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Analysis of a novel flexure hinge with three degrees of freedom
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The flexure hinge is widely used as the mechanism for a high precision positioning stage with a
micrometer or nanometer resolution. In this article we propose a novel flexure hinge with three
degrees of freedom in which the motions are restricted in the same plane. An analysis model is
developed to analyze the flexure hinge. The results obtained are consistent with those of the finite
element method. A characteristic study using the proposed model shows that this flexure hinge has
a feature of linear load displacement. In addition, the most effective way to change the stiffness of
this flexure hinge is to modify the notch’s radius. A prototype of this novel flexure hinge has been
manufactured and the measured characteristics prove the advantages of this proposed model.
© 2001 American Institute of Physics.@DOI: 10.1063/1.1340024#
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I. INTRODUCTION

The need for micromotion stage has found wide appli
tion in fields like the lithography process of the semicond
tor industry, optical device tuning, ultraprecision machinin
analysis of material surface structure, and the direct man
lation of DNA in genetic engineering. Nowadays, trends
miniaturization push the resolution of stage toward to
scale of nanometer or even subnanometer. Stages with
precision using sliding and rolling bearings of various typ
are inherently subjected to stick-slip and backlash proble
for small displacement. The flexure hinge is a way to av
such problems. It can be used to smoothly transfer the
tion provided by actuators with sufficient resolution.

In fine stage design the flexure hinges with one or t
axes of motion are usually used in which the fine motion
achieved either directly using the flexure hinge to transfer
small displacement from actuators like piezoelectric one1,2

or using the flexure hinge magnification mechanism to ob
a larger stroke.3,4 In those applications the flexure hinge
usually the notch type which is formed through the mach
ing of the high precision numerical controlled cutting m
chine. Because of the advancement of manufacturing te
nology, the profiles of notch-type flexure hinges can ha
right-circular, corner-filleted, and elliptical forms.5 The
notch-type flexure hinge usually has one axis of moti
Flexure hinges with two axes of motion can be formed eit
from the universal joint with coincident axes or by combi
ing two notch-type hinges with perpendicular rotation ax
together. For the study of flexure hinges Paros a
Weisbord6 presented an analysis formulation for evaluati
the compliance of the notch-type flexure hinges with rig
circular profiles and then investigated the characteristics
such kinds of flexure hinges. The limitation used in th

a!Electronic mail: fzh@srrc.gov.tw
1560034-6748/2001/72(2)/1565/9/$18.00
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analysis is that the minimum hinge thickness is much sma
than both the cutting notch radius and the hinge heig
Smith, Chetwynd, and Bowen7 showed an approximate for
mula, which was derived from the finite element analy
result, to evaluate the compliance of right-circular profi
hinges for cases of larger minimum hinge thickness. T
analysis formulations for the flexure hinges with elliptic
profiles were presented by Smithet al.8 Xu and King5 com-
pared the performance of different flexure hinge profiles
the finite element method~FEM! and they concluded that th
flexure hinge with elliptical profiles has a lower maximu
stress and thus a long fatigue life while the corner-fillet
profiles offer the highest flexibility.

In this article we propose a novel monolithic flexu
hinge with three degrees of freedom, where motions in
same plane with two translation and one rotation are
lowed. An analytical model is proposed for the analysis a
design of the flexure hinge and the finite element metho
used to compare the results obtained from this model.
characteristics of the flexure hinge are then studied. Base
this study, a prototype is manufactured and its characteris
are measured to verify the results from the analysis mod

II. CONFIGURATION

Figure 1 shows the geometric configuration of the no
flexure hinge, where two notches with radiusr1 andr2 are
located, respectively, at the left and top region and two c
centric arcs form the boundary of the corner region. T
width of the horizontal and vertical straight section can
different and the thickness of the flexure hinge is unifor
The central points of the arcs at the left end notch gener
have an offset with the edge of the adjacent straight sect
A similar condition holds for the notch at the top end. T
span angle of the outer arc~radiusR0! in the corner region is
90° and the two ends of this arc are tangent to the edge
5 © 2001 American Institute of Physics
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their adjacent straight sections, respectively. If the left-ha
side of the flexure hinge is clamped and the forces and
ment are applied at the top end, the flexure hinge will mo
in horizontal, vertical, and rotational directions. That is, t
flexure hinge has three degrees of freedom in the same
tion plane. A monolithic stage using this type of flexu
hinge is shown in Fig. 2, where four flexure hinges placed
the corners of the stage are oriented to form a symme
structure. Due to the unique feature of the flexure hinge,
stage has 3 motional degrees of freedom.

