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Decoding Frequency Permutation Arrays
Under Chebyshev Distance
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Abstract—A frequency permutation array (FPA) of length n =
mA and distance d is a set of permutations on a multiset over m
symbols, where each symbol appears exactly A times and the dis-
tance between any two elements in the array is at least d. FPA
generalizes the notion of permutation array. In this paper, under
the Chebyshev distance, we first prove lower and upper bounds on
the size of FPA. Then we give several constructions of FPAs, and
some of them come with efficient encoding and decoding capabil-
ities. Moreover, we show one of our designs is locally decodable,
i.e., we can decode a message bit by reading at most A 4+ 1 sym-
bols, which has an interesting application to private information
retrieval.

Index Terms—Chebyshev distance, frequency permutation
array (FPA), locally decodable code, permanent, permutation
array (PA).

I. INTRODUCTION

I N 1965, Slepian [13] considered a code of length n for
permutation modulation. It consists of all permutations on

A1 Am
the multiset {7u1, ..., 41y -« s Ty - -« b } Where g < pro <

o+ < iy and Ap 4+ Ao+ - -+ Xy, = n. Inthis paper, we consider

a special case of Slepian’s code. Let 1 = 1, pto = 2, ..., f, =
mand A\; = Ao = --- = \,, = . Let S} be the set of all
A A
—N— —
permutations on the multiset {1,...,1,...,7n,...,m}. A fre-

quency permutation array (FPA) is a subset of S2 for some pos-
itive integers m, A and n = mA. A (A, n, d)-FPA is a subset of
S and the distance between any pair of distinct permutations is
at least d under any metric, such as Hamming distance, Cheby-
shev distance d,,x, etc. A permutation array (PA) is simply a
special case of an FPA by choosing A = 1. With a fixed length
n, an FPA has a smaller set of symbols than a PA. Thus, codes
with FPA have a better information rate than those with PA. A
widely adopted approach to building PAs under Hamming dis-
tance, see for example [3], is using distance-preserving map-
pings or distance-increasing mappings from Z% to S}. Most of
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those encoding! schemes are efficient but there are only a few
efficient decoding algorithms. Swart and Ferreira [14] gave a
decoding algorithm for an application on power line communi-
cation. Lin et al. [11] proposed a couple of novel constructions
with efficient encoding and decoding algorithms for PAs under
dmax- FPA was proposed by Huczynska and Mullen [5] as a gen-
eralization of PA. They gave several constructions of FPA under
Hamming distance and bounds on the maximum array size.

Recently, researchers have found that PAs have applications
in areas such as power line communication (e.g., [12], [18], [19]
and [20]), multilevel flash memories (see [6] and [7], [15]). Sim-
ilar to the application of PAs on power line communication,
we can encode a message as a frequency permutation from S}
Then the message is transmitted as m-FSK?2 signals. The na-
ture of frequency permutations provides higher information rate
without losing immunity to impulse noise and permanent fre-
quency disturbances3 mentioned in Vinck’s work [20].

For flash memory applications, different from the approach
by Jiang et al. [6], [7], we can use FPA to provide multilevel
flash memory with error correcting capabilities. For example,
suppose a multilevel flash memory, where each cell has m states,
which can be changed by injecting or removing charge into or
from it. Overinjecting or charge leakage will alter the state as
well. We can use the charge ranks of n cells to represent a
permutation from Sf;, i.e., the cells with the lowest A\ charge
levels represent symbol 1, and so on. With our efficient en-
coding and decoding algorithms, a (A, n,d)-FPA can be used
in a flash memory system to represent information and correct
errors caused by charge level fluctuation.

A locally decodable code has an extremely efficient decoding
for any message bit by reading at most a fixed number of sym-
bols from the received word. Suppose that a FPA is applied to
a multilevel flash memory where the length of a codeword is
nearly a block of cells (about 10°) [2]. This feature allows us to
retrieve the desired message bits from a multilevel flash without
accessing the whole block. With the locally decodable property,
we can raise the robustness of the code without loss of effi-
ciency. On the other hand, locally decodable codes have been
under study for years; see [16] for a survey and [21] and [4]

'We consider only encoding and decoding schemes for error correcting codes
in this paper. Some other works, such as Babaev’s [1], consider encoding as
computing the binary representation for some permutation, and decoding as
computing the permutation represented by some binary string. The schemes of
[1] are efficient, but they do not exhibit any error correcting capability.

2Fori € {1,...,m}, wesend ¢ by a wave of some unique frequency f;. The
frequency of wave is irrelevant to the frequency parameter A in the definition of
FPA.

3A permanent frequency disturbance is a disturbance wave of some constant
frequency. It is irrelevant to A.

0018-9448/$26.00 © 2010 IEEE



SHIEH AND TSAIL: DECODING FREQUENCY PERMUTATION ARRAYS UNDER CHEBYSHEV DISTANCE

for recent progress. They are related to a cryptographic protocol
called private information retrieval (PIR for short).

