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Abstract

Yang et al., in their paper “Fuzzy programming with nonlinear membership functions ...”, published in Fuzzy Sets and
Systems 41 (1991), declared that their model can solve a fuzzy program with an S-shaped membership function by adding
only one 0-1 variable. This paper indicates that their declaration is correct only for a specific type of S-shape membership
functions. We propose another model to treat the fuzzy programs which cannot be solved effectively by Yang et al. © 1999

Elsevier Science B.V. All rights reserved.
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1. Introduction

The fuzzy programming problem discussed by
Yang et al. in 1991 [2] is represented as follows:
Maximize A
subject to 4 — pu(z,(X))<0, fors=1,2,...,85,

X € F (afeasible set), (D)

where u(X) is a membership function of sth objec-
tive, which is specified in the following form:

ps(z(X))
1 for z,(X )=z,
*_ (X
D I 0 s o T )
Z;k — Zy
0 for z,(X) <z,

* Corresponding  author. Tel.: 4886 35 728709; fax:
-+ 886 35 723792; e-mail: hlli@ccsun2.cc.nctu.edu.tw.
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Fig. 1. An S-shaped membership function [2].

where z7 and z,~ are constants, which represent, re-
spectively, the maximal and minimal levels for the
achievement of kth objective.

An instance of yu,, represented by Yang et al., is de-
picted in Fig. 1, where p; is an S-shaped membership
function approximated by the intersection and union
of three ramp-type functions i, g2 and p3. s is
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represented as

Hs = Usp U (llsz N :us3)

(3)

in which U means union and N means intersection.
Expression (3) can also be rewritten as

Us = Hg1 V Minimum { g, g}, 4

in which V means “or”.

Us1, Msp and p3, by piecewise approximation, are

expressed below:

1 if z; 2 ag,
asg — Zs .
Us1(zs) = 1 - if ap <z, <ag,
asg — Q52 .
otherwise;
1 if z; = ag,
asg — Zg .
Us2(z5) = 1- if a3 <z, < ag,
A6 — As3 .
otherwise;
(5)
and
1 if z; > a7,
ag7 — Z .
U3 (zs) = 1 - if ag1 <z; < ag,
as7 — Qs .
0 otherwise;

Yang et al. formulate the associated fuzzy program-
ming problem with the membership functions in (4)

and (5) as follows:
Yang et al. model:

Maximize A
subject to
—z(X
lgl_aiii(__)+M(1_5s),
asg — 452
,1<1~a‘°3_ZS(X)+M6¢ s=1,2,...,8
ass — ag3 )
— zs(X
i<l — aS‘—zS()+M5S’
ag7 — Qg1
ds=0,1, X € F,

(6)

where M represents a large positive number.,
Yang et al. observed that since y; in (3) (or (4))

contains one U (or one V) operator, the model in (6)
only requires to use one 0—1 variable J; for represent-
ing pe. Yang et al. therefore stated that each union

z,(X)

2y(X)

Po Pi P2P3 Ps

Fig. 3. Type 2 S-shaped membership function.

operator in an S-shaped membership function and can
be expressed by their model using one 0—1 variable
only. This declaration however is not always correct,
as analyzed as follows:

Consider two S-shaped membership functions g,
and p, appearing in Fig. 2 and Fig. 3, respectively.
ltq can be expressed as

Ha = (fal N pa2) U (a3 N plag) OF
Ug == Minimum {1, ez } V Minimum {3, dea }-

(7
Uy can be expressed as
o = (ttp1 O ) U (i3 N ppa) or
Uy = Maximum {ip1, pen } V Minimum { g3, tp4 -
(8)

Both u, and y; contain only one U or V operator.
However, only p, can be represented by the Yang
et al. model by adding one 0-1 variable, while y,
requires to use “two” 0—1 variables if represented by
their model. This is checked as follows:
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Since u, = Minimize{uy), da, for z,(X)< p} and
o =Minimize{ g3, taa for z,(X) > p}, the associ-
ated fuzzy program with membership function y, can
be directly expressed by the Yang et al. model given
below:

Model 1 :
Maximize A
subject to
AL (X)) + M(1 = 6,),

A (X)) + M(1 — 3,),
/Av S'LL‘G(X) + M(Sa’
A paa(X) + Mo,

5.€(0,1), XcF.

It is convenient to check that if §,=1 then
A= Minimum{ g1, ftz2 }, and otherwise A = Minimum
{:ua3’ ,ua4}a

However, since pp, = Maximize{ pp1, f152, for zp(X)
< p}, in the Yang et al. model it is impossi-
ble to use one 0-1 variable to express pp. In
fact, the Yang et al. model requires to use “two”
0-1 wvariables to treat u,, which is formulated
below:

Model 2 -
Maximize A
subject to
AL pp(X) + M(1 = 61),

A up( X))+ M(1 — 83),
A< up3(X) + M(dy + 62),
A< pa(X ) + M(61 + 62),
o1 + 0 <1,

81,8, €(0,1), X €F.

Model 2 is checked as follows. If §; =, =0 then
A =Minimum{pps, ups}. If =1 and 5, =0 then
A =pp; if 61 =0 and d, =1 then A = .

