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We have studied the transport of electrons through a quantum well within which
a time-modulated potential of amplitude V2, range a, and frequency w is applied. Our
results show that, as the chemical potential u increases, the dc conductance G exhibits
Fano-structures when p is at mhw above the bound state energy in the well. As V,
increases, the Fano-structures are broadened, and higher mhw processes emerge. These
features are identified as the formation of quasi-bound states. For a fixed but large
potential strength Vi = aV,, the Fano-structures are broadened and are shifted toward
lower electron energies, as adecreases. The dependence of the Fano-structure to the
location of the time-modulated potential is also studied.

PACS. 72.10-d- Theory of electronic transport; scattering mechanisms.
PACS. 72.40.4+w - Photoconduction and photovoltaic effects.
PACS. 73.40.-c - Electronic transport in interface structures.

I. Introduction

Inelastic scatterings are very important for the quantum transport in nanostructures
because they give rise to characteristics that reflect the energy spectrum in the structures.
A systematic exploration is possible when a time-modulated potential is induced over a
certain region of the structures [l-10].

The nanostructures we consider consist of a quantum well in the middle of a narrow
constriction (NC) which is acted upon by a time-modulated gate-potential, as shown in
Fig. 1. Similar configurations have been investigated by Tang and Chu [9], except that the
NC did not consist of a quantum well. Their focus was on the resonance conditions when
the incident electron energies are at mhw above the threshold energy of a subband in an
NC. However, the presence of a quantum well opens up discrete levels below the origina
threshold energies. How these discrete levels affect the resonance conditions is the issue
we investigate in this work. Recent developments in the split-gate technology have made
possible the fabrication of such gate-controlled quantum point contacts (QPCs)[11], and
thus it is possible to investigate the resonance conditions in NC that has discrete levels
below the threshold energies, and is acted upon by a time-modulated potential.

509 © 1999 THE PHYSICAL SOCIETY
OF THE REPUBLIC OF CHINA



510 QUANTUM TRANSPORT THROUGH A QUANTUM WELL IN VOL. 37

fL2  fL2

L2 | L7

V408 (o)

FIG. 1. Sketch of a quantum well structure with a time-modulated potential in between the edges
of the quantum well.

In reference [9], the dip structures in the dc conductance G are closely related to the
density of states (DOS) in the NC. The energy levels in the NC are quantized into one-
dimensional subbands so that the DOS is singular at the subband bottoms. This allows
the quasi-bound-states at energy just below a subband bottom to be induced by the time-
modulated potential. The dip or peak structures in G occur whenever u is of mhw above
asubband edge. These are the quasi-bound-state features, which is associated with the
situation when the electrons can make transitions, via inelastic processes, to the quasi-

bound-states. It is important to ask whether such quasi-bound-state features in G could
" persist in the case when discrete levels exist below the subband edges. Such situation can
be redlized by adding a quantum well structure in the NC.

In this paper, we extend the work of references [9] and [12] by allowing a time-
modulated potential to act upon the quantum well structure. The abruptness in the profile
of both the quantum well and the time-modulated potential has caused additional multiple
scatterings, which result in harmonic structures in G [9]. In reference [9], the harmonic
structures in G due to the finite-range time-modulated potential are obvious. But with
the presence of a quantum well, we find that the harmonic structures are dominated by
multiple scatterings between the length of the quantum well.

The finiteness in the range of the time-modulated potential also made possible the
intra-subband and the inter-side-band transitions for the transmitting electrons. This is
due to the breaking of the longitudinal translational invariance in the NC. Furthermore,
we have taken that the lengths of the quantum well and the time-modulated potentia are
less than the phase-breaking length {4. By this the entire transmission process through the
structure is coherent. The two reservoirs at both ends of the NC are free from the time-
modulated effects so that the distribution of the incident electrons is well determined. Thus
the description of the quantum transport follows the Landauer-Biittiker-type formalism.

In Sec. Il we present the formulation for the scattering and the connection of the
transmission coefficients with the conductance G. In Sec. IIl we present numerical exam-
ples illustrating the quasi-bound-state features in a finite-range time-modulated potential.
Finaly, Sec. IV presents a conclusion.

