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Abstract

A general framework of the theoretical analysis for the convergence and stability of
the standard least squares finite element approximations to boundary value problems of
first-order linear elliptic systems is established in a natural norm. With a suitable density
assumption, the standard least squares method is proved to be convergent without re-
quiring extra smoothness of the exact solutions. The method is also shown to be stable
with respect to the natural norm. Some representative problems such as the grad-div
type problems and the Stokes problem are demonstrated. © 1998 Published by Else-
vier Science Inc. All rights reserved.
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1. Introduction

The purpose of this paper is to establish a general framework of the analysis
for the convergence and stability of the standard least squares finite element
method which is applied to boundary value problems of first-order linear ellip-
tic systems. Some examples such as the grad-div type problems and the Stokes
problem are of particular interest in this framework.
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In the last ten years, the applications of the use of least squares principles in
connection with finite element techniques have been extensively studied for the
approximations in many different fields such as fluid dynamics, elasticity, elec-
tromagnetism, and semiconductor device physics. The approach offers certain
advantages, especially for large-scale computations. For example, it leads to
minimization problems rather than saddle point problems by the mixed finite
element approach, thus it is not subject to the restriction of the Babuska—Brezzi
condition; a single continuous piecewise polynomial space can be used for the
approximation of all the unknowns; the resulting algebraic system is symmetric
and positive definite; accurate approximations of all the unknowns can be ob-
tained simultaneously.

The least squares finite element approach represents a fairly general method-
ology that can produce a variety of algorithms. Roughly speaking, according
to the boundary treatment, these methods can be classified into the following
two categories (see Ref. [1] and references therein for more details): the stan-
dard least squares finite element method [2-7] and the weighted least squares
finite element method [8,9,1]. Here, standard means that the associated least
squares functional is defined to be the sum of the squared Z>-norms of the re-
siduals of the differential equations.

In the error analysis of the least squares methods mentioned above for first-
order elliptic systems, there is a problem that the error estimates require rela-
tively smooth exact solutions. The error estimates do not guarantee any con-
vergence when the methods are applied to problems with low regularity
solutions. Accordingly, in Ref. [10], a new least squares finite element method
based on a discrete minus one inner product for first-order systems is proposed.
The least squares method developed therein is shown to be convergent and sta-
ble in some Sobolev’s norm as long as the solution belongs to the space
H'*<(Q), for any ¢ > 0. However, this method seems rather tricky to implement
in practice.

In the present paper, we shall establish a general framework of the analysis
for the convergence and stability of the standard least squares finite element
approximations to first-order elliptic systems. By using the standard density ar-
gument [11], we prove that, without requiring extra smoothness of the exact so-
lutions, the standard least squares method is convergent in a natural norm
associated with the least squares bilinear form. We also show that the method
is stable with respect to the natural norm. Furthermore, for many examples as
we shall present, the natural norm is equivalent to some appropriate Sobolev’s
norm. Therefore, for these model problems at least, we have established the
convergence and stability in some Sobolev’s norm without any extra require-
ment on the regularity of the exact solutions.

The remainder of the paper is organized as follows. In Section 2, we intro-
duce the standard least squares finite element method for first-order elliptic sys-
tems. In Section 3, we establish the main results for the convergence and
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stability. In Section 4, some representative examples are given. Finally, in Sec-
tion 5, some concluding remarks are drawn.

2. The least squares finite element method

Throughout this paper, the classical Sobolev space H*(Q),s > 0 integer,
with its associated inner product (-, ), , and norm | - ||, ,, are employed [11-
13]. As usual, L?(Q) = H°(Q). For the product space [H*(2)]", the correspond-
ing inner product and norm are also denoted by (-,-), , and || - ||, 5, respective-
ly, when there is no chance for confusion.

As usual, L3(Q) will denote the subspace of square integrable functions
with zero mean, ie., [,vdx=0 for all v € L}(Q). By L*(Q) and L~(3Q)
we denote the usual Banach spaces of measurable and essentially bounded
real-valued functions defined on @ and 0Q with the norms |-, and
Il lo.00> Tespectively. Let 2(Q) denote the linear space of infinitely differen-
tiable functions with compact support in €, and let 2(Q) denote the restric-
tions of the functions in 2(R) to Q. It is well-known that 2(Q) is dense in
H'Y(Q).

