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Ground state of electron gases at negative compressibility
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Two- and three-dimensional electron gases with a uniform neutralizing background are studied at negative
compressibility. Parametrized expressions for the dielectric function are used to access this strong-coupling
regime, where the screened Coulomb potential becomes overall attractive for like charges. Closely examining
these expressions reveals that the ground state with a periodic modulation of the charge density, albeit expo-
nentially damped, replaces the homogeneous one at positive compressibility. The wave vector characterizing
the new ground state depends on the density and is complex, having a positive imaginary part, as does the
homogeneous ground state, and real part, as does the genuine charge density wave.
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I. INTRODUCTION

The nature of the metallic state of a dilute tw
dimensional electron gas~2DEG! in high-mobility silicon
MOSFET’s, first observed by Kravchenkoet al.1 nearly a
decade ago, has still not been established. Various scen
have been proposed to explain the new conducting s
ranging from superconducting, to non-Fermi liquid, to p
colation, to classical~see Refs. 2,3 for overviews and refe
ences to the original literature!. The unique character of thi
state is reflected by its thermodynamic signatures of b
negative pressure and compressibility.4

Although recognized as a theoretical possibility for qu
some time—at least in three dimensions,5 an electron gas
with a uniform neutralizing background was expected to
unstable at negative compressibility, and the model mean
less. Later theoretical6 and also numerical7 studies neverthe
less considered both the region with positive and nega
compressibility without encountering conceptual difficultie

Eisenstein, Pfeiffer, and West4 more recently concluded
that the global features of their 2DEG compressibility data
very low densities, where the system appears to underg
quantum phase transition to an insulating state,3 could be
explained simply using the Hartree-Fock approximatio
which consists of including the exchange contribution to
ground-state energy of a free fermion gas. Their analy
does not account for impurities, which are of paramount
portance at and beyond the metal-insulating~MI ! transition.

Ilani et al.8 reached similar conclusions based on th
compressibility data of a dilute two-dimensional hole g
~2DHG!. By placing several single electron transistors
rectly above the 2DHG, they could in addition determi
possible spatial variations in the system. They concluded
the metallic state at negative compressibility is homogene
in space and well described by the Hartree-Fock approxi
tion. As the system crosses to the insulating state and
Hartree-Fock approximation ceases to be applicable, t
found the system to become spatially inhomogeneous. T
interpreted this observation as supporting scenarios in w
the MI transition is described as a percolation process.9–11

Using density functional theory in the local density a
proximation, Shi and Xie12 recently investigated the spatia
distribution of the electron number density of a 2DEG in t
0163-1829/2001/64~24!/245101~6!/$20.00 64 2451
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presence of impurities. As usual, impurities were included
coupling the particle number density to a fluctuating pote
tial with a random distribution. The parameter characteriz
the Gaussian distribution, which we will refer to as the im
purity strength, determines the roughness of the impu
landscape. Their numerical study incorporates the Mo
Carlo data on the ground-state energy of a clean system
Tanatar and Ceperly.7 For given impurity strength, the stud
shows that at some average densityn islands of very low
densities form in a metallic sea of high densities. At high
average densities, the sea level is high enough to fill al
the valleys of the impurity landscape, and the system is
mogeneous. With decreasingn, the sea level drops and th
insulating islands grow. At a critical value, the islands p
colate the system, which at this percolation threshold
comes insulating. The sea level now dropped to the ex
that the electrons are confined to the valleys of the impu
landscape. According to this picture, the transition to
insulating state takes place at lower densities for cleaner
tems. This is in accord with experiments, where the low
critical densitync57.760.43109 cm22 was observed in an
exceptionally clean 2DHS.13 Shi and Xie12 also studied the
importance of the Coulomb interaction by comparing w
the case where this interaction is turned off. They found t
at an average density where the interacting system was
metallic, the free electron gas, which is insulating, h
formed a few isolated lakes of high density at valleys of t
impurity landscape.

