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The self-induced transparency in the Kerr host medium has been studied beyond the slowly-varying-
envelope approximation. An analytic solution is obtained. There exists a hyperbolic-secant soliton
whose power, pulse width, group velocity, and propagation constant are uniquely determined for given
parameters of the medium. The reductions of the group velocities of the solitons by the self-induced-
transparency effect in the resonant medium with homogeneous and inhomogeneous broadening are also
studied. It is found that there is negative dispersion induced by the self-induced transparency, which is
not predicted by the theory with the slowly-varying-envelope approximation. The amount of the in-
duced dispersion is determined by the total dispersion of the system required to be compensated by the
Kerr effect. Numerical examples of the self-induced transparency in an erbium-doped fiber are shown.
In a typical erbium-doped fiber, the soliton solution has not been found because the inhomogeneous-

broadening linewidth of the medium is too large.

PACS number(s): 42.50.Rh, 42.65. —k

I. INTRODUCTION

The self-induced transparency (SIT) discovered by
McCall and Hahn is a phenomenon of a coherent optical
pulse propagating in a resonant medium without loss and
distortion when the pulse energy exceeds a critical value
[1,2]. It has been found that certain solutions of the
coherent pulse are solitons. Such a pulse is called a SIT
soliton. For the optical fiber, Hasegawa and Tappert
have proposed that the dispersion of the pulse can be
compensated by utilizing the Kerr effect if the dispersion
of the pulse is in the negative regime [3]. Because the dis-
tortionless pulse satisfies the nonlinear Schrodinger (NLS)
equation and behaves as a soliton, it is called the NLS
soliton. Since the recent development of the erbium-
doped fiber amplifiers [4,5], it is interesting to consider
the SIT in the silica-based erbium-doped fiber (EDF).
Therefore, the coexistence of a SIT soliton and a NLS
soliton has been a subject of intense interest [6-8].
Reference [8] claims that an impractically large disper-
sion is required for the SIT-NLS soliton to exist in an
EDF. Therefore, it concludes that it is not possible for
the SIT soliton and the NLS soliton to coexist in EDF.
In Ref. [8], the slowly-varying-envelope approximation
(SVEA) is used. In this paper, we extend our previous
work [7] on the theory of the SIT-NLS soliton without
making the SVEA and show that the large dispersion re-
quired for the coexistence of a SIT soliton and a NLS sol-
iton is automatically induced by the SIT. However, be-
cause of the large inhomogeneous broadening linewidth
of the medium, the soliton solution has not been found in
a typical EDF.

In Sec. II, the Maxwell-Bloch equations governing the
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SIT-NLS soliton are derived without using SVEA. The
resonant medium is assumed to be inhomogeneous
broadening. In Sec. III, the equations are solved to ob-
tain the SIT-NLS soliton solution. In Sec. IV, we study
the characteristics of the SIT-NLS solitons for three spe-
cial cases. The results are compared to the previous
works. Some numerical examples with the typical pa-
rameters of EDF are shown. At last, the conclusions are
given in Sec. V.

II. MAXWELL-BLOCH EQUATIONS
WITHOUT USING SVEA

SIT is the coherent effect of the interaction between the
optical pulse and the resonant atoms. This gives the
upper limit on the pulse width. The pulse width T, must
be much shorter than the relaxation times of the popula-
tion difference 7', and polarization T,. The resonant
atoms are modeled as an ensemble of two-level atoms
which has the dipole moment u and resonant frequency
®,. The atoms are embedded in a nonresonant host
medium. In this paper, the host medium is the optical
fiber with Kerr effect and dispersion.

The electric field of the optical pulse propagating along
the z direction in such a medium is assumed to be linearly
polarized and can be expressed as

E(z,t)=E (z,t) exp[i (koz —wqt)] , (1)

where E (z,t) is the complex envelope of the pulse, w, is
the carrier frequency, and ko =k (w,) is the wave number
at wy; k(w)=n(w)w/c and n(w) is the linear refractive
index of the fiber. The macroscopic polarization due to
the resonant atoms is written as
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P,(z,t)=P,(z,t)expli(kyz —wyt)] . (2)
The complex envelopes E and P, can be written as
E(z,t)=q(z,t)explid(z,1)], (3)
P.(z,t)=[U(z,t)+iV(z,t)] explig(z,t)] , (4)

where g (z,t) and ¢(z,t) are the amplitude and phase of
the pulse, respectively, and U(z,t) and V(z,t) correspond
to the dispersion (in phase) and absorption (in quadra-
ture) due to the resonant atoms, respectively, and these
four quantities are real.

