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Abstract. The recovery of an optical beam, distorted by a turbulent me-
dium with random gain (loss), using phase conjugation is investigated.
Turbulence broadens the beamwidth and the random gain enhances the
broadening effect. Meanwhile, the backscattering enhancement effect
occurs because there is a coherent addition of the forward incident beam
and the backscattered beam by a phase conjugate mirror (PCM). For
comparison, the beam reflected by a conventional mirror is also consid-
ered. The enhancement backscattering effect is stronger for a PCM than
for the conventional mirror. It is found that when the random gain exists,
the enhancement effect is enhanced and becomes stronger when either
the characteristic length or fluctuation strength of active molecule number
density of the turbulent medium is increased. The average reflected beam
intensity is evaluated using the path integral technique.

Subject terms: random gain (loss); phase conjugate mirrors; path integral tech-

nique.
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1 Introduction

The phenomenon of optical phase conjugation has been
widely studied.’ Baswally, optical phase conjugation is a
four-wave mixing process that can reverse the wavefront of
an incident optical wave. One of the major applications of
optical phase conjugation is the recovery of the distorted
phase of a Jvave field that propagates through a scattering
medium.>~> It can be shown that if there are no depolarl-
zation effects in the scattering and the conjugate wave is
generated without losses or gains, a total elimination of wave
distortions may be achieved even when the random fluc-
tuations of the dielectric permittivity of the medium, which
are due to turbulence, exist. However, usually the gain of
the medium has to be included because the wave frequency
is in the vicinity of the resonant frequency of the scattering
medium. An optical wave cannot be recovered completely
by phase conjugation because of the existence of random
gain.

Recently, more attention has been paid to the effects of
turbulent flows in the gain medium of a gas or liquid laser
system.®’ To understand the laser performance under the
influence of random gain, this paper investigates the extent
of recovery of an optical beam propagating through a tur-
bulent medium with gain reflected by a phase conjugate
mirror (PCM). The geometry of the problem is shown in
Fig. 1. For arandom medium in gas or liquid phase, random
fluctuations of the dielectric permittivity are generated from
the irregular distortions of the molecule number density.
These irregular distributions produce fluctuations of both
the propagation constant and the amplification coefficient.
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This is quite clear because the real and imaginary part of
electric susceptibility are related through the Kramer-Kronig
relations.® Hence, in our problem, the wave field deterio-
rates even when the phase conjugate mirror is used. This
is because the random gain induces stochastic fluctuations
of amplitude that cannot be recovered by the phase conju-
gation. Because the change of turbulence pattern is so slow
during the time period for the wave propagating in the me-
dium, the turbulence can be regarded as being ‘‘frozen’’
during the round trip of the wave in the random medium.
Therefore, the optical wave propagates through the same
turbulence pattern during the forward and backward trips.
To simplify the computation, the molecule number density
is assumed to be statistically Gaussian distributed. A beam
wave is considered as an initial wave. The average beam
intensity is evaluated with the parabollc approximation using
the path integral technique.”!® The broadening of beam-
width reveals evidence that the distortion of the beam wave
cannot be recovered by the PCM. For comparison, the case
of an optical wave reflected by a conventional mirror is also
investigated. We observe that reflection by a phase conju-
gate mirror has larger enhancement effects! ! than that by
a conventional mirror.

The structure of this paper is as follows. The wave equa-
tion in a turbulent medium with gain is illustrated in Sec. 2.
The formulation of the average intensity of the reflected
beam is derived in Sec. 3. The numerical results and dis-
cussion are given in Sec. 4, and the conclusion is shown in
the last section.

