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In this paper, we propose the incrementally extensible folded hypercube (IEFH)
graph as a new class of interconnection networks for an arbitrary number of nodes.
We show that this system is optimal fault tolerant and almost regular (i.e., the
difference between the maximum and the minimum degree of nodes is at most one).
The diameter of this topology is half of that of the incomplete hypercube (IH), the
supercube, or the IEH graph.  We also devise a simple routing algorithm for the IEFH
graph.  Finally, we embed cycles and complete binary trees into this graph optimally.
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1. INTRODUCTION

In the research on interconnection networks, systems are modeled as graphs.  In these
graphs, nodes represent processors, and edges represent communication channels.  Many
topologies have been proposed for massively parallel machines-which include hypercubes,
meshes, rings, star graphs, etc.  Among these topologies, the hypercube is popular due to its
properties, such as regularity, symmetry, low diameter, a simple routing algorithm, and opti-
mal fault tolerance [7].  In recent years, several modifications have been proposed to en-
hance the performance of hypercubes.  The folded hypercube (FH) [1], the crossed cube [4],
and the Hierarchical Cubic Network (HCN) [5] are some examples of hypercube variants.
They all are intended to reduce the diameter of the hypercube but reserve its advantages.

However, the hypercube and its variants have a common drawback in that the number
of nodes must be a power of two.  A few papers have so far been written to improve this
drawback of hypercubes, but these approaches still have problems described briefly as
follows.  Katseff [6] proposed incomplete hypercubes (IHs), which suffer from the problem
of fault tolerance-failure of a single node will cause the entire network to be disconnected.
Sen [8] proposed supercubes, which become more irregular as the size of the network grows.
Recently, Sur and Srimani [9] proposed a new generalization class of hypercube graphs, the
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incrementally extensible hypercube (IEH) graph.  This topology can be defined for an
arbitrary number of nodes and still has several advantages, such as optimal fault tolerance,
low diameter, a simple routing algorithm, and near regularity.

We observe that the diameters of these three incrementally extensible systems are
about n + 1 when the sizes of these networks range from 2n to 2n+1.  This motivated us to
design a new incrementally extensible topology to satisfy the demand for further reduction
of communication delay.  In this paper, we introduce the incrementally extensible folded
hypercube (IEFH) graph.  Its diameter is half of that of IH, the supercube, or the IEH graph.
The proposed network combines the ideas behind by IEH graphs and folded hypercubes.
The basic concept is that we replace hypercubes with folded hypercubes in IEH graphs.  We
will show that the IEFH graph is incrementally extensible in steps of one, are almost regular,
and are optimal fault tolerant.  We have also devised a simple routing algorithm.  We will
show that the IEFH graph is Hamiltonian.  Further, we can embed complete binary trees into
this topology with adjacent edges reserved.

The rest of this paper is organized as follows.  In section 2, we introduce basic termi-
nology for the hypercube and the folded hypercube.  We also review the structure of IEH
graphs.  In section 3, we present an algorithm used to construct an IEFH graph and derive
some of its properties.  In section 4, we present a simple routing algorithm for the IEFH graph.
Thus, we obtain an upper bound of its diameter.  In section 5, we embed cycles and complete
binary trees into it.  Finally, we give some conclusions in section 6.

2. PRELIMINARIES

A hypercube Hn (n-cube) is a graph G(V, E), where V is the set of 2n nodes which are
labeled as binary numbers of length n; E is the set of edges that connects two nodes if and
only if they differ in exactly one bit of their labels.  A bit is said to be bit i if it is the ith bit with
the least significant bit being bit 0.  A link is said to be link i if it connects two nodes whose
labels differ in bit i.  H(x, y) is the number of bits in which node x and node y differ and
denotes the Hamming Distance between them.  The node-connectivity k of a graph G is the
minimum number of nodes whose removal results in a disconnected or trivial graph.  This
graph is said to be a k-connected graph.  An n-dimensional Folded Hypercube (FHn) [1] is an
n-cube with 2n-1 extra edges: each node bn-1...b0 has an extra edge to its complement node, i.
e., b bn−1 0L ..  Thus, these edges are referred as complementary edges.  Fig. 1(a) shows an
H3 and (b) shows an FH3 hypercube.

Fig. 1. An H3 and an FH3 hypercube.
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An IEH graph, a generalized hypercube graph, is composed of several hypercubes of
different sizes.  These hypercubes are connected by Inter-Cube (IC) edges.  Let an IEH(N)
graph denote an IEH graph of N nodes.  This graph can be constructed by the following
algorithm [7].

