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ABSTRACT

Dynamic optimization models are currently in use in a number of
different areas in economics. The reduced-form model is widely used
because of its simple mathematical structure; one keeps track of the
transition over time of only the state variable, from one state to another.
Mitra [1] discussed the reduced-form model with one-dimensional state
space. We discuss the reduced-form model with two-dimensional state
space, and obtain two characterizations of its optimal programs by using
primal and dual approaches.
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1 Introduction

The reduced-form model is the standard form used to describe dynamic opti-
mization problems arising in economics. And a wide variety of dynamic opti-
mization problems in economics can be reduced to this form. Mitra [1] discussed
the reduced-form model with one-dimensional state space. We first introduce it
below:

A state space Y = [0,D] is given, where b > 0. Time is measured in discrete
periods ¢t € {0,1,2,...} = N. At each time ¢ the state of the economic system is
described by a point y; € Y.

The reduced form model with one-dimensional state space Y is described as
a triplet (€, u, d) satisfying the following conditions:

(i) 2 CY xY is aclosed and convex set containing (0,0), andVy € Y Iz €Y
such that (y, 2) € Q.

(ii) uw:Q — R is a bounded, concave and upper semicontinuous function.

(iii) ¢ € (0,1).

Given (Q,u,d) and y € Y, we are concerned with the optimization problem:

max  F, o
s B()F)
where Ay = {(y)§° ; Vt € N (ys, y1+1) € Q and yo = y} and F, : A, — R is
defined by

Fy((5)) = ij 5u(ye, yes1)

In the description of the above problem, ¢ is to be interpreted as a discounted
factor, u as a utility function, ) as the transition possibility set, and y € Y as
the initial state. (y;)3° € Ay is called a program from y. A solution, (y;)§°, to
the optimization problem is referred to as an optimal program from y.

We now give an example and show how it can be converted to its reduced-
form.

An agent has a plot of land (normalized to unity), which is good for growing
a certain type of tree. The growth process for the tree is as follows:

After saplings are planted, the tree grows in timber content for two years,

e After one year the timber content is a € (0,1).

e After two years the timber content is 1.



Denote y; to be the amount of the land with two-year old trees at the end
of period ¢, and 1 — y; to be the amount of the land with one-year old trees at
the end of period t.

The one-year old trees which are not cut down at the end of periods ¢t become
the two-year old trees at the end of period ¢ + 1.

Hence, the total timber content of all trees cut down at the end of period ¢
is, given by
a =y +al(l—w) — Y]

The agent’s optimization problem can be written as:

max io: §'R(cy)

(Ct)ﬁc t=0
Yt + a[(l — yt) — yt+1] for t € N,

Subject to ¢

Y1 < l—yfort €N,
0 < gy <1lforteN,
Yo =eU="0,

where R(-) is the agent’s return function.
To convert this problem to its reduced-form, we define

e the state space to be Y = [0, 1],

e the transition possibility set, €1, to be:

Q={(y,2) €Y xY; 2<1-y},

e the utility function, u : 2 — R, to be:

u(y,z) = R(a+ (1 - a)y — az).
Thus, the optimization problem becomes:

max S Stu(y,, or max F, o
e, EO (Y, Ye+1) ( ponax, y((1)5”))

where Ay = {(y+)5° ; ¥t € N (ys, y¢41) € Q and yo = y}.



2 The Reduced-Form Model with Two-Dimensional State Space

Now, we turn to the reduced-form model with two-dimensional state space and
characterize its optimal program.

Given the state space, X = [0,b] x [0,b] C R?, where b > 0. Time is measured
in discrete periods ¢t € {0, 1,2, ...} = N. At each time ¢ the state of the economic
system is described by a point z; € X.

Definition 1 The reduced form model is described as a triplet (Q,u,d) satis-
fying the following conditions:

(i) Q C XxX is a closed and convex set containing (0,0), where 0 = (8) X,
and Yz € X Jy € X such that (x,y) € Q.

(i) u:Q — R is a bounded, concave and upper semicontinuous function.

(iii) § € (0,1).