2 Recovery of Optical Waves in a Turbulent
Medium with Amplification by Phase
Conjugation

The interaction of an electromagnetic field with an atomic

transition is accompanied by amplification (absorption) of

energy. When an optical frequency is close to a particular
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Fig. 1 Configuration for a plane wave at x =0 propagating through
a turbulent medium with gain (absorption) by a distance L and re-
flected by a phase conjugate mirror or a conventional mirror.

resonant frequency of the turbulent medium, the effects of
random amplification (absorption) are considerable. Hence,
the electric susceptibility is then complex and defined!® by
X = X1—JjX2, where

(wo—w)T

Xl(w)=BNm ) (D
and

1
x2(w) = * BN )

1+ (wo—w)?T* ’

because the gain (loss) is homogeneously broadened. Here,
N is the number density of active molecules that are re-
sponsible for the amplification (absorption), w is the angular
frequency of the propagated wave, wo is the resonance fre-
quency, and T is the relaxation time. Also, 8 is a positive
real constant related to some implicit properties of the me-
dium that are not our concern here. From Egs. (1) and (2),
both x; and x» are linearly proportional to the number den-
sity N fluctuating spatially. Therefore, x; and x2 must follow
the same fluctuation. It is noted that the + and — signs on
the right-hand side of Eq. (2) represent the absorption and
amplification media, respectively.

When an optical wave propagates in a turbulent medium
with gain, the scalar wave equation of the wave field E with
source-free condition is given by

VZE+K*(1+pN)E=0 , 3)

where N1 =(N—(N))/{N) is the relative fluctuation of the
number density; . is a complex constant related to B, wo,
T, and (N); and k is the complex wavenumber in the back-
ground medium and can be approximately estimated because
of the facts that (x1), (x2)<<1:

k=%(1 +{x1 +j(X2))%E%+jw%%> : 4

Note that (-) represents the ensemble average. Here, c is
the speed of light in free space. Definitely, except for the

122 / OPTICAL ENGINEERING / January 1993 / Vol. 32 No. 1

factor j, the second term on the right-hand side of Eq. (4)
is the average gain coefficient «, i.e.,

2c ©)

Then according to Egs. (1), (2), and (4), w is given by

po=(x1) +jx2) - (6)

3 Formulation of the Average Intensity of the
Reflected Beam

To evaluate the laser field in a turbulent amplifier, the par-
abolic approximation is used. Therefore, Eq. (3) becomes

v%K-z,-k‘;ij +KPuNIK = — 8(r—ro) )

where the complex K, which represents the field amplitude
at position r originated from the point source at ro, can be
solved by using the path integral technique'* to yield

K(0,po;x7,p) =

2
— ik X, do'(x'
o 2[5 o]
3

where ro=(0,po) and r= (x7,p) with xr being the propa-
gation distance along the x direction. Using Eq. (8), an
initial beam Uq(po) propagating from the plane x=0 to the
plane x=L is solved and given by

Ux=0;x=L,p)=
2
0 — ik L d T
f f_deOUo(Po) f Dp' exr><—2]- fo {[————pdif )]
+pLN1(x’,p’)} dx’) . 9

After the beam wave is reflected by the PCM and prop-
agating in the negative x direction to the initial plane, the
reflected wave field at x=0 is written as

Ur(x=L;x=0,p)=
f f UH(O:L.p)K(L.p1:0.p) d'pr1 . (10)

With Egs. (8) and (9), Eq. (10) becomes
Ur(x=L;x=0,p)=

ffff:Ug(PO)K*(O,po;L,pl)

X K(L,p1;0,p) d’po d’p1 . (11)

The average received beam wave (Ur) is given by
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(Ur(p)) = f f f j:Ua‘(PoXK*(O,Po;L,Pl)

X K(L,p1;0,p)) dpo d’p1 , (12)
where (K*K) represents the two position autocorrelation of

the random propagator K. Using Markov’s approximation,
(K*K) is evaluated by'*

(K*(0,p2;L,po2)K(L,p1;0,p01)) = K§(0,p2;L,po2)

—L(!
X Ko(L,p1;0,p01) CXP{TL du

X [Re(FPuDAN(0) — [kp[*An(|upd + (1 — u)pf'|)]} ,
(13)
where p0=po1 —p2 and pf=p; —po2 and Ay denotes the

integrated correlation function of N; defined by

Axdoh= | BuldoP -1 ax (14)

where By (r) =(N1(r; + r)N1(r1)) is the autocorrelation func-
tion of N;. Here, Kj is the deterministic propagator in the
background medium given by