Il. Theory

In this section, the scattering problem is formulated and the equations for the trans-
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mission and reflection coefficients are obtained. The conductance G is then expressed in
terms of these coefficients.

The QPC is modeled by a NC connected adiabaticaly at each end to a 2DEG such
that the transmission of the electrons into or out of the NC is adiabatic [13]. The time-
modulated potential is within the quantum well and does not affect the reservoirs outside
the quantum well. The NC is taken to have a quadratic transverse confinement, given by
the potential 2mju#% The potential of the quantum well system takes the form

V(z,t) = -Vob (% —|:c|> + V, cos(wt)d (z - f—;£> 6 (IE—L - z) . (1)

(fa— fi)L/2=a with -1 £ 1< f,< 1, and z is the transmission direction.
Choosing the energy unit E* = hzk:%/Qm;, the length unit ¢* =1/kg, the time unit
t*= h/E*, Vy and V; in units of £*, the dimensionless Schrodinger equation becomes

[~ 43y + V( U(ED = 207, 0), (2)
Here kg is a typica Fermi wave vector of the reservoir and m] is the effective electron
mass. The transverse energy levels are quantized, with energy &, = (2n —1)w, and wave
function ¢,(y), where n is a positive integer excluding zero. The quantum well and the
time-modulated potential are uniform in the transverse direction and do not induce inter-
subband transitions, leaving the subband index n unchanged. Thus for an nth subband
electron incident along z and with energy u, the scattering wave function can be written
in the form ¥} (7,t) = én(y)¥*(z,t)[7,10], where
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and n,m are the final subband and side-band indices, respectively. The effective wave
vector for electrons with incident energy € and in the nth subband is given by &, ,, =

e—(2n =ljwy+ mw, and gom = €+ Vp— (2n —1)w, + mw. The sideband index m
corresponds to the net energy change of mhw for the outgoing electrons.
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The expressions for the reflection and transmission coefficients can be obtained from
matching at the four edges of the quantum well and the time-modulated potential. The
matching conditions are required to hold in all times.

After performing the matching at z=+L/2, we obtain

Agn,m(Qn,m + kn,m) - 2‘Sm,Okn,m

l —
Bn,m - qn,m - kn,m ’ (4)
- QA;,mqn,m - 6m,0(qn,m + kn,m) ’ (5)
' qn,m - kn,m
BT = ’IT'L,m (qn,m + kn,m) (6)
mm Qn,m - kn,m ’
{y = ZAnm G (7)
e qn,m - kn,m
After performing the matching at z = f;L/2, we obtain
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The zero-temperature conductance G is given by
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2¢? k
G="" n,m 2
h ; kmO “n,m] ’

where n,m include only the propagating modes whose k, ., is red. The factor of 2 is due
to the spin degeneracy.

Solving Egs. (8)-(11), weobtain A", , , , A7 .., Cnm,and Dy n. Wethen obtainr,, ,,
and tn,m by Egs. (5) and (7).

We solve the coefficients r, ,,, andt, - exactly, in the numerical sense, by imposing
a large enough cutoff to the side-band index. The correctness of our procedure is checked
by a conservation of current condition, given by

2

where m includes again only the propagating modes. We have also checked that G is
converged for our choice of the side-band cutoff.

kn,m
P [lrnml2 + [tnmlzl =1, (13)

I1l. Numerical results

In this section, we present numerical examples for the conductance G as a function
of the chemical potential u. Since each occupied subband contributes independently to G,
it suffices for our purpose here to present the conductance of only one subband, which we
take to be the lowest one.

Besides u, Gdependsalsoon L, Vi, &, V,;, W, and the position of the time-modulated
potential. The unperturbed bound state energies are determined by L and Vp; the side-
band separation is w; aV; is the strength of the time-modulated potential; and its position
(center) (f2 + fi)L/2 determines the shape of the quasi-bound-state structures in G. We
present these G behaviors in five situations. First, G is shown for a NC that do not have
aquantumwell(Vo = 0), with afixed @ and w, while varying V,. Second, G is shown for
fixed L =a V, and w, while varying the depth of the quantum well V4. Third, G is shown
for different frequencies w with fixed V5, V,andL = a. The fourth situation is to compare
G for fixed Vo, L, W and the strength of the time-modulated potential aV,, while varying
a Finaly, we present G for fixed Vo, V2, L, a, andw, while varying the position of the
time-modulated potential (f, + f1)/2.