The wave equation for this problem is

826’ 321)1 8250,11 N 82‘?’,
“Ho dt? ar? at?

where 2; is the linear displacement and 2D(z,¢)
= f Z L€t —t")6(z,t')dt’, where €(t) is the linear dielec-
tric constant of the fiber and its Fourier components
Zlw)=¢eym*(w); € and u, denote the permittivity and
permeability in vacuum, respectively; D, is the nonlinear
displacement for the nonresonant host medium and
Doz,t)=2n,n,6, 626 with ny=n(w,); n, is the Kerr
coefficient. By defining Aw=w, —w,, the macroscopic
polarization components contributed from the atoms of
the whole range of Aw are

Uz)= [~ u(Aw,z,08 (Aw)d (Aw) , (62)

V(z,t)=f00

’ ()

v(Aw,z,t)g(Aw)d (Aw) , (6b)

where g (Aw) is the inhomogeneous-broadening normal-
ized line-shape function with ffwg(Aw)d(Aw)=1; u
and v are the polarization components of the atoms with
frequency Aw detuned from w, By substituting Eqgs. (1)
and (2) into Eq. (5) and following the same procedure in
Ref. [9] to derive the linear term 82D,/dt? and averaging
the transverse mode function of the electric field over the
cross section of the fiber, the wave equation which
governs the optical pulse in the moving frame n=t —kz,
z =z becomes
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reciprocal group velocity and the dispersion of the pulse
in the host medium without Kerr effect and resonant
atoms. In Eq. (7), the high-order term of the polarization
3%P, /37? is neglected.

It is known that the velocity of the pulse can be greatly
reduced by the SIT. To solve Eq. (7) in the frame with the
velocity of the pulse, we take the transformation
T=m—Akyz, z=z, where Ak is the change of the re-
ciprocal group velocity due to the resonant atoms, and
Eq. (7) becomes

d’E ’E OE OE
— —2(ky+Akg +2ik —2ik .
a2 kot Ako) g H2ike s —2ikoAkog
9’E
—[koky —(AkZ+2kyAky)
[ 0 ] 872
21 aP
+—k2E2E+ P+=———1=0.
|EP’E +pow o or |0 ®
Hence the group velocity of the pulse is
=1/(ko+ Ak ). It is noticed that Ak introduces the

dlspersmn —(Ak +2kyAky)/kg in the fifth term in Eq.
(8). This additional dispersion can be interpreted as the
dispersion caused by the SIT. In the literature, the SVEA
is often applied to Eq. (7) and the first two terms in Eq.
(7) are neglected; then the additional dispersion shown in
Eq. (8) will not appear.

If the pulse width is much less than the relaxation
times T'; and T, P, satisfies the Bloch equations [10]

oP, iAwP, + WE ,
81' =—iAw z% (9a)
——a _ — * __ *
3, 1—‘u—2h (EP¥—E*P,), (9b)

where W=(N;—N,)u is the macroscopic population
difference multiplied by p between the ground state (N, )
and upper state (N,) of the resonant atoms. We take N,
as the density of the resonant atoms and Ny=N, +N,.

III. SIT-NLS SOLITON SOLUTION

E O’E oE . O’E
3z Y —2kg andz +2iko—— 3z —kokg 3 a2 In this section, we solve the Maxwell-bloch equations
. to find the SIT-NLS soliton solution. We assume the am-
P litud is ind d f z, i dq /9z=0, but th
M2 a2 20 9% | plitude g 1s independent of z, 1.e., dq/dz , but the
+ R kG| EIE +powp |P, + wp an 0, @ phase ¢ may depend on both 7 and z. Under these as-
sumptions and by substituting Egs. (3), (4), and (6) into
where k{=0k /aw|w=w0 and k§ =d% /E)a)zlwzw0 are the  Egs. (8) and (9), the wave equation becomes
1
7 _[[oe |, ,, 3 1 8 |’
q ' 3
£4 +2ko =2 +2 | ko |ky—— | —— + -
Vor Haz] 03z 0[0 vg] v, 0z ’/[af ]q «a
d v
+ —_ _¢_ :
,uocoof u ot o | |g(be)d Aa))‘ ,  (10a)
,_ 1) 1236, d6|dg 3% e | 2 (36 _au
ko lkg—— | ———=+ + + - - =
’ ‘ ° Vg } v, 9z o7 | o7 an B :L‘owof_w ar’  ar §(Aw)d (Ao) (100)
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where
" ¥ l
v koko tkg - > (11a)
Ug
n
K=n_2k% . (11b)

and the Bloch equations become

Qu _ |9¢

a7 ar tho v, (12a)
ov__ |94 1

3, 3, +Aw |u + 79 > (12b)
ow_ _p

ar ﬁqv ’ (12¢)

where w =w (Aw,z,7) is the component of the macro-
scopic population difference contributed from the atoms
with frequency Aw detuned from w, and