In this paper, we extend the ideas in [10] and [11] to con-
structing FPAs under d,,x. In Section II, we prove lower and
upper bounds on the maximum cardinality of FPAs. We de-
rive Gilbert type and sphere packing bounds by bounding size
of balls under Chebyshev distance in Section II-A. Moreover,
we give several constructions to obtain some lower bounds;
see Section II-B. In Section III, we show a pair of efficient
encoding and decoding algorithms for FPAs constructed in a
simple manner. In addition, we show that they are locally de-
codable codes under d,,x. As a consequence, the construction
of FPA can also be used for constructing PIR.

Notations: Let n = m throughout the paper unless stated

otherwise. We use [n] to represent the set {1,...,n}. Let x;
be the ¢th entry of vector z. For two k-dimensional vectors
z and y, let dpax(®,y) = maxep) [7; — yi|. We say two

permutations x and y are d-close to each other under metric
6(-,) if 8(x,y) < d. The identity permutation I} in S}
A A

is (1,...,1,....m..m). For 7 = (p1,...,pn) € SL
and a n-dimensional vector x = (z1,...,2,), we define
Tox = (Tp,Tpy,-.-,7p,) and 71 o = I.. For ex-
ample, (2,1,5,3,4,6) 0 (1,1,2,2,3,3) = (1,1,3,2,2,3) and
(2,1,5,3,4,6)~1 = (2,1,4,5,3,6).

II. LOWER AND UPPER BOUNDS

Let F.(A,n,d) be the cardinality of the maximum
(A, n,d)-FPA and V. (\,n,d) be the number of elements
in S) being d-close to the identity I under dpa.y. In this
section, we first give a Gilbert type lower bound and a sphere
packing upper bound on Fio. (A, 1, d) by bounding Voo (A, 1, d).
Then we generalize the method in [10] to obtain several
constructions that yields some inequalities for bounding the
cardinality of FPAs.

A. Gilbert Type and Sphere Packing Bounds

First, we show that any d-radius ball in Sfl‘ under d,.x has
the same cardinality.

Claim 1: For any £ = (z1,...,2,) € S;, there are exactly
Voo(A,n,d) y’s in S such that dp.x (2,y) < d.

Proof: Since every ¢ € [m] appears exactly A times in x,
there exists a permutation 7 € S} such thatz = 7o I ;\L Asa
consequence, we have that dp,ax (1 ,’), 2) = dpax(z, 7 0 2) for
anyz € S).Let Z = {z: z € S}, dumax(I,2) < d},Y =
{moz:z€ Z}andY = SM\Y.Foranyy € Y, we have
Ainax(€,Y) = duax (I}, 7 Loy) < d,sincen Loy € Z. While
fory’ € Y, dmax(2,y") = dmax (I}, 7" 09') > d. Therefore,
only |Y| = |Z| = Va(\,n, d) permutations in S} are d-close
tox. |

Theorem 1:

ol pma <
Valnd =1 = e <

s
Ve O [57]]

Proof: To prove the lower bound, we use the following

algorithm to generate a (A, n, d)-FPA with size > %
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1) C — 0,D «— S\
2) Addanarbitrary z € D to C, then remove all permutations
that is (d — 1)-close to z from D.
3) If D # () then repeat step 2, otherwise output C'.
D has initially |S;| elements and each iteration of step

2 removes at most Voo(A\,n,d — 1), so we conclude
c| > [Sa
Z Ve (n,d=1)°

Now we turn to the upper bound. Consider a (A, n, d)-FPA
C* with the maximum cardinality. Any two | 451 |-radius balls
centered at distinct permutations in C'* do not have any common
permutation, since the minimum distance is d. In other words,
the L%J -radius balls centered at permutations in C* are all

- * |S21
disjoint. We have |C*| < AT RE=T) u

It is clear that |S}| = (}\,’)’—'M It is already known that
Voo (1, n, d) equals the permanent of some special matrix [11].
In this paper, we generalize previous analysis to give asymp-
totic bounds for Theorem 1. The permanent of an n X 7 matrix

A = (a; ;) is defined as

per(A) = Z Haim-

TES, 1=1
: v AAn,d) _ (,(An,d)
Define a symmetric n x n matrix A4™% = (a,;77""), where
ag/\]-’"’d) = Lif |[[4] — [£]] < d; else a,gk]-’"’d = 0. Note

that a permutation (z1, . ..,2,) is d-close to Iy if and only if

E);"d) = 1 for every i € [n]. Now we consider A 74,
Since the A copies of a symbol are considered identical while
computing the distance and the entries indexed from (/A —A+1)
to £\ of I}, represent the same symbol for every £ € [m], it
implies that row (/A — X + 1) through row £\ of A ™:d) are
identical and so are columns indexed from (A — A + 1) to £\
for every £ € [m]. Thus, we have AXA™d) = gA(Lm.d) @ 1,
where ® is the operator of tensor product and 1 is a A X A matrix
with all entries equal to 1. For example, take A = 2,m = 5, and
d=2

