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Abstract

For high speed mobile communication applications, the data rate can be increased by
using multiple channels (or time slots) instead of a single channel (or time slot). To re-
duce the high blocking rate of multiple channels assignment, flexible resource allocation
strategies are exercised. This paper proposes a generic Mobile Switching Center (MSC)
resource allocation algorithm called MRA algorithm for Personal Communications Ser-
vices (PCS) data services. The algorithm may combine with any base station resource
allocation algorithms proposed in our previous study. A simulation model is proposed
to investigate the performance of these algorithms. We define satisfaction indication SI
to measure the performance of the resource allocation. SI indicates the customer’s sat-
isfaction about the call connection, it can also be used by the service provider as a
charge indication. © 1998 Published by Elsevier Science Inc. All rights reserved.
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consideration the indiscernibility between objects. The indiscernibility is typi-
cally characterized by an equivalence relation. Rough sets are the results of ap-
proximating crisp sets using equivalence classes. The fuzzy set theory deals with
the ill-definition of the boundary of a class through a continuous generalization
of set characteristic functions. The indiscernibility between objects is not used
in fuzzy set theory [2]. A fuzzy set may be viewed as a class with unsharp
boundaries, whereas a rough set is a crisp set which is coarsely described [35].

Klir [7] compared the roles played by non-classical logics, such as many-val-
ued logics and modal logics, for interpreting fuzzy sets and rough sets. Accord-
ing to Haack [6], a non-classical logic is a deviation of classical two-valued
logic, i.e., a deviant logic, if the two logics have the same logical vocabulary
but different axioms or rules. Many-valued logics may be viewed as deviant
logics. A non-classical logic is an extension, i.e., an extended logic, if it adds
new vocabulary along with new axioms or rules for the new vocabulary [6].
Modal logics may be viewed as extended logics. Classical set-theoretic opera-
tors reflect the corresponding logic connectives in classical two-valued logic
{7]. Similar correspondence may also be established between non-classical
set-theoretic operators and non-classical logic connectives [7]. Non-classical
set theories may therefore be similarly viewed as deviations and extensions
of classical set theory. From such a point of view, this paper presents a com-
parative study of theories of fuzzy sets and rough sets.

As pointed out recently by Zadeh [34], fuzzy logic has many facets: the log-
ical facet, the set-theoretic facet, the relational facet, and the epistemic facet.
Each of these facets may be further divided. In the same way, there are many
different formulations and interpretations of the theory of rough sets [29]. It is
very important to realize that our comparisons of two theories are based on
very specific interpretations of each theory. Furthermore, many issues involved
in both theories are not taken into consideration. Although conclusions drawn
from such comparisons should be read cautiously, the examination may pro-
vide more insights into both theories.

2. Overview of fuzzy sets and rough sets

There are many formulations and interpretations of theories of fuzzy sets
and rough sets [9,21]. This section reviews some of the commonly used systems
that are closely related to classical set algebra.
2.1. Fuzzy sets

The notion of fuzzy sets provides a convenient tool for representing vague

concepts by allowing partial memberships. Among many formulations of fuzzy
sets, we choose two systems that are related to many-valued logic and modal
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logic [7]. In both systems, a fuzzy set can be interpreted by a family of crisp
sets, and fuzzy set operators can be defined using standard set operators.

Let U be a finite and non-empty set called universe. A fuzzy set o/ of U is
defined by a membership function

oyt U= 0,1, (1)

The membership values may be interpreted in terms of truth values of certain
propositions, and fuzzy set operators in terms of logic connectives in many-val-
ued logic. This provides a formulation of fuzzy set theory based on many-val-
ued logic [7]. In the study of many-valued logic, there are many definitions for
logic connectives [24]. Similarly, there are many definitions for fuzzy set com-
plement, intersection, and union. With the min—-max system proposed by Za-
deh [33], fuzzy set operators are defined componentwise as

Hoy(x)=1=p,x),
Homp(X) = minjp, (x), g (x)], (2)
Hop(x) = max{p,, (x), pg(x)].

Let #(U) denote the set of all fuzzy sets, i.e., the set of all functions from U
to [0, 1]. The min—max fuzzy set algebra is a system (#{(U), 1 — -, min, max),
where 1 — -, min, and max are defined componentwise by Eq. (2). It can be al-
gebraically characterized by a completely distributive lattice [17]. In general,
fuzzy set intersection and union may be defined in terms of ¢-norms and z-co-
norms [9]. By choosing different pairs of t-norms and ¢-conorms, one can derive
distinct fuzzy set systems. The mathematical structures of the corresponding
fuzzy set algebras are not entirely clear. In many fuzzy set systems, membership
functions of complement, intersection, and union of fuzzy sets are defined
based solely on membership functions of the fuzzy sets involved. In fact, stud-
ies on fuzzy sets have been focused mainly on such truth-functional fuzzy set
operators.

