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The previous results about the parametric solutions of eigenstructure assignment
for singular systems applied by pure proportional or proportional-plus-derivative
state feedback can only apply to controllable systems. It is because the parametric
solutions of the right generalized eigenvectors corresponding to the infinite and
uncontrollable finite eigenvalues have still not been found. In this paper, the
parametric solutions of the right generalized eigenvectors for finite controllable (or
uncontrollable) eigenvalues and infinite controllable (or uncontrollable) eigenval-
ues, when the system is applied by pure proportional or proportional-plus-deriva-
tive state feedback, are given. Hence, the parametric solution of eigenstructure
assignment can be used to design the state feedback of both the controllable and
uncontrollable systems. The condition for detecting the regularity of the resulting
system is also given.  © 2000 Academic Press

1. INTRODUCTION

The parametric solutions of eigenstructure assignment for normal sys-
tems [1] have been studied by many researchers [2-9]. If the state feedback
is designed by eigenstructure assignment, not only the eigenvalues but also
the right generalized eigenvectors can be assigned. These solutions have
been further generalized to singular systems [10—14] of the type

Ex(t) = Ax(t) + Bu(t), (1)
where x(z) € R", u(t) € R™, E,A € R"", B€ R"*™, and Rank E =

q,q < n. The regularity of (A — AE) is assumed. Normal systems are
special cases of (1) where g = n.
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Singular systems have the ability to capture the dynamic behavior of
many physical phenomena, so they are applied in many fields, such as
network theory, robotics, and economics. In the research about linear
controller design of singular systems, two types of feedback are frequently
used. One is the pure proportional state feedback

u(t) = Kyx(1), K, € R™*", (2)
and the other is proportional-plus-derivative state feedback
u(t) = Kx(t) — K,x(t), K,,K, € R"*". 3)

Among those who have researched the parametric solutions of the
eigenstructure problem for singular systems applied by pure proportional
state feedback, Fahmy and O’Reilly [10] developed solutions that were
applicable only to the controllable system and the eigenvalues of the
resulting system cannot coincide with those of the original system. Duan
[11] gave a parametric solution calculated by the Smith form of the matrix
pencil; however, his solutions were not parametric if the system was
uncontrollable. Chen and Chang [12] generalized the results of Fahmy and
O’Reilly [10] to the strongly controllable system. This condition was more
general than the controllable system (see [15-17]). But their results cannot
be applied to the strongly uncontrollable systems.

Chen and Chang [13] and Jing [14] have developed the parametric
solutions of eigenstructure assignment for singular systems applied by the
special case of proportional-plus-derivative state feedback (3) where K, =
aK, (e, the constant-ration-proportional-derivative state feedback).
However, their solutions also can only be applied to controllable systems.

Furthermore, in all of the previous research, the parametric solutions of
the eigenstructure assignment problem for infinite eigenvalues have never
been considered.

Therefore, if a system is uncontrollable, its state feedback cannot be
designed using the previous results about the parametric solutions of
eigenstructure assignment. In this paper, we obtain parametric solutions of
eigenstructure assignment that can be used to design the pure propor-
tional state feedback and proportional-plus-derivative state feedback for
both controllable and uncontrollable singular systems. The parametric
solutions of right generalized eigenvectors for finite controllable (or un-
controllable) eigenvalue and infinite controllable (or uncontrollable)
eigenvalues, when the system is applied by pure proportional and propor-
tional-plus-derivative state feedback, are all obtained. For ensuring the
uniqueness of the state responses x(¢), the singular system should be
regular. In this paper, the condition for detecting the regularity of the
resulting systems is also given.
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The organization of this paper is as follows. In Section 2, some concepts
and notations about the controllability and uncontrollability of finite and
infinite eigenvalues are discussed. The eigenstructure assignment problem
and a condition for detecting the regularity of the resulting system are
stated in Section 3. In Section 4, the parametric solutions of right general-
ized eigenvectors for controllable and uncontrollable finite eigenvalues are
given. The parametric solutions of right generalized eigenvectors for the
controllable and uncontrollable infinite eigenvalues are given in Section 5.
In Section 6, we give an example where the proportional-plus-derivative
feedback is designed for an uncontrollable system. The state feedback
design in this example cannot be achieved by any previous results about
the parametric solutions of eigenstructure assignment. Section 7 concludes
the paper.

2. SOME CONCEPTS AND NOTATIONS ABOUT
CONTROLLABILITY AND UNCONTROLLABILITY

If the system (1) is uncontrollable, the uncontrollable eigenvalues of
(A — AE) and some left generalized eigenvectors with these uncontrol-
lable eigenvalues cannot be altered by any state feedback (2) or (3).
However, by a similar reason as stated by Moore [2], the right generalized
eigenvectors with the uncontrollable eigenvalues still can be changed by
the state feedback. The uncontrollable left generalized eigenvectors are
important for the development of our solutions. So they are first discussed
in this section.