Wiz,r)= [ 7 w(Ao,z7)g(A0)d (Aw) . (13)

In order to obtain the analytic solution we assume
v(Aw,z,7) is in a factorized form

v(Aw,z,7)=v,(z,7)f (Aw) , (14)
where f(Aw) is known as the dipole spectra-response
function [11] and is normalized as f(0)=1. Integrating
Eq. (12a), we have

u(Aw,z,7)=[u,(z,7)tu,(z,7)Aw]f (Aw) , (15)
where u and u, are defined as

du, 3¢

'a_T—U, ar (16a)

du,

>, U (16b)
Similarly, by integrating Eq. (12c), we obtain

w(Aw,z,7)=wy—w,(z,7)f (Aw) , (17)

where w, is the initial population difference and is as-

ow; 2 d¢ HWo ¢
B uAw u,tu, ar Ao+ 7 flAw)
0
—ulgz_-s—-—%qw, . (19)

The terms in square brackets in Eq. (19) should be in-
dependent of Aw because the other terms in Eq. (19) are
independent of Aw. Therefore, we have

fAw)=(14+c,Ao+c,A0?) 71, (20)
and
nw
uy=c, ﬁoq_uz%:_i , (21a)
w
4y=c, "ﬁ"q : 21b)

where ¢, and c¢, are the constants to be determined.
Then Eq. (19) reduces to
v, d
S _p 90 2
ar ﬁ(wo 1y, (22)

The population difference can be found by substituting
Egs. (16b) and (21b) into Eq. (18) and

—w;)g

w=w0—72‘;—2q2f(Aw)wo . (23)
It is noticed that, in Eq. (23), the population difference is
depleted by the square of the pulse amplitude.

Because the steady-state solution is considered, we can
write dq /d87=dq /d T and d%q /37*=d’q /d*. By substi-
tuting w,(z,7), v,(z,7), and u,(z,7) as functions of g(7)
derived above into Eq. (22), we have

2 2
d’q_|,_. 3 9 _ Sl
c, a2 1—c, 3, +c, 3, 2(m2q . (24)

From Eq. (24), we know that 3¢ /97 is a function of 7
only; from Eq. (10a) for distortionless propagation, it is
seen that 0¢/0z is also a function of 7 only. Since
3%¢ /0702 =03(3¢ /9z) /07=0(d¢ /d7)/dz =0, which im-
plies 3¢ /3z must be a constant, we may write

sumed in ground state, i.e., wo=Nyu; w;(z,7) is defined _¢_ =Ak, , (25)
by
w, where Ako is a constant and represents the change of the
Fy j;—qvl . (18) propagation constant due to the resonant atoms and Kerr
T effect. For the distortionless amplitude solution, Eq. (10)
Substituting Egs. (14)-(18) into Eq. (12b), we have reduces to
|
. 2
.d_q__._. gﬂ gﬂ 3 I,—c- I §¢_
ydrz a+BaT +y ar qtkg’+s| (¢ I,+cI,—c, 13, q
2 0
—:0—0 {(61114‘0212)3? _CZII al ’ de } l=0 » (26a)
ﬁ+2y%§ ‘gi yqa—Tz‘i’— +s5 {c211—1+—— ()], +c212)3—"—c21l 2—93—3— —ﬁi } ] =0, (26b)
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where
a=Ak3+2ky Ak, , (27a)
B=12k, |ky—— | —28ky—L | (27b)
Vg Ug
w
s = powd % , (27¢)
#
1L=[" fbo)g(A0)d (o) , (27d)
L=[" Aof(Aw)(Aw)d (Ao) . 27e)
Equation (26b) can be rewritten as
0 dq alg
+25, 90 99 =0, 28
[sl 2s, 3 | a7 7524 72 (28)
where
s;=B+s c211+:)2—(c111+c212) ) (29a)
0
_ 2
S,=y———sc,1 . (29b)