In our numerical examples, the NC is taken to be that in a high-mobility GaAs-
Al;Ga;_As with a typical electron density ~ 2.5 x 10T cm~? and m? = 0.067m,. Cor-
respondingly, we choose an energy unit E* = R%*k%L/(2m?) = 9 meV, alength unit a* =
1/kr = 79.6 A, and a frequency unit w* = E*/h = 13.6 THz. We aso teke w, = 0.035,
such that the effective NC width is of the order of 103 A. In the following, in presenting the
dependence of G on gy, it is more convenient to plot G as a function of X instead, where
X = [(pfwy)+ 1]/2. The integral vaue of X is the number of propagating channels.

In Fig. 2, G is plotted against X for a NC structure acted upon by a time-modulated
potential. There is no quantum well, with V; = 0. The time-modulated potential has
a=12, w = 0.014, and V; = 0.003, 0.012, and 0.024. The energy interval w corresponds
to an interval AX = w/(2w,) = 0.2 on the ordinate. At X = 1, the chemical potential
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u is a the subband edge. We note that a major dip structure occurs at X = 1.2, which
corresponds to X — AX = 1. This is a quasi-bound-state feature because the electron with
energy X can make transitions to the quasi-bound-state just beneath the subband edge by
giving up an energy w. In general, for larger V5, the structures of more photon processes at
X =1+mAX ae more evident. This is the situation when the electrons can emit energy
of mw and make transitions to the quasi-bound-state beneath the subband edge.

We note here that the structures in G induced by the time-modulated potential do
not always carry the dip structure characteristics. In general, these are cases of Fano-
resonance form [5,14-16]. The origin of the Fano-resonance is due to the existence of a
guasi-bound-state imbedded in a continuum. In fact, this quasi-bound state in a NC can
be shown to have a small negative imaginary part in energy, and is evanescent in space [17].
Detail discussions are presented in the appendix. If there were no indagtic scattering, the
guasi-bound-states would not couple to a continuum. But in the presence of the inelastic
scatterings, the quasi-bound-state just below the nthsubband threshold energy ¢, can be
coupled to the states e, + mw, which are certainly embedded within a continuum. Thus it
is not surprising to find Fano-structures in G. The form of these Fano-structures are pairs
of neighboring peak and dip structures. Their detail shape, however, can change gradudly,
such as those in Fig. 2, and aso in Fig. 4 of reference [15], where the dip is smeared or is
diminished for larger interaction strength. But in our case here, such as that in Fig. 2 and
in Fig. 6, the Fano-structures exhibit even more drastic change.

The wavelength of the incident electron decreases as X increases. The relation is
given by A=2r/,/2w,(X - 1). At the energy with subband index n = 1, when X = 1.2,
we have A = 53. Thus, near the first resonance, the range of the time-modulated potential
is short, with a ~ 0.23X.

In Fig. 3, G is plotted against X for L =a= 12, such that the position (center)
of the time-modulated potential is at z = 0. Other physical parameters are V, =0.012,
w = 0.014, and V, = 0.0077, 0.0153, 0.0230. To understand the correlation of the structures
in G with the bound states in the well, we write down the confining equations for the bound

states with energy Ej (Ep < 0) in the case when V, = 0. For even parity bound states, the
equation is

L vV-F
t —+/Vo(l+ F)| — = 0;
an[z\/ o1+ )} 2 (14)
and for odd parity bound states it is
L V1+ F
t —/Vo(1+ F =0, 5
an [2 o(1 + )} + Nays (15)

where F = E;/V,. Again, because of the inelastic scattering, the unperturbed bound states
in the quantum well are coupled with the states with energies £y + mw > 0. These coupling
are found to give rise to Fano-structures in G and at X,”n values given by

oF + mw
75 . (16)