A crisp set can be regarded as a degenerated fuzzy set in which the member-
ship function is restricted to the extreme points {0, 1} of [0, 1]. In this case, the
membership function is also referred to as a characteristic function. A fuzzy set
can be related to a family of crisp sets through the notions of a-level sets. Given
a number « € [0, 1], an a-cut, or a-level set, of a fuzzy set is defined by

Ay ={x €U pyx) 2 af, (3)
which is a subset of U. A strong a-cut is defined by
Ay ={x €U | uy(x) > a}. (4)

Using either a-cuts or strong a-cuts, a fuzzy set determines a family of nested
subsets of U. Conversely, a fuzzy set .o/ can be reconstructed from its a-level
sets as follows:
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Uy (x) = sup{a|x € o,}. (5)
This observation is commonly summarized by a representation theorem of
fuzzy sets, which states that there is a one-to-one relationship between a fuzzy
set and a family of crisp sets satisfying certain conditions [9,13,17,18]. There-
fore, one can use either definition of fuzzy sets. Each of the two methods,
i.e., functional approach using membership functions and set-based approach
using families of a-level sets, has its advantages in the study of fuzzy sets. One
of the main advantages of the set based representation is that it explicitly estab-
lishes a connection between fuzzy sets and crisp sets. Such a linkage shows the
inherent structure of a fuzzy set.
An implication of the min—-max system is that fuzzy set operators can be de-
fined by set operators on a-level sets. They can be expressed by

(o), == 1yt
(4 NB), = od,N By, (6)
(L UB), =, UB,

The a-level sets of fuzzy sets for intersection and union are obtained from the
same o-level sets of the fuzzy sets involved. When an arbitrary pair of ¢-norm
and f-conorm is used, it may be difficult to define such operators using set op-
erators on o-level sets of fuzzy sets.

Klir [7] proposed another formulation of fuzzy sets based on modal logic. A
slightly different development is presented below by clearly identifying the un-
derlying system being adopted. In this model, a vague concept is characterized
by some, possibly different, crisp sets. Let W = {w,...,w,} denote a set of n
possible worlds or states. With respect to W, a vague concept is represented by
n crisp sets

A = (Aw,,...,A4y,). (7
In each world w;, the vague concept is described precisely by a crisp set 4,,.. The
vagueness is captured by distinct representations of the same concept in differ-
ent worlds. A similar approach was also used by Kruse et al. [11], in which each
possible world is referred to as a context in a framework consisting of layered
contexts. The set all families of # crisp sets is given by the n-fold Cartesian
product of 2Y, namely, [] 2Y =2Y x --- x 2V (n repetitions). We can define

set-theoretic operators on [],2Y componentwise as follows: for o =
(Aw,,...,Ay,) and B = (B,,,...,B.,),

ﬁd = (_‘AWI"' .,ﬂAwn),
ﬂﬁg:(Awlanlv‘--vAwnnBWn)’ (8)
A IR = (Aw1 UBWU""AW" UBWn)‘

The system (J], 2Y, -, N, U) may be interpreted as the n-fold product of classi-
cal set algebra (2Y, =, N, U). It corresponds to the n-fold product of classical
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two-valued logic discussed by Rescher [24]. From this system, one can develop
a constructive method for defining a fuzzy set using a family of crisp sets and a
weighting function.

Suppose Q: W — [0,1] is a weighting function satisfying the condition

ZQ(W,-) = Zw =1, (9)

where the simplified notation w; = Q(w) is used. For an element of [], 2V rep-
resenting a vague concept, a fuzzy set can be defined by

pa) = 3o, (0, (10)

where p, 1is the characteristic function of 4,,. If each crisp set 4,, represents
one view of the vague concept, a fuzzy set may be interpreted as a weighted
combined view. Fuzzy sets corresponding to complement, intersection, and un-
ion can be constructed from —~&/, &/ N %, and &/ U4 by combining Egs. (8)
and (10). They may be regarded to be the results of fuzzy set complement, in-
tersection, and union. An important feature of the constructive formulation of
fuzzy sets is that operators N and U are no longer truth-functional. They obey
the following properties:

(f1) fog () = 1= py(x),

(f2) Houa(X) = poy (%) + pp(x) — poyng(x),

(f3)  max(0, py (x) + py(x) — 1) < pyny(x)

< min(p, (x), py(x)),

(f4) max(py (x), gy (X)) < tous(x) < min(l, p, (x) + py(x)).
Property (f2) links together fuzzy set intersection and union. Properties (f3)
and (f4) provide the ranges of membership values of intersection and union,
based on membership values of the two component fuzzy sets.