In this paper, we postulate on the nature of the grou
state of electron gases at negative compressibility. In do
so, we ignore impurities, as justified by the experimen
findings that this metallic state is homogeneous in space
that the compressibility data is already well described by
Hartree-Fock approximation of a clean electron gas. T
study emphasizes the three-dimensional electron gas~3DEG!
as much more information from theoretical studies is av
able than for the 2DEG. Most of the 3D conclusions, ho
ever, also apply to the 2D case discussed in Sec. VI.
following two sections focus on the changes brought ab
when going from positive to negative compressibility. One
the most surprising changes is that a test particle acquir
screening cloud in its immediate vicinity which overcompe
sates the test charge, so that the Coulomb interaction
©2001 The American Physical Society01-1
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comesattractive for like charges. The changes are also d
cussed from the perspective of Fermi liquid theo
describing the electron gas after the screening mechan
has taken effect and resulted in only short-range interacti
The main result of this paper is contained in Sec. IV, wher
is argued that the ground state of an electron gas at neg
compressibility is a charge density wave~CDW!, although
exponentially damped. The phenomena considered here
by no means specific to an electron gas, but also appear
charged Bose gas as discussed in Sec. V.

II. SCREENING vs OVERSCREENING

A 3DEG is characterized by the screening of charg
When a test particle of chargeZ is placed at the origin,
r(x)5Zd(x), the system responds by rearranging its cha
distribution to screen the external charge. The charge den
r ind thus induced,

r ind~x!5ZE d3q

~2p!3 F 1

e~q,0!
21Geiq•x, ~1!

is determined by the dielectric functione(q,0) at zero fre-
quency, which encodes the static screening effects of
3DEG. The total induced charge

Qind5E d3xr ind~x!5r ind~q50!52Z ~2!

cancels the charge of the test particle since the scree
factor 1/e(q,0) vanishes at zero wave vectorq5uqu. The test
charge is therefore always perfectly screened. However,
induced charge density differs in how it is distributed, d
pending on the electron number densityn or, equivalently,
the ratio r s5a/a0 of the average interparticle distancea
5(3/4pn)1/3 to the Bohr radiusa05\2/me2. ~For valence
electrons in 3D metals,r s , characterizing the strength of th
Coulomb interaction, ranges from 1.8 to 5.6.5!

At weak coupling (r s,1), corresponding to high electro
number densities, a screening cloud of opposite charge
rounds the test charge, and the screened Coulomb pote
decreases exponentially with increasing distance. On its
far away from the test charge, the potential has superimpo
a small oscillatory modulation of wave vectorq52kF , with
kF the Fermi wave vector. These Friedel oscillations, lead
to a periodic change in sign of the Coulomb potential, ori
nate from a singularity in the dielectric function atq
52kF , where electron-hole excitations start to develop
energy gap.5

A 3DEG’s response to a test charge fundamenta
changes at larger values of the coupling constantr s because
of a qualitative change in the dielectric function. Namely,
some valuer s5 r̄ s , the dielectric function becomes negativ
for small wave vectors.14 Rather than surrounded by
screening cloud of opposite charge in its immediate vicin
the test charge now becomes overscreened. The Cou
potential rapidly drops below zero with increasing distan
and becomes attractive for like charges. Further away fr
the test charge, the potential exhibits an exponenti
24510
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damped oscillatory behavior and periodically changes s
similar to Friedel oscillations. The initial drop of the Cou
lomb potential to negative values and the resulting ov
screening is, however, unrelated to Friedel oscillation15

Overscreening in a plasma was first noted in a 2D Bose
with a 1/x Coulomb potential.16

The fundamental change in the screening behavior o
3DEG is paralleled by a modification of its ground state.
the critical electron number density, where the dielect
function becomes negative for small wave vectors and a
charge overscreened, the compressibility changes sign
well. As argued in the following, the homogeneous grou
state of the regime with positive compressibility then giv
way to a ground state with a periodic modulation of t
charge density, which is, however, exponentially damped

III. NEGATIVE COMPRESSIBILITY

At weak coupling, the dielectric function can be writte
for small wave vectors as5

lim
q→0

e~q,0!512v~q!x sc~0,0!, ~3!

with v(q)54pe2/q2 the Fourier transform of the~unscreen-
ed! Coulomb potential, andxsc(0,0) the screeneddensity-
density response function at zero wave vector and freque
The screened response function, a theoretic construct t
distinguished from the physical one, measures the respo
to a screened external field rather that the external field its
Physically, this function describes a fictitious system w
only short-range interactions that are remnants of the lo
range Coulomb interaction after the screening mechanism
the 3DEG has taken effect.5 Derived from the Coulomb in-
teraction, the short-range interactions of the fictitious syst
vanish in the limitr s→0.

In writing Eq. ~3!, theO(q2) term in the Taylor expansion
of xsc(q,0) is assumed to be substantially smaller than
This is true only at weak coupling. For example, whenr s
51, the value of the constant term in Eq.~3! is reduced
already by about 6%.