Given (Q,u,0) and z € X, we will ;be concerned with the optimization
problem
F, o 1
A ((22)5°) (1)
where A, = {(x4) ; Vt € N(2¢,2141) € Q and 2y = z} and F, : A, — R is
defined by

Fu((@)) = ij S utyesn)

As described above, ¢ is to be interpreted as a discounted factor, u as a
utility function, ) as the transition possibility set, and x € X as the initial
state. (x4) € Ay is called a program from z. A solution to (1) is referred to
as an optimal program from x.

Theorem 2 For every initial state x € X, there exists an optimal program from
x.

Proof. Let x € X. Since u is bounded, we can find B > 0 such that |u(z,y)| <
B for all (z,y) € Q2. Thus, for every (z:)5° € Az,

Z: 5tu(xt, Z‘t+1)

t=0

is an absolutely convergent series, and hence a convergent series, with

e B
S §tu(ay, e4) < 1—s
i=0 -



Let S, = sup{Y_ 0"u(xs, x111) ; (20)5° € A,}. We will now show that this
=0

supremum is actﬁally attained by some (z4)5° € A,. By definition of S,, there

is a sequence of programs (z})72,, n = 1,2, 3, ..., starting from the initial state
x, such that

= t no.n 1

t;)é w(ay, zf ) > Sy — -

By the Cantor diagonal process, we can find a subsequence n’ (of n) such that
for each t € N, we have a number x), such that

’

" — 2% asn — oo (2)
Since ) is closed, (z9,29,,) € Q for t € N, and z{ = xlf = . Thus (29)52, is
also a program starting from x. We claim that
> 0'ulaf, afy) = S, 3)
i=0
If the claim were not true, then we could find € > 0, such that
> 0tu(al ) < Sy — ¢ @)
i=0
Pick T large enough so that Bd* "' /(1 = §) < €/4. For t € {0,1,...,T}, we can

use (2) and the upper semicontinuity of u to get

. ! ’
lim supu(z}, o ;) < w(@y, z7, )

We can now pick an integer N > 4/¢, such that for ¢t € {0,1,...,T}, we have

e(l1—=9)

’ ’
ala i) < uad, o) + S

whenever n’ > N. Then, for n’ > N, we can obtain the following inequalities:
o0

0'u(ay, ws)
t=0

vV
M=

d'u(e?, ayy) —

-
Il

=)
e

Su(ay ) — =

vV
M=

=0 2
X ot n' n' 3e
>y 0u(wy ) — —
=0 4
1 3e
A}
> S, —¢€

which contradicts (4) and establishes our claim (3). This means that (z)5° is
an optimal program from z. =



3 The Value Function

Since Theorem 2 gives the existence of an optimal program from z, for every
x € X, we can define the value function of (2, u,d):

Definition 3 The value function, V : X — R, of (Q,u,d) is defined as follows:

V() = Fy((z)57) (or = tiatu(x:,x;l) )

where (z7)8° is an optimal program from x corresponding to the initial state
reX.

Lemma 4 If (z})5° is an optimal program from x = zfj, then (z})F is an

optimal program from x = x%..

Proof. Suppose not, let (y:)3° be a program from yo = x7 such that
o ot o t—T
205 w(ys, yev1) > ZT5 w(zy, o7y 1)
t— =

Then the sequence (x5, ..., Th, y1, Y2, -.) is also a program from =z, and
T—-1 . o) 7 00 +
2:0 S u(xy, o) + 20 0wy Yey1) > 2:05 u(zy, Ty )
t= t=T t=

which contradicts the optimality 'of (z})§° from x = x{. so, (x})3 is an optimal
program from x =z%. =

The following result summarizes the basic properties of the value function
and gives the primal approach.

Theorem 5 The value function, V, of (,u,d) has the following properties:

(i) V is a concave and continuous function on X.