Algorithm 1. (Construction of an IEH(N) graph)
Input:  a positive integer N
Output:  an IEH(N) graph
1. Express N as a binary number (cn, ..., c1, c0)2, where cn = 1.  For each ci, with ci π 0,

construct a hypercube Hi.  The edges constructed in this step are called regular edges.
2. For all His’, label each node with a dedicated binary number 11...10bi-1...b0, where the

length of the leading 1s is n - i and bi-1...b0 is the label of this node in the regular hypercube
of dimension i.

3. Find the minimum i, where ci = 1, set Gj = Hi, and set j = i:

i = i + 1.

While i £ n
if  ci π 0 then

Connect the node 11...1bjbj-1...b0 in Gj to the following i - j  nodes in Hi:

11 1011 1
1

L
678

L
678n i i j− − −

 bjbj-1...b0,

11 1001 1
1

L
678

L
678n i i j− − −

 bjbj-1...b0,
...,

11 1011 0
1

L
678

L
678n i i j− − −

 bjbj-1...b0.

Set j = i and Gj to be the composed graph obtained in this step. /* Gj is the graph which is
composed of Hks’ for k £ j.*/
endif
i = i + 1.

endwhile
Thus, obtain Gn as the output.#

For the purpose of illustration, Fig. 2 shows an IEH(11) graph.  Note that solid lines
represent regular edges, and that dot lines represent IC edges.

3. THE IEFH GRAPH AND ITS PROPERTIES

In this section, we will describe IEFH graphs and derive some of their properties.  An
IEFH graph is composed of several folded hypercubes of different sizes.  The basic philoso-
phy in designing IEFH graphs is similar to that for IEH graphs.  However, if we directly use
Algorithm 1 to connect these folded hypercubes, the obtained graph will not be almost
regular.  For example, Fig. 3 shows a graph of size 11, whose FHs were connected by Algo-
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rithm 1.  Observe that the degree of node 1100 is three, and that that of node 0000 is five.
Hence, some extra edges are needed in order to maintain the property of near regularity.  In
the following algorithm, we add at most two edges to overcome this drawback.  Further, the
node connectivity can be improved from n to n + 1.

Fig. 2. An IEH(11) graph.

Fig. 3. The obtained graph of size 11.

Algorithm 2.  (Construction of an IEFH(N) graph)
Input:  a positive integer N
Output:  an IEFH(N) graph
1. Express N as a binary number (cn, ..., c1, c0)2, where cn = 1.  For each ci, with ci π 0, construct

a folded hypercube FHi.
2. For all FHis’, label each node with a dedicated binary number 11...10bi-1...b0, where the

length of the leading 1s is n - i and bi-1...b0 is the label of this node in the regular folded
hypercube of dimension i.

3. If (c1c0 = 00), then goto Step 4.
    else if (c1c0 = 01)

find the minimum i, where ci = 1 and i > 1,

connect (11...10) to (11 10 01L
678

L
n i−

), and goto Step 4.
else if (c1c0 = 10)

find the minimum i, where ci = 1 and i > 1,
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connect (11...100) to (11 10 011L
678

L
n i−

),

connect (11...101) to (11 10 010L
678

L
n i−

), and goto Step 4.

else connect (11...10) and (11...101), and goto Step 4.
4. Find the minimum i, where ci = 1, set Gj = FHi, and set j = i:

     i = i + 1.

     While i £ n
         if  ci π 0 then
               Connect the node 11...1bjbj-1...b0 in Gj to the following i - j nodes in FHi:

               11 1011 1
1

L
678

L
678n i i j− − −

 bjbj-1...b0,

               11 1001 1
1

L
678

L
678n i i j− − −

 bjbj-1...b0,

               ...,

               11 1011 0
1

L
678

L
678n i i j− − −

 bjbj-1...b0.

Set j = i and Gj be the composed graph obtained in this step. /* Gj is the graph which is
composed of FHks’ for k £ j.*/
endif
i = i + 1.

       endwhile
     Thus, obtain Gn as the output.#

In Algorithm 2, we observe two useful properties.  First, Gi is an IEFH( ck
k

k

i

2
0=

∑ ) graph.

Second, whenever we connect an FHi and some Gj for i > j, the degree of each node of FHi

increases by at most one.  Fig. 4 shows an IEFH(11) graph.