For a given fuzzy set o/ in & (U), there exists at least a set of possible
worlds, a weighting function, and a family of crisp sets, from which the fuzzy
set can be obtained. Consider a set of possible worlds with |U| elements, where
| - | denotes the cardinality of a set. With each possible world w;, one associates
a unique singleton subset {x;} of U. Let the weight function be defined by
w; = py(x;), where u_,(x;) is the membership value of x;. It can be easily seen
that they produce the fuzzy set /. For a fixed set of possible worlds and a
weighting function, one can define at most 271Vl distinct fuzzy sets. Each of
them corresponds to a distinct family of n crisp sets. For an arbitrary fuzzy
set in & (U), if the set of possible worlds and the weighting function are fixed,
it may not be possible to find a family of » crisp sets that produces the given
fuzzy set. Furthermore, each family of » crisp sets corresponds to a fuzzy set
in #(U), but the converse is not necessarily true. It may happen that a fuzzy
set of # (U) is produced by two different elements of [],2Y.
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2.2. Rough sets

The theory of rough sets is motivated by practical needs to interpret, char-
acterize, represent, and process indiscernibility of individuals. For example, if a
group of patients are described by using several symptoms, many patients
would share the same symptoms, and hence are indistinguishable. This forces
us to think a subset of the patients as one unit, instead of many individuals.
Rough set theory provides a systematic method for representing and processing
vague concepts caused by indiscernibility in situations with incomplete infor-
mation or a lack of knowledge. At least two views can be used to interpret this
theory, operator-oriented view and set-oriented view [29].

Formally, indiscernibility may be described by an equivalence relation
# C U x U on a finite and non-empty universe U, namely, Z is reflexive, sym-
metric and transitive. The relation # partitions U into a family of disjoint sub-
sets U/ called a quotient set of U. For two elements x,y € U, if x#y we say
that x and y are indistinguishable. Elements of U/% are called elementary or
atomic sets. The empty set and the union of one or more elementary sets are
called composed or definable sets.

The underlying system for constructing rough sets is the set algebra (29, -,
N,U). An element 4 of 2Y represents a non-vague concept. When such a non-
vague concept is viewed with respect to elements of the quotient set U/4, i.e.,
the equivalence classes of £, it becomes vague and uncertain. Consider two el-
ements x,y € U and a subset 4 C U with x&#y, x € 4, and y & 4. The informa-
tion given by the equivalence relation suggests that they are indistinguishable.
On the other hand, only one of them belongs to 4. From the point view of 4, x
and y are distinguishable. This inconsistency causes the non-vague concept to
be vague and uncertain. For a subset 4 C U, one may describe it by a pair of
lower and upper approximations:

apr(d) = {x € U | [x], C 4},
= Hil, € U/# | [x], € 4}, (11)
apr(4) = {x € U | ], n4 # 0},
=K, €U/ | [x],n4 #0},
where
Xz = {» | x%y} (12)

is the equivalence class containing x. The lower approximation apr(A4) is the un-
ion of elementary sets which are subsets of 4, and the upper approximation
apr(4) is the union of elementary sets which have a non-empty intersection
with 4. That is, apr(4) is the greatest definable set contained by 4, while
apr(A4) is the least definable set containing 4.
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The lower and upper approximations can be understood as a pair of addi-
tional unary set-theoretic operators apr,apr : 2V — 2V, called approximation
operators. They play a similar role as that of set complement [15,30]. By com-
bining them with other set-theoretic operators, we have a system
(2Y,-,N, U, apr,apr), where (2Y, -, N, U) is the classical set algebra. Operators
apr and apr obey the following properties: for any subsets 4,8 C U,

(RO)  apr(d) = —apr(—4),
apr(4) = —apr(-4),
(R1)  apr(4) C A C apr(4),
(R2)  apr(0) =apr(0) =0,
(R3)  apr(U) =apr(U) = U,
(R4)  apr(4NB) = apr(4) Napr(B),
apr(A N B) C apr(A) Napr(B),
(RS)  apr(4UB) 2 apr(4) Uapr(B),
apr(4 U B) = apr(4) Uapr(B),
(R6)  apr(4) = apr(apr(4)) = apr(apr(4)),

apr(4) = apr(apr(4)) = apr(apr(4)).

Property (RO) shows that apr and apr are dual operators with respect to set
complement —. Property (RI) says that the two operators produce a range in
which lies the given set. Properties (R2) and (R3) are the boundary conditions
that the operators must meet at the two extreme points of 2V, the minimum
element () and the maximum element U. Properties (R4) and (R5) may be
viewed as weak distributivity and distributivity of operators apr and apr over
set intersection and union. Property (R6) indicates that the result of iterative
applications of approximation operators is the same as that of the last one.

The above formulation is referred to as the operator-oriented view of rough
sets. Another interpretation, called set-oriented view, can be developed based
on the notion of rough membership functions [22,26,29]. For a subset
A C U, we define a rough set characterized by the membership function

_ 140 [x]l

14 (x) =R (13)

which represents a vague concept. One can easily see the similarity between
rough membership functions and conditional probabilities. The rough mem-
bership value u,(x) may be interpreted as the probability that an arbitrary el-
ement of [x], belongs to A4.