(i) V satisfies the following functional equation
V(z) = max{u(z,y) + 0V (y)} (5)
for all x € X where Q, ={y € X ;(z,y) € Q}.
(13) (x¢)5° s an optimal program from xq if and only if

V(Zlit) = u(l‘t,l‘t+1) + 6V(.Tt+1) fO’I" te N (6)



Proof. (i) Let z, 2’ € X and let 0 < A < 1. Let (x4)§°, (z})§° be optimal
programs from z and z’ respectively. Define 27 = Az + (1 — A\)z/, and let
(x})&° be an optimal program from z”. By the convexity of ) , the sequence
(Aze + (1 — N)x})° is a program from z”. Thus, we have

”» ”»

V(z”) ;0 ' u(zy, Tyi)
> 3 Sfu(Azy + (1= N, Az + (1= N, y)
£=0
> Y 8 (e, ween) + (1= Nu(at, 2p44)]

~
Il
=)

= MV(z)+ (1-NV(z)

the second inequality following from the concavity of w on 2. Thus, V is concave
on X.

In order to establish the continuity of V on X, we first establish its upper
semicontinuity:

If V were not upper semicontinuous on X, we can find 2z € X for n =
1,2,3, ..., with

1i7ILn$n = 2° and 1i7rln V(") =V > V(2"

Denote by (x7) an optimal program from 2" for n =0, 1,2, ... and e by V-V (2°).
We can find T large enough so that B&” ™ /(1 — §) < (e/4), where B > 0 such
that |u(x,y)| < B for all (z,y) €.

Clearly, we can find a subsequence n’ (of n) such that for t = 0,1,2,...,T

’
!
¥ S asn/ S oo

Then, by the upper semicontinuity of u, we can find N such that

e(1—9)
4

u(xf',x?jrl) <wu(ad,zf, ) + fort=0,1,2,....,T

whenever n’ > N. Thus, for n’ > N, we obtain

V(%) = 3 dtu(ad,ai)
t=0

Lot 0 0 €
> Z‘su(ft,xtﬂ)_z
t=0
I t n’ n’ €
> > 0u(wy 733t+1)*§
t=0
o ’ ’ 3
>y St afy) - 5
i=0 4
’ 3e
= V(™)==
@) -5



Since V(2™') — V, we have V(2°) > V —3¢/4 > V — e = V(2°), a contra-
diction. Thus, V is upper semicontinuous on X.

V is concave on X, and hence continuous on int(X) (the interior of X).

Now, we consider V' on 0X (the boundary of X).

Since X is boundedly polyhedral and V' is boundedly concave on the interior
of X. By Gale [2], V can be extended in a unique way to a continuous concave
function on X.

Thus, let V* : X — R be the extension of V' : X — R, then for each
z €int(X), V(z) = V*(x).

Lety = (2), z= (lc’) €dX,0<c<b a"™ = (d:) € int(X), and 2™ — y.Then

v = V- Sy
> (- T + L)

Hence,
liminf V(z") > V(y)

On the other hand, since V' is upper semicontinuous on X, lim, sup V(z") <
V(y). So, lim,, V(z™) = V (y).
Since V(z™) = V* (™),

lim V(2") =V (y) =lm V" (2") = V"(y)

Similarly, we can show that V' = V* on {0,b} x (0,b) U (0,b) x {0,b}. Since
V* is continuous on {0,b} x (0,0) U(0,b) x {0,b}, so does V.

Now, let y" = (u;n), 0 <w"<b, and y" — (2). Then we can use the same
argument to show that V is continuous at (2)

Similarly, we can show that V is continuous at (2), (8), and (8) So, V is
continuous on 0X. Hence, V is continuous on X.

(ii) Let y € ., and let (y:)° be an optimal program from y. Then
(z,90,Y1,..-) is a program from z, and hence, by the definition of V,

S u(yi—1,y1)

118

V(z) > u(x,yo)—i—t

Il
N

8" u(ye—1,ye)

18

= u(l‘)yo) +9
t

Il
i

= U(.Z', yO) + 4 Z 5tu(yt7 yt-‘rl)
t=0
= u(z,y0) +V(y)
So, we have established that

V(z) > u(z,y) + 6V (y) for all y € Q, (7



Next, let (z:)g° be an optimal program from z,and note that

w(wo, 1) +0 3 6" u(ws, wi)
=1

u(zo, 1) +6 Y 8" u(wis1, Teyo)
=0

< u(mg,z1) + 0V (1)