By [1, p. 29, Theorem 2-2.1], whether the system is controllable can be
characterized as follows:

LEMMA 2.1. The system (1) is controllable if and only if Rank[A —
AE Bl =n, VA € C, Alis finite, and Rankl|E B] = n.

Two nonsingular matrices Q, P € R"*" can be selected to consider the
uncontrollability of the system (1). if x(¢) = Px(¢) and we left multiply (1)
by Q, then (1) can be transformed into the form

Ec EIZ

0 E,

. A, A4,
x(t) =
D=1,

where E,, A, € R"*", E., A, € R"*" n_+ n, =n, and (E,, A,, B,) is
controllable. The uncontrollable eigenvalues of (4 — AE) are the eigen-
values of (A_E — /\EE). (For details, see [1, pp. 50-55].) Assume that
(A, — AE,) has infinite eigenvalue and 7 distinct finite eigenvalues A, €
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C,i=1,...,m, and it also has the left generalized eigenvectors h"
C*nre | = 1 s,y j=1,...,05 k= 1,...,p,1, satisfying the relatlons

nk( o T\ = hk-11% no - - c
l]( E_AiEc_‘ _h[j EE’ h,]—O,l—l, ",777]_17 70[’
k=1,...,p;
hk T — pk—17 - . [ — 4
RLE =R A, hY=0,j=1,...,67 k=1,...,p5.

It is satisfied that X7 ]E] Lot Z" | p5j = n.. Then by the theory of
linear algebra, the following lemma can be obtalned

LEMMA 2.2.  The system (1) has uncontrollable eigenvalues as stated above
if and only if there are a series of linear independent row vectors h e Cct*n,
i=1,...,m0%° j=1,...,07 k=1,..., p, that satisfy the relatlons

hilA - NE Bl =hi7'[E 0],  hl=0,i=1,...,m (4)
RE Bl =hii'[4 0], hl=0. (5)

By Lemma 2.2, the following definition can be given.

DEFINITION 2.1. A series of row vectors hj; € C'*", i=1,...,7; j =
L,...,05 k=1,..., pS-, satisfying (4) are called uncontrollable left gener-
alized eigenvectors with the finite eigenvalues. Also, a series of vectors
hk eC™, j=1,...,05 k=1,..., p;, satisfying (5) are called uncon-
trollable left generahzed eigenvectors with the infinite eigenvalues. h"j (all
possible values of i are 1,..., 7, %) is called an uncontrollable left general-
ized eigenvector of grade k. For A ;j» if there exists a row vector hk]“ such
that both Aj;*' and hj; satisfy (4) or (5), then we say that hj; has a next
uncontrollable left generahzed eigenvector, otherwise, we say that h has

no next uncontrollable left generalized eigenvector.

The following notation is defined within i = 1,..., 7, %, i.e., for finite
and infinite uncontrollable eigenvalues. Assume that pj < p5 < -+ <
pfye- Denote ¢, as the number of all distinct element of the set4b

{1 P5> -5 Py)- The notations o', 0;%,..., 0;%, satisfying ;' < 0;” <

- < 0%, represent all distinct elements of the set {pf, pas-- s Pip)-
Assume that there are 7, elements with value al,1=1,..., ¢, in the set
(P P5s s Py} Then myy + myy + o+ 1 = 06, Denote H,’,‘ as the ma-

trix whose row vectors are the uncontrollable left generalized eigenvectors
of grade k with the uncontrollable eigenvalue A; in all the chains with
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length o/'. i.e.,

k
hi(’],1+ M-t D
k
kK _ i+ - +mg-n+2) _ Iy _
Hj = ) , k=1,...,0/;1=1,...,¢; and 5, = 0.
k
i+ o Mgyt M)

Then by (4) and (5), we have
Hi]I{[A - NE B] =Hi]l{_l[E 0],
k=1,...,0/, H = 0,i=1,...,m, (6)
HL[E B]l=HE'T4 0], k=1,...,a/, H)=0. (7)

A series of matrices H}, H7,..., HS group those chains of uncontrollable
left generalized eigenvectors with the same length o/, [ = 1,..., ¢..
Let
Hillrll
l]il= E 5 l=17""¢i'
Hi!

U, comprises all the last uncontrollable left generalized eigenvectors in

the chains with length less than or equal to /. It can be seen that

U’(lf ]

4

U-[ =

l

1
o
H

The following example is given to show the meaning of the above
notations.