There does not exist a one-to-one relationships between rough sets and sub-
sets of U. Two distinct subsets of U may define the same rough membership
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function. Consequently, rough set operators cannot be defined directly using
rough membership functions. Membership functions of rough sets correspond-
ing to -4, AN B, and 4 U B must be computed using set operators and Eq. (13).
By laws of probability, intersection and union of rough sets are not truth-func-
tional. Nevertheless, we have

(m0) Y€ [xlg = px) = my(v),

(ml) Hog(x) = 1 = py(x),

(m2) Haup(¥) = py(x) + ug(x) — ping(x),
(m3)  max(0, p,(x) + pp(x) — 1) < pynp(x)

< min(p, (x), pp(x)),
(md) max (p,(x), pp(x)) < pags(x) < min(1L, py(x) + pg(x)).
Property (m0) states that elements in the same equivalence class have the same
degree of membership. Properties (m1)-(m4) are similar to properties (f1)—(f4)
of fuzzy sets formulated based on modal logic.

The theory of rough sets can be easily generalized by using an arbitrary bi-
nary relation, instead of an equivalence relation. Let # be any binary relation
on the universe U. The relation # may be more conveniently represented by %-
related elements through a mapping %, : U — 2V

#s(x) = {y € U | x%y}. (14)
The set #,(x) may be viewed as a neighborhood of x defined by the binary re-
lation # [14,30]. For a subset 4 of the universe, a pair of approximation oper-
ators can be defined by substituting [x], with %,(x) in Eq. (11) as follows
[29,30]:

apr(4) = {x | #,(x) C 4},

apr(d) = {x | Z;(x) N4 # 0}. (15)
They can be equivalently defined by

apr(d) = {x | Vy € Uly € R,(x) = y € 4]},

apr(d) = {x| Iy € U]y € A(x),y € 4]}, (16)
which relates approximation operators to necessity and possibility operators of
modal logics. Approximation operators do not satisfy all properties (R0)~(R6).

By imposing additional constraints on the binary relation, one can obtain ap-
proximation operators that satisfying each of these properties [30].

3. Comparisons of fuzzy sets and rough sets

This section compares theories of fuzzy sets and rough sets based on the
models presented earlier. The set-oriented view of rough sets is related to fuzzy
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sets and offers an deviation of classical set theory. In contrast, operator-orient-
ed view of rough sets is complementary to fuzzy sets and offers an extension of
classical set theory. The arguments may be extended to other models of these
theories.

3.1. Fuzzy sets, set-oriented view of rough sets: Deviations of classical set theory

A fuzzy set is defined by a membership function from a universe U to the
unit interval [0, 1]. This introduces generalized notions of sets and members
of sets, compared with classical sets. In order to accommodate these notions,
meanings of classical sets and set-theoretic operators have to be modified.
Many proposals have been made for defining fuzzy set operators [4,25]. Typi-
cally, no new set-theoretic operators are introduced, although set complement
may be extended into several forms [1]. From this observation, the theory of
fuzzy sets may be viewed as being a deviation of classical set theory. Both the-
ories share the same vocabulary, but have different interpretations for the vo-
cabulary.

A fundamental difficulty with fuzzy set theory is the semantical interpretat-
ions of the degrees of membership, similar to difficulties in the semantical inter-
pretations of truth values in many-valued logics [24]. This in turn leads to
difficulties in the semantical interpretations of set-theoretic operators. Al-
though one can define fuzzy set operators in the min—max system using set op-
erators through o-level sets, it is mainly a technical result rather than a
semantical interpretation. In the context of many-valued logics, Rescher [24]
reviewed a number of solutions to these difficulties. One solution is the use
of product logic which interprets a many-valued logic based on the semantics
of lesser-valued systems. Another solution is the probabilistic approach to
many-valued logic. Within the framework of fuzzy sets, the model proposed
by Klir {7] corresponds to the former solution, while the set-oriented view of
rough set corresponds to the latter solution.

In developing modal logic based fuzzy sets, we start from the product system
(I1,2Y,-,n,U). The system can be explained by using the semantical interpr-
etation of classical set theory. With respect to a specific possible word, every
vague concept is represented by a crisp subset of U. The interpretations of
membership and set-theoretic operators are exactly the same as that of classical
set theory. The vagueness is described by differences in representations of the
same vague concept in various possible worlds. A fuzzy set is a weighted com-
bination. This model captures one possible source of vagueness, and provides a
semantical interpretation of fuzzy set theory based on the semantical interpr-
etations of classical set theory.