Y

Xh =1+
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FIG. 2. Conductance G as a function of X for FIG. 3. Conductance G as a function of X
a NC dtructure acted upon by a time- for a quantum well structure acted
modulated potential. The width of upon by a time-modulated potential.
the time-modulated potentiad a = 12, The width of the time-modulated po-
w = 0.014, and V; = 0.003, 0.012, tential a = 12 is equal to the well
and 0.024. The dip structures at width L, V5 =0.012 and w = 0.014.
X = 1.2 are due to the situation The well depth V, are 0.0077, 0.0153,
when the electrons, after giving away and 0.0230. The Fano-structures be-
energy w, make transitions to the fore X = 1.2 are due to the situa-
guasi-bound-states below a subband tion when the electrons, after giving
edge. For larger V3, the quasi-bound avay energy w, make a transition to
states are more broadened and many- an originaly bound state. The struc-
photon processes at X =1+ mAX), tures between X = 1.2 and X = 14
with AX = 0.2, are more evident. are due to the situation when the

electrons, after giving away energy
2w, make transitions to the origindly
bound state.

The evaluated (X?, X$) are (1.178, 1.378), (1.128, 1.328), (1.065, 1.265), for V=
0.0077, 0.0153, 0.0230 respectively. The close correspondence between the evaluated X;‘n
values and the Fano-structures in Fig. 3 demonstrates that the singular DOS at the unper-
turbed bound state energies inside the well does play an important role. In addition, our
other results show that the X! locations shift to smaler values for larger aV, while the
Fano-structures are broadened. This can be understood as the broadening of the bound
state energies by the strength eV, of the time-modulated potential.

In Fig. 4, G is plotted against X for L = a = 12, such that the position of the
time-modulated potential is at z = 0, V3, = 0.012, Vp = 0.0230, with «w = (0.014, 0.028,
0.042), respectively. The corresponding X?’s are (1.065, 1.265, 1.465), and they correspond
closely to the Fano-structures. At X{’, the electron wavelength As are (93.0, 37.6, 30.7).
Thus, a ~(0.13X,0.31), 0.39X), in each case.

In Fig. 5, G is plotted against X for 12w Vo = aVo=
(f2 J1)/2 = U
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FIG. 4. Conductance G as a function of X for FIG. 5. Conductance G as a function of X
a quantum well structure acted upon for a quantum well structure acted

by a time-modulated potential. The upon by a time-modulated potential.
width of the time-modulated poten- L=12, aV;=0.144 and V; = 0.0230,

tia a = 12 is equal to the well width w=0.014, fo + f1 =0, suchthat the
L,V5=0.012 and Vy= 0.0230. The position of the time-modulated po-
frequencies w are 0.014, 0.028, and tentia is a the center of the quan-
0.042. The energy differences of the tum well. The width of the time-
resonant structures are multiples of modulated potential a are 12, 6, and
0.014. 3. These curves show the same form

of a quasi-bound-state structure with
broadened resonance for thinner a.

coincides with the center of the well. These curves correspond to the same resonance energy
X%= 1065 and are of similar Fano-resonance form. As a decreases, the Fano-structures
shift toward lower energies and the structures are more broadened. Our other results show
that for a fixed but smaler aV, vaue, the electrons can not make transitions to the bound
dtate in the well except when their energies are very close to Ep + hw.

In Fig. 6, G is plotted against X for L = 12, a = 3, w = 0.014, V; = 0.0230,
V2 = 0.012, while varying the position (f2 + f1)L/2 of the time-modulated potential inside
the well. These curves show that the resonance form is position dependent and is symmetric
with respect to the position of the quantum well, as is shown by the exact overlap of the
two curves for (f; + f1)/2 = f0.25.

I'V. Conclusion

We have solved nonperturbatively the quantum transport in a NC that consists of a
guantum well and a time-modulated potential. The scattering process is both coherent and
inelastic. We find that the bound states in the well become quasi-bound in the presence of
a time-modulated potential. Besides the broadening of the bound state energies, the bound
state energies are shifted to lower values and more importantly, they are coupled to the
states £, + mw > 0 in a continuum. Thus, G exhibits Fano-structures.



