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Abstract

Conventional methods of solving nonconvex separable programming (NSP) problems by mixed integer program-
ming methods requires adding numerous 0-1 variables. In this work, we present a new method of deriving the global
optimum of a NSP program using less number of 0-1 variables. A separable function is initially expressed by a
piecewise linear function with summation of absolute terms. Linearizing these absolute terms allows us to convert a
NSP problem into a linearly mixed 0-1 program solvable for reaching a solution which is extremely close to the global
optimum. © 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

Separable programs are nonlinear programs in which the objective functions and constraints can be
expressed as the sum of all functions, each nonlinear term involving only one variable. The nonconvex
separable programming (NSP) problem discussed herein, denoted as Problem P1, is expressed as follows:

Problem P1 (NSP Problem)

n

minimize E fi(x:)

i=1

subject to Zh,-j(x,-) >0 for all j,

i=1

x;=0 fori=1,2,...,n,
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where f;(x;) could be nonconvex functions and 7#;;(x;) are linear functions.

By assuming that all of f;(x;) in Problem P1 are convex, Problem P1 can be solved by the simplex method
to obtain the global optimum. The conventional means of solving Problem P1 with nonconvex f;(x;) [3,5,11]
is discussed below.

Assume that f;(x;) is approximately linearized over the interval [a, b]. Define a;, k = 1,2,...,m;, as the
kth break point on the x;-axis such that a;; < a;» < -+ < a;,,, with ¢;; = a and a;,,, = b. Then f;(x;) can be
approximated as

m;

filxi) = Zfi(ai,k)fzyk, (1)

k=1

where x; = Y0 aixtins Yooy tix = 1, tix =0, in which only two adjacent #;, e.g. (f;x-1,%x) and (fix, tigi1),
are allowed to be nonzero. In reference to Eq. (1), conventional methods [3,5,11] treat the NSP Problem as
the following program.

Program 1 ( Conventional NSP methods [3,5,11])

n mi
minimize E E fil@ip)tix
1

i=1 k=

subject to Zh,:,-(x,«) >0 forall j,
i=1

mi
Xi = E a[,kt,:’k fori = 172,. oy ny
k=1

<y, fori=1,2,...n,
t',k<yi4k71+y,‘,k fori= 1,2,...71’17 k:2737...,n’h’7

mi m;
=1 1, =1fori=12,...n,
k=1 k=1

where y;, =0orl, £, =20, k=1,2,...,m;, andi=1,2,...,n.
Obviously, there exists a unique k where y;; = 1 and #;; + #;4+1 = 1, in which Problem 1 becomes

minimize Y _[fi(ai)tix + fi(@iiin) (1 — 2]
i=1

i=

n
subject to Y hy(x;) >0 forall j,
i=1
Xi = ijy1 + (@ig — g )i fori=1,2,...n,
x; 20, t;; =0.

Program 1 is a linearly mixed integer problem which can obtain the global optimum. Program 1 is
seriously limited in that it contains a large number of 0-1 variables which incur heavy computational
burden. The number of newly added 0-1 variables required to approximately linearize a function f;(x;)
equals the number of breaking intervals. For instance, Program 1 requires using >, ,(m; — 1) zero—one
variables (i.e., Vils Vi2se s Vimi—1 )

An alternative means of solving Problem P1 is the restricted-basis simplex method [3,11]. This method
specifies that no more than two positive #;, can appear in the basis. Moreover, two ¢, can be positive only if
they are adjacent. In this case, the additional constraints involving y;; are disregarded. The restricted basis
method, although computationally efficient in terms of solving Problem P1, can only guarantee to attain a
local optimum [3,11].
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In light of above discussion, this work presents a novel means of solving Problem P1. The proposed
method is advantageous over conventional NSP methods in that it can find approximately global optimum
of a NSP problem by using less number of 0-1 variables. The solution derived herein can be improved by
adequately adding the break points with the searching intervals.

2. Preliminaries

Some propositions on how to linearize a nonconvex separable function f{x) are described as follows.

Proposition 1. Let f(x) be the piecewise linear function of x, as depicted in Fig. 1, where a;, k=1,2,... m,
are the break points of f(x), sy, k=1,2,...,m — 1, are the slopes of line segments between s; and a;,, and

s = [f(ar) — fan)l/ a1 — al-

In addition, f(x) can be expressed as follows:

—_

m—

fx) = fla) +s1(x—ar1) +

Sk — Sk—1

5 (x — a| +x — ay), (2)

T
)

where |o| is the absolute value of o.