Wo

Integrating Eq. (28), we obtain 3¢/37=—Q+d,q 2,
where ) and d; are constants. With this result and sub-
stituting Eq. (24) into Eq. (26a), Eq. (26a) then becomes a
polynominal equation including only the terms
g >, 1,q',¢>. This polynominal equation is valid only
when the coefficient of each term is zero. These condi-
tions give the following results: (i) d, =0, i.e.,

% _ Q. (30a)
or

This means that the carrier frequency of the pulse is
shifted to @ =w,+ Q and the pulse is unchirped. (ii)

2

——=sI 1—02
Y wos 162 |( cy)
— 2 20 | »
=(a—B+yQ°)c, +s(QI,—1,) 1+—w— c5 . (30b)

0

Here we have used the relation

c;=—2Qc, , (30c)

which can be obtained by the relations of #; and u, given
by Egs. (16) and (21). (iii)

2
=2

e (30d)

vy——slc
g 162

By using Egs. (30a) and (30c), Eq. (26b) has a nontrivial
solution only when

B—2yQ+sc, =0. 31

I,+-21,
Wo

With Eq. (30a), the solution of the electric field can be
obtained from Eq. (24) and

SIEN CHI, TSUN-YEE WANG, AND SENFAR WEN 47

r
T,

c

E(z,1)= “2; sech expli(Akoz —Q7)], (32)

c

where T, is the characteristic time scale and
T,=(1/c,— Q%712 (33)

The pulse full width at half maximum (FWHM) of the
soliton is T\, =1.763T,. It is seen that the constant c, re-
lates to the pulse width and the detuned frequency. The
group velocity v,, characteristic time scale T, and the
change of the propagation constant Ak, in Eq. (32) can
be uniquely determined from the coupled nonlinear alge-
braic equations (30b), (30d), and (31). That is, for a given
medium, only one unique solution exists. It is noticed
that this result is different from McCall and Hahn’s
finding that the group velocity varies with the pulse
width. In a recent paper, Brains, Martin, and Birmam
[12,13] have found that the group velocity of SIT without
using SVEA in a linear host medium has a discrete set of
values. In our system, only a single velocity is allowed.
In Sec. IV we will consider three special cases used to
solve the coupled nonlinear algebraic equations and study
the characteristics of the SIT-NLS solitons.

As for the expressions for u, v, and w, we substitute Eq.
(32) into Egs. (21), (16b), and (23) and obtain

2Nou

. T
u(Aa),z,T)—f(Aw)(Aw—Q)msech ?c R
(34a)
Nou
v(Aw,z,7)=—f(A®)—————
@57 Flhe TAT, 2+ Q%)
Xsech |—— |tanh | —— , (34b)
c TC
2A’O/J' T
w(Aw,z,r)=Nou—f(Aw)—msech2 Tc N
(34¢)
where
fhaw)= .

1—20(T, 24+ Q%) Ao+ (T, 2+ Q%) 1Aw?
(34d)

Corresponding to the steady-state solution given by Eq.
(32), with Egs. (34), the macroscopic polarization and
population difference can be written as

P,z T)=N0—'u2 (I,—2QI,)E(z,71)
’ (T, 240%% | 2 e
e EED | sy
W(z,‘r)=N0/1—2N07’dlsech — 1, (35b)
TAT, 2+ Q%) T,

where I, and I, are the integration constants given by
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Egs. (27d) and (27e), respectively. The constants will be
calculated in the following section.

IV. APPROXIMATE SOLUTIONS
FOR CHARACTERISTIC CONSTANTS

In this section we will solve the characteristic time
scale T,, group velocity v,, and propagation constant
ko+Aky from the three coupled nonlinear algebraic
equations, Egs. (30b), (30d), and (31) for three special
cases. For the parameters of the EDF, we take the fol-
lowing values [8]: A,=1.53 pum, k§ =—25 psec’/km,
n,=1.2X10722 m%/V?, u=1.4X10"% Cm, effective
area A.4=280 um?, and T; =10 msec, T, = 10 nsec at 4.2
K. In the fiber, because the value of kg is very close to
n(wy)/c, we taken ko =n (wy)/c and n (wy)=1.46.