Ko(x=0,p';x=L,p)=ﬁexp<—”‘2’L—"|> .as)

To simplify the computation, the value of the exponent of
Eq. (13) is assumed small enough that Eq. (13) can be ex-
panded and approximated by

(K*(0,p2;L,po2)K(L,p1;0,p01)) = K§(0,p2;L,po2)

L(!
XKO(L,pl;O,pm){ 1 ~ 2o du

X [Re(K°n2)An(0) + [kp*An((uph + (1 —u)pfl)]} :
(16)

With the returned beam expressed by Eq. (11), the average
beam intensity is given by

(U= f - f_ _d’po &°pd d’p1 d*p2UE(Po)Uo(pb)

X (K*(0,po;L,p1)K(L,p1;0,p)
X K(0,p0;L,p2)K*(L,p3;0,p)) . a7
With assumption of Gaussian distribution of the random

propagator K, the fourth moment of K, the integrand of
Eq. (17), becomes

(K*(0,po;L,p1)K(L,p1;0,0)K(0,p0;L,p2)K*(L,p2;0,p))
=(K*(0,po;L,p1)K(L,p1;0,p)XK(0,p6;L,p2)
X K*(L,p2;0,p)) + (K*(0,po; L,p1)K(0,p0;L,p2))
X(K*(L,p2;0,p)K(L,p1;0,p)) . (18)

The fourth moment of K has factored into the product of
the second moment of K, which can be evaluated using
Eq. (16). Hence, replacing Eqgs. (16) and (18) into Eq. (17),
the expression of the average beam intensity is given by

1 1
<|UF|2)=P|(p)+J;Pz(p,u) du+J;P3(p,u) du
1 1

+j A Pa(p,u,u’) du du’' +Pi(p) + LPﬁ(p,u) du

1 1
+LPé(p,u) du +I 0}'*‘!t(p,u,u’) du du’ . (19)

The detail derivations and expressions for P; and Pj, j=1,

, 4, are given in the Appendix. Notice that to simplify
the computatlon the mc1dent beam is a Gaussian shape,
i.e., Uo(po)=exp[ — |po|/2wd] with the initial beamwidth
wo and a Gaussian autocorrelation function of the relative
fluctuation of N; is assumed, i.e.,

2
By(r)=(N}) exp( H) : (20)

Here, (N3) and [ represent the mean-square fluctuation of
N; and the scale length of the turbulent medium, respec-
tively. When the phase conjugate mirror is replaced by a
conventional mirror, the field U, reflected by the mirror,
can be expressed by Eq. (10) except that the conjugate sign
of the function U on the right side is excluded, i.e.,

UHx=L;x=0,p)= f f U(0; L,p1)K(L,p1;0,p) d’p; .
— (21)

With Egs. (8), (9), and (21), (UF) becomes

Urp)= f f j [;UO(PO)

(K(0,p0; L,p1)K(L,p1;0,p)) d°po d’p; . (22)

Using Markov’s approx1mat10n the integrand
(K(0,po; L,p1)K(L,p1;0,p)) is evaluated and given by

(K(0,p1; L,po1)K(L,p2;0,p02)) =K§(0,p1; L,po1)
—L!
X Ko(L,p2;0,p02) eXP{TI du
0

X [Re(FPu2)An (0) — [kp|*An (Juph + (1 —u)pf’l)]} )

(23)
Also, Eq. (23) is expanded and approximated by
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(K(0,p1; L,po1)K(L,p2;0,p02)) = Ko(0,po; L,po1)

L
X Ko(L,p2;0,p02) X {1 ~2 du
)

X [Re(FpH)AN(0) + [k *An (Jupd + (1 — u)pf’l)]} .
(24)

With the returned beam expressed by Eq. (21), the average
beam intensity is given by

(UrPy= f o f_ d*po d’pj d°p1 d*p2Uo(po) U5 (p0)

(K(0,po; L,p)K(L,p1;0,p)
X K*(0,p0; L,p2)K*(L,p3;0,p)) . (25)
Using Eq. (18), Eq. (25) becomes