V(x)

Using (7), choose y = x1, we have
V(z) = u(zo, z1) + 0V (21) (8)

Now, (7) and (8) establish (5).
(iii) If (z¢)3° satisfies (6), then we get for any 7' > 1,
I T+1
V(z) =3 6'u(ws, ziq1) + 6" TV (zrg1)

t=0

Since |V (z)| < B/(1 —6) forall z € X and 6" "% — 0 as T — oo, we have

V()= Y 8u(@s, we11)
t=0

Then, by the definition of V7 (z;)3> is an optimal program from z.

Conversely, let (z7)g° be an optimal program from x = zj. Then, by Lemma
4, (7, %74, ...) is also an optimal program from x = z7.. Now, using the result
(8) in (ii) above, we have V' (z}) = u(x}, xf, () + 0V (xf, ) fort e N. m



4 Monotonicity of the Value Function

We now consider the state space X with an order relation and require the
reduced-form model (€, u,d) satisfying an additional condition. And we would
obtain the monotonicity of the value function.

Definition 6 Let z = (i;),y = (z;) € X, we define
(i) x >y by 2t > y' and 2% > 3?
(i) >y byx >y and x # y.

Condition 7 If (x,2) € Q and 2’ € X, 2/ > x, 2z > 2/ > 0, then (2/,2') € Q
and u(z, z) <ula’,2').

Theorem 8 (Monotonicity of the Value Function) Suppose that (2, u,0)
satisfies Condition 7. If x,y € X and x >y, then V(x) > V(y).

Proof. Let z,y € X,z >y and (y:)5° be an optimal program from y . Choose
(x4)3° with g =z and zy = y; for £ > 1.

By Condition 7 (zo,z1) € € and u(yo,y1) < u(zo,z1) . Thus () is a
program from z and

o0
25 u(ye, ye1) £ Y 0 u(zwig1) < V()
=0 =0



5 Dual Approach Characterization

We now develop the dual approach. This approach is developed by mathematical
induction. Lemma 9 and Lemma 11 establish the base case and the inductive
step of the mathematical induction respectively. Theorem 12 is the conclusion
of the induction, which states the necessary conditions of an optimal program
from the initial state in the interior of the state space. And Theorem 13 can be
considered as the converse statement of Theorem 12.

Lemma 9 Suppose that (Q,u,0) satisfies Condition 7. If x € int(X), then
there exists p € R? such that (p,x) > 0 and V(z)— (p,x) > V(y)— (p,y) for all
yeX.

Proof. Since z is an interior point of X and V' is concave, V' has a support at
x. That is, there exists p € R? such that

V(z) + (p,y — x) > V(y) for all y € int(X)

or

(p,y —x) > V(y) = V() for all y € int(X)

Now, consider z € 90X, we could choose a sequence (y™) in int(X) such that
y™ — z. Then

(p,y" —z) > V(y") = V(z)

and
(Pl v BULEES Vilw)

since V' is continuous on X. Hence, V(z) — (p,z) > V(y)— (p,y) for all y € X.
Now, we pick y = rx with r > 1 such that rx € X and rx > x. Then
(p,re —x) = (p,(r —Vz) 2 V(rz) - V(z) 2 0

By the monotonicity of V, (p,z) > 0. =

We now add an additional condition to (€, u, J).

Condition 10 There exists (Z,2), (%, 2) in Q with {Z,Z} to be linearly indepen-
dent.