1 11 0 0
1 1.1 10

A2 =11 1 1 1 1]|,1,= G 1)
01 1 1 1
0 01 11
1111110000
1111110000
1 111111100
1111111100

qewz |11 1111111
1111111111
0 011111111
0 011111111
000 01 1 1111
000 01 1 1111

Let ("™ be the row sum of A(™9)°s jth row. We have
— {d—H’ ifi<d,
P L og ifd<i<m-—d,

m—i+1+d ifi>m—d.
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Then for i € [m] and j € [\], the row sum of the (¢A — A+ j)th
row of AAAM.d) §g )\rz(l’m’d), due to AAAMD) — A(Lm.d) g
1,. We first calculate Vo (A, n, d) by using per(A*m4)).

Lemma 1:
_ per (A(*’”’d))
Voo (A, n,d) = I
Proof:
per (A(A’md))
= Ha; €S} Vi a%?’d) = 1}‘
= {xe S max; lri“ - ’V%” < d}‘
= (Ann/A {ye 52 : max [ﬂ —yil < dH

= (A Vo (A, n, d).

The first equality holds since A" is a (0, 1)-matrix and by
the definition of permanent. We can convert z € S} intoy € S))
by setting y; = [%], and there are exactly (A!)"/* z’s in S}
converted to the same y. Thus, we know the third equality holds.
Therefore, the lemma holds by moving (A!)"/* to the left-hand
side of the equation. ]

We still need to estimate per(AM™9) in order to get
asymptotic bounds. Klgve [8], [9] reported some bounds and
methods to approximate per(A(1™4)). We extend his analysis
for per(AG D),

Lemma 2: per(AXN™DY) < [(2d\ + \)]753x
Proof: Tt is known ([17], Th. 11.5) that for (0, 1)-matrix
A, per(A) < TTe, (r! )7 where r; is the sum of the ith row.

Since the sum of any row of A(/\’""l‘i) is at most 2d\ + A, we
have per(A) < []i—,[(2d\ + )] 7575 = [(2d\ + \)] "B+ =

We give per(AX*9)) a lower bound by using the van der
Waerden permanent theorem [17, p. 104]: the permanent of an
n X n doubly stochastic matrix A (i.e., A has nonnegative en-
tries, and every row sum and column sum of A is 1.) is no less
than ™. Unfortunately, A(*9) is not a doubly stochastic ma-
trix, since the row sums and columns sums range from d\ + A
to 2dA + A. We estimate the lower bound via a matrix derived
from A4 as follows.

Lemma 3: per(AO‘ )y > % N
Proof: Let A = 5t A Wthh has the sum of any

row or column bounded by 1, but is not a doubly stochastic
matrix. Observe that every row sum of Ais 1 except the first dA
and last dA rows. For i € [d] and j € [A], both row (A — A + j)
and row (n — i\ + j) sum to 2‘3‘:_‘1 Now we construct an 7 X 1
matrix B from A with each row sum equal to 1 as follows:
Fori € [d] and j € [A], add 2(1)\+>\ to

1) the first (d — ¢ + 1)\ entries of row (A — A + j);

2) the last (d — i + 1)\ entries of row (n — i\ + j).

The row sums of the first d\ and last d)\ rows of B are now
(d—i41)X + d+i 1
2dX+A 2d+1 —
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We turn to check the column sums of B. Since A is symmetric
and by the definition of B, we know B is symmetric as well.
Thus we have that B is doubly stochastic and per(B) > T’Z' .

To bound per( A1) observe that the entries of the first
d\ and last d)\ rows of B are at most times of the cor-

2d/\+/\
responding entries of A4 and the other rows are exactly

ﬁ times of the corresponding rows of And) We have
per(A00) > B (> CRP

Theorem 2:

! 22)\. |_d}—1
" < < Foo(M\n,d) <
[(2dx =X @ (BN
Proof: The theorem follows by plugging Lemmas 1, 2 and

3 to Theorem 1. -

B. Constructions and Related Bounds

In [10], Klgve et al. gave several constructions for permuta-
tion arrays and they obtained better bounds via observing some
properties of the constructions.

1) Construction 1: We first give an explicit constructions as
follows.

Definition 1: Given A\, m, and d such that d divides m. We de-

fine C1 (X, m,d) = {(ml ..... ,Tma) € SN\ 1 Vi € [mA],x; =
i(mod d)}.
Theorem 3: If m = ad, C1(A\,m,d) is a (A, mA, d)-FPA of

cardinality ( E';\,A)L' )4,

Proof: Since C1(\,m,d) C S),,C1(\,m,d) has fre-
quency A and length mA. To show the minimum distance,
consider two different elements z,y € C1(\,m,d) and
assume their ¢th entries are different, i.e., z; # ;. Since
yi;(mod d), we have d divides (z; — y;) and we have
|z; — y;| > d. Hence the minimum distance is at least d.