ExAMPLE 2.1. Consider an uncontrollable system which has an uncon-
trollable finite eigenvalue A,, with 67 =3, pf, =2, pf, =2, pf, =4,
p%; = 4. The related notations about the uncontrollable generalized eigen-
vectors are showing in the diagram

1st chain: hl, R ol =2, =1,

2nd chain: hiz h%z h?z hél‘z

2
- of =4,nm,="2.
3rd chain: hly k3, ki, R,
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Since there are two different lengths 2 and 4, we have ¢, = 2. The related
matrices are

hi,
U121 = [hfl]’ U142 = h?z
his

3. THE EIGENSTRUCTURE ASSIGNMENT PROBLEM

For considering the pure proportional and proportional-plus-derivative
state feedback simultaneously, we use a feedback of the type

I/t(t) = le(t) - ’}’sz(t), K17K2 € Rm><n7 Y = R7 (8)

v is an auxiliary number to distinguish different types of feedbacks. If
v =0, (8) is a pure proportional state feedback (2). If y=1, (8) is a
proportional-plus-derivative state feedback (3). When (8) is applied to (1),
the resulting system becomes

(E + yBK,)x(t) = (A + BK,)x(?). (9)

Eigenstructure Assignment Problem. For system (1) and feedback (8), the
problem of eigenstructure assignment is to select appropriate state feed-
back gains K, and K, that will make the matrix pencil (A4 + BK,) — ME
+ yBK,)) in (9) have admissible eigenvalues and right generalized eigen-
vectors.

Assume that the assigned eigenvalues in the resulting system (9) are A,
i=1,..., u,% where A, represents the infinite eigenvalue. The geometric
multiplicity of A; is denoted by 6,, and the lengths of those 6, chains of
generalized eigenvectors with A; are denoted by p;;, j = 1,..., 0, It is
satisfied that Zi";]Z]‘-’i:l pij + Z]’?;] p.; = n. Note that the uncontrollable
finite and infinite eigenvalues should be included in the assigned eigenval-
ues; i.e., if A, is an uncontrollable eigenvalue, it should hold that 6, > 6°
and there are 6] chains whose lengths satisfy p;; > pj.
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The right generalized eigenvectors of the resulting system (9) with A, are
denoted by U,j, =1..,m% j=1,...,0; k= L...,p Then they
satisfy that

((A + BK,) — A(E + yBK,))vf = (E + yBK,) vk,
0 _ _
vi=0,k=1,....,p; (10)
(E + yBK,)vk = (A + BK)vk ', 0 =0,k=1,...,p,. (11)

Let w/ K1L and yi’; =K21)i]}, i=1,...,p% j=1,...,0; k=
1,..., p;j. Then (10) and (11) can be rewritten as

(A + NE)vf + Bwl — \yByl = Evl™' + yByS !,
0 =0,y =0, k=1,....p; (12)
Evk + yByk — Bws !t =Avk !, ol =0,wl =0, k=1,...,p,.
(13)

The notations are defined as Vi, = [U-lj o], V=1V,

10] I/f [I/1 vos V] V _[U vee UPx/] V [I/ocl vee I/oce]
[Vf V.]. The set of w and y, y 1s defmed in a manner similar to the

set of U
By a s1rnilar method as used by Kleion and Moore [3], the following
theorem stating the existing condition of real K, and K, can be obtained.

THEOREM 3.1. The assigned eigenvalues are given as above. Assume that
they are symmetric with respect to the real axis. There exist feedback matrices
K., K,, of real number, such that (10) and (11) hold, if and only if the
following three conditions are satisfied.

sans};f;? (I;;)r Zcrzc(l;;)], there exist a set of vectors Ul], i’j-, yl-'j-, k=1,...,p;
(C2) [V, V.lis nonsingular.
(C3) If A, = conj(/\,- ) (conj(x) means the complex conjugate of x) then
0, = 0,,p;=p, and vy, = conj(vf), j=1,....0;k=1,...,p,
For ensuring the uniqueness of the state response x(¢), the singular

system should be regular [17, p. 6]. For considering the regularity of the
resulting system, the following lemma is given.

LEmMaA 3.1. If (C2) is satisfied, i.e., [Vf V2.1 is nonsingular, then the
resulting system (9) is regular if and only if [EV,+ yBY, AV, + BW,]is
nonsingular.

irJ
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Proof. See Appendix A. |

So, in Theorem 3.1, if the resulting system is required to be regular, the
following condition should be added:
(c4) [EV; + yBY; AV, + BW,]is nonsingular.

Therefore, all possible solutions of the assignable right generalized
eigenvectors vi’j. are those satisfying (12), (13), and (C2), (C3), (C4).
Equation (12) demonstrates the relation of the assignable right generalized
eigenvectors with the finite eigenvalue and (13) demonstrates the relation
of the assignable right generalized eigenvectors with the infinite eigen-
value. If the solutions of v/, wf, and y/ in (12) and (13) satisfying (C2),
(C3), and (C4) have been found then K,V =W and K,V =Y. By (C2),
det V' # 0, the feedback gains can be obtained by K, =WV ! and K, =
yr-1.

Fahmy and O’Reilly [10], Duan [11], and Chen and Chang [12] have
given the parametric solutions of (12) in the case y = 0, i.e., the pure
proportional state feedback, and the eigenvalues must be controllable. In
all previous research, the infinite eigenvalue was never considered. So the
parametric solutions of (13) have not been discussed.