10



Lemma 11 Suppose that (Q,u,0) satisfies Condition 7 and Condition 10. Let
(z+) be an optimal program from T € X. If for some t € N such that there exists
pi € R? satisfying

SV (xy) — (pe, ) > 8"V (x) — (pr,x)  forallz € X (9)

and
<pta $t> Z 0

then there exists pyy1 € R? satisfying
0V (2441) = (Per1, e41) 2 87V (@) = (peg1,x)  forallz e X

and
(Pr41,Te41) >0,

furthermore,
8" u(e, Trg1) + (Prr1, Tern) — (Pes20) 2 0'ul@,y) + (pes1,y) — (i, @)
for all (z,y) € Q
Proof. Since () is an optimal program, by Theorem 5 (ii), we have
V(z) > u(z,y) +0V(y)  for all (z,y) € Q
and by Theorem 5 (iii),
V(ze) = u(zg, 1) F0V(@pqq) - forallt e N

Using these in (9), we get

0t+1 = 5tU(IL't,It+1)+§t+1V(l’t+1)*<pt,LEt> Z §tu(z,y)+§t+1V(y)f<pt,z> for all (x,y) S Q

Thus, we have

i1 — 0'u(z,y) + (pr,x) > 6V (y)  for all (z,y) € Q (10)

Define two sets A and B as follows:

A = {(Z) €ER x R?; (z,9) € Qand w > 0,11 — 6wz, y) + (p, z)}

B {(Z) ERxR% ye X and w <6V (y)}

Clearly, A and B are nonempty,disjoint and convex sets with int(B) # ¢ (since
u is concave on € and V is concave on X ). By the separation theorem for

convex sets [3] in R3, there exists (,u) € R? with (M) # 0 and a € R such
v v
that

(O ()merinse wn()er

11



(O () rerinse sea(i)en o

Let <w1> € A and (wz) € B, w1 > wy , we have pw; > a — (v,y) > pws .
Y Yy
Hence, 1 >0.

Define ¢;+1 = —v. Then, using (11) and (12),

w1 — 0'u(z, y) + (pr, )] — (gre1, ) = pd V() = (g41,9) (13)
for all (z,y) € Q,y' € X
Substituting = = x; and y = x4; in (13),

PV (@41) = (g1, wegr) = pd" TV (Y) — (g, o) forall ' € X (14)
Substituting y' = x41 in (13),
pl8" u(e, wo1) = (e 20)] + (Qer1, Tet)
> p[d'u(z,y) — (e, )] + (@1, y) (15)
for all (z,y) € 2
We, now, claim that p # 0. For if g =0 ,then by (14), we have
(Ge+1, Teg1) < {gig1, ") for all o' € X,
while by (15)
(41, Te41) > {qie1,y) for all y such'that (z,y) € Q for some z € X
Thus
(@t+1,t+1) = (@+1,y) for all y such that (x,y) € Q for some z € X
Since (z,%) € Q with 2> 0 and (,0) € Q by Condition10, we have
(@41, Te1) = (@41, 2) = (qt+1,0) = 0
and, similarly, since (Z,2) € Q with 2> 0 and (Z,0) € Q, we have
(G+1,Te+1) = (41, 2) = (qt+41,0) =0

So, gs11 = —v = 0, since Z and Z are linearly independent. Hence (M) =0,a
v

contradiction. Thus, u # 0, and since p > 0 ,we have u > 0.
Define pii1 = gry1/p and use (14), (15) to get

5t+1v($t+1) - <pt+1,33t+1> > 5t+1V(Z//) - <pt+17y/> (16)

forall ¢/ € X

12



5tu($t79€t+1) + <pt+1737t+1> - <Pt,$t> > 5tu($7y) + <pt+17y> - <Pt79€> (17)

for all (z,y) € Q

Now, show that (p;+1, zi41) > 0.
If x4 €]0,0)x[0,b) ,then by choosing y' € X, y > x;y1 in (16), we get

(P, Y — wip1) 2 8NV (Y) = V(we41)) = 0
Choose 3’ = rxyy1,7 > 1 such that 3’ € X . By the monotone property of V,
(r—1) (prg1, 1) > 6TV (rze) — V(wes1)) > 0.