Theorem 1. The IEFH(N) graph is almost regular for 2n < N £ 2n+1.  Further, the degree of each
node is either n + 1 or n + 2.

Fig. 4. An IEFH(11) graph.
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Proof: Let N = (cn, ..., c1, c0)2, where cn = 1.  Without loss of generality, let v be a node in an FHi,
where 2 £ i £ n.  By Algorithm 2, v has i + 1 edges in FHi and n - i edges to FHks’, where ck =
1 and n ≥ k > i.  Furthermore, it has at most one edge from Gj. Here, j is the maximal integer
where cj = 1 and j < i.  Hence, the proof. #

Next, we will derive the connectivity of an IEFH(N) graph and show it is optimal fault
tolerant.  The following lemmas are necessary.

Lemma 1. [9] In an m-connected graph, any node has m node-disjoint paths to an arbitrary
set of m different nodes in the graph. #

Lemma 2. [9] Given an m-connected graph G and an n-connected graph H, m < n, if each
node of G is connected to (n - m) different nodes of H (assume |H| ≥ (n - m)|G|), then the
combined graph is also n-connected. #

Theorem 2. The node connectivity of an IEFH(N) graph is n + 1 for 2n < N £ 2n+1.

Proof: At the beginning of Steps 3 and 4 in Algorithm 2, we connect the two smallest FHi and
FHj, where i > j into Gi.  By the previous lemmas, Gi is an (i + 1)-connected graph.  Then,
whenever we join FHk with a Gl for k > l by means of IC edges in Step 4 of Algorithm 2, Gk is
a (k + 1)-connected graph.  Hence, when our algorithm terminates, the IEFH(N) graph has a
node connectivity of n + 1. #

Corollary 1. The IEFH graph is optimal fault tolerant.

Proof: Since the node connectivity is equal to the minimum degree of the graph, the IEFH
graph is optimal fault tolerant. #

The degree of a topology is usually measured as the cost of hardware.  Now, we will
present the average degree of the IEFH graph.  In the following results, we will derive the
total number of edges and the average degree of an IEFH(N) graph.

Theorem 3. The total number of edges of an IEFH(N) graph, where (cn, ..., c1, c0)2 is the binary

expression of N, is δ + + + −∑∑ −

=

−

=
c i c n ii

i
i

i

i

n

i

n

( ) ( )1 2 21

0

1

1
 for .

Proof: The first summation counts the total number of edges in all FHs; each FHi has (i +
1)2i-1 edges.  The second summation counts the number of IC edges; each FHi has 2i nodes,
and each node has (n - i) IC edges connecting to higher order FHs by means of Step 4.  Last,
we consider ( for different cases in Step 3 of Algorithm 2.  Hence, the proof. #

δ =
=
=







0 00
2 10
1

1 0

1 0

if c c
if c c
otherwise

.
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Corollary 2.  The average degree of an IEFH(N) graph is 2 1 2 1

1
( ( )δ + + +∑ −

=
c ii

i

i

n

c n i Ni
i

i

n

2
0

1

( )) / ,−∑
=

−
 where (cn, ..., c1, c0)2 is the binary expression of N and

Proof: In Theorem 3, we derive the total number of edges of an IEFH(N) graph.  Since each
edge joins two nodes, the total number of edges is half the number of total degrees in a
graph.  Hence the proof. #

4. A SIMPLE ROUTING ALGORITHM

Message routing is a central problem in an interconnection network.  A good intercon-
nection network should route messages in a simple and efficient way so as to increase the
overall performance of the multiprocessor system built on this network.  In this section, we
will devise a simple and efficient routing algorithm for IEFH graphs.

Algorithm 3. (Routing in an IEFH(N) graph)
Input: a source node x in FHi and a destination node y in FHj (Without loss of generality, let
j ≥ i.)
Output:  the next node in the routing path
If (x == y), then send the message to the local processor.
Else if (i == j), then route the message as in a folded hypercube of dimension i.
        Else route the message by means of an IC edge to a node z in FHj such that
        H(x, z) = H(x, y) - h, where h is as large as possible. #

Theorem 4. The diameter of an IEFH(N) graph is at most n2 1  +  for N = (cn, ..., c1, c0)2.