The compressibility sum rule relates the screened
sponse function to the compressibilityk of the 3DEG via5

lim
q→0

xsc~q,0!52
]n

]m
52n2k, ~4!

with m the chemical potential. If positive, the compressibili
can be expressed in terms of the speed of soundc in the
fictitious system with only short-range interactions as

nk51/mc2. ~5!

Equation~3! can then be cast in the equivalent form

lim
q→0

e~q,0!511
vpl

2

c2q2
, ~6!

corresponding to the spectrumv25vpl
2 1c2q2 of the plasma

mode, where vpl denotes the plasma frequencyvpl
2

54pne2/m. The plasmon spectrum differs from the gaple
1-2
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spectrumv25c2q2 of the sound mode of the fictitious sys
tem in that, due to the long range of the Coulomb interacti
the former has an energy gap. At short wavelengthscq
.vpl), the difference is negligible, thereby allowing use
the plasmon to access, viac, the screened interaction as
function of the coupling constant—at least forr s,1.

In the limit r s→0, the screened response function redu
to ~minus! the density of statesn05m\kF /p2 at the Fermi
surface. Simultaneously,c2→c0

25vF
2/3, with vF5\kF /m

the Fermi velocity, and the Thomas-Fermi approximation
the dielectric function is recovered.

Owing to its short-range interactions, the fictitious syst
can be described by Fermi liquid theory.5 The elementary
excitations are fermionic quasiparticles of massm* , with an
interaction characterized by spin symmetric~s! and spin an-
tisymmetric~a! Landau parametersFl

s,a , wherel denotes the
angular momentum channel. The Landau parameters de
on r s and vanish in the limitr s→0, where alsom* →m. The
speed of sound in the fictitious system can be expresse
these parameters as follows:

c25~11F0
s!~m/m* !c0

2 . ~7!

Due to the Pauli exclusion principle, even with an attract
interaction, a Fermi liquid can still support a sound mo
provided thatF0

s.21.
Approximate calculations5,17 indicate that the effective

mass is comparable to the free electron mass, while the L
dau parameterF0

s is negative. The latter implies anattractive
quasiparticle interaction in the spin-symmetricl 50 channel,
although it derives from the Coulomb interaction, which r
pulses like charges. This unexpected finding has the s
origin as the overscreening of a test charge.

At the level of the first-order correction to the groun
state energy of a free Fermi gas, which itself is a one-lo
result, the origin can be understood as follows.5 Two Feyn-
man diagrams contribute to the two-loop, or Hartree-Fo
correction: the direct, or Hartree term containing two f
mion loops, and the exchange term containing only one
mion loop. Owing to overall charge neutrality, the dire
term does not contribute to the ground-state energy, so
only the exchange term remains. Containing an odd num
of fermion loops, this term comes with a minus sign, th
reversing the sign of the Coulomb interaction. Consequen
the ground-state energy per electron and also the pres
decrease with increasing coupling constant forr s,1, even-
tually becoming negative.

The inverse compressibility of the 3DEG and therefo
the speed of soundc in the fictitious system also decrea
with increasing r s . At a certain valuer s5 r̄ s , with r̄ s
'5.25 according to estimates,6 the inverse compressibility
becomes negative and the speed of sound drops to zero
plying that the factor (11F0

s)/m* should vanish. The ap
proximate calculations5,17 indicate that the quasiparticle ma
increases only slightly with increasingr s , while the values
of F0

s for r s52,3,4 show a tendency towards21 around

r s5 r̄ s . We conjecture that precisely at this point,F0
s521.

In Fermi liquid theory,5 this value of the Landau paramet
24510
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s , wherexsc(0,0) diverges, signifies the onset of instab

ity, with the homogeneous ground state becoming unsta
towards density fluctuations.

IV. EXPONENTIALLY DAMPED CDW

The vanishing of the sound mode of the fictitious syst
affects the plasmon spectrum. The general condition
plasma oscillations at a frequencyv is5 e(q,v)50. At zero
frequency, or energy, the condition reduces to

q2e~q,0!50, ~8!

where an additional factorq2 is included for convenience. A
physical solutionq(r s) of this condition with a positive rea
part denotes a time-independent, i.e., frozen-in modulatio
the charge density.