Now we turn to the cardinality of C'; (A, m, d). For each j €
[d], define a family of index sets

X;={(k—=1)d+j:kela\]}
={j.d+3j,...,(ax = 1)d +j}.

Tr; =

For any z € Cy(\,m,d) and any ¢ € X;, we have z; =
j(mod d) and z; can be any memberin {j,d+7,...,(a—1)d+
i} ={(k—=1)d+j: k € [a]}. Note that each (k — 1)d + j

appears exactly A times in z. Thus for each j € [d], there are

E e possible combinations for z at the indices in X;. Thus,

|C1(A,m,d)| = (Eij\))a) and the theorem holds. ]

Theorem 3 implies the following lower bound on the cardi-
nality of (A, n, d)-FPAs.

Corollary 1: If m = ad, then Foo (A, n,d) > ((a/\)!)d_

(A=

The information rate of this construction is higher than the
lower bound in theorem 2 under certain parameters. The code
length, information length, and the bounds are counted in bits.
Since |53, and |C1 (A, m,d)| do not have to be powers of 2,
the bit-length could be a fractional number. Table I illustrates
some codes of 100-symbols. In the first three rows, we discover
the information length is longer than the lower bound and it is
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TABLE 1
PARAMETERS FOR CONSTRUCTION C'y

A om | a Code | Info. | Lower | Upper

length | length | bound | bound
10| 10 | 5 | 306.9 | 87.5 14.8 | 140.0
520 | 5 | 386.6 | 167.2 | 110.8 | 220.0
2 | 50 | 5 | 474.8 | 255.4 | 233.1 | 340.2
1 1100 | 5 | 524.8 | 305.4 | 319.6 | 436.2
1 | 100 | 10 | 524.8 | 217.9 | 226.1 | 355.4
1 | 100 | 20 | 524.8 | 138.1 | 130.3 | 257.6
1 | 100 | 50 | 524.8 | 50.0 1.4 150.9

closer to the upper bound when \ is greater. For the last four
rows, we fix A = 1. When the d is small, see row 4 and 5, C;
even does not reach the lower bound. But for large d, C still
has a chance to outperform the lower bound.

2) Simple Recursive Constructions: We give several re-
cursive constructions for FPAs. These constructions could
give codes with higher information rate than construction 1;
however, they might require a better initial code than Cj.
The first one is by concatenation. For £ = (z1,...,%,) and

y=(y1,...,Yq), letx |y denote (z1,...,Tp,y1,...,Yq)-

Definition 2: Given a (A, Am,d)-FPA C, and a
(p, pm,d)-FPA C,,. Define

CrxC,={ex|c, :ex € Cr,c, € Cp}.

Theorem 4: Given a (A Am,d)-FPA C, and a
(p, pm,d)-FPA C,, Cy % C, is a (A + p, Am + pm, d)-FPA of
cardinality |Cy| - |C,].

Proof: Consider z,z’ € Cy andy,y' € C,. x|y # «'|y’ if
and only if £ # z’ or y # y’, hence the cardinality of C xC, is
|Cx|-|C,|. Since Chebyshev distance between = |y and =’ | ' is
max{dmax(Z, %), dmax (¥, y") }, we have the minimum distance
of Cy x U, is at least

{dmax($7zl)7 dmaX('!la yl)} =d.

min
TIT'cc,
YYec,
ZY+x' Y
The frequency and length of C\ * C), are trivially A 4+ p and
Am + pm, respectively. We conclude C xC,, is a (A+p, Am +
pm, d)-FPA of cardinality |C\| - |C,|. ]

Corollary 2: For integers A, p,m and d, Foo (A + p, Am +
pm,d) > Foo (X, Am, d)Fuo(p, pm, d).
The second recursive construction is by interleaving technics.

For an {-tuple ¢ and integers r, j, letv(e,r,j) = re+(j—1)-1
‘

—~
where 1 = (1,...

).

Definition 3: Given a (A, n,d)-FPA C' and a positive integer
r. Define

Co(C,r) ={v(er,r,1)| - v(er,r,7) : Vi € [r],¢; € C}.

Theorem 5: Given C' and r as above, Co(C,r) is a
(A, rn, rd)-FPA of cardinality |C|".