In the followmg, we obtain the more general parametric solutions of v i
wf, and y/ in (12) for controllable (or uncontrollable) finite eigenvalues in
Section 4. The parametric solutions of Uoc ww], and yw] in (13) for control-
lable (or uncontrollable) infinite elgenvalues are given in Section 5. With
these parametric solutions, we can select the right generalized eigenvectors
by choosing the free parameters that satisfy (C2), (C3), and (C4), and
obtain the feedback gains by K, = WI'"! and K, = YV,

4. MAIN RESULTS FOR THE FINITE EIGENVALUES

The relation demonstrating the assignable right generalized eigenvectors
with the finite eigenvalues is (12). Our main work in this section is to find
the parametric solutions of v, yf, and wf, k = 1,..., p,;, in (12), where
the uncontrollability information of (E, A, B) stated in Section 2 is as-
sumed.

By Lemma 2.2, Rank[4 — \,E B —A7yB]=Rankl4 — \,E B]=
r, r < n, where r depends on the controllability of A,. So the following
relation holds,

Py P, P
l lA - NE OB _)\in] P2il P’lz P’l% = f 00 > (14)
L i 0 0 O

i i i
P3l P32 P33



EIGENSTRUCTURE ASSIGNMENT 557

A " A o : " S " A
whire +L’1 eC™, Ly e CX(” ’: ", P eC" ;, Py, Py € C" ’X, P, €
Ccrximtn .’), Péz,sz € cmximtn ’.), P, e C™™ Py, Pl e C"M s
the r X r identity matrix. The matrices

Pl P, P I
Pi=|P, P, P and L'=|"
i i i 2

P3] P32 P33

are nonsingular and they can be obtained by elementary column (or row)
operations.

If A, is a controllable eigenvalue, then r =n and both L? and the
uncontrollable left generalized eigenvector do not exist. On the other
hand, if A; is an uncontrollable eigenvalue, then r < n, and both L/, and
the uncontrollable left generalized eigenvector exist. In the later case, we
can obtain the following lemma.

LEMMA 4.1. If the finite eigenvalue )\, is uncontrollable, U,E[ P!, P};]
is of full row rank, foranyl = 1,..., ¢,.

Proof. See Appendix B. |

By Lemma 4.1, if the finite eigenvalue A, is uncontrollable, then U, E[ P},

Pj;]is of full row rank, so it can be transformed into [, ,....,  0]by
column operations, i.e.,
R P T
UilE[ 12 13] sil il - [1(7]11+"'+Wil) 0]’ I=1,....¢, (15)
21 92

Where Sill c C(m+"—r)><A("7i1+ T +77il)’ Sil2 e Cmtn=rXmgyt - +77i¢>i+2m)’
S e ettt gl e CmX (ienT F s t2m) and the matrix

il il
Sll S12
il il
SZl 522

is nonsingular.
The following theorem for the parametric solutions of Ul-’j-, yl-'j-, and

‘. k=1,..., p; in (12) can be given now:

Wi
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THEOREM 4.1. (1) If A; is a controllable eigenvalue, all possible solu-
tions of (12) are

k i i i
Vij Py Uk P, Py
Ly i i _
Wilj‘ = | P5 |LIE vB] i1 | T 1P P zf 1, (16)
y,-’j~ P31 v Py, Py

U«0»=0, y;}=0, k=1,...,p,»j.

(2) If A; is an uncontrollable eigenvalue, then the following holds:
(a) If p;j < o', all possible solutions of (12) are

k i i
Vij Py, Lk Py, P
Wi];' = | P5 |LIE vB] ,: + | Py Py |z (17)
y,'lj‘ P31 v P;, P

0 _ 0 _ _
Ll.j—O, yi]-—O, k—l,...,pij.

(b) Ifcr < p; <0 for some b and 0% =, let ¢, =1, ¢
=(pt]_0- ) ¢ = (pz _O-tb I+2)+1 and el_(pz]_a-zh l+1) l_
2,..., b, all possible solutlons of (12) can be represented as

Uij Plll P112 P113 Si(biHl)
Wij | = Py = | Pn P Gitb=1+1) Ui(b—lﬂ)EPflLi
Yij P3, P;, Py
i i 18
k=1 P P Si(zbel) (18)
i i 1 k—1
[E VB] k + Pzg Pzg Sé(zb_lﬂ) i
! Py, P
v =0, v =0, k=c,...,e, I=1,...,b,
U.k. P Pi Pi
ij 11 pk=1 12 13
Wij | = Py |L[E yB] -1 | T Py, Py |z, (19)
. i . .
Yij Py P3Py
— 1
k= (pl-j - 0; ) +1,..., py-
zK"Vis a column vector with appropriate dimension, representing the free

parameters.
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Proof. See Appendix C. |