This proposition can be examined as follows:
(1) If x < a», then

fla2) — fla1)

a —ap

fx) =fla) +

(i1) If x < a3, then

(x—a)) =f(a1) +s1(x — ay).

§2 =81

f(x)=flar) +s1(ax —a)) +s2(x —az) = far) + s1(x —ay) + (x — az] +x — a2).

(iii) If x < ay, then Zf;k,(\x — | +x —a;) =0, and f(x) becomes

f(x)

A

Fig. 1. A piecewise linear function.
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K1 _
) = flan) +six —a) + Y =2 (= ] +x - a).

k=2

Example 1. Consider a separable function f(x;) = x} — 4x7 4 2x; depicted in Fig. 2(a), where 0 <x; <5.
Assume that the break points of f(x;) are 0, 0.5, 1, 1.5,..., 4.5, 5. In reference to Proposition 1, f(x;) can be
approximately linearized as follows (Fig. 2(b)):

f(x1) :xf —4x%—|—2x1

2.5 1 0.5
= 0.25)61 77(|X1 — 05‘ —+x1 — 05) 7§(|X1 — 1| +x; — 1) +7(‘X1 — 15| +x; — 15)
2 35 5 6.5 3)
—|—§(|x1 =2l 4+x —2) —|—7(\x1 —2.5|+x —2.5) +§(|x1 =3 +x —3) +7(|x1 —3.5]
8 9.5
+X1 — 35) +§(|X1 —4| —|—x1 —4) +7(‘X1 —45‘ +x1 — 45)

Expressing a separable linear function by Eq. (2) is advantageous in that the intervals of convexity and
concavity for f(x) can be easily known, as described by the following proposition.

Proposition 2. Consider f(x) in Eq. (2) where x is within the interval [p,q], a, <x<a,. If sy > si_1 then f(x)
is a convex for a_y < x < ayy1, as depicted in Fig. 3(a). If s, < sy then f(x) is a concave for a,_1 <x < a1,
as depicted in Fig. 3(b).

Consider Expression (3) and Fig. 2(b) as an example, in which f{x) is concave when 0 <x < 1 and f{(x) is
convex when 1 <x<5.

Proposition 3. Consider a goal programming PP1, as expressed below:

m—1
PP1 minimize w = ch(|x—ak| +x—a)
= (4)

subject to x € F(a feasible set), x =0, ¢, =0,

where ¢, are coefficients, k =2, 3,... . m—1,and 0 < a; < ay < --+ < an, can be linearized as PP2 below:

m—1 k-1
PP2 minimize w = 2ch (x —a; + d1>
k=2 =1
m—2

subjectto x4+ Zd; = a, 1, (5)

=1
0<d[<(11+1 —daj fOi’gi 1,2,...,"’!*1,
x € F(a feasible set), x 2 0, ¢; = 0.

Proof. According to Li [7], PP1 is equivalent to the following program:
m—1
PP3 minimize w = Zch (x—ar+n)

. = (6)
subjectto x—a;+r, =0, >0, fork=2,3,... . m—1,

x € F(afeasible set), x >0, ¢; =0,
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f(x,)= x; —4x] +2x,

35 T
7.5
5
2.5
0 » X
-2.5
-5
(a) 0 06 12 18 24 3 36 42 4.85.0
f(x,)= X; —4x; +2x,
35
5,,=31.75
19.125
5=22.25
8
$;70.25 sg=14.25
0.875
0.125 $,=-2.25
0 X,
-1 ‘
${=-3.23 5.=7.75
-2.625 -
-3 =-2.75
-4
-4.375 s.=-D.7 §,=2.73
!
(b) 0 0.5 1 15 2 2.5 3 35 4 45 5

Fig. 2. (a) A nonconvex function f{x;). (b) A approximate piecewise linear function for f(x;).
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f(x)
A Sq.l/
/
/
7/
/
7/
S/
i X
(a) ap apﬂ 3p+2 ...... aq
f(x)
A — -
~
~N
~N
N
N
N
Sq-1
|
i
|
| |
1 —> X
(b) ap ap,,l 2p+2 ...... aq

Fig. 3. (a) A convex function for f{x). (b) A concave function for f{x).

where r; is a deviation variable. PP3 implies that: if x < a; then at optimal solution r; = a; — x; if x > a;

then at optimal solution r;, = 0.
Substitute r;, by Z;:ll dy, 0<dy<ap1 — ay, PP3 then becomes

m—1 k—1
PP4 minimize w = Zch X —a;+ Zd,
= =1

subject to x+d, = a,
x+d +dy = as,

X+d1 +d2++dm72 >am715
0<d;<an —a,
x € F(afeasible set), x = 0, ¢, = 0.