Corollary 3: Foo (A, rn,rd) > Foo(A,n,d)".
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The following recursive constructions use extra k new
symbols. We give three kinds of k-symbol extension con-
structions. Assume we have £ = (21,...,Zxm) € S’f\‘m and
Y= (y1,--,Yrr) € [m + k]** such that for any i € [m + k],
there are at most \ entries in g equal to 7. Our goal is to extend x
into an element in Si(m k) Observe that initially y | £ may not
be a legitimate element in Si‘(m +h) However, we can reassign
values to some of z’s entries such that y|z is in Si‘(m—l—k)‘
To do that we define a total order for the entries in x, i.e., for
i,j € [Am], we say x; is larger than z; if the value of z; is
strictly larger than x;’s, or when z; = z; and 7 < j. Let ; be
the number of entries in y equal to ¢. The extension algorithm
¢r(y, x) operates as follows:

1. fori = m + k downto 1 do
set the largest A — ~; unchanged entries in z to ¢
and mark them as changed;
3. next1
4. return y | z;

For example, let k = 2,y = (1,2,3,4) and z = (1,2,1,2),
then we have ¢ (y,z) = (1,2,3,4,1,4,2,3).

It is easy to check that ¢ (y, z) returns a permutation of fre-
quency A and length mA + k. Since every symbol appears at
most A times in y, we have v; < A for every j € [m + k],
and there are A — y; + 7; = A entries equal to j in y | = after
the jth iteration. Moreover, those entries will not be changed af-
terwards. This shows ¢y (y, z) transforms y | z into a legitimate
element in S

A(m+k)-
For positive integers k,t with k¥ < ¢, we consider a
selective function f : [k] — [t], which selects k ele-

ments in order from [t], i.e., f(¢) is the ith smallest one
among the selected k elements. For any 7 € S;, and
any t-tuple s with 1 < s1 < < s < m + k, de-

fine Yrrs(f,m) = (Sf(mi)s--+»5f(mpy)) FOr example,
set A = 3]{3 = 3,t = 4,81 = 1,82 = 3,83 = 5,
s = 7,f(z) = z+1,and v = (1,2,3,2,2,3,1,3,1),

we have ,I/Jk'.,t,s(f7 71') = (527 53, 54, 53, 83, 54, 52, 54, Sz)
(3,5,7,5,5,7,3,7,3). We define Uy, s(C) = {¢n,1.8(f,7) :
f is aselective function from [k] to [t] and # € C} for
C C SP. We give two constructions by extending = with
y € \Ilk7t73(5’,2‘>\) and with y € ¥y, s(C) where C is an FPA.
Both recursive constructions inherit the minimum distance of
the base FPA.

Definition 4: Given positive integers k,t with ¢ > k, a
(A, Am, d)-FPA C and a t-tuple s with 1 < 51 < s9 < ... <
st < m+ kand s;41 —s; > dfori € [t — 1]. Define
C3(C,k’,t75> = {¢k(y7$> B S C,y € katus(séA)}.

Definition 5: Given a positive integers k, a (A, Am, d)-FPA
C, a (X Ak, 8)-FPA C’ and a k-tuple s with 1 < 51 < s9 <
co.<sp<m+kands;41 — s > [%] for i € [t — 1]. Define
04(0, 017]{},8) = {¢k(y7$) 1T E C,y € \Ilk,k,s(cl)}-

Both C5(C,k,t,s) and C4(C,C' k,s) are (A,mA +
kX, d)-FPAs. To prove this, we argue that the distance between
any pair of codewords is at least d when they are constructed
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from distinct y’s or distinct ’s. Therefore, we need the fol-
lowing lemma.

Lemma 4: For two selective functions f and g mapping from
[k] to [t] and m™p € SI?)\’ let Yy = 'l/}k,t,s(f77r) and y, =
Yi.1,8(g, p). We have dmax(y,y’) > d when f # gorm # p.
Moreover, dmax (Y, y') > d-dmax(m, p) When f = gand 7 # p.

Proof: Let F = {f(i):i € [k]} and G = {g(4) : ¢ € [k]}.
If f # g, there exists ¢* such that ¢* € F\G. Therefore f(7;) =
i* # g(p;) implies y; # ;. We have duwax(y,y') > |y; —vj| >
d.If f = g and ™ # p, then there exists j* such that ;- # p;-.
Assume |7 — pj-| = 8, we have dmax(y,9') > |y« — ¥ |>
|Sf(ﬂ.j*) — Sf(pjx)| > 5nlinie[t—1](3i+1 — 81') > 6d. |

Lemma 5: If for every i € [m + k],y has either A
entries equal to 4 or no such entry, then for z, ' €
Si‘m? dmax(¢k (y I); ¢k (y7 3;,)) > dmax(z7 Il)'

Proof: By the assumption on y, we know +; is either A or
0. Thus in every iteration of ¢y (y, z) either 0 or A symbols in
z are changed. Suppose that we run ¢ (y,z) and ¢r(y,z’) in
parallel. According to ¢, there are either A entries or nothing
changed in each iteration. Without loss of generality, let j be the
index such that z; — :17; = d. Note that the algorithm changes
only one kind of symbol in each iteration. Therefore zg must
be changed at least z; — x/; = d iterations later after z; is

J
changed and the magnitude is smaller than z;’s. This implies

dmax(¢k(y7 $)7¢k(y7zl)> Z dmax(zaxl>~ u

Now, we prove the following theorems.