III. ANALYSIS MODEL

Figure 3 shows the simplified model of the flexure hing
In this model the offset is set to zero and the notch radiu
the left and top ends is set to the same value. The cen
point of the two concentric arcs at the corner is set as
intersection of the two extension lines from the edges of
horizontal and vertical straight sections. That is, the s
angle of the inner arc is 270°. Though we simplify the ge
metric configuration, the following analysis procedure c
still be applied to the general configuration.

In Fig. 3 the flexure hinge is divided into three segme
A, B, and C. Segments A and C are treated as beam and
one-dimensional beam theory model is used to evaluate
deformation of each section. The left end is clamped a

FIG. 1. General geometry of the flexure hinge.

FIG. 2. A stage using the new flexure hinge.
icle is copyrighted as indicated in the article. Reuse of AIP content is subje
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thus both the translation and rotation degrees of freedom
constrained. At the top end position the external for
FX ,FY ,M are applied here and this position is also regard
as the output point. The deflection curve for the neutral a
of the flexure hinge at segments A and C can be expresse
the differential equation

EI~x!
d2y

dx2
5M ~x!, ~1!

where the notationsx and y are defined in Fig. 4,E is the
Young’s modulus,I is the cross sectional area moment
inertia of the neutral axis, andM (x) is the bending momen
at the given pointx, which can be expressed as follows:

M ~x!5M1FY~H20.5u!2FX~L20.5u!2FYx. ~2!

The assumptions used in Eq.~1! are small deflection, smal
rotation andd2y/dx2!1.9 Since the thickness of the flexur
hinge is uniform,I (x) at the straight section is a consta
value. At the notch regionI (x) can be expressed as

I ~x!52bh3~x!/3, ~3!

whereb is the thickness of the flexure hinge andh is the half
width of the notch region. The half widthh at a given posi-
tion x is expressed as

h~x!50.5u2Ar22~r2x!2. ~4!

Thus the lateral deflection of the beam can be obtained f
the integration of Eq.~1! and we have the following expres
sions:

FIG. 3. Simplified model.

FIG. 4. Coordinate definition.
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At left notch region: 0<x<2r ~0<u<p!

y8~u!5~c12c2r!rT@u,2r,u#1c2r2P@u,2r,u#1A1 ,
~5!

y~u!5~c12c2r!r2Q@u,2r,u#1c2r3S@u,2r,u#

1A1~r2r cosu!1A2 .

At the horizontal straight section: 2r<x<H2u2Ri

y8~x!5
c1

u3
x2

c2

2u3
x21A3 ,

~6!

y~x!5
c1

2u3
x22

c2

6u3
x31A3x1A4 .

At notch adjacent to the corner region:H-u-Ri<x<H2u
(0<u<p/2!

y8~u!5~c32c2Ri !RiT@u,Ri ,u#1c2Ri
2P@u,Ri ,u#

1c4RiF@u,Ri ,u#1A5 ,
~7!

y~u!5~c32c2Ri !Ri
2Q@u,Ri ,u#1c2Ri

3S@u,Ri ,u#

1c4Ri
2G@u,Ri ,u#1A5~Ri2Ri cosu!1A6 .

Here the integral functionsT@•#, P@•#, F@•#, Q@•#, S@•#, G@•#,
coefficientsc1;c4 andA1;A6 are defined in the Appendix
In deriving Eqs.~5! and ~7! we use the coordinate transfo
mation in which the polar coordinate with origin at the cen
point of the arc boundary is used~see Fig. 4!. Each term in
Eqs. ~5!–~7! can be expressed explicitly, though they a
lengthy expressions. Thus we have the deformation form
expressed explicitly as a function ofx at a given geometry
and loading condition.