Note that if y =0, P}, Pi,, and Pi; in (14) are any matrices with
appropriate dimensions which make P’ nonsingular. So by Theorem 4.1,
yl-'} may have many solutions. This reflects the fact that if y = 0, y;; in (12)
is undetermined. In this case, the pure proportional state feedback is used.
So only v/ and w/; are considered, and the value of y/ is not important.
Also, it can be seen in Theorem 4.1 that if y = 0, the value of v/ and w/;

k-1

are not affected by the value of y;;

5. MAIN RESULTS FOR THE INFINITE EIGENVALUES

The relation demonstrating the assignable right generalized eigenvectors
with the infinite eigenvalues is (13). Our main work in this section is to
find the parametric solutions of v, yX and wf, k=1,..., p.;, in (13)
where the uncontrollability condition of (E, A, B) stated in Section 2 is
assumed.

1. The Solution for k = 1

When k = 1, (13) becomes Evoloj + yBy); = 0. We can find matrices Q,
and Q, satisfying the relation

[E yB]

0]
Qi} -0 (20)

o7

(0
is of full column rank and its columns span the null space of [E yB].
Then all possible solutions of v; and y,; are

Vs o7
LJ ) [Q%}Zgj’ (2D

where zo(c’j is a free parameter.

where

2. The Solutions for k > 2

By Lemma 2.2, Rankl[E yB —B]= RanklE B]=r, r <n, where r
depends on the controllability of the infinite eigenvalue. So the following
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relation exists,

P P P
[E vB _B] Py Py Py
pP5 P; Py

©

2[1, 0 0

0 0 0}’ (22)

1
o
L2

where [ € R, L3 € R0, Ph € R™, Py P € R™, P
X +n— ) o X — o0 X ] o0 X
RX(n+n=n_ pz pz c gmxnin=n_ p= g guxm ‘pr ‘pr e gmXm The
matrices

o0 o0 0
Pll P12 P13

P~ = P; P;z P;3 and c =
Py P; Py

are nonsingular.
If the infinite eigenvalue is uncontrollable, the following lemma similar
to those for the finite eigenvalue can be obtained.

LEmMMA 5.1. Foranyl=1,...,¢,; U, AP}, Pylis of full row rank.

By Lemma 5.1, U, A[ P}, P;3]is of full row rank, so it can be trans-

formed by column operations into [I(,,x1+ ) 0], i.e.,

U,A[ P}, Pp] s s = [l om0, I=1,..0,0., (24)
1

Si S‘fﬂ

Where Sioll c R(m+n—r)><(nx1+ ---+nx,)’ S;Oé c R("7+"_")><(77x(1+1)+ s +nx¢x+2m)’
S5l e R (a4 ma) g2l & RmX (et #1072 and the matrix

o] oof
Sll SIZ
o] o]
SZl S22
is nonsingular.

By a similar method for finite eigenvalues, the following theorem
concerning the parametric solutions with the infinite eigenvalue when
k > 2 can be obtained.



EIGENSTRUCTURE ASSIGNMENT 561

THEOREM 5.1. (1) If the infinite eigenvalue is controllable, all possible
solutions of (13) are

k
v o0 o0 o
“l P11 P12 P13
k _ o 1 k—1 o e | k-1
Yej | = |Pu [Lodvg '+ | P Py |z, (25)
wofj_l P35 Py Pj
1 1 . . _ .
v, and y,; are given in (21), k=2,...,p.;, and wl is free.

(2)  If the infinite eigenvalue is uncontrollable, the following holds:
(@ If p.; < a!, all possible solutions of (13) are

k

v 0 59 0
“l Pn P12 P13
k _ » 1 k-1 o e k-1
Yej | = |Pn [LaAvg '+ |Pn Py |zi, (26)
ij_] P35 P;, Py
1 1 . . _ S
v, andy,; are given in (21), k=2,...,p.;, and wliis free.

b) If ab < Poj < altl, gftl = let ¢, =2, e, = (pooj - ab)
and ¢;=(p,; — """+ 1, ¢,=(p,; — """, 1=2,...,b, and all
possible solutions of (13) can be represented as

k

Usej Py P, Pp qeb-1+1)
k o) ) 0 11
Yej | =||Pu|— [P Pxn GHb—1+1) Up-141)
00 00 00 21
wh! P35 Py, Py
oo oo 27
P12 P13 Soc(b—[+1) ( )
" _ o 0 12 _
APLLL AV + | P P AT 2k,
° ° 2
Py Py
v); andy,; are given in (21), k=c,...,e;; 1=1,...,b,
Uk, 00 o o
= Py P, Py
k 0 — 0 o _
Yo | =P |LLAvS + | Py Poy |z, -
wofj_l P3 P35 P35 (28)
1 .
k=(pmj—o;0)+1,...,pocj, andww‘}/lsfree.
zK"1 s a column vector with appropriate dimension, representing the free

parameters.
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6. EXAMPLE
Consider the system
(-1 2 -1 1 2 1 -2 1 -2 0
1 -1 0 0 1 -1 20 0 0
E=|-1 2 -1 1 0| A=| 2 -3 1 -1 1},
0 -1 0 0 -1 -1 0 0 10
11 -1 1 1 2 -2 1 -1 0
[ —1
0
B = 0].
0
|1