Theorem 6: C5(C, k,t,s) is a (A, m\ + kX, d)-FPA of car-

.. t |
dinality (k)%m.

Proof: Consider codewords z = ¢ (9 ¢ s(f,7),z) and
2 = ¢r(Yres(g,p),x’). If f # gorm # p, then we have
dmax<z7zl) Z dmax("/}k,t,s(f77r)7’¢k,t,3(g7p)) Z d by lemma
4.1f f = gand T = p, then dmax(2,2") > dmax(z,2’) > d

by lemma 5 and C is a (A, Am, d)-FPA. Note that there are ( t

h
selective functions from [£] to [¢] and % permutations in S}, ,
thus the theorem holds. |

Corollary 4: Foo(AmA+kA.d) > (1) SN P (A m), d)
fork < tandtd < m + k.

Theorem 7: C4(C,C" k,s)is a (A, mA+ kX, d)-FPA of car-
dinality |C'| - |C].
Proof: Consider codewords z = ¢y (¢x 1 s(f,7),x) and
2 = ¢r(Yr k.5(g, p),x’). Since there is only one selective func-
tion from [k] to [k], we have f = g. If 7 # p, then we have
dimax(2,2') > 6-% = dbylemma4 and C" is a (A, kA, §)-FPA.
If 7 = p, then diax(z,2") > dipax(z,z’) > d by lemma 5 and
C'is a (A, A, d)-FPA. Hence the theorem holds. |

Corollary 5: Foo(A,mA + kA, d) > Fo(\EkNSD) -
Foo(A\,mA,d) for k- [4] < m + k.

Finally, we provide another symbol extension construction
which allows us to obtain a FPA of greater cardinality while the
minimum distance is decreased by 1. Similar to the construction
Cs, we relax the constraints on y by allowing some symbols
appearing less than ) times in y.
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Lemma 6: If for every i € [m + k], y has at most ) entries
equal to 7, then dpax (Or (Y, T), ok (¥, 2')) > dnax(z, ') — 1,
for any z,z’ € S),.

Proof: Consider the jth entries of z and z’, and without
loss of generality, let z; — 2, = d > 0. Assume x; and 7
is the ath and the (Sth smallest entry in « and x’ respectively.
a and 3 must be in the form ;A — p and m;-)\ — ¢ for some
p,q € {0,A\—1}.Since z;—7’; = d,wehave a— 3 > dA—A+1.

Suppose that we run ¢ (y,x) and ¢ (y,z’) in parallel. Ac-
cording to ¢y, there are at most A entries changed in each itera-
tion. The iteration difference between the iterations when z’; and
x; are respectively changed is at least L%J e
d — 1. The corresponding entries in the output have difference at
least d — 1, and thus we conclude d,ax(dx(y, x), o (y,z')) >
dmax (z,2") — 1. [

Lemma 6 shows that the distance at most decreases 1 after
applying ¢ (y, -). From this point of view, we can trade min-
imum distance for larger code size. For integer &, ¢ and ¢-tuple
s, let Q(k,t, s) be the set of vectors of length kA consisting of
symbols in {s1, ..., s;} such that no symbol appears more than
A times. Note that for any simple set s, Q(k, t, s) has the same
cardinality, thus we define q(k,t) = |Q(k,t,s)|.

Definition 6: Given positive integers k,t with ¢ > k, a
(A,mA,d+ 1)-FPA C and a t-tuple 5,1 < 81 < 52 < ... <
st < m+ kand s;41 —s; > dfori € [t — 1]. Define
05(0714571‘573) = {(;Zsk(ylz) HES C7y € Q(k7t/3)}

Theorem 8: For d >

> 1,C5(C,k,t,s) is a (A\,mA +

kX, d)-FPA of cardinality q(k,t)|C|.
Proof: Consider codewords z =  ¢p(y,z) and
Z = ¢r(y,x’) where y,y € Q(k,t,s) and z,z’ in C.
We know that dpax(z,2') > d when y # ¥/, since for some
i € [kA], |y —yi] > minjep_1y 5541 — 55 > d. By lemma 6, if
y =19, then dpax(2,2') > dpax(z,2’) > d+1—-1=d > 0.
These facts imply z # 2’ if y # ¢’ or © # ’. By the construc-
tion of Cj, it is clear that the cardinality is q(k, t)|C]|. [ |

Corollary 6: Foo(A,mA+kX,d) > q(k,t)Foo (A, mA, d+1)
for k < tandtd < m + k.