The axial displacement can be obtained by using
stress–strain relations for a beam subjected to the unia
load F:

sx5
F

A
,

«x5
sx

E
, ~8!

Dx5E «xdx.

Thus from Eqs.~7! and ~8! the deformation at the interfac
between segment A and B~point p! can be obtained as fol
lows:

Xp5
FX

Eb S rW@u,2r,p#2rW@u,2r,0#1RiWFu,Ri ,
p

2 G
2RiW@u,Ri ,0#1

H2u2Ri22r

u D ,

Yp5~c32c2Ri !Ri
2QFu,Ri ,

p

2 G1c2Ri
3SFu,Ri ,

p

2 G
1c4Ri

2GFu,Ri ,
p

2 G1A5Ri1A6 , ~9!
icle is copyrighted as indicated in the article. Reuse of AIP content is subje
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up5~c32c2Ri !RiTFu,Ri ,
p

2 G1c2Ri
2PFu,Ri ,

p

2 G
1c4RiFFu,Ri ,

p

2 G1A5 .

In segment B, the energy method is used to obtain
displacement formula. Assume the plane section rema
plane after loading and the contribution to strain energy fr
radial stresss r and out of plane stresssz are negligible
compared with the contribution of circumferential stresssf .
The energy functionU* is then expressed as

U* 5E E S sf
2

2E
1

t2

2GD rdf dA. ~10!

Since segment B is bounded by two concentric arcs it i
curved beam. The stress for a curved beam under the loa
shown in Fig. 5 is expressed as10

sf5
Mf

eA S r n

r
21D1

Nf

A
,

~11!

t51.2
Vf

2

A2
,

whereA is the cross sectional area ande and r n are defined
as below

r n5
A

E dA

r

5
u2Ri

ln~u!2 ln~Ri !
,

~12!

e5R2r n5E rdA

A
2r n .

From the free body diagram the force equilibrium conditi
shown in Fig. 5 can be expressed as

Mf5Mq2FxqR•sinf2FyqR~12cosf!,

Nf52Fxqsinf1Fyq cosf, ~13!

Vf5Fxq cosf1Fyq sinf, 0<f<
p

2

FIG. 5. Loading at Sec. B.
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whereMq , Fxq , andFyq are the loadings at pointq, which
are related to the external loads by the following expressio

Mq52M1FX~L2u!1 1
2FYRi ,

Fxq52FX , ~14!

Fyq5FY .

Based on the assumption of small displacement and lin
elastic material, the deflection at pointq can be expresse
from Castigliano’s theorem

DH5
]U*

]Fxq
5

1

EA S 12
R

eD S Mq1
pR

4
FX2

R

2
FYD

1
1.2R

GA S 2
p

4
FX1

1

2
FYD ,

DV5
]U*

]Fyq
5

Mq

EA S R

e S12
p

2 D21D2
FX

2EA S R2

e
2R1

1.2RE

G D
1

FY

EA S R2

e S 3p

4
22D1RS 22

p

4 D1
1.2p

4

RE

G D ,

~15!

Du5
]U*

]Mq
5

1

EAeS p

2
Mq1R3FX1R3FYS 12

p

2 D D
2

1

EA
~FX1FY!.

In addition to the deformation caused by the loading
point q, the displacement atq actually includes the finite

FIG. 6. Finite rotation.
icle is copyrighted as indicated in the article. Reuse of AIP content is subje
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rotation at pointp as Fig. 6 shows. Neglecting the seco
order term and treating segment B as a rigid body one,
corresponding displacementDx, Dy from the finite rotation
is expressed as below

Dx5x2x05x0~cosup21!2y0sinup ,
~16!

Dy5y2y05x0 sinup1y0~cosup21!.

Thus the displacement at pointq can be obtained as follows

Xq5Xp2DH1
u1Ri

2
3~cosup2sinup21!,

Yq5Yp1DV1
u1Ri

2
3~sinup1cosup21!, ~17!

uq5up2Du .