1 1
(|UFl2)=M1(P)+J; Mo(p,u) du+J; M3(p,u) du
1 1
+ff My(p,u,u') du du’ +Mi(p) +f Mi(p,u) du
o 0

1 1
+f M3(p,u) du +f Mi(p,u,u') du du’ . (26)
0 0

The detailed expressions for M; and M}, j=1, - - -, 4, are
also given in the Appendix. The terms without integration
on the right sides of Eq. (19) and (26), i.e., Py, P}, M),
and M, represent the coherent beam intensity, and the rest
terms, with one-fold or two fold integration, represent the
incoherent beam 1ntens1ty > The former intensity, which is
from the first term in the square bracket of Eq. (13), is from
the autocorrelation of each individual random propagator.
The latter one comes from the cross-correlation of the two
propagators.

4 Numerical Result and Discussion

The average intensity of the laser beam and its peak value
are calculated and illustrated by figures for both cases in
this section. The random gain effects on the recovery of
light by using a PCM are examined. Meanwhile, the phe-
nomenon of backscattering enhancement occurs and is dis-
cussed. Here, a CO; laser amplifier and the following pa-
rameter values are considered: wavelength of the laser beam
=10.6 wm and the average gam coefficient =2 m ™!

Here we estimate x2=6.4x10" S and let x1=x2. Wlth
Egs. (4) and (6), the complex constant k= 6.28X10°+2 m™
and n=6.4x107%+j6.4x 10"

In Fig. 2, the average mtensny of the half-beam profile
is illustrated as a function of the transversal length |p|. To
examine broadening of the beamwidth of each beam, the
value of each zproﬁle is normalized by its peak value. Here,
L=10 m, (N7)=0.3 and [=0.01 m. Two dotted curves I
and Il represent the case when the beam reflected by a mirror
witha=0and2 m~ respectlvely Curve II shows a larger
beamwidth than that of curve I, simply because the random
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—Mirror case

—PCM case

Normalized Average Intensity

0 0.005 0.01 0.015 0.02
Bl (m

Fig. 2 Normalized average intensity of half-beam profile versus the
transversal length |p| for the conventional mirror case (dotted lines)
and the PCM case (solid lines) for two « values: 0 and 2 m~". For
comparison, the initial half-beam profile is plotted as the curve V.
The broadening of beamwidths for the PCM and conventional mirror
cases are shown.

fluctuations of amplitude are stronger when a =2 m ™ than
when a=0. The larger amplitude fluctuations decorrelate
the rays that synthesize the beam, i.e., broaden the beam-
width. For the PCM case, the same phenomenon is observed
by comparing curves III and IV, which represent situations
when a=0 and 2 m~!, respectively. Note that the beam-
width for the mirror case is larger than that of the PCM
case, because in the PCM case, the phase distortions, which
can evolve into the amplitude fluctuations, are suppressed.
Hence, the amplitude fluctuations become weaker, which
leads to less broadening of the beamwidth.

The peak value of average intensity of the backscattered
beam at plane x =0, which is expressed by the notation (I)p,
is plotted as a function of mean- square fluctuation Ny, i.e.,
(N?), in Fig. 3. Here, a=0m~ ', L=1 m, and [=0.01 m.
The dotted and solid lines are drawn for the conventional
mirror and PCM cases, respectively. The latter case has
larger (I), than that of the conventional mirror case, which
means that the PCM can recover the phase fluctuations of
the backscattered beam, i.e., reduce the lateral scattering.
Therefore, larger backscattering enhancement is observed.
It gives a larger value of (), because the incident and back-
reflected beams are more correlated. Actually, with the PCM,
the forward incident beam is the time reversal field of the
backward reflected beam when a=0 m~'. In this figure,
the values of (), for both curves are slightly decreased as
(N?) is increased, because stronger fluctuations of active
molecule density lead to larger lateral scattering. This im-
plies that the incident and backscattered waves are more
incoherent, i.e., the enhancement effects are decreased.
Hence, the value of (I), is decreased.