Let CAD = {r ¢ S(Ad+1),\ Dom,..,my € {1,d +
1} and may1 < -+ < mg41)a}. The code constructed by
the simple encoding algorithm in the next section can also be
obtained by

1. ¢t = Cc™d);

2. fori = 2tok do

3. CfP=C5(C41,2,(1,d +1));
4. next

5. Output C*;

However, the minimum distance of the output is d. In other
words, the procedure above never decrease the minimum dis-
tance on line 3. This fact implies that our analysis on the min-
imum distance of C5(C, k, t, 8) is not tight.
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III. CONSTRUCTION WITH EFFICIENT ENCODING
AND DECODING

In this section, we give a construction with efficient encoding
and decoding algorithms. The idea of this construction is based
on the previous work by Lin ef al. [11]. We generalize their
algorithm for constructing FPAs. Furthermore, we give the first
local decoding algorithm for FPAs under Chebyshev distance.

A. Encoding Algorithm

We give an encoding algorithm E} - Which convert k-bit
message into a permutation in S, where n >k+ A

Algorithm E) |

.,mk) € Z§
r,) € S}

Input: (m;
Output: (z1

1. max « n;min « 1,

2. fori— 1tokdo

3 ifm; =1

4 then {z; « [**]; max « max —1;}
5. else {z; « ["];min « min+1;}
6

7

8

fori — k+1tondo
x; — [57]; min < min+1;

Output (z1, . ..

Tn)}

The encoding algorithm E)‘ . Mmaps binary vectors from
Zk to S). For examples, the output of E74(0,1,0,0)
is (1,5,1,2,2,3,3,4,4,5), and E104(0,1,1 1) outputs
(1,5,5, 4 1,2, 2,3,3,4) Itis clear that £ , runs in O(n) time
while encodlng any k-bit message. Next we investigate the
propetties of the code obtained by Efl‘ - Let C;}’ & be the image
of Efl‘ -

Theorem 9: C risa(Am, [ n=k |)_FPA with cardinality 2.
Proof: Cons1der two messages p = (p1,...,pr) and ¢ =
(q1,-..,qr) € Z§.Let zP and z7 be the outputs ofEf;,k, respec-
tively. Let r be the smallest index such that p,. # ¢,.. Without
loss of generality, we assume p,. = 1, ¢, = 0 and there are ex-
actly z zeroes among p1, ..., pr-—1. Consequently, 2P is set to
[oex] = [2—rtld2] and 22 is set to [B2] = [H2] by B .
The distance between zP and x? is

=]

>n—7‘+1+z 142 1
A A
n—r
= -1
A
> n;k—l, since r < k.

The first inequality holds by the fact of ceiling function: a <
[a] < a+ 1, for any real number a. Note that the distance has
integer value only here. If "—_k is integer then the distance is
at least | 2E|; else it is at least nek 17, which is [ 25% |
exactly, i.e., the distance between any two codewords in Cfl" L 18
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at least L"A;kj Since every message is encoded into a distinct
codeword, we have Cé‘ b= 2k, [ ]

Since Cé"k isa (\,n, |25E])-FPA, we let d = | 25| for
convenience.

B. Unique Decoding Algorithm

Unique decoding algorithms for classic error correcting codes
are usually much more complicated than their encoding algo-
rithms. While, our proposed decoding algorithm Uri‘, & femains
simple.

Algorithm U

T,) € S}
.,mk) € Zéc

Input: (z;
Output: (m

max « n; min «— 1;
for: — 1to k do
i fo, — [225]] < [z — [22])
then {m; — 1;max — max—1;}
else {m7 — 0;min «— min + 1;}
Output (m

SO

The running time of U} . 1, is clearly O(k), even faster than the
encoding algorithm. We show its correctness as follows.

Theorem 10: Given a permutation £ = (z1,...,Z,) which

is 4L -close to En . (m) for some m € Z§, algorithm U?,
outputs m correctly 1
Proof: By contradiction, assume Uﬁjk outputs m =

(i1, ... ) # m. Let E)  (m) = (y1,---,ya),r be the

smallest index such that m, # m, and z be the number

of zeroes in mq,..., ,Mmr—1. At the beginning of the rth

iteration, max = n —r + 1+ z and min = 1 + z be-
cause for every ¢« < r,m; = m,. Without loss of gener-
ality, assume 1 = m, # m, = 0. Note that y, is set to

[max] = [rorilds ’"“*ﬂ by E}) .. While s, is decoded to 0 by
U x» we have |z, — [22X]| > |z, — [22]]. Thus,

n

dinax (T, Eﬁk(m))

Z|ﬂ77’—yr—wr—{$” |
P e [
SESEEY)
:%<[n—7“1—1+z" 3 [14;[‘) Zg-

The last inequality is true, since we know [2=rHl£27] —
(=] > L"_kj = d from the proof of Theorem 9. This
contradicts that z is 451-close to E/\ w(m). ]