Deformation of segment C can be obtained through
same procedure as that in segment A. Continuous condit
in both displacement and slope are applied at the junction
segments B and C. With the local coordinate transformat
h52x andj5y, the expressions for the lateral deflection
segment C can be obtained as follows:

At the notch region adjacent to the corner region

h8~u!5c5RiT@u,Ri ,u#12c4Ri
2P@u,Ri ,u#

1
c2

2
RiF@u,Ri ,u#1A7 ,

~18!
h~u!5c5Ri

2Q@u,Ri ,u#12c4Ri
3S@u,Ri ,u#

1
c2

2
Ri

2G@u,Ri ,u#1A7Ri cosu1A8 .

FIG. 7. Meshes and deformation.
TABLE I. Simulation results using both the analysis model and the finite element method.

Case Dx~mm! Dy~mm! uz~mrad!
Geometry Loading FEM Analysis Error~%! FEM Analysis Error~%! FEM Analysis Error~%!

A A 259.67 265.02 22.06 2350.72 2364.04 23.80 210.39 210.02 3.55
B A 286.54 292.42 22.05 2398.81 2412.42 23.41 210.98 210.94 0.42
A B 217.10 212.39 2.17 2249.96 2260.15 24.08 29.84 29.16 6.88
A C 251.08 249.59 2.90 49.85 54.10 28.52 2.91 3.04 24.69
A D 425.79 427.42 20.38 2550.83 2570.47 23.57 217.08 216.14 5.50

Remark:
Geometry A:r55, Ri55, u512, H545, L530, b516 mm.
Geometry B:r54.8, Ri55.2, u511.6,H546, L530, b515 mm.
Loading A: Fy5260 N, Fx5M50; Loading C:Fx5Fy50, M5300 N mm.
Loading B:Fx560 N, Fy5M50; Loading D:Fx560, Fy5260 N, M5300 N mm.
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FIG. 8. Deformation at differentFX andFY .
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FIG. 10. Effect of geometry dimension on flexure compliance;FX5M50, FY520 N.
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At the vertical straight section

h8~j!5c6j1
c7

2
j21A9 ,

~19!

h~j!5
c6

2
j21

c7

6
j31A9j1A10.

At the top notch region

h8~u!5~c812c4r!rT@u,2r,u#22c4r2P@u,2r,u#1A11,
~20!

h~u!5~c812c4r!r2Q@u,2r,u#22c4r3S@u,2r,u#

1A11~r2r cosu!1A12.

The axial displacement can be obtained by using Eq.~8!.
Thus the formulations for the displacement of the flexu
hinge subjected to external loads at output pointr can be
obtained from Eqs.~8! and ~20! and listed as below

Xr52~c812c4r!r2Q@u,2r,p#

12c4r3S@u,2r,p#22rA112A12,

Yr5Yq1
FY

Eb S RiWFu,Ri ,
p

2 G2RiW@u,Ri ,0#

1rW@u,2r,p#2rW@u,2r,0#1
L2Ri2u22r

u D ,

~21!

u r5~c812c4r!rT@u,2r,p#22c4r2P@u,2r,p#1A11.

Each term in Eq.~21! can be expanded in terms of eith
loading or geometric dimension and the explicit form is e
pressed in the Appendix.

IV. FINITE ELEMENT METHOD „FEM…

The motion of the flexure hinge is simulated by using t
commercial FEM packageANSYS. Figure 7 shows the
meshes used to analyze the flexure hinge. An eight-node
ement SOLID73, with 6 motional degrees of freedom~three
translation and three rotation! on each node, is used to defin
the geometry and simulate the deformation. Since there
singularity problems at the left and top ends of the flex
hinge, the range of the geometric model at both ends is
tended to avoid the mesh singularity. The clamped bound
condition is applied at the left-extended region. To redu
the effect of large stress gradient around the loaded re
~Saint-Venant’s principle!, the loading is applied at the en
of the top extended region. However, because of the ex
sion at the top end, application of the horizontal force w
give an additional moment at the notch end. A correct
moment should be added in FEM analysis for cases of h
zontal loading. Table I shows the simulation result obtain
from both the analysis model and the finite element meth
where the additional moment caused from horizontal loa
compensated in FEM analysis. The enlarged scale of
typical deformation for the flexure hinge at a given loading
displayed in Fig. 7.