We shall consider the standard least squares finite element approximations
to the boundary value problems of first-order linear elliptic systems in the gen-
eral form:

d
ZA,-QE+AOU=F in Q, (2.1)
= o
BU =G on 0Q, (2.2)

where 2 C R?,d > 2, is an open bounded connected domain with a smooth
boundary 0, and U = (ul,...,um)T,F = (f],...,f,,,)T,G= (gl,...,g,,)T. In
this paper, we shall always assume that the entries of m x m matrices
A € [L®(Q)™™,0<i<d, and the entries of nxm boundary matrix
B € [L*(3Q)]"™ are regular enough on Q and 9, respectively, such that prob-
lem (2.1) and (2.2) has a unique strong solution U € [H'(Q)]" with the given
functions F € [L*(Q)]", G € [L*(dQ)]". For simplicity, we also assume that
G = 0 on the boundary 0Q.

We now introduce the standard least squares finite element method for
problem (2.1) and (2.2). Define a function space ¥~ for our problem by

v = {V € [H'(Q)]"; BV = 0 on 8Q}, (2.3)

and then define a standard least squares energy functional #: ¥ — R by
2
V)=

d
ZAia—)I: + AoV —F (2.4)

0

i=1

0.2
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Obviously, the exact solution U € ¥~ of problem (2.1) and (2.2) is the unique
zero minimizer of the functional ¢ on ¥, that is,

FUYy=0=min{ g(V);V € v'}. (2.5)
Applying the variational techniques, we can find that (2.5) is equivalent to
BUVY=FV) VWe, (2.6)

where the bilinear form %(-,-) and the linear form & (-) are defined, respective-
ly, by

N1 4w
BV, W) = ZA,-§+AOV ZAia+A0W dx, (2.7)
i=1 ! i=1 !

Q

FV) = /F (i:A,-Z—Z +A0V> dx (2.8)

for all V, W € ¥". Therefore, the standard least squares finite element method
for problem (2.1) and (2.2) is to determine U, € ¥, such that

B(Un, Vi) =F V) YV €V, (29)

where the finite element space ¥, C ¥ is assumed to satisfy the following ap-
proximation property. For any V € ¥" N [HP*1(Q)]", p = 0 integer, there exists
V, € ¥, such that

IV = Vilho<CH|VI (2.10)

where the positive constant C is independent of ¥ and the mesh parameter A.
Approximation property (2.10) is satisfied for usual finite element spaces pro-
vided the associated family of triangulations {7} of Q is regular [11].

Throughout this paper, in any estimate or inequality the quantity C will de-
note a generic positive constant always independent of # and need not neces-
sarily be the same constant in different places.

p+1,2°

3. Convergence and stability

Itisclear that #(-, -) defines an inner product on ¥~ x ¥ since the positive-def-
initeness is ensured from the fact that problem (2.1) and (2.2) possesses the un-
ique solution U = 0 for F = 0and G = 0. Denote the associated natural norm by

171, = {8V, V)}'* wer. (3.1)

Although we do not know whether the || - [|,-norm is equivalent to the || - ||, o-
norm or not, evidently there exists a positive constant C such that

IVl <CliVlie YVey (3.2)
since 3°7 | 4,(8/@x;) + 4o in (2.1) is a first-order differential operator.
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We first state some fundamental properties of the standard least squares fi-
nite element scheme (2.9).