In Eq. (32), the amplitude 27%/uT, corresponds to
a 2w SIT soliton, where 27 is the normalized area of
the SIT soliton [14]. For the fundamental NLS soliton
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(—2nok{ /nyky)?T, [15]. The required dispersion
k git.n1s for the coexistence of the two solitons can be ob-
tained by equalizing these two amplitudes [8], i.e.,

2#%%n,k,

(36)
ping

” —_—
ksit.NLs =

With the numerical parameters given above, kgir.nLs
= —5.6X 107 psec’/km, which is six orders of magnitude
larger than the typical value. In the following, we will
show that the SIT can induce such a high negative
dispersion.

For the following discussions, the inhomogeneous
broadening line shape is assumed to be Lorentzian

Aw, 1
27 (Aw,/2)+Aw? ’

where Aw, is the spectral width (FWHM) of g(Aw).
Given Eq. (37), the constants I, and I, defined in Egs.

glAw)= (37)

without the resonant atoms, the amplitude is  (27d) and (27e) become
J
A Ao, |’
1) o
Q*Aw, + l(c;l—nz)m——_" c; ' — ]
1 2 2
I, = —1_ 2,12 -1 2921 02A 2 ’ (38a)
c (e 1 —Q2)V [e; 1 —(Aw, 72)? P+ Q%Aw?
2
Aw
_ Awa Aa)a(cz—l_QZ)l/Z_CZ—l_ 2“
2 oae =02 (o —(Aw, /2 P+ Q% Aw?
I
From Eq. (32), it is seen that the pulse energy is inversely 2ﬁ2n2k0
proportional to the pulse width. When the pulse width is ki'=——7F—". (39e)
ung

large enough, the pulse energy will be too small to induce
large phase change. Therefore, we can assume the
change of the propagation constant Ak, <<k, to simplify
Eq. (27a) as a=2kyAk,. This assumption will be justified
in the following.

Case (i): Aw, —0and Q=0

In this case, the resonant medium is homogeneous
broadening, i.e., all the doped atoms have the same reso-
nant frequency o,, and the carrier frequency w, of the
soliton coincides with the resonant frequency, i.e.
o, =w,. From Egs. (38), I,=1 and I,=0. Solving Egs.
(30b), (30d), and (31), we have

© 1/2711/2
T.=T, |1+ 1+7(70(k6’+k,”)] ] ) (39a)
0
2
Aky=kj T“ , (39b)
0
Aky=1k'T7?, (39¢c)
where
k2 |17
0= | T3 a0 , (39d)
Moot “Ng

It is noticed that k,"=|k§pnisl- Because Aky is posi-
tive, the group velocity of the soliton v, is reduced from
1/kg to 1/(kg+Akg). To simplify the expressions, we
have assumed ko =k,/w, in the expressions of T,., Ak,
and Ak given above. From Eq. (32), the peak power of
the SIT-NLS soliton is

2
Poz%"o\/f—o/—ﬂ_o E Aegr - (40)

With the numerical parameters given above, we have
T,=4.06Ny /2 psec , (41a)
k;'=5.6X107 psec’/km , (41b)

where N, is in units of 10* m ™3, and
T, =0.785N, /% nsec , (42a)
Aky=120k, , (42b)
Ako=0.141Ny m~ !, (42¢c)
Py=178N, W . (42d)

Because k,=6.0X 10° m ™!, the value of the given Ak, is
of the order of a few m ™! and the assumption Ak, <<k,
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is justified in this case. From Eq. (42a), the pulse width is
inversely proportional to the square root of the doping
density because lower doping density corresponds to less
interaction between the field and the resonant atoms and,
therefore, longer pulse width is required to increase the
interaction. It is noticed that, in Eq. (42b), Aky is in-
dependent of N, and the group velocity v, =1/121k,,.
Because it requires T, <<T;,T,, we take T,,=0.5 nsec
(Ny=2.46X10% m~?) and the required peak power is
437 W. As mentioned above, in Ref. [8], a soliton of such
a high peak power requires the dispersion k; of six or-
ders of magnitude larger than that of a typical silica fiber.
Here, we will show such a high dispersion can be induced
by the SIT in the resonant atoms. In this case, from Egs.
(35a) and (39), the macroscopic polarization P, corre-
sponds to the soliton solution given by Eq. (32) can be
written in terms of the electric field envelope E as