In Fig. 4, the value of (I), is plotted as a function of
(N1> fora=2m™ ', and L=1m, and /=0.01 m. The dot-
ted and solid lines represent the cases of waves reflected by
a conventional mirror or a PCM, respectlvely The values
of {I),, for both curves increase when (N 2) increases, because
of the amplitude fluctuations that cannot be recovered by
the PCM because these fluctuations are caused by the ran-
dom gain. This has been observed in the case of a wave
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-~Mirror case
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0 0.24 0.48 0.72

<N$>

Fig. 3 Peak value of the average intensity of the backscattered beam
at plane x=0, denoted by (/),, plotted as a function of the mean-
square fluctuatlon (N3) for the PCM and conventional mirror cases
when a=0m~". The values of (/) p for both cases decrease slightly
when (N?) increases.

24
7z
/////
225
<I>,
2.1
—PCM case
--Mirror case
1.95 . = :
0 0.2 04 0.6

<Nf>

Fig. 4 Peak value of the average intensity of a backscattered beam
at x=0, denoted by (/)p, versus mean-square fluctuation ( N3) for
the case of a beam reflection by a conventional mirror or by a PCM
with a=2m~". The value of (I)p for both cases increases when
(N3) increases.

propagating in a turbulent medium with random gain 71t
has been found that stronger fluctuations of N, i.e., the
increases of (N?), result in an increase of the average in-
tensity, which is attributed to the redistribution of the co-
herent intensity, incoherent intensity, and gain energy when
the wave propagates in a turbulent amplifier. When (N?)
increases, an increase of (), caused by the energy redis-
tribution can overcome the decrease of (/), that results from
the reduction of backscattering enhancement. Companng
Figs. 3 and 4 shows that the case when =2 m™! has a
larger value of peak average intensity than that when
a=0 m™ ', simply because of the existence of random gain.

In Fig. 5, the peak value of average intensity of the
backscattered beam at plane x=0, i.e., {I),, is plotted as a
functlon of characteristic length /. Here, a=0m™', L=1 m,
and (V) =0.3. The values of (1),, in both cases, the wave
reflected by the conventional mirror and by the PCM, are
slightly increased, because the increase of characteristic length
causes incident and backscattered waves to be more coher-

2.005
2
<I1>,1895 -
1.99 r
—PCM case
--Mirror case
1.985 —— —L —
0.005 0.015 0.025 0.035 0.045

Characteristic Length ¢ (m)

Fig.5 Peak value of the average intensity of the backscattered beam
atplane x=0, i.e., {/)p, as a function of /, for the conventional mirror
and PCM cases. The values of /), for both cases increase slightly
as ! increases.

28
////
//
4
26 |- i
//
////
<I>, 24 e
///
///
V%
22 e
e —PCM case
i --Mirror case
2 - L 1 1
0.001 0.011 0.021 0.031 0.041

Characteristic Length ¢ (m)

Fig. 6 Peak value of the average intensity (/), at plane x =0 drawn
as a function of / for the conventional mirror and PCM cases. The
values of (/)p for both cases increase when [ increases.

ent, i.e., to have stronger enhancement backscattering ef-
fects, which lead to a larger value of (I),.

In Flg 6, (I), is evaluated as a function of / when
a=2m" . Note that the value of (I), increases as (N}
increases. By comparing with the results shown in Figs. 4
and 5, we can conclude that the increasing trend of (/), in
Fig. 6 is also mainly caused by the existence of the random
gain. The random gain not only strengthens the enhancement
effects but also makes these effects stronger when the char-
acteristic length increases. The larger / yields a stronger
correlation between the incident and backscattered waves,
i.e., larger (I),.

5 Conclusion

In this paper, the path integral technique is used to evaluate
the average beam intensity after propagation through a tur-
bulent amplifier and reflection by a conventional mirror or
a PCM. Turbulence in the amplifier broadens the beamwidth
and the random gain enhances this phenomenon in the con-
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ventional mirror case. In the PCM case, with the recovery
of phase distortions, the beamwidth broadening reduces a
lot compared with that of the conventional mirror case.