Since a,.1 — a, = dy, it is obvious that
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m—2 m—3

x>am,1—2d5>am,2—2d(> >a3—d1—d2>a2—d1>0.
=1 =1

Therefore, the first (m — 2) constraints in PP4 are covered by the first constraint in PP2. By doing so,
Proposition 3 is proven. [

Many conventional goal programming methods (such as Charnes and Cooper method in [3,5]) can be
utilized to solve (4). Comparing with conventional goal programming methods, linearizing (4) by (5) is
more computationally efficient owing to the following two reasons.

(1) All constraints in (5) are simple upper or lower bounded constraints except for the first constraint in (5).

(i1) By utilizing Li’s method [7] for linearizing an absolute term with positive coefficient, only (6) contains
m — 2 deviation variables (i.e., r2,73,...,7,_1). In contrast, conventional goal programming techniques
[3,5,11] require using 2(m — 2) deviation variables.

Example 2. Consider the following goal programming:

minimize w=2(x—-1)4+2(]x = 2] +x—2)+ 1(Jx — 3| +x—3)
subjectto x > 1.5.

This program, as depicted in Fig. 4(a), can be transformed into the following linear program:

minimize w=2x—-1)4+4(x—-2+d))+2(x—-3+d, +d»)
subject to x+d| +d, =3, x = 1.5,
Ogdlél, Oédzgl, xeF.

LINDO [9] is used to solve the above program, hereby obtaining d; =0.5, &, =1, w=1, and x=1.5.

Notably, Proposition 3 can be applied only if all coefficients in (4) are nonnegative. The technique of
linearizing an absolute term with negative coefficient is introduced below.

Proposition 4. Consider the following program:

minimize w = c|x — a|
subjectto x € F (a feasible set), c is negative coefficient (i.e. ¢ < 0),
0 <x <X (x is the upper bound of x).
This program can be replaced by the mixed 0-1 program:

minimize w = ¢(x — 2z + 2au — a)
subjectto x+X(u—1)<z,
x € F (a feasible set), x 2 0, z > 0, uis a 0-1 variable and c is a negative constant,

0 < x <X (X is the upper bound of x).

Proof. By introducing a 01 variable u, where u =0 if x > «, and otherwise u = 1. It is convenient to confirm
whether if u=1 then z=x and if u=0 then z=0. Thus, w can be rewritten as clx—a|=
¢(1 = 2u)(x — a) = c¢(x — 2ux + 2au — a). Denote the polynomial term ux as z. By referring to Li and
Chang [8], the relationship among x, z and u is expressed as x +x(u — 1)<z and z > 0. By doing so,
Proposition 4 is proven. [
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W h
L q
d, |
/-\/_\ > X
(a) 1 15 2 3
w
A
5 s;=-1
4
s,=-4
o 1 23
(b) 2.5

Fig. 4. (a) A goal programming problem with convex objective function (Example 2). (b) A goal programming problem with concave

objective function (Example 3).

Example 3. Consider the following goal programming:

minimize w=5—(x—1)—1.5(]x=2|+x—2)
subject to  x<2.5.

This program, as depicted in Fig. 4(b), can be transformed into the following linear program:
minimize w=5—(x—-1)—15[(x—-2z4+4u—-2)+ (x—2)] = —4x+3z—6u+ 12

subject to x+3u—-1)<z, x<2.5,
x>0, z>0, uisa0-1variable, x € F.

Solve the above program by LINDO [9] to obtain u=0, z=0, w=2, and x=2.5.