In Table I five different cases formed from two geome
and three external forces are analyzed. From different c
of comparison, both methods give a consistent result.
icle is copyrighted as indicated in the article. Reuse of AIP content is subje
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result shows smaller difference for cases of pure vert
loading and larger difference for cases of either horizon
force or moment loading exists. The maximum deviati
here is 8.5%. A further study shows that the tolerance
tween the analysis result and FEM simulation is within 13
in case of 14,H/(u22r),58, 14,L/(u22r),73, 0.1
,Ri /(u2Ri),1.67, 0.25,b/(u22r),20, or 3.2,u/(u
22r),7.67. The tolerance is within 16% if 1, r/(u
22r) ,4.5.

V. CHARACTERISTICS

Using the analysis model we study the characteristic
the monolithic flexure hinge. Figure 8 shows the flexu
hinge behavior for cases of different external horizontal lo
ing FX and vertical loadingFY . The effect of adding exter-
nal momentM is shown in Fig. 9. From Figs. 8 and 9
linear relation between loading and displacement exits in
x, y, and uz directions. Furthermore, if one applies on
either the horizontal force, the vertical force, or the pu
moment at the top end, the flexure hinge will have the ho
zontal motion, the vertical motion, and the rotating moti
simultaneously. That is, the flexure hinge has a coupled
tion behavior. Since a linear relationship holds between
loading and the motion it is easy to compensate this coup
motion problem. From the linear relationship and coup
behavior the motion at the end point of the flexure hin
subject to external loading can be expressed as follows:

Dx5ZxxFX1ZxyFY1ZxuM ,

Dy5ZyxFX1ZyyFY1ZyuM , ~22!

uz5ZuxFX1ZuyFY1ZuuM .

Here ZIJ represents theI-direction compliance due to
J-direction loading.

Case studies for the effect of geometry dimension on
flexure characteristics for the same loading condition
shown in Fig. 10, where the constraintu.Ri , u.2r, H
.u12r1Ri , and L.u12r1Ri are applied. Only six
curves are shown here because the compliancesZIJ andZJI

FIG. 11. Performance measurement of the prototype.
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TABLE II. Characteristics of the flexure prototype.

Dx Dy Dx Dy
Fx Measure Analysis Error Measure Analysis Error FY Measure Analysis Error Measure Analysis Erro

~Kgw! ~mm! ~mm! ~%! ~mm! ~mm! ~%! ~Kgw! ~mm! ~mm! ~%! ~mm! ~mm! ~%!

1 38.6 34.7 210.1 242.6 242.5 20.2 1 242.4 243.4 2.4 72.5 59.3 218.2
2 78.3 69.3 211.5 285.2 285.1 20.1 2 282.5 286.9 5.3 142.1 118.5 216.6
3 118.6 104.0 212.3 2126.9 2127.6 0.6 3 2118.5 2130.4 10.0 208.5 177.7 214.8
4 158.8 138.6 212.7 2168.3 2170.2 1.1 4 2153.4 2173.8 13.3 275.3 236.9 213.9
5 200.6 173.2 213.7 2210.9 2212.7 0.9 5 2188.3 2217.4 15.5 339.3 296.1 212.7
6 240.7 207.8 213.7 2254 2255.3 0.5 6 2223.7 2260.9 16.6 401.7 355.2 211.6

21 237.2 234.7 26.7 38.5 42.5 10.4 21 35.4 43.4 22.6 257.4 259.3 3.3
22 274.1 269.4 26.3 79.7 85.0 6.6 22 73.1 86.8 18.7 2115.2 2118.6 3.0
23 2111 2104.1 26.2 122 127.5 4.5 23 111.6 130.1 16.6 2179.9 2177.9 21.1
24 2146 2138.8 24.9 161 170.0 5.6 24 149.5 173.5 16.1 2238.1 2237.3 20.3
25 2177.4 2173.5 22.2 195.3 212.4 8.8 25 190.2 216.8 14.0 2298.5 2296.6 20.6
26 2204 2208.2 2.1 222.8 254.9 14.4 26 223.6 260.1 16.3 2360.8 2356.0 21.3
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have similar value. From Fig. 10 all the compliances sh
strong sensitivity to the change of the notch’s cutting rad
r, flexure thicknessb, and widthu, where the most sensitiv
factor isr. Changing the corner radiusRi has not as apparen
an effect asr does. Changing the magnitude ofH has a
strong effect on the compliancesZyy , Zyx, andZuy ; similar
conditions hold for the case of changingL except that the
directionsx andy are interchanged.