S0, (Pt+1, e41) = 0.
If z441 € {b} x[0,0]U[0,b] x {b} ,then by choosing (z,y) = (z¢,y) with
0 <y <441 in (17), we get

(Pe+1: Teg1) > (Dig1, )

. That is, (pr+1,Te41 —y) > 0
If y=0eX ,weget (prg1,2e41) >0. W

Theorem 12 Suppose that (2, u,d) satisfies Condition 7 and Condition 10. Let
(ze) be an optimal program from T € int(X). Then there exists (p)° with
e € R? such that for allt € N

(i) (pt,x4)>0

(i) 8'w(zs, Te1) + (Pes1, Te1) — Py ey = S u(@, y) + (prg1,y) — (pe, ) for all
(z,y) €Q

(iii) 6"V (x¢) — (ps,xs) > 8V (x) — (pg, x) for all z € X
(iv) tlim (pt, )= 0
Proof. Using Lemma 9, there exists py € R? such that
(po,x0) >0 and

V(zo) — (po,z0) > V(x) — (po,x) for all =z € X
Using Lemma 11, there exists a sequence (p;) with p; € R? for ¢t € N satisfying
(1)-(iii).
Using z = 0 in (iii), we get

§Y(V(x) — V(0)) > (ps,x¢) for all t € N.

Since |V (z)| is bounded on X , and §" — 0 as t — oo and (p;,x;) > 0 for all
t € N. We have tlim (pt,)=0. =

13



We now state Theorem 13. We can find that it is almost the converse
statement of Theorem 12, herein, however, we do not require that the initial
state to be in the interior of the state space and the reduced-form model satisfies
Condition 7 and Condition 10.

Theorem 13 If (x,)5° is a program from T€ X and there is (p,)§° such that
pi € R? for allt € N and the following holds:

(Z) (pt’ xt>2 0

(”) 6tu(xta $t+1) + <pt+17$t+1> - <pt7$t> 2 5tu($711) + <pt+17y> - <pt,fL'> fO’l”
all (z,y) € Q

(iii) lim (ps, a4)=0
t—o0
then (x4)§° is an optimal program from T€ X .
Proof. Let (z})3° be any program from Z . Using (ii) , we have for ¢t >0,

5" [u(xéax;+l) = u(Ty, Te41)] < [(Pra1s Tig1) = (Prs T4)] — [<Pt+1,$i+1> - <Pt7$2>} .

Then

M=

05t [u(zh, 37;+1) — u(®g; Te1)]

< [pr+1,T741) — (po,xoﬂ 5} [<pT+17m/T+1> - <p0,956>]

(pr41, 2741) = (P41, Trpg ) < (P41, Tr41)

Let T — o0, we get

o0 o0
S Stu(zy, ) y) — 36 u(zy, 2ep1) < lim (priq,ari1) =0
t=0 t=0 T—o0

which proves (z;)&° is optimal from z. =
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6 Appendix

Definition 14 (Convex Set) Let U be a subset of a linear space L.We say
that U is convex if x,y € U implies that z = [Mx + (1 — N)y] € U for all
A€ [0,1].

Definition 15 (Concave Function) Let f be a real-valued function defined
on a convex set U C L. We say that f is concave on U if for x1,22 € U, €
(0,1), flawy + (1 — a)zz) = af(z1) + (1 — @) f(z2).

Definition 16 (Boundedly Polyhedral) A subset is called boundedly poly-
hedral provided that its intersection with any polytope is a polytope.

Definition 17 (Upper Semicontinuous Function) Suppose f is a concave
function defined on a polytope D C R™. f is upper semicontinuous on D; that
is, corresponding to each xg € D and each € > 0, there is a § > 0 such that
|z — xo|| < & implies f(z) — f(xo) < €.

Definition 18 (Support of Concave Functions) Let U be a convex subset
of a normed linear space L. We say a concave. function f: U — R has support
at xo € U if there is an affine function A : L — R such that A(zo) = f(z¢) and
A(z) > f(x) for every x € U.

Theorem 19 (Basic Separation Theorem for Convex Sets in R™ ) LetU
and W be conver sets in R™ with int(U) # ¢, int(U)NW = ¢. Then there is a
hyperplane that separates U and W. [3, Theorem 32B].

Theorem 20 (Fundamental Theorem on the Support of a Concave Function )
The function f is concave on an open convex set U of a normed linear space L
if and only if f has support at each point of U [3, Theorem /3B].
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