VOL. 37 517

> (witso 176 h)

0.0|— ! ! f

103 1.04 * 05 1.06 1.07 1 og

FIG. 6 Conductance G as a function of X for a quantum well structure acted upon by a
time-modulated potential. L =12, a= 3, w = 0.014, well depth V=
Vo= 0.012. The positions of the time-modulated potential corresponding to
(fo+ f1)/2 ae -0.25, 0, 0.25, 0.5, and 0.75. These curves show that the conductance G,
as a function of the position of the time-modulated potential, is symmetric with respect to
the location of the quantum well.

From the results we have not shown here, we find that in a one-side-band approxima
tion [12,18], the G values are, in general, quite different from the exact results, even though
the results satisfy the conservation of current condition quite reasonably. In fact, perturba-
tion method with the one-side-band approximation is vaid only when the strength al; is
very small. For most cases of interest, we have to go beyond one-side-band approximation.

For clarity, we have chosen the parameters of the quantum well such that there is
only one unperturbed bound state inside the quantum well. This approach can be easily
generalized to cases that have more bound states, with qualitatively similar results expected.
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APPENDIX : DOS argument about quasi-bound state

The existence of the quasi-bound state in a NC, be they impurity-induced or oscillating-
barrier-induced, is more a characteristics of the NC than the way they are being induced.
Detail discussions have been given by Bagwell and Lake in reference [5]. In the following, we
supplement by presenting a DOS argument as in reference [17], and extend this argument
into a quantum well system. The DOS in a NC is given by p(z; F)=-ImG"(Z,7; E)/n,
where, in our choice of units, the retarded GreenTs function G™(£,Z";E) =3, [¢n(v)0n(y")/
(2iky,)]e*nle== . Here k, = /E — ¢,, and n1s the subband index. It is clear from the DOS
expression that for E just below ¢y, the subband N does not contribute to the DOS. In
addition, the wavefunction for this energy E and in this subband N is evanescent along
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the longitudinal direction. However, if we dlow E to be analytically continued into the
lower half complex energy plane, such that E = €, — 6 E—1E;, the contribution of the
subband N to the DOS becomes [¢3/(y)/27][6 E? + E?]~/*sin[(1/2)tan~1(E;/§ E)], which,
when §E ~ E;~ 0, can be very large. And the factor e ~*Et decays with time. So there is a
localy bound state with lifetime at this energy. This wavefunction will decay and go away
from propagating channels. So the quasi-bound state can happen at the subband bottom
with N > 1 under time-dependent perturbation. And, under coherent inelastic scattering,
the quasi-bound state can also happen at the first subband bottom because there are some
propagating states that couple to this energy.

In the presence of a quantum well, the DOS is till given by p(Z; E) = —ImG"(Z,7; E)/
m, where, the retarded GreenT's function G™(Z,2"; E) = Y., 1 [0ny (¥)bny (V) bme (2)Pma(z')/
(E = eny —€mz + 1)) + Lalbny(y)dny(y") [ 'dkz 0k, (2)85,(2')/(E —€ny —k, + in)]. Here,
n is the subband index, m is the index of the bound state in the quantum well and ¢, is
the scattering state of the quantum well system. It is clear from the DOS expression that,
inside the well, p(Z; E) is singular at £ = exy +epm. And the wavefunction for this energy
E is evanescent outside the well. And the factor e~*F* does not decay with time. So there
is a truly bound state at this energy. And, under coherent indlastic scattering, the bound
state can become quasi-bound because some propagating states, at energies epsp + mw > 0,
will couple to the bound state. Thus, either in the presence of eastic scatterings (such as
induced by impurities) or inglastic scatterings (such as induced by oscillating-barriers), the
singular DOS plays a decisive role in inducing a quasi-bound-state just beneath a subband
bottom, or causing the bound-state to become a quasi-bound-state, respectively. So it is
not unexpected that the state can become a gquasi-bound-state.
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