A prototype is fabricated to check the accuracy of t
analysis model. The loading in either horizontal or vertic
direction is applied to test the characteristics of this flex
prototype. Figure 11 shows the measurement setup of
prototype. A force gauge is used to measure the magni
of the applied loads. Deformation of the prototype is me
sured through the 0.1mm accuracy linear variable differen
tial transformer probe. Table II shows the measured resul
different loading conditions; the results estimated from
analysis model are also shown here for comparison. F
Table II the analysis model provides a good estimation in
case of horizontal loading and a less accurate estimatio
the case of vertical loading. The measured result also pro
the linear load-displacement feature of the flexure hinge.
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APPENDIX

T@u,d,u#5E sinu

~u2d3sinu!3
du,

P@u,d,u#5E sinu3cosu

~u2d3sinu!3
du,

Q@u,d,u#5E T@u,d,u#3sinudu,

S@u,d,u#5E P@u,d,u#3sinudu,
icle is copyrighted as indicated in the article. Reuse of AIP content is subje
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F@u,d,u#5E sinu

~u2d3sinu!2
du,

G@u,d,u#5E F@u,d,u#sinudu,

W@u,d,u#5E sinu

~u2d3sinu!
du,

c15
M1FY~H2u/2!2FX~L2u/2!

Eb/12
, c25

FY

Eb/12
,

c35
M1FY~Ri1u/2!2FXL

Eb/12
, c45

FX

Eb/6
,

c55
M2FX~L2u!2FYu/2

Eb/12
, c65

M2FX~L2u2Ri !

Ebu3/12
,

c75
FX

Ebu3/12
, c85

M22FXr

Eb/12
,

A152~c12c2r!rT@u,2r,0#2c2r2P@u,2r,0#,

A252~c12c2r!r2Q@u,2r,0#2c2r3S@u,2r,0#,

A35A12
2c1r22c2r2

u3
1~c12c2r!rT@u,2r,p#

1c2r2P@u,2r,p#,

A45A212~A12A3!r2
2c1r2

u3
1

4c2r3

3u3

1~c12c2r!r2Q@u,2r,p#1c2r3S@u,2r,p#,

A55A31
c1

u3
~H2u2Ri !2

c2

2u3
~H2u2Ri !

2

2~c32c2Ri !RiT@u,Ri ,0#2c2Ri
2P@u,Ri ,0#

2c4RiF@u,Ri ,0#,
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A65A41A3~H2u2Ri !1
c1

2u3
~H2u2Ri !

2

2
c2

6u3
~H2u2Ri !

3

2~c32c2Ri !Ri
2Q@u,Ri ,0#2c2Ri

3S@u,Ri ,0#

2c4Ri
2G@u,Ri ,0#,

A75uq2c5RiTFu,Ri ,
p

2 G22c4Ri
2PFu,Ri ,

p

2 G
2

c2

2
RiFFu,Ri ,

p

2 G ,
A852Xq2c5Ri

2QFu,Ri ,
p

2 G22c4Ri
3SFu,Ri ,

p

2 G
2

c2

2
Ri

2GFu,Ri ,
p

2 G ,
A95A71c5RiT@u,Ri ,0#12c4Ri

2P@u,Ri ,0#

1
c2

2
RiF@u,Ri ,0#,

A105A81A7Ri1c5Ri
2Q@u,Ri ,0#12c4Ri

3S@u,Ri ,0#

1
c2

2
Ri

2G@u,Ri ,0#,
icle is copyrighted as indicated in the article. Reuse of AIP content is subje
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A115A91c6~L2u2Ri22r!1
c7

2
~L2u2Ri22r!2

2~c812c4r!rT@u,2r,0#12c4r2P@u,2r,0#,

A125A101A9~L2u2Ri22r!1
c6

2
~L2u2Ri22r!2

1
c7

6
~L2u2Ri22r!3

2~c812c4r!r2Q@u,2r,0#12c4r3S@u,2r,0#.
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