controlled NURBS interpolation (solid, F = 12 m/min).
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Fig. 7. Chord errors of the adaptive-feedrate NURBS interpolation (solid, = 12 m/min and ER = 1) and the interpolation specifying the chord error only

(dotted, ER = 1).

4. Simulation results

The control points, weight vector, and knot vector of
NURBS for the provided example are assigned as follows:

In this simulation, the interpolator is written in Turbo C

2.0 and is executed on a personal computer with both
80MHz and 200MHz CPU. The present interpolator is
applied to a NURBS [7] parametric curve with two degrees

as shown in Fig. 4.
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Table 1

Simulation results of chord errors for different algorithms

Path time (s)

CPU time (ps)

Curve speed (m/min)

Chord error (mm)

Measurement

Interpolation

200 MHz

80 MHz

RMS

MAX MIN

RMS

MIN

MAX

200.004

11

1.062
53.033
100.321

0.082

12.703
579.833

1.689x 1077

~0
~0
~0

1.060 % 107°
0.0025
0.0097

Au = 0.00001
Au = 0.0005

Au=0.001

Uniform-interval NURBS

4.004
2.002
12.644

4.099
8.198
5.926
11.708
19.207

4221%x107*
0.0017

1.065 % 10°

6.076
12.310
20.879
12.263

10

27

1.298 x 107*

8.957x 1074
0.0036
0.0102

0.001

6 m/min

F
F
F
F

Speed-controlled NURBS

S.-S.

6.324
3.796
6.454

12.0

5.192x 1074
0.0014

~0
~0

12 m/min
20 m/min

20.001
11.803
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25

76

6.338

2.864%x 107*

12 m/min

Adaptive-feedrate

NURBS (ER = 1)

4.078

18.973

20.508 6.338

4.170x 107*

0.001

20 m/min

F=

e The weight vectoris W=[1 25 25 1 25 25 1].
e The knot vector is

I 1 1 3
U=|0 0 0 - =
[ 4

The interpolating processes are as follows:

e the sampling time in interpolation is 7y = 0.002 sec; and
e the feedrate command is given as F =200 mm/
sec = 12 m/min.

Fig. 5 shows results in terms of chord errors for two
algorithms, the uniform interpolation and the first-order
approximation interpolation. Speed fluctuation is signifi-
cantly reduced by applying the first-order approximation
algorithm, as shown in Fig. 6. For the proposed chord
error-controlled interpolation algorithm, the tolerance of
the chord error is set at 0.001 mm and the speed is simulta-
neously limited to under 12 m/min. Results are shown in
Figs. 7 and 8. As summarized in Table 1, the present inter-
polation algorithm achieves the greatest interpolation accu-
racy. Note that the computation time for the present
algorithm is the highest but still acceptable for interpolation.
Discussions of the simulation results are as follows:

1. For computer graphics or CAD systems, speed is not
crucial in representing the parametric curves. Results of
the uniform-interval NURBS in Table 1 and Fig. 6 indi-
cate that the chord error of the uniform-interval NURBS
is acceptable. For example, with an average speed of
around 50 m/min, the maximum chord error is only 2.5
as in Table 1. However, the speed of the uniform-interval
NURBS varies dramatically, from 1/10 to 10 times the
average speed, and thus machining quality may be
seriously degraded. Also, in this interpolation, the inter-
val corresponding to the specified feedrate is undeter-
mined. Therefore, the uniform-interval NURBS is not
suitable for machining processes because of its unstable
feedrate.

2. Applying the speed-controlled NURBS significantly
improves the speed accuracy, and results indicate that the
speed variation is within 5%. As for the chord error, it is
satisfactory at low speed. For example, with a feedrate of
6 m/min, the chord error of the speed-controlled NURBS is
around 1 w. However, as the feedrate increases to 20 m/min,
its chord error greatly increases to 10u. Therefore, for a
precise CNC system with an error budget 10u which
includes both interpolation errors and motion control
errors, the speed-controlled NURBS interpolation would
not be suitable for high-speed operation because of its
excessive chord error.

3. For the present adaptive-feedrate NURBS, results in Fig. 8
show that the feedrate is automatically reduced at sharp
corners while the chord error is confined well within the
specified 1. It is known that higher machining quality is
achieved if the feedrate can be maintained within a
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Fig. 9. The experimental setup.

specified range with a constant speed. Also, the dimension
precision can be obtained with the minimized chord error.
With the proposed adaptive-feedrate NURBS interpola-
tion, although the machining time increases because of
the reduced feedrate, better machining quality and preci-
sion are guaranteed even under high-speed operations, as
shown in Figs. 7 and 8 and Table 1.

5. Experimental results

The experimental setup of a three-axis DYNA 1007 CNC
machine center is shown in Fig. 9. A PC-486 generated the
main control commands and recorded the signals, including:

the input commands for different contours, the implementa-
tion of a variable-gain CCC, and the control inputs to the
velocity loop of the AC servo motors. The PC-486 interface
utilized an AD/DA card to send and receive the control
input and position output at a sampling period of 1 ms. A
NURBS path as in Fig. 4, with 1/3 scale and a feedrate
F =4.5 m/min were adopted. The sampling time in inter-
polation was T, = 0.001 sec. To verify the adaptive-feedrate
function of the proposed algorithm, the chord error was
confined to within 0.001u during the interpolation process,
as shown in Fig. 10. The results shown in Fig. 11 indicate
that the proposed interpolation algorithm leads to less
contouring error than the speed-controlled NURBS interpo-
lation, especially at the corner of the path magnified in

Feedrate

W
o
T

o

L

10 15

Time (sec)

Fig. 10. Measured speed for the speed-controlled NURBS (dashed) and the adaptive-feedrate NURBS (solid).
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Fig. 11. Experimental results for the speed-controlled NURBS (dashed) and the adaptive-feedrate NURBS (solid).
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Fig. 12. Detailed results at the corner for the speed-controlled NURBS (dashed) and the adaptive-feedrate NURBS (solid).

Fig. 12. As summarized in Table 2, the contouring error of position is mainly determined by the radial error and the
the proposed interpolation is one third that of the speed- chord error. With modern computing processors, the radial
controlled interpolation. error is usually negligible. Therefore, the chord error is the

main concern in general interpolation algorithms. The
proposed interpolation achieves greater machining preci-

6. Conclusions sion by using adaptive feedrate to reduce chord errors.

Simulation results show that the proposed interpolation

For parametric curves, interpolation accuracy in terms of algorithm effectively improves interpolation accuracy in
Table 2

Experimental results of errors for different NURBS algorithms

Measurement Tracking error (mm) Contouring error (mm)
Interpolation MAX RMS MAX RMS
Speed-controlled NURBS 0.080 0.059 0.017 0.002

Adaptive-feedrate NURBS 0.073 0.040 0.006 0.001
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terms of the chord error and maintains speed accuracy at a
specified level. Implementation on a CNC machining center
also has proven the feasibility and the improved contouring
performance of the proposed adaptive-feedrate interpolation
algorithm.
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