The set-oriented view of rough sets starts from classical set algebra (2Y, =, N,
U), and associates a fuzzy set with each subset of the universe. Vagueness in
concept formation and representation comes from our inability to describe a
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precisely defined concept in situations with incomplete information, where a
group of individuals cannot be distinguished. This model captures another
source of vagueness. Rough membership functions may be interpreted as a spe-
cial type of fuzzy membership functions, which can be interpreted in terms of
probabilities defined simply by cardinalities of sets [22,26]. In general, one may
use a probability function on U to define rough membership functions [32].
With this view, rough set theory may be regarded as being a deviation of clas-
sical set theory, in the same way that fuzzy set theory is viewed. Using termi-
nologies of fuzzy sets, lower and upper approximations are the core and
support of fuzzy set p,

core(g) = {x | py(x) = 1} = apr(4),
support(py) = {x | p4(x) > 0} = apr(4). (17)

In fact, lower approximation is the 1-level set, while upper approximation is the
strong 0-level set.

The formulation and interpretation of fuzzy sets and set-theoretic operators
are inseparable parts of theories of modal logic based fuzzy sets and rough sets.
In the former model, fuzzy sets and set-theoretic operators are based on repre-
sentations of vague concepts in various worlds. In the latter model, rough sets
and set-theoretic operators must be computed based on the sets involved and
their interaction with equivalence classes. Fuzzy set operators defined in both
models satisfy similar properties as shown by (f1)-(f4) and (m1)-(m4), in spite
of the fact that two entirely different interpretations are used. The representa-
tions of vague concepts in a set of possible worlds, or the equivalence relation
R, may be referred to as the context that provides semantical interpretations
for membership functions of, and operators on, fuzzy sets. In many studies,
the formulation and interpretation of fuzzy sets and set-theoretic operators
are not incorporated into the theory. This may be one of the main causes
for difficulties in semantical interpretations of fuzzy set theory. From the above
discussions, one may say that a plausible solution to these difficulties is to de-
sign a theory that incorporates semantics information about the fuzzy concepts
being modeled. One may formulate various sub-theories of the general theory
of fuzzy sets, each of them is intended for specific situations with different se-
mantics of membership values and set-theoretic operators. Modal logic based
fuzzy sets and rough sets may be considered as two such sub-theories.

Modal logic based fuzzy set model and rough set model provide constructive
approaches for the development of fuzzy set theory, in which both fuzzy sets
and set-theoretic operators are constructed based on well-known concepts.
This avoids the difficulties in the semantical interpretations of the theory. How-
ever, they can deal with only a subset of the set of all fuzzy sets % (U). One may
say that they are more restrictive than the general fuzzy set theory. It should be
taken as an advantage, rather than a limitation, of the theory. By explicitly
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stating the underlying assumptions and interpretations, one may provide
guidelines regarding the correct uses of the theory. Fuzzy set systems, such
as the min-max system, are more general. Unfortunately, they do not provide
such guidelines. It might be more fruitful to examine sub-theories of fuzzy sets,
each has its own clearly stated assumptions and intended domain of applica-
tions. In the development of fuzzy set theory, truth-functional operators have
been studied and applied extensively, although non-truth-functional systems
have been studied in many-valued logics [24]. Klir [7] pointed out that it is im-
portant to study non-truth-functional fuzzy set operators. With regard to this,
both modal logic based fuzzy sets and rough sets use non-truth-functional op-
erators.

There are additional features of rough set theory. In the theory of fuzzy sets,
the membership value of an element does not depend on other elements. In
contrast, with respect to an equivalence relation, the membership value of an
element depends on other elements in the theory of rough sets [2]. Property
(mO) reflects this observation. Such a property does not have a counterpart
in the modal logic based fuzzy sets. In the study of fuzzy sets, many types of
fuzzy set membership functions have been proposed and applied [9]. They im-
plicitly specify the membership value of one element with respect to other ele-
ments. For example, the membership value of a 20 years old person being
young is related to the membership values of 19 and 21 years old persons. Se-
mantics constraints on fuzzy membership functions should be explicitly and
formally stated and incorporated into fuzzy set theory. There may be other in-
terpretations of rough membership functions. In relation to a three-valued log-
ic and the corresponding three-valued fuzzy sets, one can define a rough
membership function:

17 {x]ﬂ g A’
pi(x) =4 1/2, [zN4#0and [x], Z 4, (18)
0, [x],NA4=0.
Set-theoretic operators can be similarly defined and interpreted. The choice of 4

is arbitrary. One may in fact choose any value other than 0 and 1 as the third
value. The resulting three-valued logic is not truth-functional.