Theorem 3.1. Let U € [H!(Q)]™ be the exact solution of (2.1) and (2.2) with the
given functions F € [L*(Q)]" and G = 0.
(i) Problem (2.9) has a unique solution U, € ¥, which satisfies the following
stability estimate:

Ul < 1Flo 0 (3.3)

(ii) The matrix of the linear system associated with problem (2.9) is symmet-
ric and positive definite.
(iii) The following orthogonality relation holds:

BU-UpH)=0 VeV (3.4)
(iv) The approximate solution U, is a best approximation of U in the | - ||,
norm, that is,

U~ Uil = jnf U~ W, 33

Proof. To prove the unique solvability, it suffices to prove the uniqueness of
solution since ¥ is a finite-dimensional space. Let Uy be a solution of (2.9),
then we have

Uil = B(Us, Us) = #(Us)
d
oy
D A=+ AoUj
i=1 Ox;

<N FlloallUnlls,

<Floe

0,2

which implies (3.3). Consequently, the solution U, of (2.9) is unique.

Assertion (ii) follows from the fact that the bilinear form 4(-, -) is symmetric
and positive definite. (iii) is obtained by subtracting Eq. (2.9) from Eq. (2.6).
Using (3.4) and the Cauchy-Schwarz inequality,

IU = Uil = BU - Uy, U = Us)
ZQ(U—U;,,U—V;,) YV, € ¥y
WU = UnlllU = Wally, YV € ¥,
we prove (iv). [
Estimate (3.3) indicates that the standard least squares method is stable with

respect to the || - ||,-norm, that is, when we change the given data function F
slightly in the L?-norm, the least squares solution U, changes only slightly in
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the || - ||,-norm. Moreover, by using the standard density argument [11], we can
obtain the following results for the convergence.

Theorem 3.2. Assume that there exists a subspace & C ¥ N [HT(Q)]", for
some integer q = 1, which is dense in the space ¥ with respect to the || - ||| o-
norm. Then the standard least squares finite element method (2.9) is convergent
with respect to the || - ||,-norm without requiring any extra regularity assumption
on the exact solution U, i.e.,
oU,

im|U — U, = lim ZA o, TAU—F =0. (3.6)
0.2
Moreover, if the exact solution U € ¥ N [HP*H(2)]™, then we have the following
error estimate:

1U = Unlly < CH||U]| 11 05 3.7)

where C is a positive constant independent of h.

Proof. Since the subspace & C ¥" N [H7*!(Q)]", is dense in ¥ with respect to

the || - [|; g-norm, for any € > 0, there exists U € & independent of % such that
~ €
||U - U”l,Q < EE’
where C is the same constant as in (3.2), which implies
~ €
lU -0, < 5. (3.8)

For this fixed smooth function U € ¥ C [H'(Q)]",q = 1, by the approxima-
tion property (2.10), we can find U, € ¥7; so that,

1T = Uil o < CHAIU I, 11
which implies, for sufficiently small 4,

~ ~ ~ ~ €

1T = Uilly <CIU = Uill o < 3-

Combining inequalities (3.8) and (3.9) with (3.5), we immediately obtain
0N = Unll, <IU = Gl <IIU = Olly + 10 ~ Tl < €

which implies (3.6). We now assume that U € ¥ N [HPT(Q)]". By (3.5), (3.2)
and the approximation property (2.10) of the finite element space ¥7;, we ob-
tain (3.7). This completes the proof. []

(3.9)

4. Examples

Unless otherwise specified, we assume in this section that the dimension d is
two or three. We begin with two preliminary lemmas.
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Lemma 4.1 (The Poincaré-Wirtinger inequality [13]). Let Q be an open bounded
connected subset of R?,d =2, with a C' boundary 0. Then there exists a
constant C = C(d, Q) > 0 such that for every v € H'(Q), we have

l[v = vello o < ClIVellg 0 (4.1)
where
1
= 42
ve meas(Q)/vdx (42)
2

is the average of v over Q.
Defining the function space

2(Q) = 2(Q) N LA(9Q), (4.3)
we obtain, from Lemma 4.1, the following result.

Lemma 4.2. The space 9(Q) is dense in H'(Q) N L3(€).