C. Local Decoding Algorithm

Next we show a local decoding algorithm L? ., which is a

probabilistic algorithm.

n, k>
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Algorithm L 7}‘1, k

Input: i € [n], (z1,...,7,) € S}

Output: m;, the ith message bit

. J—{i+1,...,n}

2. do

3. Uniformly and randomly pick j € J;
4. if z; > z; then output 1;

5. if z; < z; then output 0;

6. J—J-{j}h

7. loop;

Lgyk allows us to decode ¢th message bit more effi-
ciently than Uri"k, but it may give a wrong result with
certain probability. To illustrate this fact, we consider
two permutations z = (1,4,1,2,2,3,3,4,5,5),y =
(1,5,1,2,2,3,3,4,4,5) = FE7;4(0,1,0,0) and the result

of L2y 4(2,%). Since duas(z,y) = 1 < L= 02 (z)
outputs (0, 1,0,0). L7, 4(2,z) should output 1, but when j is
picked as 9 or 10 at line 3, L%, 4(2, x) outputs 0.

We discuss its efficiency and error probability in this sub-
section. We prove that it reads at most A + 1 entries of the re-
ceived word in Lemma 7, hence its running time is O(\). It has
a chance to output wrongly, but we show that the error proba-
bility is small in Theorem 11. Furthermore, L;\L, & always outputs
correct message bit when it was given a codeword as input, see
Corollary 7.

Lemma 7: Given a permutation £ = (21,...,2,)
and an index i € [k], L;, , terminates within X iterations.
Proof: By contradiction, assume L\ , does not output be-
fore the end of the Ath iteration. For £ < 7)\, let 7, be the index
picked in the (th iteration. For every £ < A, we have z; = z;,,
otherwise L}  outputs at the £th iteration. Therefore, there are
at least A + 1 entries of z equal to z;. It implies z ¢ C’Q, e A
contradiction. There is some z;, # z;, and LQ, & outputs in the

/th iteration. [ |

Theorem 7: Given a permutation £ = (x1,...,Z,) 6-close
to a codeword E ,(m) = (y1,...,yn) € C2, for some m
and an index i € [k], L} , outputs m; with probability at least
1- % at its first iteration.

Proof: Without loss of generality, we assume m; = 0, y; =
t and let » be the maximum number among ¥; 41, . .., Yn, 1.€.,
at the start of the ith iteration min = ¢ and max = wu while
encoding. Assume there are v numbers equal to ¢ among
Y1,--.,Yi_1, and there are ' numbers equal to u among

Yit1, - - - Yn. According to the encoding algorithm, we have

{Wit1,- - yn}
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Since duax (€, B, y(m)) < 6, we have |z; — y;| < 6 and
|z; — yi| < é. The probability that LQ’  does not output m;
at the first iteration is

Priz; > z;] < Prly; + 6 > ]
< Prlyi+6 > y; — 0]
= Prly +26 > y;].

There are at most 20X + A — v — 1 possible y;’s less than or
equal to y; + 26. Thus,

20+ DA —y—1
n—1i
A4+ 2041
- dx d

Priz; > z;] < (

Therefore, the probability that L? , outputs m; correctly at the
first iteration is at least 1 — %. ]

Corollary 7: Given a codeword = E) ;(m) for some m
and an index ¢, Lﬁy & outputs m; correctly.

Proof: By Lemma 7, there exists £ < \ such that L) ,
terminates at the /th iteration. Let j be the index picked at the
lth iteration, we have x; # x;, where j > 4. Note that x is
a codeword: z; < z; implies m; = 0 and z; > x; implies
m,; = 1. Hence, Lf;y . outputs m; correctly. ]

A private information retrieval (PIR) system consists of ¢
servers. All servers know a codeword z = (z1,...,x,) rep-
resenting a message m = (mq,...,mg), and a user wants to
know one bit m; of m via query a symbol from each server. We
say a PIR has retrievability r if the user can obtain the message
bit with probability r. Let D(s,4) be the distribution of entry
queried from server s when the user tries to retrieve m;. A PIR
has privacy pif max; je(x),seq A(D(s,4),D(s,5)) < p, where
A(+, -) is the statistical distance. A (g, r, p)-PIR is a g-server PIR
with retrievability r and privacy p. A (g, r, p)-PIR has perfect re-
trievability if » = 1 and perfect privacy if p = 0.

With our FPA C?,, we construct a (A + 1,1,p)-PIR with
perfect retrievability and privacy p > 0. The scheme is simple:

* Foramessage m, weputx = Eﬁk (m) onall A\+1 servers.

* We retrieve m; by LQ . by querying entries from servers

in a random order.
The perfect retrievability is guaranteed by Corollary 7. How-
ever, in order to retrieve m;,x; must be queried from some
servers at certain positions £ > ¢, and we have rp > 0. We
leave the improvement on the privacy p as our future work.
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