3.2. Operator-oriented view of rough sets: Extension of classical set theory

Under operator-oriented view of rough sets, we start from a binary relation
and construct a pair of approximation operators. The result is a system
RS = (2Y, =N, U, apr,apr), called a rough set algebra. Alternatively, we may
define a rough set algebra by specifying two operators apr,apr: 2V — 2V
and axioms that must be satisfied by the operators [15,29]. In a rough set alge-
bra (2Y,—,N, U, apr,a@pr), =, N, and U are standard set operators. Operators apr
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and apr are two additional unary set-theoretic operators. They are non-truth-
functional operators, and cannot be defined by standard set-theoretic opera-
tors. The theory of rough sets introduces new vocabulary to classical set theory
and additional rules for the vocabulary. Unlike fuzzy sets and set-oriented
view, operator-oriented view may be regarded as being an extension of classical
set algebra with a pair of additional operators [15,30].

Approximation operators apr and apr may be related to operators in other
mathematical structures. A Pawlak rough set algebras built from an equiva-
lence relation is related to a special topological space in which an open set is
closed and vice versa [19]. If a reflexive and transitive binary relation is used,
lower and upper approximations defined by Eq. (15) are exactly interior and
closure operators satisfying Kuratowski axioms for topological spaces
{10,15,29]. There are other ways for defining approximation operators if a
non-equivalence relation is used [15,29]. However, exact mathematical struc-
tures of the corresponding rough set algebras are not entirely clear.

Rough set theory extends set theory in the same way that modal logic ex-
tends classical logic. Algebraically speaking, both rough set algebra and prop-
ositional modal logic can be related to Boolean algebra with added operators
[3,12]. A Pawlak rough set can be algebraically characterized by a special class
of topological Boolean algebra in which an open element is closed and vice ver-
sa [3,23]. The relationships between Boolean algebra with added operators,
rough set algebras, and propositional modal logics imply that every theorem
in any one of these theories has a counterpart in the other theory. They enable
us to cover all these theories by developing one of them [7].

4. Combination of fuzzy sets and rough sets

Two views of rough set theory provide distinct generalizations of classical
set theory, namely, deviation and extension. In the study of non-classical logic,
systems have been studied which are both deviation and extension of classical
logic [7]. In set-theoretic framework, this may be achieved by the combination
of fuzzy sets and rough sets, or the combination of two views of rough sets [28].
By using an equivalence relation on U, one can introduce lower and upper ap-
proximations in fuzzy set theory to obtain an extended notion called rough fuz-
zy sets [5,13,28]. Alternatively, a fuzzy similarity relation can be used to replace
an equivalence relation, the result is a deviation of rough set theory called fuzzy
rough sets [5,16]. A more general framework can be obtained which involves
the approximation of fuzzy sets based on fuzzy similarity relations. The results
may have several interpretations [28]. Based on our comparisons of two theo-
ries, further results on this topic can be obtained.

Klir [7] suggested that one may use necessity and possibility modal operators
to define and interpret interval fuzzy sets. This is related to the notions of lower
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and upper approximations in operator-oriented view of rough sets, but the for-
mulation is different. Let # be a binary relation on the set of possible worlds
W = {wy,...,w,}. For any world w;, the set of #-related worlds is given by

Rs(wi) = {w; | wiAw;}. (19)
A vague concept is represented by three elements of [], 2V as follows:

A = (Aus- s Aw,)s

O = (4,54, )

1 Low,

O = (Au,y ..., Av,)- (20)
The families 0.7 and $.of of n crisp subsets of U are defined from .« by

A, ={xeU|V w; € Ww; € R(w:) = x € 4]},

A,, ={xe€ U|3w; € Ww; € A(w;),x € 4,,)}. (21)
Similarly, O and { may be understood as being a pair of unary operators on
the product system [],2Y. They are derived from a binary relation on W, in-
stead of a binary relation on [],2Y or a binary relation on U. From O/
and $¢, one can define two fuzzy membership functions in a way similar to
Eq. (10). They define an interval fuzzy set. This model of interval fuzzy sets
is an extension of fuzzy set theory.

In Klir’s definition of interval fuzzy sets, operators [J and <> are not defined
using operators on 2Y, which is different from the definition of operators —, N,
U. A solution to this problem can be obtained by considering the n-fold prod-
uct system ], RS = RS x --- x RS (n repetitions) of a rough set algebra RS =
(2Y,=,N, U, apr,apr). In this case, similar to the definition given by Eq. (8), a
pair of lower and upper approximations are defined componentwise by

apr(f) = (apr(dw,), - -, apr(4s,)),
apr(s/) = (apr(Aw, ), - - -, apr(A,)). (22)

The product system (], RS, ~,N, U, apr, @pr) can be explained using the seman-
tical interpretations of rough set algebras. By combining Egs. (22) and (10), we
have another definition of interval fuzzy sets. This notion of interval fuzzy sets
is the result of combining modal logic based fuzzy sets and rough sets. In gen-
eral, one may consider a product system in which different rough set algebras
are used for different possible worlds.