This system has uncontrollable finite eigenvalue —1, controllable finite
eigenvalue 1, and uncontrollable infinite eigenvalue. For the uncontrol-
lable finite eigenvalue A, = —1, 6 = 1, p§, = 2, and

U,=H2=r,=[05 0 0 05 05].
For the uncontrollable infinite eigenvalue, §° = 1, pS = 2, and
U, =HX=h:=[0 0 0 —1 0]

Since the system contains the uncontrollable finite and infinite eigen-
value, pure proportional or proportional-plus-derivative state feedback
cannot be designed by the previous research about the parametric solu-
tions of eigenstructure assignment. However, they can be designed by our
solutions.

The eigenvalue 1 is unstable. We want to use the pure proportional-
plus-derivative state feedback to stabilize the system. We prepare to move
the unstable finite eigenvalue 1 to the stable finite eigenvalue —1. Then
the resulting system would have infinite eigenvalue where 6, = 1, p,, = 2,
and finite eigenvalue A, = —1 where 0, = 2, p;; = 2, and p;, = 1.

According to our solutions, the assignable right generalized eigenvectors
are as follows.
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(1) Since py, pyp < pi), the assignable right generalized eigenvec-

tors for the uncontrollable finite eigenvalue A, = —1 are
[0.5 0 0 0 0 w—05]
bk 075 -1 05 -05 0 025
/ 0 0 0 0 0 0 vk
whil=115 -2 0 0O 0 05 lkl]
v 025 0 -05 05 1 -—025 |
/ 0 0 0 0 0 0
K 0 0 o 0 0 |
[0 -05 —05 ]
0 —-025 -0.25
10 0
+l0 -05 05 |z,
0 025 025
0 1 0
[0 0 1

k= L...,py J=1,2.

(2) Since p,; < ps;, the assignable right generalized eigenvectors are

0 -1
X 0 —05
Ut . 1 0 0
Tt o [P
Yool
0 05
0 1
1 0 0 0 0 |
) 1.5 -05 0 —05 0.5
Ul 0 2 -1 0 0
yval=1 o 0 0 0 0 |vh
wl 05 05 0 —-05 -05
o]
0 0 0 0 0
0 0 0 0 0 |

+
OO == OO
o
)

N
8 =
kA
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Suppose the free parameters are chosen as

0 1 1 1
Z?l =12 Z}l =12 Z?z = 1], Zoel = [0]’
2 2 -1

-2 =2 0 0 1
-1 0 0 0 0
V= 0 1 1 1 0, w=1[22111],
-2 =2 0 1 1
1 0 0 0 -1

Y=[22 —-10 0],
and the feedback gain is

K,=[-05 -25 1 0 -15],
K,=[-25 -05 -1 1 -15].

Then the resulting system is

1.5 2.5 0 0 3.5
1 -1 0 0 1
-1 2 -1 1 0 |x(t)
0 -1 0 0 -1
-15 05 -2 2 -05
1.5 05 0 -2 1.5 -1
-1 20 0 0 0
= 2 -3 1 -1 1 |x(t) + 0 [u(t).
-1 0 0 1 0 0
15 —-45 2 -1 -15 1

This system contains the infinite eigenvalue, the finite eigenvalue —1, and
the assigned right generalized eigenvectors V.
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7. CONCLUSION

The parametric solutions of the right generalized eigenvectors for finite
controllable (or uncontrollable) eigenvalues and controllable (or uncon-
trollable) infinite eigenvalues, when the system is applied by pure propor-
tional or proportional-plus-derivative state feedback, are given. By these
results, the parametric solution of eigenstructure can be used to design the
state feedback of controllable (or uncontrollable) systems. A condition for
detecting the regularity of the resulting system is also given, which is
explicitly represented in terms of the possible solutions. After the uncon-
trollability information is obtained, only elementary column and row
operations are needed to construct the solutions.

APPENDIX
A. Proof of Lemma 3.1. Let
A1 0 I, 0 0
0 A 0 0 Js 0
]ij = . 5 Ji = . N >
0 0 0 A 0 0 0 Jy,
J, 0 0
0 J, 0
J= . . ,
o 0 0 J,
0 1 0 N, 0 0
0 0 0 0 N, 0
N=|.: . | N= S ’
0 0 0 O 0 0 0 N,

where J;; € R?i*Pii is in Jordan form with eigenvalue A; and N, € RP=*7=i
is in Jordan form with eigenvalue 0. Then it can be shown that

((A + BK,) — M E + yBK,))[V; V]

J— Al 0
— [EV,+ yBY, AV, + BW, g 29
[EV + vBY, ][ 0 I—/\N} (2)

for all A € C.
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Necessity. 1If (A + BK,) — ME + yBK,)) is regular, a number A € C
can be found such that det((A4 + BK,) — ME + yBK,)) # 0, i.e., (A4 +
BK,) — ME + yBK,)) is nonsingular. By (C1), [V; V.lis also nonsingu-
lar, so the left hand side of (29) is nonsingular. Therefore the right hand
side of (29) is also nonsingular. This implies that [EV; + yBY, AV, +
BW.] is nonsingular.