We will demonstrate that it is still possible to ex-
press up by one 0—1 variable only, as discussed in the
following section.

2. Proposed model

We concentrate our discussion on the following two
types of S-shaped membership functions, where each
type is represented by the union of two groups of
functions.

Type 1: (concave) U (concave). The line segments
in both the groups form a set of concave lines as shown
in Fig. 2.

Type 2: (convex) U (concave) or (concave) U
(convex). The line segments in both groups form
different sets of convex or concave lines. If the first
group forms a convex line then the second group
forms a concave line, and vice versa, as shown
in Fig. 3.

Only the fuzzy programs with Type 1 membership
functions can be solved by the Yang et al. model
by adding one 0-1 variable. The Yang et al. model,
however, needs to use more than one variable to
solve the fuzzy programs with Type 2 membership
functions.

Here, we propose a model to solve the fuzzy pro-
gram with Type 2 membership function. Consider
Fig. 3 for instance; the associated program is formu-
lated below:

Model 3 :
Maximize A= — 4;0p + /12(1 — 0p ),

subject to Ay = ppi (X)) + M (0 — 1),

A2 (X)) + M(dp — 1),
A2 < pup3(X) + Moy,
22 € pa(X) + Moy,

XEF, 6,€(0,1).

Model 3 can be verified as follows:

Case 1: 6, =1. In this case, 4; needs to be mini-
mized and A =Maximum{ip;, tipy }.

Case 2: 0,=0. In this case, A =Minimum{y;,
.Ub4}-

Since the optimal conditions for both cases are fully
formulated, Model 3 is verified.

Model 3 is a non-linear mixed 0—1 program, which
can be converted into following linear mixed 01 pro-
gram, based on the linearization procedure developed
by Li [1].
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Fig. 4. An S-shaped membership function.

Model 4 :
Minimize z — A,

subjectto zZ= A + Ay + M(p — 1),
z=0,
A Z (X)) + M@0y — 1),
A Zpp(X)+ M0 — 1),
A2 S pp3(X) + Moy,
Ao < ppa(X) + Moy,
XEF, 5b€(0,1),
where variable z is used to replace the polynomial
term 85(4; + A2) in Model 3.
Any S-shaped membership function can be regarded
as the combination of Type 1 and Type 2 functions.

Take Fig. 4 for instance, its membership function can
be expressed in the following ways:

e = po U (a1 M p2) U (3 N ha) 9
or
Be = (po N p1) U po U (3 N pa). (10)

Expression (9) is a (line) U (convex)U (concave)
pattern and expression (10) is a (concave) U (line) U
(concave) pattern. Both expressions contain 2 union
operators, which needs to add two 0-1 variables to
formulate a fuzzy programming model.

The associated fuzzy program with a membership
function expressed in (9) can be formulated below
based on Model 4:

Minimize A=z — ig+ 4y
subjectto z=A; + Ay + M(62 — 1),
z=20,
Ao S po(X) + M(1 - 6y),
AzmX)+M@G, — 1),
Azum(X)+ M@, — 1),
A Sps(X) + Mo,
Ao S pa(X') + Moy,
b +6 <1, XeF.

It is clear to check that if ;=1 and 6, =0 then
2= po; if ;=0 and J; =1 then L=Maximum{y;,
t2}; if 61 = 6, =0 then A= Minimum {3, s }.

3. Numerical example

Consider the membership function y, depicted in
Fig. 3, where (po, p1, p2, p3, p4)=(1,3,4,5,7) and
(uCpo), u(p1), W p2), W(p3), u(p4))=(0,0.1,0.3,0.8,
1.0). Using the Yang et al. method (Model 1), the
optimization program related to Fig. 3 is formulated
as below:

Yang et al. model.

Maximize 2

1 —zp(X
subject to )»Sl—g—zziz—i-M(l—é),
75—~
A<1——%(X—)+M(1—5),
4 -
Agl—#%—Mé,
)Lgl_z__zbg_)__f_Mé,
10
A zp(X)=0.

Suppose we add one more constraint z;(X ) < 3.5 to
the above program; then the optimal solution found by
Yang et al. model is p,(3.5) = 0.125, which is located
on line up. However, this is incorrect. The correct
answer should be 14;,(3.5) = 0.2, which is located on
line Hp2.
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Solving the same problem by the proposed method
is as follows:

The proposed model:
Minimize Z — 4

Subjectto Zz=A + 4+ MO 1), Z=0,

. 21 —zp(X)

i >1— ) 1y,
A MO 1)
52X
al>1—7—g@Q+M(9—1),
;,2<1—M—“;”—()-(3+M9,

/12\1—77—128()()4-1‘/10,

Zp(X)<3.5, 41,42, zp(X)=0.

This obtained optimal value of u(3.5) is 0.2, lo-
cated exactly on the line py. This example demon-
strates that the Yang et al. method cannot correctly

treat the union of convex function and concave func-
tion by using only one 0—1 variable.

4. Conclusiops

This paper indicates that the Yang et al. model
can only effectively solve the fuzzy program
with a specfic S-shaped membership function (the
so-called Type 1 function). We propose a new fuzzy
programming model to treat the membership func-
tion (the so-called Type 2 function) which cannot be
handled effectively by the Yang et al. model.
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