In the set-oriented view of rough sets, lower and upper approximations are
not used. One may in fact use them to define interval fuzzy sets as follows:

N OLLC)
Pt E2Z5

_ ) A,
Faro ) = leor
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If # is an equivalence relation, the results are not so interesting, as they are in
fact the characteristic functions of apr(4) and apr(4). If # is only a serial re-
lation (22 is serial if for all x € U, #,(x) # 0), tyr(4) and pizz(4 can be interpre-

ted using belief and plausibility functions [31]. If £ is transitive and connected
(% is connected is for all x,y € U, either x#y or y%x), they can be interpreted
using necessity and possibility functions [8].

5. Conclusion

In this paper, we have examined relationships and differences between the-
ories of fuzzy sets and rough sets with respect to two formulations of fuzzy sets
and two views of rough sets. A fuzzy set is defined by a membership function
from a universe U to the unit interval [0, 1]. Fuzzy set intersection and union
are typically defined using #-norms and f-conorms, which are generalizations
of set intersection and union [9]. Such a fuzzy set theory is based on many-val-
ued logic and may be considered as a deviation of classical set theory. Klir [7]
used modal logic as a basis for the development of fuzzy set theory. The
possible-world semantics is used to construct fuzzy sets and operators on fuzzy
sets, rather than introducing new set-theoretic operators. The resulting fuzzy set
theory is also a deviation of classical set theory. The investigation of fuzzy sets
based on modal logic suggests an important research direction, in which fuzzy
sets with non-truth-functional set-theoretic operators are studied.

There are at least two views for interpreting the theory of rough sets [29].
Depending on the views adopted, one may regard rough set theory as either
a deviation or an extension of classical set theory. In set-oriented view, a rough
set is defined by using a rough membership function [22]. One may treat rough
sets as a special class of fuzzy sets, in which membership functions are interpre-
ted in terms of conditional probabilities [26]. This view of rough sets can be re-
lated to a special many-valued logic known as probabilistic logic [24]. In this
case, no additional operators are introduced and classical set-theoretic opera-
tors are used to define rough set operators. Like fuzzy set theory, rough set the-
ory under set-oriented view is a deviation of classical set theory. Similar to the
modal logic based fuzzy sets, it may be considered to be a more concrete sub-
theory of fuzzy sets. A salient feature of both models is that the formulation
and interpretation of membership functions and set-theoretic operators are em-
bodied in the theory. Furthermore, rough set operators are no longer truth-
functional. In operator-oriented view, a set is approximated by a pair of sets
called lower and upper approximations. They can be understood through
two unary set-theoretic operators [15]. This view is related to modal logic
{30). Since rough set theory under this view only introduces two additional op-
erators and does not change the meaning of other set-theoretic operators, one
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may consider it as an extension of classical set theory. It is different from, and
complementary to, fuzzy set theory.

Many attempts have been made to combine theories of fuzzy sets and rough
sets in order to have an algebra which is both an extension and a deviation of
classical set algebra [5,16]. One may introduce additional set-theoretic opera-
tors in the theory of fuzzy sets, or use graded binary relations in the theory
of rough sets [28]. Our comparisons of fuzzy sets and rough sets lead to further
interesting results. The notion of interval fuzzy sets have been introduced for
both modal logic based fuzzy sets and set-oriented view of rough sets.

References

[11 G. Cattaneo, G. Nisticé, Brouwer-Zadeh poset and three-vaiued Lukasiewicz posets, Fuzzy
Sets and Systems 33 (1989) 165-190.

{2] S. Chanas, D. Kuchta, Further remarks on the relation between rough and fuzzy sets, Fuzzy
Sets and Systems 47 (1992) 391-394.

[3] B.F. Chellas, Modal Logic: An Introduction, Cambridge University Press, Cambridge, 1980.

[4] D. Dubois, H. Prade, A review of fuzzy set aggregation connectives, Information Sciences 36
(1985) 85-121.

[5] D. Dubois, H. Prade, Rough fuzzy sets and fuzzy rough sets, International Journal of General
Systems 17 (1990) 191-209.

[6] S. Haack, Philosophy of Logics, Cambridge University Press, Cambridge, 1978.

[7} G.J. Klir, Multivalued logics versus modal logics: alternative frameworks for uncertainty
modelling, in: P.P. Wang (Ed.), Advances in Fuzzy Theory and Technology, Department of
Electrical Engineering, Duke University, Durham, North Carolina, 1994, pp. 3-47.

[8] G.J. Klir, D. Harmanec, On modal logic interpretation of possibility theory, International
Journal of Uncertainty, Fuzziness and Knowledge-based Systems 2 (1994) 237-245.

[91 G.J. Klir, B. Yuan, Fuzzy Sets and Fuzzy Logic, Theory and Applications, Prentice-Hall, New
Jersey, 1995.