Sufficiency. Because J is in Jordan form with eigenvalues A, i =
1,..., u, and N is in Jordan form with eigenvalue 0, if A # 0 and A # A,,
i=1,...,u, then det(diag((/ — A,1),(I = A,N))) # 0. If [EV;+ yBY,
AV, + BW,] is nonsingular, the right hand side of (29) is nonsingular. So
the left hand side of (29) is also nonsingular. This implies that (A + BK,)
— A(E + yBK,)) is nonsingular, so (4 + BK,) — ME + yBK,)) is regu-
lar.

B. Proof of Lemma 4.1. Before proving Lemma 4.1, two lemmas are
first given. They can be derived by the property of generalized eigenvec-
tors.

LeEmMMA B.1. h; is a linear combination of some uncontrollable left
generalized eigenvectors of grade smaller than or equal to d, d < max; pfj,
with the same eigenvalue A;, and the coefficients of the uncontrollable left
generalized eigenvectors of grade d are not all zero if and only if h; is an

uncontrollable left generalized eigenvector of grade d with eigenvalue A\,.

LEMMA B.2.  If h; satisfies the same conditions which are given in Lemma
B.1 and all the uncontrollable left generalized eigenvectors of grade d with
nonzero coefficients have no next uncontrollable left generalized eigenvectors,
then h; also has no next left uncontrollable generalized eigenvector.

Proof of Lemma 4.1. The mathematical induction is used to prove th1s
lemma First, the case / = 1 is proved. It can be seen that U, = Hl‘{ If
Hfl E[P Pj] is not full rank, a nonzero vector f € R satisfies
fHY E[P Pi;1=0. Let h = fHS . Because f # 0, by Lemmas B.1 and
B. 2 h is an uncontrollable left generahzed eigenvector of grade ;' and
has no next uncontrollable generalized eigenvector.

Because fHSE[P!, Pi,]=0. There is a row vector h satisfying
h diag(I ., 0) = hE[P11 _P{, P[] If both sides of this relation are left
multiplied by P!, then hL,-[A — ME—MNB Bl=hE 0] It implies
that hL[A — )\,E Bl=HhE 0,,,] So hL, is the next uncontrollable
left generalized eigenvector of h. This is a contradiction. So U, E[ P},
P};]1is full row rank.

Assume that Uia- wE[P{, P{] is full row rank where d < ¢,. If

U,E[P}, P.] is not full rank, then there is a row vector f&
RY<at o 4mia) gatisfying fU,E[P{, Pi]1=0. Let f=1[f, f,], where
f, € RVt *ma-0) and f, € R"*"a, Then fU,E[P), Pl]=
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(f14; i(q —1)+f2 )E[Piz Pi3]_0 and f, #0. Let h=(fiy -1 T
fLHY ) By Lemmas B. 1 and B.2, i is an uncontrollable left generalized
eigenvector of grade o and has no next uncontrollable left generalized
eigenvector.

Because fU,E[Pj, Pi;]=0, there is a row vector A satisfying
hdiag(I,, 0)=hE[P!, P, P5] If both sides of this relation are
right multiplied by P* ', then ZL[A — A,E — \,B Bl=h[E 0]. It im-
plies that 71L5[A — ME B]=hE 0] So TzLi is the next uncontrollable
left generalized eigenvector of h. This is a contradiction. So U, E[P},
Pj]is also of full row rank. [l

C. Proof of Theorem 4.1. Necessity. A variable transformation is
adopted as

k . . . ~k

Uij Py Py P || Y
. ) . -
wi | = |Ph Ph Ph(| W5 k=0...p5n  (30)
y,-lj« Py Py, Py )711;

where ﬁl/; e Cr><1 "Ij = C(m+n r)><1 "k Cm><1
If both sides of (12) are left multlphed by L; and we substitute (30) into
(12), then

L]

ok = Li(EP}, + yBP})ok~ " + Li(EP), + yBP, )W)~
+ Li(EP}y + yBPL) k", (31)
0 = Ly(EP}, + yBP},)0k ™" + Ly(EP}, + yBP, )W}~

+ L‘Z(EP{3 + yBP3’3))7l’j L (32)

Phﬁf} + szwi(} + P1i3)7i(} =0, Psilﬁi(} + Psizwi(} + Pésﬁg‘ =0,
k=1,...,pl-j. (33)

Since (30) is invertible and L, is nonsingular, (31), (32), and (33) in the
domain of &%, W, /, and yl i represent the equivalent algebraic relation of
(12) i 1n the domam of vf,wf, yl. Equation (31) is a dynamlc constramt of
ﬁi’j, l], and yl Equation (32) is a static constraint of U”, w;;, and ylj
Equation (33) is the initial condition.