Based on Propositions 1-3, Problem 1 can be approximated as the following program:



H-L. Li, C.-S. Yu | European Journal of Operational Research 117 (1999) 275-292 283

Program 2 ( Proposed NSP method):

n k—1
minimize Z f(aiﬁl) + Si,l (x,- — ai,l) + 2 (Si,k — Si,k—l) X; — a,-,k—‘er,-J
i=1 =1

for k, where s; ;>s; ;1

+ E (Si,k - Si,k—l)(xi - ZZi,k + 2ai,kui,k - ai,k)
for k,where s; 5 <s;;_|

subject to Zh,—{,-(x,-) > 0, forall j,
=1
mj—2

X+ S dy > a, ,
! ,;1 bz T fori=1,...,nand k where s;; > 5,41,

0< di,l < a1 — a;
X+ X — 1) <zip

fori=1,...,nand k where s;; < s;4_1,
zip =0

where x; > 0,d;; > 0,z;; > 0, and u;, are 0-1 variables.
Table 1 lists the extra 0-1 and continuous variables used in Programs 1 and 2. Table 1 indicates that for
solving a NSP problem the proposed method uses less number of 0-1 variables than used in Program 2.

3. Selection of break points

Accuracy of the piecewise linear estimate heavily depends on the selection of proper break points. With
an increasing number of break points, the number of additional deviation variables for approximating a
convex function (or zero-one variables for approximating a concave function) also increases. Conse-
quently, inappropriate selecting of break points causes a computational burden when piecewise linearizing
non-linear functions.

Bazarra et al. [3] and Meyer [10] presented a means of selecting adequate break points. Their method
initially utilizes a coarse grid and then generates finer break points around the obtained optimal solution
computed by the coarse grid. If necessary, break points around the optimal solution computed by the finer
break are generated again until the precision is satisfied. Their method, although applicable to linearize a
convex function, is difficult for use in linearizing a nonconvex function.

Therefore, in this work, we present an efficient means of selecting break points. For instance, consider a
convex function f(x;)= Sxf (Fig. 5(a)) where a; < x; < as. Assume that three break points a,, a3, and ay
within a; < x| < as are selected. The error of piecewisely linearizing f{(x;) is computed as

Table 1
Comparison of Programs 1 and 2

Extra 0-1 Number of extra 0-1 Extra continuous  Number of extra continuous

variables variables variables variables
Program 1 (Conventional Vik Number of all piecewise tik Number of all piecewise
NSP Method) segments for all f; (x;) segments for all f;(x;)
Program 2 (Proposed Uik Number of concave diy Number of convex piecewise
NSP Method) piecewise segments only segments only

Zik Number of concave piecewise

segments only
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Error = f(a;) +s(x; —a1) — f(x1) = 125x; — 5x;.

By taking partial OError/0x; =0, the maximal error occurs at x;=2.89 where OError/0x; =
s — (0f (x1)/dx1) = 125 — 15x7 = 0. By doing so, we obtain the first break point a3 =2.89.

Similarly, finer break points ¢, and a4 can also be generated at maximal errors occur at x; for
0< x; <2.89 and 2.89 < x; < 5, respectively, as depicted in Fig. 5(b). Therefore, the second break point is

fl‘(xl)zsx? fl(xl)zsxi
A T
625 S—
$,=239
s=125 —-error
error-
120.6¢ 3,=41:76
: L error
l WX >
a,=0 | a;=5  a,=0 | a,=2.89 a:=5
a,=2.89 a,=1.67 a,=3.99
(a) a convex function f (x,) (b) a convex function f (x,)
f,(x,)=5x5" - x,
A
6
4
s=1.5
L X3
a,=0 as=4 !

a,=1
(c) a non-convex function f,(x,)

Fig. 5. (a) A convex function fi(x;). (b) A convex function fi(x;). (¢) A nonconvex function f>(x).
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a, =1.67 (for 0 < x; <2.89) where s, — Of (x1)/dx; = 41.76 — 15x} = 0 and the third break point is a4 =3.99
(for 2.89 < x; < 5) where s, — 0f (x1)/dx; = 239 — 15x] = 0.

Similarly, for a concave function f{(x;) =5x5° — x, (Fig. 5(c)) where a; < x; < a3. Assume we want to
choose a break point @, within a; < x; < a;. The maximal error of piecewisely linearizing x, is computed as

Error = f(x;) — (f(a1) +s(x2 — a1)) = 5x3° — x; — 1.5x,.

By taking OError/ox, =0, the maximal error occurs at x, where (0f(xy)/0x;) —s=
(2.5x;%% — 1) — 1.5 = 0. After calculating, the obtained break point a, = 1.

Owing to that treating continuous variables is more computational efficient than treating zero—one
variables, we recommend selecting three break points for linearizing a convex function and one break point
for linearizing a concave function at each iteration.