The enhancement backscattering effects, which are caused
by the coherent addition of the forward incident and back-
scattered beams, are examined by evaluating the peak value
of average beam intensity. The larger value of average beam
intensity represents stringer enhancement effects. It is found
that the PCM case has stronger enhancement effects than
the conventional mirror case, because the PCM can reduce
the lateral scattering in the backward direction, i.e., it makes
the incident and backscattering beams more coherent. It is
also discovered that an increase of fluctuation strength of
active molecule density and a decrease of characteristic length
of turbulence lead to a reduction of the enhancement effects
when there is no random gain. However, if the random gain
exists, the enhancement backscattering effects are stronger
compared with cases without random gain. These effects
become larger when either the characteristic length or
(N?) increase.

6 Appendix

In this appendix, the final expressions for P;, Pj, M;, and
Mj,j=1,..., 4, for the PCM and conventional mirror cases
are derived for numerical computations. To determine these
expressions, Egs. (16) and (18) are substituted into Eq. (17)
to yield

k 0
Py(p)=C eXp[lplz(f)] f e f_mdzpo &’py I’p6 &’p2
1 k) L L ke
Xexp[ |PO|< we ZL) |Pl|< ) o] <2w(2) oL

ki ky  k
XCXP[Pl ‘Po( L) +p1- P<—Z) +02'Po<“‘z)
o)
k k k
x CXP[ —jlpolz( - il) —jlpélz<ﬁ) +jp1 'po( —Z')
X k k l‘_l
+jp1-p +jp2-po\ — | +ip2-p —L , (27)

Pap,u)=C> f e f_ d’po dp; d%pb d%p2

k (1
xeXP{|P|2[ 2_{ lzu) ]}

| kb (-
Xexp{—|polz[2 T

2L [

1 k

— 2 _22) _1a212 _K
] |pi ( L) |po| <2w(2) 2L)

ka k2 k2 ko

— 2( 2= . _= . =) +pyphl ==
|Pz|< L)+pn Po< L)+m P( L) [ Po( L)
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k 21 —u)?
+02‘P<—f)+00‘0[ . lzu) ]}
2 2 ki
Xexp[ —Jlpol (_i) —Jjlpél ( )"’JPI po(—z
) ki k k
+jprpl L +]Pz Po +1p2 P L ) (28)

P3(p,u)=Pap.u) , (29)

N—

PA(P,u,u')=C3J" : 'f_ d%po d’p1 d’pj d’p2

2 ﬁ_“‘_ﬁ_&—ﬁ
xexp{lpl [L 12 12

2L
k2 k2 , ka2
el oo el
k 2(1—u')? 21 —u)?
+pz'p(~f>+pé'p[—(72]+po'p[—(7u—)']}
k k
exp| ~soa( ~32) - j|p6|2(2—;) +ion-ou( -2)
+ipr-p(2) +j k +ji <—ﬁ)

Pi(p)=Pi(p) , (€)Y

Pi(p.u)=C2 eXP[|P|2< )] f f d’po d’p; d’pb d°p;
2
wexo| - o (5 2) -l -2+
_|12L_&)_| |z<_k_+ 2)+ . (_k_)
P\ 222 ) Tl Z) e\ 7T
k2 2u? kz
+p1-p - +p1°p2 N2 +p2-po\ ——
o))
k
xexp[—flpolz(——) leoF( )+1m m(—f)
) omelt) ok
+jpp\ L +jp2- Po Jp2-P L s (32)
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Pip.u)=C, exp[|p|2( )] f f d’po d’py d’pf d’p;
1k (1-u)? ky u?
_ 2| = T 2( 2=
XCXP{ |pol [2w3 2T R :I |Pl|< L+12>
) (1-u')? o ke &
i s 2+ 0 U] (-2t
ky 2u(l- 2u(l - k
TP Po[ = _"(_12_’12]_,_‘,1,06[_”_(.12_"_)]_,_91.‘,(_;2)
2 2u(l —u)
+P1P2 A +p2°Po —F
ky 2u(1—u) k 20— w)?
[ o2
k k k
(—2—') —leolz( ) +jp1 ‘Po( ——Ll> +jp1 1)(;1)
ﬁ)+ _ﬁ>
L P2 P L > (33)