Consider condition~8! first at weak coupling, where the
dielectric function reduces to the form~6! in the limit of long
wavelengths. This givesq2(r s)52vpl

2 /c2, leading to a
purely imaginary wave vector as a solution, and a screen
lengthl5c/vpl . In the limit r s→0, this formula reduces to
the Thomas-Fermi result

l/a5~pa/4r s!
1/2, a5~4/9p!1/3. ~9!

Being proportional to the inverse square root of the coupl
constant, the screening length~9! measured in units of the
interparticle distancea becomes infinite asr s approaches
zero.

At r s5 r̄ s , where the dielectric function becomes negati
for small wave vectors, resulting in the overscreening o
test charge, the solution of the condition~8! changes quali-
tatively. In the regionr s. r̄ s , the plasmon spectrum initially
decreases with increasing wave vector, until reaching a~posi-
tive! minimum after which it increases.18

The unique character of the pointr s5 r̄ s can also be noted
when considering the spatial average of the electrostatic
tential generated by the static test charge at the origin

E d3xw~x!5w~q50!5
Z

e2n2k
, ~10!

where w(q)54pZ/e(q,0)q2. When the inverse compress
ibility becomes negative, the overall potential changes s
as well.

To investigate the strong-coupling regime, we use a
rametrized expression for the local-field correctionG(q) as
it appears in the generalized random phase approximatio
the screened response function

xsc~q,0!5
x0~q,0!

11v~q!G~q!x0~q,0!
~11!

proposed by Ichimaru and Utsumi.19 Here,x0(q,0) denotes
the response function of a free Fermi gas at zero freque
The random phase approximation is recovered by set
G(q) to unity. Since only the zero-frequency response fu
tion is required to study the condition~8!, we can sidestep
the difficulties which arise when the frequency dependenc
1-3
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ADRIAAN M. J. SCHAKEL PHYSICAL REVIEW B 64 245101
included in G(q) to arrive at the dynamic correction. Th
parametrized expression, which applies to the range 0,r s
,15, incorporates Monte Carlo data on the ground-s
energy20 as well as the ladder diagram calculation of the p
distribution function at zero separation.21 Importantly, the re-
sulting dielectric function satisfies a number of exact bou
ary conditions and sum rules, including the compressibi
sum rule~4!. As noted in the overview,22 these features an
its simplicity makes the parametrized expression propose
Ref. 19 convenient for applications.

The compressibility sum rule determines the behavior
the local-field correction at long wavelengths. With the de
nition

lim
q→0

G~q!5g0~r s!q̂
2, ~12!

whereq̂5q/kF , it follows from Eq.~4! and a similar expres
sion for the noninteracting system with compressibilityk0,
that the coefficientg0(r s) is related to the compressibilit
via

k0

k
512

4a

p
g0~r s!r s . ~13!

The compressibility of a 3DEG can be extracted from
Monte Carlo data of Ceperly and Alder20 thus fixingg0(r s).
In particular, when the inverse compressibility changes s
it becomes

g0~ r̄ s!5
p

4a

1

r̄ s

. ~14!

Because the compressibility sum rule is satisfied, the par
etrized expression for the dielectric function

e~q,0!512v~q!xsc~q,0!, ~15!

with xsc given by Eq.~11!, becomes negative for small wav
vectors also atr s5 r̄ s , as it should.

With the expression~15! substituted and the left hand ex
panded in a Taylor series to orderq4, Eq. ~8! leads to the
condition

a01a2q̂21a4q̂450, ~16!

valid at long wavelengths. The quartic term is included b
cause the first term in the expansion

a05
~4a/p!r s

12~4a/p!g0~r s!r s
, ~17!

changes sign atr s5 r̄ s . The coefficientsa2 anda4 have no
simple analytic representation, depending on the specific
rametrization of the local-field correctionG(q). They are
best represented simply by their numerical values for e
r s . The coefficients diverge atr s5 r̄ s . As a result of which,
a small region just belowr̄ s is numerically inaccessible.

The physical solutionq(r s) of the condition~16!, which
is a quadratic equation inq2, remains purely imaginary in the
entire regime where 1/k.0, as it is at weak coupling~see
24510
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Fig. 1!. The corresponding screening lengthl5 i /q(r s), be-
ing infinite atr s50, decreases with increasing coupling co
stant until it reaches a minimuml/a'0.30 atr s'3.2. Fur-
ther increasingr s surprisingly increasesl/a again until it
becomes infinite once more atr s5 r̄ s'5.25, where the in-
verse compressibility changes sign and the sound mod
the fictitious system vanishes. The wave vector solving
condition at long wavelengths is zero and the Coulomb
teraction unscreened, as it was atr s50, according to this
definition of the screening length.