4. Solution algorithm

The solution algorithm of solving Problem P1 is described in the following steps:

Step 1. Select initial break points.

(1) For each function f;(x;) where f;(x;) is convex for the interval x; < x; <X;, three break points within this
interval are selected by the method described in the Section 3.

(i1) For each function f(x;) where fi(x;) is concave for the interval x; <x; <X;, one point within this in-
terval is selected by the method described in the Section 3.

Step 2. Formulate piecewise functions. Proposition 1 can be used to approximately linearize each function
fi(x;), expressed as

im—1

Sik — Sij—
fi(x) = filan) +sa(x; —an) + Z%ﬂxl — ag| +x; — ag),
k=2

where a; are break points selected in Step 1.

Step 3. Linearize the program. Using Proposition 3 linearizes the absolute terms where s;; > s;;_1, and
using Proposition 4 linearizes the absolute terms where s, < s;41.

Step 4. Solve the program and assess the tolerable error. Solve the linear mixed integer program to obtain
the solution x* = (x,x4,...,x2). If [f;(x2) — £,(x*)| <& for all i, where f,(x;) is the approximate linear
function expressed in Step 2, then terminate the solution process; and otherwise go to Step 5.

Step 5. Add finer break points. If a; <x <ap, then add new break points within the interval, reiterate
Step 2.

5. Numerical examples

Example 4. Consider the following separable programming problem with nonconvex objective function, in
which one of the constraints is nonconvex:

minimize w=xj —4x7 + 201 +x3 — 4x; + 3x
subject to  3x; + 2x, < 11.75,

2xp +5x)° —x2 =9,

0§X1 <5, 0§X2<4,

where x7 — 4x} + 2x;, x3 — 4x3 + 3x2, and 5x)° — x, are depicted in Figs. 2(a), 6(a) and 5(b), respectively.
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f(x,) = Xx; —4x} +3x,

A
12

-4
@ 004 08 1.21.6 2.0 2.4 28 32 3.6 4.0

f(x,)= xj —4xI +3x,

A
12
s=15.11
4.1424
s=8.216
5,=1.82245
s,= -1.4476
058317 | Y $,=2.663
0 \ , | »
v > X
-1.125
s;=-1.2
2.093
(b) 0 032 15 23 2923 348 4

Fig. 6. (a) A nonconvex function f{x,). (b) A approximate piecewise linear function for f(x,).

Step 1. Select initial break points. From the basis of Section 3, one break point (x, = 1) is selected for the
function 5x3° — x, within 0<x, <4 as depicted in Fig. 5(c). For the function x3 — 4x3 + 3x,, one break
point (x, =0.32) is selected for the concave portion in which 0 < x, < 1.5 and three break points (x; =2.3,
2.923 and 3.48) are selected for the convex portion in which 1.5 < x, <4 (Fig. 6(b)).

Step 2. Formulate the piecewise functions. The original problem is expressed piecewisely as
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minimize w = (right-hand side of expression (3)) + 1.8224 x,

_ % (|t — 0.32] +x, — 0.32) + 0’22376 (Jts — 1.5] +x2 — 1.5)
3’273 ()2 — 23| 43— 2.3) + 5'5253 (%> — 2.923] + x — 2.923)
6'294 (lx2 — 3.48] +x, — 3.48)
subject to  3x; + 2x, < 11.75,
2x1 + 4xy — 3'3334(|)cz —1l+x—-1)=09,

2
0<X1<5, 0<X2<4

Step 3. Linearize the program. The above problem is converted into following linearly mixed 0-1 pro-
gram:

minimize w = 3175)(1 + 2.5211 “+z1p — 1.251,{11 — U + 35d11 + 345d12
+ 32.5d;3 + 29d4 + 24d,5 + 17.5d¢ + 9.5d;7 + 15.11x,
+ 3.27zy; — 1.046uy + 16.5576d>; + 16.32dy, + 12.447dy; — 6.894d>4 — 172.19
subject to  x; +diy +diy +diz +diy + dis + dig +dip = 4.5,
Xy 4 day + dypy + doz + day = 3.84,
x1+ 5(un — 1) <zi,x + 5 — 1) <zip, x2 + 4w — 1) <z,
3x; + 2x, < 11.75,
2x; + 0.666x; — 3.334z5, — 3.334u,, > 5.666,
Xy 4 4(ux — 1) <z,
0<x <5, 0<x <4
di; <05, j=1,2,...,7, dy <118, dpp <0.8, dr3 <0.623, dry <0.557,
Uiy, U2, Uzy, Upp are 0-1 variables.