Proof: Algorithm 3 can route messages from node x to node y in at most 
j
2 1





+  steps.
Hence the proof.  #

5. EMBEDDING GRAPHS INTO IEFH GRAPHS

Graph embedding has been used to model the problem of simulating a parallel algo-
rithm in a parallel machine.  It is a mapping M of a guest graph G onto a host graph H.  The
cost of an embedding is measured in terms of dilation, congestion, and expansion [10].  The
dilation of an embedding is the maximum distance of all edges of G in H.  The congestion of
an embedding is the maximum number of edges of G that share an edge of H.  The expan-
sion of an embedding is the ratio of the size of H to the size of G.  Intuitively, dilation
measures communication performance, congestion measures queuing delay, and expan-
sion measures processor utilization.  If G can be embedded into H with dilation 1 and
expansion 1, then we say the embedding is optimal [11].

δ =
=
=







0 00
2 10
1

1 0

1 0

if c c
if c c
otherwise

     
     # .
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A. Cycles

In this subsection, we will try to embed cycles into the IEFH graph.  In our previous
work, we obtained the following results for IEH graphs [2].

Result 1. IEH graphs are Hamiltonian if the sizes of these graphs are not 2n - 1 for all n ≥ 2.
Result 2. For an IEH(N) graph, an arbitrary cycle of even length Ne, where 3 < Ne < N, is
found.
Result 3. We find an arbitrary cycle of odd length No in an IEH(N) graph, where 2 < No < N,
if and only if a node of this graph has at least one forward 2-IC edge.

Obviously, an IEH graph is a spanning subgraph of an IEFH graph by Algorithm 2.
Thus, the above results for embedding cycles into IEH graphs can also be applied to IEFH
graphs.  Moreover, in the next theorem, we will show that the IEFH graph is Hamiltonian.

Theorem 5. The IEFH graph is Hamiltonian.

Proof: Consider an IEFH(2n - 1) graph for n ≥ 2.  In this graph, node FH0 exists by Step 3 of
Algorithm 2.  Further, FH0 has two neighbor nodes (11...100) and (11...101).  From Result 1, we
know that an IEFH(2n - 2) graph is Hamiltonian.  Without loss of generality, let P(11...100,11...
101) be a Hamiltonian path in the IEFH(2n - 2) graph.  By adding two edges (11...10, 11...100)
and (11...10,11...101), the IEFH(2n - 1) graph becomes Hamiltonian.  Since an IEH graph,
which is Hamiltonian if its size is not 2n - 1, is a spanning subgraph of an IEFH graph and an
IEFH(2n - 1) graph is Hamiltonian, the IEFH graph is Hamiltonian. #

B. Complete Binary Trees

In this subsection, we will embed a complete tree into an IEFH graph.  Let a CBTh

denote a complete binary tree of height h.  Our previous work showed that the minimum size
of IEH graphs that contains a CBTh is 2h + 1 [3].  However, we can optimally embed a CBTh

into an IEFH graph.  The following definition and lemma are necessary.

Definition 1. [10] A double-rooted binary tree DRBTd, where d is the height of the tree, is a
complete binary tree with the root replaced by a path of length two.#

Lemma 3. [10] A double-rooted binary tree of height h can be embedded into an Hh+1 with
edge adjacency reserved. #

Theorem 6. A CBTh can be embedded into an IEFH graph with dilation 1, congestion 1, and
expansion 1.

Proof: First, we can embed a DRBTh into an Hh+1 with edge adjacency reserved by Lemma 3.
Since an FHh + 1 contains an Hh+1 as a spanning subgraph and is symmetric, we can embed a
DRBTh into an FHh+1 with edge adjacency reserved.  Then, we can let the roots of this DRBT
be 11...10 and 11...1.  Further, the son of 11...1 can be assigned as 11...101 since (11...10, 11...
101) is an edge of an IEFH(2h+1 - 1) graph by Algorithm 2.  Hence the proof. #
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6. CONCLUSIONS

In this paper, we have designed the IEFH graph as a new class of interconnection
networks for an arbitrary number of nodes.  We have shown this system is optimal fault
tolerant and almost regular.  We have also devised a simple routing algorithm for it.  Thus, the
diameter of this topology is only half of that of the incomplete hypercube (IH), the supercube,
or the IEH graph.  Finally, we have embedded cycles and complete binary trees into this
graph with dilation 1, expansion 1, and congestion 1.

It is worth noting that we can construct new topologies by replacing folded hypercubes
with crossed cubes or HCN graphs in IEFH graphs.  These graphs also have low diameters.
Further studies are being conducted to derive their properties and design mappings of
parallel algorithms on them.
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