Remarkably, plotting the inverse dielectric function at th
value of r s , indicates, to within numerical accuracy, no di
persion for wave vectors smaller than the Fermi wave vec
and 1/e(q,0)50 in this range 0<q<kF .

For r s. r̄ s , the physical solutionq(r s) becomes genu-
inely complex, having an imaginary and a positive real p
as well. The latter implies the onset of instability, where t
homogeneous ground state becomes unstable towards a
odic spatial modulation of the charge density. Owing to t
imaginary part, fluctuations are, however, still exponentia
screened. The ground state at negative compressibility is
ferred to in this paper as anexponentially damped CDW
since it combines a homogeneous ground state with ex
nential screening and a CDW. The real part of the wa
length of the exponentially damped CDW is infinite atr s

5 r̄ s and decreases with increasingr s in the remaining range
where the parametrized expression fore(q,0) on which our
analysis is based applies, i.e.,r s,15. The screening lengthl
also starts at infinity and initially decreases with increas
r s . But, after reaching a minimuml/a'0.54 atr s'8.37, it
increases again.

Apart from being exponentially damped, a CDW in
3DEG differs from a CDW appearing in solids also in that
wave vector is not necessarily given byq52kF , but varies
with r s ~see Fig. 1!. In a solid, the CDW arises due t
electron-phonon interactions, and the charge modulatio
accompanied by a periodic lattice distortion both of wa
vectorq52kF .23

The screening lengthl determined by the imaginary pa
of the wave vector solving condition~16! does not monotoni-

FIG. 1. Real~Re! and imaginary~Im! part of the wave vector

q̂(r s) solving the condition~16!. The gray region just belowr s

5 r̄ s'5.25 could not be accessed because of numerical instabil
in the expansion coefficients.
1-4
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GROUND STATE OF ELECTRON GASES AT NEGATIVE . . . PHYSICAL REVIEW B 64 245101
cally decrease with increasing coupling constant. Since
screening mechanism is expected to become more effe
at stronger coupling to minimize the effect of the increas
Coulomb interaction,l fails to provide a proper measure fo
this mechanism. A more relevant length scale is theshort-
range screening lengthls , in which the deviation of the
screened from the unscreened Coulomb potential is m
sured at short distances from a test charge.24 It is defined by
writing the electrostatic potential generated by a static
charge at the origin@see below Eq.~10!# as

w~x!5
Z

x F11
2

pE0

`

dqS 1

e~q,0!
21D sin~qx!

q G ~18!

and expanding the right side in a Taylor series for smallx,

w~x!5
Z

x S 12
x

ls
1••• D , ~19!

with

a

ls
5S 18

p2D 1/3E
0

`

dq̂F12
1

e~ q̂,0!
G . ~20!

Since 1/e(q̂,0),1, ls is always positive. The short-rang
screening length coincides with the Thomas-Fermi screen
length in the limitr s→0. As expected for a system copin
with an interaction that becomes increasingly stronger,ls

monotonically decreases~roughly asr s
21/2) with increasing

coupling constant in the entire range 0,r s,15 where the
parametrized expression fore(q,0) applies. The ratiols /a is
unity aroundr s50.78. Whereas atr s5 r̄ s , its value is re-
duced tols /a'0.39.

The exponentially damped CDW in a 3DEG arises in
nonperturbative, strong-coupling regime. It is worth cons
ering an example where a similar ground state arises at w
coupling, to access it in perturbation theory. Such an
ample is provided by a charged Bose gas.

V. CHARGED BOSE GAS

A free Bose and Fermi gas differ in that, owing to th
Pauli exclusion principle, the latter can support a sou
mode at zero temperature, whereas the former cannot.
single-particle excitation with the spectrumv5\q2/2m is
therefore the only gapless mode available. By repeating
argument leading to the plasmon spectrum of a 3DEG
weak coupling, we obtain the spectrumv25vpl

2

1\2q4/4m2 of a charged Bose gas in the limitr s→0, with
the same expressions for the plasma frequency,vpl

2

54pne2/m, andr s as for a 3DEG. The plasmon spectrum
the charged Bose gas at weak coupling corresponds to
dielectric function

lim
q→0

e~q,0!511
vpl

2

\2q4/4m2
. ~21!
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These formulas agree with the perturbative results first
tained in Ref. 25 and Ref. 26, respectively, using Bogo
ubov’s method.