Step 4. Solve the program and assess the tolerable error. By running on the LINDO [9], the optimal
solution is x; =2.38333, x, =2.3, w=—6.380064 and the error of approximation is 0.129. Assume that the
pre-specified tolerable error should be less than 0.01. Then, go to Step 5.

Step 5. Add finer break points. To derive a solution closer to the global optimum and satisfy the pre-
specified approximated error < 0.01, three break points (2.285, 2.386, 2.48) can be further added for the
function x} — 4x? + 2x; within 2.18 < x; < 2.58. In addition, three break points (2.205, 2.307, 2.405) can be
added for the function x3 — 4x3 + 3x, within 2.1 < x; < 2.5. Similarly, one break point (x, =2.296) is added
for the function 5x)° — x, within 2.1 < x, <2.5.

The problem then becomes

. 0.5873
minimize w = —0.90507(x; — 2.18) + > (Jx; —2.285] +x; —2.285)
0.6145 0.6685
+ =5 (v = 2.386] 4 x1 — 2.386] +x1 — 2.386) + ——— (jxi — 2.48| +x1 — 2.48)
0.5404
—0.131626(x> — 2.1) + (Jxa — 2.2055| + x, — 2.2055)
0.5817 0.6203

=5 (b2 = 20369] +x, — 2.3069) + (Iea — 2.4049] + x; — 2.4049)

subject to:  3x; + 2x, < 11.75,

26, +0.6868(xs — 2.1) — 20710

218 <x; <2.58, 2.1 <xp<2.5.

(2 — 2.29564| + x> — 2.29564) > 9,
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The problem is linearized as follows:

minimize w = 0.965204x, + 1.870274d,, + 1.282974d}, + 0.668524d;
+ 1.42614x, + 1.7424dy, + 1.202d5; + 0.6203dy; — 5.4092

subject to x| +dy) +dip +diz = 248, x; + dyy + dyy + daz = 2.4049,

3y, 4 2x, < 11.75,

2x1 4+ 0.6149x, 4+ 0.0719z — 0.16506u > 10.277223,

X2+ 2.5(u — 1) <z, uis an zero—-one variable.

218 <x; <2.58, 2.1 <x, <2.5,

dy1 <£0.105, d; <0.101, dy53 <0.094,

dyy <0.10548, dy <0.10139, dby < 0.098.

After running on the LINDO [9], the finer optimal values are x; =2.3875, x, =2.2155, the objective
function’s value is —6.5291 and the approximated error =0.00029 < 0.01. The solution process is termi-
nated since the approximated error is less than the pre-specified tolerable error.

Example 5. (Taken from Klein et al. [6]). The amount of electric power that can be produced from a multi-
unit hydro-electric generating station depends on the amount of water discharged through each unit. A
situation in which the discharge is not properly allocated among the generating units implies that the
potential power output may not be fully achieved. More expensive sources such as nuclear, coal or oil
(which are environmentally less attractive) would have to replace any loss. Thus, an electric utility should
maximize hydro-electric generation which is the cheapest and cleanest source of energy. In addition, the
quantity of electricity generated through each generating unit is a nonconvex function since the efficiency
characteristics may not be the same for different units [6]. An illustrative example is provided in the
following, which consists of two hydro-electric generating units, as depicted in Fig. 7(a) and (b),
respectively:

maximize fi(x;) + f2(x2)
subject to  x; <241, x, <250,
X1 +x =0, x,%x =0,

where Q are varying values of total discharge.
From the basis of Proposition 1, fi(x;) and f;(x,) can expressed as follows:

filxr) = 0.23256(x; — 11) + 0.00872(|x; — 54| + x| — 54) — 0.04924(|x; — 142| + x| — 142),
fo(r) = 0.22727(x, — 11) + 0.040475(|x; — 55 +x; — 55) — 0.041865(|x; — 201| + x; — 201).

Based on Propositions 3 and 4, the problem can be reformulated as follows:

minimize  — fj(x;) — f2(x2) = —0.15152x; 4+ 0.01744z, — 0.94176u,0.098484,
—0.22449x, + 0.08095z, — 4.45225u, + 0.08373d, — 20.36175
subject to x; +d; = 142, d; <88,x1 +241(u; — 1) <z,
Xo+dy =201, dr <146,x; + 250(uy — 1) < z3,
xi +x =0,
uy, u, are 0—1 variables, x;,x, = 0.