[10} J. Kortelainen, On relationship between modified sets, topological spaces and rough sets,
Fuzzy Sets and Systems 61 (1994) 91-95.

[11] R. Kruse, E. Schwecke, J. Heinsohn, Uncertainty and Vagueness in Knowledge Based
Systems, Springer, Berlin, 1991.

[12] E.J. Lemmon, Algebraic semantics for modal logics I, I1, Journal of Symbolic Logic 31 (1966)
46-65, 191-218.

[13] T.Y. Lin, Topological and fuzzy rough sets, in: R. Slowinski (Ed.), Intelligent Decision
Support: Handbook of Applications and Advances of the Rough Sets Theory, Kluwer
Academic Publishers, Boston, 1992, pp. 287-304.

[14] T.Y. Lin, Neighborhood systems: a qualitative theory for fuzzy and rough sets, in: P.P. Wang
(Ed.), Advances in Machine Intelligence and Soft-Computing, Department of Electrical
Engineering, Duke University, Durham, North Carolina, 1997, pp. 132-155.

{15] T.Y. Lin, Q. Liu, Rough approximate operators, in: W.P. Ziarko (Ed.), Rough Sets, Fuzzy
Sets and Knowledge Discovery, Springer, London, 1994, pp. 256-260.

[16] A. Nakamura, J.M. Gao, On a KTB-modal fuzzy logic, Fuzzy Sets and Systems 45 (1992)
327-334.

[17] C.V. Negoita, D.A. Ralescu, Applications of Fuzzy Sets to Systems Analysis, Birkhauser.
Basel, 1975.



242
[18]
[19]

[20]
21]

(22]
(23]

(24]
{25]

[26]
[27]

(28]

[29]
[30]
[31]

B2

{33]
[34]

(33]

Y.Y. Yao | Journal of Information Sciences 109 (1998) 227-242

C.V. Negoitd, D.A. Ralescu, Representation theorems for fuzzy concepts, Kybernetes 4 (1975)
169-174.

Z. Pawlak, Rough sets, International Journal of Computer and Information Sciences 11
(1982) 341-356.

Z. Pawlak, Rough sets and fuzzy sets, Fuzzy Sets and Systems 17 (1985) 99-102.

Z. Pawlak, Rough Sets: Theoretical Aspects of Reasoning about Data, Kluwer Academic
Publishers, Boston, 1991.

Z. Pawlak, A. Skowron, Rough membership functions, in: L.A. Zadeh, J. Kacprzyk (Ed.),
Fuzzy Logic for the Management of Uncertainty, Wiley, New York, 1994, pp. 251-271.

H. Rasiowa, An Algebraic Approach to Non-classical Logics, North-Holland, Amsterdam,
1974.

N. Rescher, Many-Valued Logic, McGraw-Hill, New York, 1969.

S. Weber, A general concept of fuzzy connectives, negation, and implications based on ¢
norms and s-conorms, Fuzzy Sets and Systems 11 (1983) 115-134.

S.K.M. Wong, W. Ziarko, Comparison of the probabilistic approximate classification and the
fuzzy set model, Fuzzy Sets and Systems 21 (1987) 357-362.

M. Wygralak, Rough sets and fuzzy sets — Some remarks on interrelations, Fuzzy Sets and
Systems 29 (1989) 241-243.

Y.Y. Yao, Combination of rough and fuzzy sets based on a-level sets, in: T.Y. Lin, N. Cercone
(Ed.), Rough Sets and Data Mining: Analysis for Imprecise Data, Kluwer Academic
Publishers, Boston, 1997, pp. 301-321.

Y.Y. Yao, Two views of the theory of rough sets in finite universes, International Journal of
Approximation Reasoning 15 (1996) 291-317.

Y.Y. Yao, T.Y. Lin, Generalization of rough sets using modal logic, Intelligent Automation
and Soft Computing, An International Journal 2 (1996) 103-120.

Y.Y. Yao, P.J. Lingras, Interpretations of belief functions in the theory of rough sets,
Information Sciences 104 (1998) 81-106.

Y.Y. Yao, S.K.M. Wong, Generalized probabilistic rough set models, in: Y.Y. Chen, K.
Hirota, J.Y. Yen (Ed.), Soft Computing in Intelligent Systems and Information Processing,
Proceedings of 1996 Asian Fuzzy Systems Symposium, Kenting, Taiwan, IEEE Press, New
York, 1996, pp. 158-163.

L.A. Zadeh, Fuzzy sets, Information and Control 8 (1965) 338-353.

L.A. Zadeh, Toward a restructuring of the foundations of fuzzy logic (FL), Abstract of BISC
Seminar, Computer Science Division, EECS, University of California, Berkeley, 1997.

L.A. Zadeh, Forward, in: E. Orlowska (Ed.), Incomplete Information: Rough Set Analysis,
Physica-Verlag, Heidelberg, 1998, pp. v-vi.