2ik Ak
p=_"07"0 0 dE

. (43)
’ How§  OT

Substituting Eq. (43) into Eq. (8), we see that the term
—2ikyAkydE /97 in Eq. (8) is canceled out by the term
with P, because the pulse is in the moving frame with its
group velocity and the term with 0P, /97 in Eq. (8) intro-
duces an additional dispersion 4kyAkq/k,y. Including
the dispersion due to dP, /97, the total dispersion caused
by the resonant atoms are

k)'=—(Ak@—2kyAk))ky ! . (44)

Because Ak is positive, k,’ is negative for Akg > 2ky,.
Substituting the solution of Ak given by Eq. (39b) into
Eq. (44), we have the total dispersion kg +k,'=—k/’,
which is exactly the required dispersion k j1.n1s given by
Eq. (36) and is independent of k. It is clear that, for the
coexistence of the SIT soliton and the NLS soliton, the
value of the change of the reciprocal group velocity Ak

|
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due to the SIT is self-adjusted such that the value of the
total dispersion is given by Eq. (36), where both the SIT
and the NLS solitons are fundamental solitons. It is
known that the bright NLS soliton cannot exist in the
positive dispersion regime where kg >0 [3]. For the
SIT-NLS soliton, it can exist in the positive dispersion re-
gime because the total dispersion is independent of k.
From Eq. (35b) with 7, =1 and =0, the macroscopic
population difference W corresponds to the soliton solu-
tion given by Eq. (32) can be written as
W (z,7)=Nyu—2N usech?

(45)

c

At the peak intensity of the pulse at 7=0, W= —Nypu,
i.e., the resonant atoms are all pumped to the upper state.
It is noticed that, from Eq. (44), if there is no Kerr
effect and dispersion in the host medium, i.e., n,=0 and
ko =0, the soliton solution exists when k,’=0 or
Ako=2kg. In such a case, v, =1/3kg, which is called
the “preferred velocity in SIT” [16]. Therefore, the
change of the velocity is the result of the combined effect
of the host dispersion, Kerr effect and the resonant medi-
um. In Refs. [11] and [17], it is found that a SIT pulse is
possible in a nonlinear Kerr host, but the pulse is neces-
sarily chirped. From Egs. (32) and (39), we know the
solution is unchirped. The difference arises because the
dispersion terms are neglected in Refs. [11] and [17].

Case (ii): Aw, —0and |Q| <o,

In this case, the resonant medium is again homogene-
ous broadening, but the carrier frequency of the soliton is
o+ Q and differs from the resonant frequency w,, where
wp=w,. To simplify the problem, we assume the absolute
value of the detuned frequency |Q|<<w,. Also, from
Egs. (38a) and (38b), I, =1 and I, =0. The approximate
solution is

—1/2

_— (1+r7'T52

C 1+ (g ko )k k) —r2+2r]} 12

2
1

Aky=ky | — | ————k/'Q,

°© 0Ty | 1+T,?

" 2
Q

Aky=——=[1+(QT,?]—2k{ | == | ———,

0 TC2[ c ] 0 TO 1+(QTC)2

where r =k;'"Q /kj,.

With the numerical parameters of the EDF given
above, Fig. 1 shows the pulse width T, (=1.763T,)
versus the detuned frequency for various doping density
N,. For a given detuned frequency, as the doping density
N, increases, the pulse width T,, decreases as in case (i).
For the same pulse width, the doping density increases
with the detuned frequency because the frequency detun-
ing reduces the interaction between the field and the reso-
nant atoms and higher doping density is required to in-

—0? , (46a)
(46b)

(46¢)

[
crease the interaction. From the figure, it is seen that
there exist cutoff detuned frequencies because the value
of the square root in Eq. (46a) must be positive to make
the pulse width real. Because the order of the detuned
frequency shown is less than 1 GHz and
k/'/ky=1.15X 101! sec, the ratio |r| <<1 and Eq. (46a)
reduces to

T,=(T;*—0*)"'"%, (47a)
where T, is the T, defined by Eq. (39a), which is
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Ty (nsec)
1

/21

(GHz)

FIG. 1. The pulse width 7,=1.763T, vs the detuned fre-
quency Q/2m for various doping density N, (in unit of 10%°
m~3), where T, is the characteristic time scale given by Eq.
(44a).