H.-L. Li, C.-S. Yu | European Journal of Operational Research 117 (1999) 275-292 289

fl (Xl)

A

47

32

10 [—0:23256—

@ U 54 142 241

£,(x,)
4

66

0.2244897

55
0.308219

0.22727

10

B
'

(b) 11 55 201 250 X,

Fig. 7. (a) A hydro-electric generating function f;(x;). (b) A hydro-electric generating function f5(x;).

By letting Q =450, 400, 350, 300 and 250, the computed optimal discharge allocation (xi, x;) = (200, 250),
(150, 250), (142, 208), (142, 158), and (142, 108) respectively. The obtained solutions are the same as the
ones found in Klein et al. [6].

Example 6 (Modified from Hillier et al. [5]). A farmer raises pigs for market, and he wishes to determine the
quantities of the available types of feed that should be administered to each pig to fulfill certain nutritional
requirements at a minimum cost. Table 2 provides the number of units of each type of basic nutritional

Table 2

Required nutritional ingredient

Nutritional ingredient Kilogram of corn Kilogram of tankage Kilogram of alfalfa Minimum daily requirement
Carbohydrates 90 20 40 2000

Protein 30 80 60 1800

Vitamins 10 20 60 1500

Costs fix)) f(x2) S(x3)
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ingredient contained within a kilogram of each feed type, along with the daily nutritional requirements and
feed cost:
By considering factors such as holding cost, order cost, and quantity discount, cost functions f{x;), f{x2),
and f{x3) naturally become a non-convex shape [1,2,4,12], as depicted in Fig. 8(a)—(c), respectively.
Based on Proposition 1, the cost functions are formulated as follows:

f(xl) = 40)(?1 + 5(|X1 — 10| +x — 10) — 5(|x1 — 12| +x — 12),
f(xz) = 20X2 — 5(|XZ — 10| +x — 10) + 5(|.X2 — 12| +x — 12),
f(X3) = 3OX3 + 10(|X3 — 10| +x3 — 10) — 10<|X3 — 20| —+ X3 — 20)

f,(x)) f,(x,)
1
700
40 320 |
500 20
50 220 10
400 200
//
40 20 7
/
/
LK / %
0 10 12 17 0 10 12 17
(a) a cost function f (x,) (b) a cost function f,(x,)
f] (X1)
950
30
800
50
300
30
X2 W53
0 10 20 25 !

(c) a cost function f,(x,)

Fig. 8. (a) A cost function fi(x;). (b) A cost function f5(x,). (c) A cost function f3(x3).
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From the basis of Propositions 3 and 4, f(x;), f(x,) and f{x;) can be linearized as follows:

f(xl) = 40.X1 + 1021 — 120141 + 10d1 + 20,

where x; +d; = 10, d; <10, x; + 17(uy — 1) <z, and u,; is a 0-1 variable;

f(xz) = 20)(2 + 1022 — 100142 + 10d2 — 20,

where x; +dr = 12, dr <2, x5 + 17(uy — 1) < z3, and u, is a 01 variable; and

£(x3) = 30x3 + 2023 — 400u3 + 20d; + 200,

where X3 + d3 = 107 d3 < 10, X3 + 25(”3 — 1) <Z3, and Us is a 0-1 variable.

Therefore, the problem is formulated as follows:

minimize f(x;) + f(x2) + £ (x3)
subject to x; +d; = 10,d; <10,x; + 17(u; — 1) < 2y,
Xo+dy =2 12,dry <2,%+ 17(uy — 1) <z,
x3+ds =2 10,d3 <10,x3 + 25(u; — 1) < z3,
90x; + 20x; + 40x; = 2000, 30x; + 80x, + 60x3 = 1800,
10x; + 20x; + 60x3 = 1500, xy,x5,x3 = 0,
uy, u>, and u; are 0—1 variables.

After running on the LINDO [9], the optimal values are x; =11.04, x, =12, and x3 =19.16.

6. Concluding remark

This paper treats nonconvex separable programming problems where the objective functions and the

constraints might be nonconvex. Comparing the proposed method with conventional NSP methods reveals
that the former can derive the approximately global optimum of a NSP problem by using less number of
zero—one variables. The quality of derived solution can be improved by adequately adding the break points
with the searching intervals.
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