A solution of the condition~8! with the dielectric function
~21! is given by

q~r s!5~11 i !~mvpl /\!1/2. ~22!

The resulting ground state is an exponentially damped CD
with both the wavelength and screening length expresse

l/a51/~3r s!
1/4, ~23!

see the analogous expression~9! for a 3DEG.
As for a 3DEG, the exponentially damped CDW of

charged Bose gas in 3D has a negative compressibility
well. Specifically, the energy per particle given by25

E

N
52A

e2

2a0

1

r s
3/4

~24!

to the lowest order in the loop expansion leads to

1

k
52

5A

16

e2

2a0

n

r s
3/4

, ~25!

with A'0.8031. A negative compressibility is possibly a g
neric characteristic of an exponentially damped CDW.

VI. 2DEG

Next, 2DEG’s with a 1/x Coulomb potential and averag
interparticle distancea5(p/n)1/2 are considered. The shif
to 2D is facilitated by replacing the 3D Fourier transfor
4pe2/q2 of the 1/x potential with 2pe2/q in the above equa-
tions. Doing so leads to a plasma frequency

vpl
2 52pne2q/m, ~26!

which depends onq and tends to zero for vanishing wav
vectors. That is, although harder than the gapless mode
the corresponding fictitious fermionic and bosonic system
the resulting plasma modes are, unlike their 3D counterpa
gapless. Most of the striking features of the 3D systems, s
as negative compressibility,7 the Landau parameterF0

s taking
the value21 at the point where the inverse compressibil
changes sign,27 and overscreening14,16 are nevertheless als
found in 2D.

One noteworthy difference is that the condition~8! in 2D
with the weak-coupling expression for the dielectric functi
~6! and the plasma frequency~26!,

q212pne2q/mc250, ~27!

has no physical solution. In accordance with the gapl
plasmon spectrum, this implies the absence of Thomas-Fe
screening.

The 2DEG’s dielectric functione(q,0) has not been de
termined to the extent the 3DEG’s function has. Howev
the local-field correction proposed in Ref. 28, incorporati
the variational Monte Carlo data on the ground-state ene
and the compressibility by Tanatar and Ceperley,7 serves our
1-5
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purposes as the corresponding dielectric function satisfies
compressibility sum rule. Specifically, with the definition

lim
q→0

G~q!5g0~r s!q̂ ~28!

appropriate for 2D, it follows from the compressibility su
rule ~4!, with xsc(q,0) given by Eq.~11!, that the coefficient
g0(r s) is fixed by the compressibility via

k0

k
512

A2

p
g0~r s!r s . ~29!

The local-field correction was determined in Ref. 28 only
discrete values ofr s . We use a simple interpolating proce
dure to obtainG(q) for arbitrary values ofr s in the entire
interval 0<r s<40.

At the value r s5 r̄ s where the inverse compressibilit
changes sign, withr s'2.03 according to the Monte Carl
data,7 the dielectric function becomes negative for sm

FIG. 2. Real~Re! and imaginary~Im! part of the wave vector

q̂(r s) solving the condition~30!.
u
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wave vectors. As for a 3DEG, the long-wavelength solut
of the condition~8!, with a factorq included instead ofq2,
changes here qualitatively. The resulting equation is q
dratic in q rather thanq2,

a01a1q̂1a2q̂250, ~30!

with

a05
~A2/p!r s

12~A2/p!g0~r s!r s

, ~31!

while the two remaining coefficients are again best rep
sented by their numerical values.

For r s, r̄ s , no physical solution is found, implying that i
this entire regime screening is absent and the plasmon m
gapless, as in the weak-coupling limit@see below Eq.~27!#.
For r s. r̄ s , a complex solution with positive real and imag
nary parts emerges, signalling an exponentially dam
CDW in a 2DEG~see Fig. 2!. Contrary to the 3D case, th
imaginary part of the solution is larger than the real part
the entire regime where the parametrization applies.

In conclusion, 2DEG’s and 3DEG’s at negative compre
ibility, where test charges are overscreened, were argue
have an exponentially damped CDW as ground state.
wave vector characterizing this state is complex and va
with the electron number density. The real part vanish
above the critical density, where the inverse compressib
changes sign and the system becomes homogeneous.
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