Proof. Since 2(Q) is dense in H'(Q), for every v € H'(2) NL3(R), there exists a
sequence {v,} in 2(Q) such that

2 2 2
v, — ”||1,Q = [|v, — vl o + [IV(v, — V)lloe — 0 asn— oo

Define the following sequence {c,} of real numbers,

1
Cy .~m/vndx,

Q
then

1
cn:m/(vn—v)dx

since [, vdx = 0. Applying the Poincaré-Wirtinger inequality to v, — v for all
n, we have

0K |(on =) = vt g = (v =€) = vllo.0 + V(0w — 1) — Vollg o
= [[(ea =€) = vllg0 + IV (5 = V)50
<CIV(n =)o — 0 as n— oo.

This completes the proof. []

Let H]} () be the closure of 2(Q) in H'(Q), then
Hy(Q) = {ve H'(Q);v=0 on 3Q}. (4.4)
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We now introduce our first example.

Example 4.1 (The velocity—vorticity-pressure Stokes equations). Let
QC R d=2 andletf = (f},/2)" € [L2(2)]* be a given function representing
the body force. The Stokes equations with homogeneous velocity boundary
conditions can be posed as:

—Au+grad(p) =f in Q, 4.5)
diviu) =0 in &, (4.6)
u=0 onoQ, 4.7
(2, 1)og =0, (4.8)

where u = (u;,u,)" is the velocity and p is the pressure, all of which are as-
sumed to be nondimensionalized. Introducing the auxiliary variable
= curl(u) := Oup/0x — du; /By, which is known as the vorticity, we can trans-
form (4.5)—(4.8) into a first-order system [14] as follows:

curl(w) + grad(p) =f in Q, (4.9
curllw) —w =0 in Q, (4.10)
diviu) =0 in Q, (4.11)
u=0 on dQ, (4.12)
(P 1)gq =0, (4.13)

where curl(w) := (w,, —w,)" is another curl operator.
Applying the least squares finite element scheme (2.9) to the first-order sys-
tem (4.9)—(4.13) with

¥ ={(v,0.q)" € H(Q x H'(2) x H'(@);q € }(2)}
and taking
P =2(Q) x D(Q) x D(Q) x D(Q),

which is contained in ¥~ N [H2(2)]*, we have the following convergence results
that follow from (4.4), Lemma 4.2, and Theorem 3.2,

llcurl(@ — ws) + grad(p — pa)llo g + llcurl(u — w) — (@ — w4)llgq
+ [|div(u — w)|[go — 0 as 7 —0, (4.14)

provided the exact solution U = (u,w,p)" € ¥"; and

leurl( — ) + grad(p — pi)llg + llcurl(a - u) = (@ — @4)llgg
+ [[div(e = w)llo o < CRIUl 1 0 (4.15)



S.-Y. Yang | Appl. Math. Comput. 93 (1998) 51-62 59

if U=(u,0,p)" € n[H(Q), where U, = (u,, w4, ps)" € ¥y is the least
squares finite element solution.

For the case of sufficiently smooth exact solutions, the error estimates can be
found in, for example, Refs. [15-17]. More specifically, in Ref. [17], we have
proved that there exists a positive constant C such that

HV”m + ”9"”0,9 + ”q“O,Q < C(||curl((p) + grad(q)HQQ + ||curl(v) - ‘P”o,g-
+ldivivllog) YV = (v,0,9)" € ¥ (4.16)

Combining (4.16) with (4.14) and (4.15), we have, respectively,
llu— sl o + llo = @nlloo + [P — Pullog = 0 as £ —0, (4.17)

lu—will o+ llo = wulgo + 2 = Pulloo < CHIUI| 1y 0 (4.18)

In this example, we focus our attention on the two-dimensional velocity—
vorticity—pressure Stokes equations with velocity boundary conditions. All of
the results developed here can be extended to the three-dimensional case direct-
ly [15,17].

So far, we have been mainly interested in the case of ¥~ C [H'(2)]"; but all
of the results developed in Section 3 can be easily applied to the function space
7" with less regularity. Bearing this in mind, we introduce the following func-
tion spaces:

H(div; Q) := {V € [LX(Q))";divV € L}(Q)}, (4.19)

H,(div; Q) := the closure of [2(2)] in H(div; Q), (4.20)
where the space H(div; Q) is equipped with the following inner product and
norm,

V' Wiy = Vs W)og + (divV,diviv), ., VV, W € H(div; Q), (4.21)

. 1/2 .
”V”H(div;ﬂ) = (||V||(2m + ||div V||(2m) vV € H(div; Q), (4.22)
which make it a Hilbert space [12].
The following lemmas will be required later and their proofs can be found in

[12].