Taking the inverse transform of (30) into the right hand side of (31), we

can obtain that (31) is equivalent to the relation

l]’

= Ly(Evf™ '+ yByf™"),  k=1,...,p, (34)
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(1) If A, is controllable, L), does not exist, nor does (32). According

to (31) or (34), ﬁ,-’; is dependent on the variables of its previous step, i.e.,
the (k — Dst step, and

W

Vi

is independent on the variables of its previous step. So we have

Tk
el 35
- | =% (35)
Yij

where z57 ! is a free parameter vector. Substituting (34) and (35) into (30),

(16) is obtained.

(2) If A; is uncontrollable, L) exists and so does (32). By (14), the
row space of L) is the orthogonal complement of the column space of
[A— NE B —\y’Bl By (6), the space generated by the row vectors of
all the matrices H,j, [ =1,..., ¢, is the orthogonal complement of the
column space of [4A — A,E B]. Therefore, the space is the same as the
row space of L,. Also, it can be seen that H,;;B = 0. Therefore, (32) is
equivalent to the relation

H;}
L E(PLET + PO+ PLFETY) =0, k=1,...,p,. (36)
1
Hi¢i

By (6), we can obtain that HX[(4 — \,E B —M\yBl=H:[E 0
0, k=1,..., U,-’, H}=0,i=1,...,7. If both sides of this relation are
right multiplied by
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then HjEv/ ' = Hjj~'Ev,. Substituting (30) into this relation, the follow-
ing can be obtalned,

HzlE(PnUt L PLW Plzyz'tjfl)

HY E(P“ﬁ(’ 7D+ PLii=oh + PLyiD),

if t > 0'- s
= I=1,...,¢,.
HitlE(Pllliz(; + P12W + P13ylj) =0,
if 1 < o,
(37)

(a) If p; < o', by (36) and (37), all constraints in (32) are trivial.
Substituting (34) and (35) into (30), (17) is obtained.

(b) If 0 < p; < 0’"" for some b and o;% = =, by (36) and (37),
(32) is equivalent to the relation

0= l]i(h—l+1)E(P11L + P12W + P13yz])
where k =¢,,...,e;, I =1,...,b. (38)

If we view

in (38) as unknown variables and 7/} as known variables, then by (15),
Sib=1+1)
B Sitb=1+1)

and

o
U‘(b—l+1)EP111Lij

L

=k

w:
is a particular solution of [ ~: ,

Yij

i(b—1+1)
Sz Zk=1
Sib—1+1) ij
22

generates all the (m + n,;,, + -+ + 1, )-dimension homogeneous solu-

tions of
~ k
Wi
~k
Yij
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by the free parameter z/;™' where z/;™! € RO et =+ M) s a free
column vector. So (38) is equivalent to

=k i(b—

wE - Sl(lb I+1)

7 Sy
For k =1,...,(p; — o), replacing 5 of (39) by (34) and substituting

(34) and (39) into (30), (18) is obtained.
For k = (pij —ah)+1,..., pij» by (398),

~ k
Wij | .
is free.
~k
Yij

Substituting (34) and (35) into (30), (19) is obtained.

Si(2b71+1)

1 k-1

U - 1+1)EP11U Qib—1+1) Zij - (39)
22

Sufficiency. The variable

is introduced by (30).

(1) If A, is controllable, r = n. Since the transformation is invertible,
by (16) and (30), (34), (35), and (33) can be obtained. If both sides of (34)
are left multiplied by L;' and the inverse transformation of (30) is
adopted, then by (14), (12) is obtained.

(2) If A, is uncontrollable, we consider the following cases:

(a) Since p;; < 0;' and the transformation is invertible, by (17) and

(30), (34), (35), and (33) can be obtained. Also, (34) implies (31). By (36)
and (37), (35) implies (32). Equations (31) and (32) can be rewritten as

ok

ij

Ir><r 0 0 ok Ll
Wij =

0o o ofl L

k
Yij

((EP{, + yBP;,)0}

+(EP{, + yBPL )Wk~ + (EP{; + yBPy) 3k '),
k=1,....,p;. (40)

If both sides of (40) are left multiplied by L; ' and the inverse transforma-
tion of (30) is adopted, then by (14), (12) is obtained.



in
3
(3

N =

10.

11.

12.

13.

14.

15.

16.

17.
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b+1

(b) Since 0" < p; < o, for some b and the transformation is

vertible, (34), (38), and (33) can be obtained by (18), (19), and (30). Also,
4) implies (31). By (36) and (37), (38) implies (32). Equations (31) and
2) can be rewritten as (40). Hence, (12) is obtained. |
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