the characteristic time scale for the nondetuned case
(2=0). From Eq. (47a), the cutoff frequency
fe=t(T;2—T,%V?/27. The cutoff frequencies are
0.253, 0.358, and 0.8 GHz for the doping density
No=0.5X10%, 1X10%, and 5X 10% m™3, respectively.
From Eq. (46a) or (47a), at the cutoff frequency, the pulse
width becomes infinite. However, the pulse width is valid
only under the assumption T,, <<T,, where T, =10 nsec
at 4.2 K. For T, <1 nsec, the corresponding frequencies
|Q| /27 should be less than 0.23 and 0.75 GHz for the
doping densities Ny=1X10% and 5X10% m™3, respec-
tively. For Ny=0.5X10% m™3, the minimum pulse
width shown in Fig. 1 is 1.11 nsec. Figures 2 and 3 show
the corresponding Ak, and Ak, in Fig. 1, respectively.
In Figs. 2 and 3, the three lines corresponding to
Ny=0.5X10%, 1X10%, and 5X10*® m~? overlap.
Therefore, Ak and Ak, are almost independent of N, in
these cases. From Fig. 3, |Ak,| increases with |Q| and
the assumption |Ak,| <<k, is valid in these cases. From
Fig. 2, Ak slightly increases with the detuned frequency
Q. It is noticed that the values of Ak are almost the
same as the nondetuned case. For |r| <<1, Egs. (46b) and
(46c) can be reduced to

Akh=Ak}, , (47b)
Aky=Aky —2QAkY; (47¢)

where Ak, and Ak are the Ak and Ak, defined by
Egs. (39b) and (39c¢), respectively, which are the Ak and
Ak, for the nondetuned case (£2=0). The approximate
equations, Egs. (47a)—(47c), agree very well with the data
shown in Figs. 1-3. It is noticed that Eq. (47b) shows
Ak is independent of the detuned frequency.
Corresponding to the steady-state solution given by Eq.
(32), from Egs. (35) and (46), the macroscopic polariza-
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FIG. 2. The corresponding change of the reciprocal group
velocity Ak for the cases shown in Fig. 1, where Ak is given
by Eq. (44b) and is shown by the ratio Akgy/kg.
k(,=4.868X107° sec/m is the reciprocal group velocity
without resonant atoms and Kerr effect. The three lines corre-
sponding to Ny =0.5X 10?*, 1 X 10%, and 5X 10 m~? overlap.

tion and population difference can be written as

_ 2k QE
P,=——(Aky+k/'Q) | —2QE +i—— |, (48a)
Ho@o or
2Nou
W =Nou— ——————sech? | — (48b)
¥ ar, ? T,

Substituting Eq. (48a) into Eq. (8), we have that, for
Q] <<w, and |r| << 1, (a) the term —2iky,AkydE /37 in
Eq. (8) is canceled out by p,wgP,; (b) the total induced

6
5 4
— 4 ]
T 37
o2
> ]
= L
o O
& ]
= -1+
_2 -
_.3 -
-4 -
_5 —
-6 ———— —
-1.0 -0.5 0.0 0.5 1.0
Q/2x¢ (GHz)

FIG. 3. The change of the propagation constant Ak, for the
cases shown in Fig. 1, where Ak, is given by Eq. (43c). The
three lines corresponding to N,=0.5X10%, 1X10%, and
5X10% m 3 overlap.
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dispersion is the same as Eq. (44) and the required disper-
sion for the coexistence of the SIT and NLS soliton is
also contributed from the host dispersion and the total in-
duced dispersion; (c) the macroscopic polarization addi-
tionally introduces a change of the propagation constant
—20(Aky+k/'Q), which is equal to the second term in
Eq. (46¢) as can be seen from Eq. (46b). It is noticed that,
in case (i), from Egs. (8) and (43), no approximations are
required to arrive at the results (a) the cancellation of the
term —2ik,Aky0E /97 in Eq. (8), (b) the total dispersion
to be —k,’, while in this case, the approximations
|Q| <<wy and |r| <<1 are required. This is because, in
this case, Egs. (46) and (48a) are all approximate results.
From Eq. (48b), as the frequency is detuned, at the peak
intensity of the pulse at 7=0, the resonant atoms are not
all pumped to the upper state.