Lemma 4.3. The space [2(Q))° is dense in H(div; Q).
Lemma 4.4. Let n be the outward unit normal vector to 08, then we have
Ho(div; Q) = {¥V € H(div; 2); ¥ - n = 0 on 8Q}. (4.23)

Example 4.2 ( Grad-div type problems ). Let the smooth boundary Q2 of domain
Q c R? d =2 or 3, be partitioned into two disjoint open parts, I', and I'y,
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such that 0Q = I'p UTy. We consider the following boundary value problem
with mixed type boundary conditions:

—div(4gradu) = f in Q, (4.24)
u=0 on I'p, (4.25)
(dgradu) - mn=0 on Ty, (4.26)

where 4 = (a;(X)) .4 a5 € L(£2), and we assume that 4 is symmetric and uni-
formly positive definite on Q. It is understood that if I'y = 89, we further re-
quire the compatibility condition, f[,fdx =0, and impose an additional
constraint on u such as [,u dx = 0, for the well-posedness.

Introducing the auxiliary variables, p = —A4 grad« on Q, we can reformulate
problem (4.24)-(4.26) to the following equivalent first-order form:

p+A4gradu=0 in Q, (4.27)
divp=f in £, (4.28)
u=0 on Ip, (4.29)
p-n=0 on I'y. (4.30)

Following Section 3 with minor modifications, we can apply the standard
least squares method (2.9) over the extended first-order system (4.27)-(4.30)
with

Y = {(v,q)TeH’(Q) x H(div; 2);v=0o0n I'pand q-n=0 on FN},

provided the associated finite element space ¥, C ¥ also possesses the follow-
ing approximation property [2,7]. For any V = (u,q)T €Y n [H”“(Q)]dﬂ,
p = 0 integer, there exists V, = (v;,,qh)T € ¥, such that

1/2
llv— Uh||1,s2 +{lq - qh”H(div;Q) < Chp{””||,2;+1,sz + HQII,Z,H,Q} ) (4.31)

where the positive constant C is independent of ¥ and the mesh parameter 4.

Similar to Theorem 3.2, we can prove that, without any extra regularity as-
sumption on the exact solution U = (u,p)",

[[(p — ps) +A4grad (u — )l + I|div(p — ps)lloo
= ||p, +Agraduy o + |divp, — flloe — 0 as A —0, (4.32)

when I'p = 0Q or I'y = 0Q, where U, = (uy, ph)T € 7", is the least squares fi-
nite element solution, and we choose

S =9(Q) x [2@)]° iflp=0Q
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and
S =2(Q) x (2] ifIy=0

both of which are contained in ¥ N [H2(2)]° and dense in ¥~ with respect to
the H'(Q) x H(div; Q) norm (cf. (4.4), Lemma 4.3, and Lemma 4.2; (4.20),
Lemma 4.4, respectively).

For sufficiently smooth exact solutions, the error estimates can be found in,
for example Refs. [2,3,7].

5. Concluding remarks

In this paper, we establish a general framework of the theoretical analysis
for the convergence and stability of the standard least squares finite element
method for first-order problems. With a suitable density assumption, the meth-
od is proved to be convergent in a natural norm without requiring extra regu-
larity of the exact solutions, and with respect to the same norm, the method is
also stable.

By the example shown in the previous section, we observe that choosing a
suitable dense subset ¥ of #” plays a crucial role in the analysis of the conver-
gence. A useful tool for choosing & is based on the following property of Ban-
ach spaces [12], p. 26:

A subspace & of a Banach space ¥ is dense in V" if and only if

every element of ¥ that vanishes on ¥ also vanishes on ¥,

where ¥ denotes the dual space of ¥". Actually, Lemma 4.3 and Lemma 4.4
are two applications of the property, whose proofs can be found in Ref. [12].
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