x exp[ ~jlpo®
+jp2-p

and

r .
Pip.u,u')=Cs exp[|p|2(f>] f e f_ d’po d’p1 d°pj d°p2
(1 ) k2 2 u:z)
X 2 - —-—+ >+ —
eXP{ [pol [2 i 2L 12 ] Iml( 1 7
1 ke (1-u')? k W u?
ot — _ 2<% _ 2 S T
| g 2+t |2
&_2u’(l—u’) L 2u'(1-u')
+p PO[ A ]+Pl 00[ 2 ]
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PP L P11 P2 I3 I3 P2 Po 2
| k 2wa-u) k2 2(1—u')?
+p2ph| ————— |+ -+ —_—
1) Po[ L I3 ] P2 P( L) Po- P [ 2
2 k 2 AT ki
xexp| —jlpol’\ =57 | —Jlpdl +ip1-po| =7 ) Hie-e(
" (k p-p( -2
JjP2°Po I jp2-p L s (34)

where

W [ Lo e o]
o'l I—Z(Nl)l\/‘rr Re(Kpd) | (35)

k4
Cy= L [l—z

C=

o' (NDIVT Re(kzuz)]

(Sovprvme) (36)

and

2

sl (Svirvmuting ) ()

In the conventional mirror case, the detailed derivations
and expressions for M; and M}, j=1, ..., 4, can be deter-
mined by following a procedure that is the same as that for
the PCM case, except that the conjugate sign of factor of
U in the integrand on the right-hand side of Eq. (11) is
excluded, and are given by

Mi(p)=C; exp[lplz(’%)] J pe f_ :dzpo &’py &pp d’p2

xexo| o (3~ ) -t - 2) - i (5322
(]

XCXP[PI PO( )

Xexp[ —jlpo|2< )

+jpr- (

+

oo ) vomes( ) el )]
soi(5) () (%)
>+,p, < )+wz PO( IZ)”‘""’(—%)] ’

(38)

Ri=

l*l”‘

12

* k (1-u)?
Mz(P,u)=sz' . Ji dpo d°py d%ph d%p: exp{|p|2[zz—( ) ]}

(1-w) ko
XeXP{—lpolz[zw% 2L+ 7 ]—|m|2<—z+l
1k kb W ky 2u(l—u)
2 2 2 2 2
— e — _—+_ . —_——
= ool (2w 2L) |PZ]( 2 lz)"’Pl Po[ L 2
kz 2u(l u) 2u? 2u(1 - u)
+pl.p —_ 12 +pl.p2 I_2 +pz.p0 ____1_2_._.

k ky 2u(l— 21— 2
3 3 22]

wenp| oo (52 ) ~sou (%) s (3 ) ~so=" (%)

. ki, . ki), . A k. k
+ipvpo{ 7 ) +ier-e| 7 ) +ieoo| =7 ) +ieol -7 |

(39)

Ms(p.u)=Mx(p,u) , (40)
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(45)
; k ; k s k ; k
Xexp[ -leolz(z—D —lenlz(zl> —Jimlz(;i) ‘J|Pz|2<z|>

ks X ks where po, p1, pb, and p are the transversal coordinates.

+ipr Po( L) +tier (Z) +jpz'pb<—-L-> +ipz'P<—Z)] , To finish the integrations with respect to the transversal

coordinates of P;, P}, M;, and M}, j=1,...,4, we introduce
(43) a formula given by
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(67)

(68)
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¢ j3— ce je—2¢5 js j

dg=ds+ s 77
8 4(c§ + c%) a7

and

ks = kg + C6J506 — C6 j605 + C5j506 + C5 j605 ’ (78)

2ct+cd)

Here, all the parameters in Eq. (46) are real numbers To
derive Eq. (46), we have used the integral table.!” With
Eq. (46), we can finish the eight-fold integration with re-
spect to the transversal coordinates in the expressions of P;,
Pj, M;, and M;, where j=1,...,4, and have the final expres-
sions for numerical computations for these functions. How-
ever, the expression for each function is too lengthy and
complicated to be illustrated here.
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