Case (iii): Aw, >> T, !and Q=0

In this case, we consider the SIT-NLS soliton solution
in an inhomogeneous broadening resonant medium. Be-
cause the expressions of the I, and I, defined in Eqgs.
(38a) and (38b) is not so simple as the homogeneous
broadening case, we assume the spectral width of the
pulse is much less than the spectral width of the inhomo-
geneous broadening line shape and the central resonant
frequency coincides the carrier frequency. The large in-
homogeneous broadening linewidth assumption is true
for the EDF. With these assumptions, we have the sim-
ple expressions I,=2/(c}?Aw,) and I,=0. The ap-
proximate solution is

Aw
T,=—>T2, (49a)

2
Aky=Aky; , (49b)
Aky=Aky; , (49¢)

where T, Akg;, and Ak are the T,, Aky, and Ak,
defined by Egs. (39a), (39b), and (39c), respectively,
which are the corresponding values for the nondetuned
and homogeneous broadening case. It is noticed that
Akg and Ak are the same as the homogeneous broaden-
ing case. To compare with case (i), the pulse width given
by Eq. (49a) increases by a factor of Aw,T, /2 because
the inhomogeneous broadening reduces the interaction
between the field and the resonant atoms, and a longer
pulse width is required to increase the interaction.

Corresponding to the steady-state solution given by Eq.
(32), from Egs. (35) and (49), the macroscopic polariza-
tion and population difference can be written in terms of
the electric field E as

2ik oAk
p — 2ikobko B

> (Soa)
powg 0T

T

W =Nou—2Nyu sech? (50b)

2
T Aw, -

Because Eq. (50a) and Ak is the same as case (i), the re-
quired dispersion for the SIT soliton and NLS soliton to
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coexist is also contributed from the host dispersion and
the induced dispersion by the SIT. From Eq. (50b), as the
inhomogeneous-broadening linewidth Aw, increases, the
population of the pumped resonant atoms decreases. In
fact, because we have assumed Aw, >>T, !, most of the
atoms are in the ground state even at the peak intensity
of the pulse.

With the numerical parameters of the EDF given
above, we have the pulse width

T,=1.1Af,Ny ' nsec, (51)

where the spectral width of the inhomogeneous-
broadening line shape is expressed as Af, =Aw, /27 and
Af, is in units of GHz. T, in Eq. (51) is proportional
to Af, and inversely proportional to N,. For the con-
dition T,<<T,=10 nsec, from Eq. (51), we have
Af,Nqo ! <<9.1. For the erbium-doped fiber, the inho-
mogeneous broadening linewidth at A=1.53 um is
Af,=1472 GHz (11.5 nm) [18] and we have
Ny >>1.62X 10" m™3. Because 1 ppm (part per million)
corresponds to 8X 102! m™3 [8], Ny=1.62X10?" m~3
corresponds to about 2X 10° ppm, which is impractical.
For the typical value 1000 ppm, N,=8X10?** m ™3 and,
from Eq. (51), T,, =2.02 usec. Therefore, in the practical
erbium-doped fiber, the solution of the SIT-NLS soliton
is not found because its pulse width is too long to com-
pare with the relaxation time of the polarization T, of
the resonant atoms and the pulse energy will be in-
coherently absorbed by the medium.

V. CONCLUSIONS

The SIT-NLS soliton in the composite medium of Kerr
host doped with resonant atoms has been studied beyond
the SVEA. The analytic solution is obtained. There ex-
ists a suitable hyperbolic-secant soliton whose power,
pulse width, group velocity, and propagation constant are
uniquely determined for given parameters of the medium.
The required power of the soliton only depends on the di-
pole moment of the resonant atom and the pulse width.
The other characteristic constants pulse width, group ve-
locity, and propagation constant are determined by three
coupled nonlinear algebraic equations. Three special
cases of these equations are considered: (i) homogeneous
broadening without frequency detuning, (ii) homogeneous
broadening with frequency detuning, and (iii) inhomo-
geneous broadening without frequency detuning.
Without frequency detuning, the reduction of the group
velocity is the same for both the homogeneous- and
inhomogeneous-broadening cases. As the carrier fre-
quency is detuned from the resonant frequency, the
reduction of the group velocity is only slightly changed
for the homogeneous-broadening case. Because the
power of the SIT-NLS soliton is very high, extremely
large negative dispersion is required to be compensated
by the Kerr effect. It is found that there is a dispersion
induced by the SIT, which is not predicted by the theory
with SVEA. The amount of the induced dispersion is
self-adjusted such that the total dispersion, which in-
cludes the dispersion of the nonresonant host medium
and the induced dispersion, is equal to the required
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dispersion for the coexistence of the SIT and the NLS
soliton. For the typical parameters of the EDF, the
SIT-NLS soliton has not been found because its
inhomogeneous-broadening linewidth is too large.
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