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Abstract

For p > 3 an odd prime and r > 0, let I"'be a congruenece subgroup between I'i(p') and
Co(p"). In this dissertation, we give an explicit basis forthe group of modular units on
X(I') that have divisors defined over Q. As an application, we determine the order of
the cuspidal Q-rational torsion subgroup of J(I')-generated by the divisor classes of
cuspidal divisors of degree 0 defined-over Q whenT"=I'y(p"), T'1(p").
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CHAPTER 1

Introduction

Let I' be a congruence subgroup between I'y (V) and I'g(N) for some
positive integer V. Denote by X (I') the modular curve over Q and let J(I")
be the Jacobian variety of X (I'). In number theory, it is very important
to understand X (I') and J(I'). For example, by the modularity theorem,
any elliptic curve over Q can be obtained from X, (/N) for some positive
integer V. Besides, the existence of rational /V-isogenies and the existence
of rational torsion points of order N_on elliptic curves essentially depend on
the existence of non-cuspidal rational points on X (I'o(/NV)) and X (T';(N)),
respectively. In this thesis, we are interested in the arithmetic aspects of
X(T') and J(I'). We will study modular-units of .X (I') that have divisors
defined over Q and the cuspidal Q-rational torsion subgroup of J(I") for
the case the level N is a prime power.

Let €(I") denote the cuspidal Q-rational torsion subgroup of J(I") gen-
erated by the divisor classes of cuspidal divisors of degree 0 defined over
Q. It is of finite order by the result of Manin and Drinfeld [13]. In gen-
eral, it is believed that the cuspidal QQ-rational torsion subgroup should be
the whole Q-rational torsion subgroup of J(I'). (For I' = I';(p), the con-
jecture was formally stated in [2, Conjecture 6.2.2]). Even if it is not the
whole group, it still provides us some information about a lower bound of

(Q-rational torsion subgroup of Jacobian.



4 1. INTRODUCTION

The study of cuspidal torsion subgroup of J(I') is essentially the same
as the study of modular units on I' because the divisor of a modular unit cor-
responds to the zero of the Jacobian J(I'). In the case I' = I'y(/N), a good
source of modular units comes from the Dedekind eta functions. M. New-
man [16} 17] determined sufficient conditions for a product [,y n(d7)"™
of Dedekind eta functions to be modular on I'y(V). In [22], Takagi showed
that for square-free integers [V, these functions generate the group of modu-

lar units on I'y (V). When N = p s a prime, Ogg [18] showed that €(I'y(p))

p—1

proved that the full Q-rational torsion subgroup of J(I'¢(p)) is €(I'y(p))

is cyclic of order . Moreover, Ogg [19] conjectured and Mazur [14]
generated by [(0) — (c0)]. For N '='p"»with p > 3 a prime, Ling [12]
computed €(I'(p")) and apply it to determine the component group of the
Néron model of J(I'y(p")) overZ,. When N = pg, where p, ¢ are two dis-
tinct primes, Chua and Ling [1] studied in €(I'y(pg)) and use their results
to refine some results of Berkovi€ on the nontriviality of the Mordell-Weil
group of some Eisenstein factors.of J(I'g(pgq)).

We remark that many mathematicians, for example, Klimek [4], Kubert
and Lang [9], Yu [26], Yang [24,25], and Yu [25] have studied cuspidal Q-
rational torsion subgroups of J(I';(N)). However, all of their works only
considered a special subgroup €>(I'y(V)) of &(I'y(V)) for different levels
N, where €°(I';(NV)) is generated by the divisor classes of the differences
of the cusps of X (I'y(V)) lying over oo of X (I'g(N)). (In fact, Klimek
[4], Kubert and Lang [9], Yu [26] considered the the subgroup generated
by the divisor classes of the differences of the cusps of X (I'1(NV)) lying

over 0 of X(I'o(N)). However, it is plain that the Atkin-Lehner involu-

0 -1
tion gives rise to an isomorphism between the two divisor class
N 0

groups.) In [26]], Yu showed that for arbitrary level /V, all modular units on
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X(I'1(NV)) that have divisors supported on cusps of X (I';(/V)) lying over
oo of X (I'g(V)) are generated by a subclass of Siegel functions and then he
computed the order of €>°(I';(N)). In [24], Yang used Yu’s order formula
to construct a basis of the modular units on X (I';(/N)) that have divisors
supported on cusps of X (I';(N)) lying over oo of X (I'g(N)). In general,
€>(T") is not equal to €(I"). Thus, now it is more important to consider
¢(T"). However, for the whole €(I"), it is unknown whether modular units
on X (T") that have divisors defined over QQ are still generated by this sub-
class of Siegel functions. Moreover, there is no information about the order
of €(I"). Hence, it is very difficult to study in the case of arbitrary level V.
In this thesis, we use the results of Kubert and Lang [8] or [11], which
says the group of modular units on I'(/N) is generated by (products of) the
Siegel functions (exceptfor 2-cotorsions in the case when N is not a prime
power), to show that modular units on X (I") that have divisors defined over
Q are indeed generated by a special class of Siegel functions when the level
is a prime power. (For general level, we guess that the 2-cotorsion would
disappear in our situation. However, it is not easy to verify it. Thus, we
work on €(I") for the case the level is a prime power herein and leave gen-
eral cases in later studies.) Then we construct a basis for the group of mod-
ular units on X (I") that have divisors defined over Q. (The result is too
complicated to be stated here. We refer the reader to Theorem i.1|and The-
orem for details.) As an application, we determine the order h(I") of
C(I") whenI' =Ty (p"), To(p").
Here given a Dirichlet character x modulo N, we let By, , denote the

generalized Bernoulli numbers defined by the power series
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In particular, if we let {x} be the fractional part of a real number z, then we

have
N

By =N x(a)By(a/N),

a=1

where

Bo(r) = {2~ {} + 5.

THEOREM 1.1. Let p > 3 be a prime and r > 0. Then we have

iy = (ETN0EDY T ()

- 1
: H H 132,)( mod p*-

1=l x£xp mod pt, evéen

where the innermost product is-taken over all even nonprincipal Dirichlet

characters modulo p' for i =1,...,1.

We note that the ordet of €°(I'; (p"))is

r—1__ r 1
ol H ZBva

X#Xo, even
where the product is taken over all even nonprincipal Dirichlet characters

modulo p”. This is given by Kubert and Lang [9]. Then we can find that
(I (p")) # €Ty (p")) forr > 1.

THEOREM 1.2. Let p > 3 be a prime and r > 0. Then we have

p—1 ((P+ 1)(29—1))7"_1-29(76—1)2_

ML) = cap =112y 24

Note that Ling [12] computed the structure of €(I'g(p")) for a prime
p > 3and r > 0. (We don’t describe it here because of the complicated

statement.)
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REMARK. For p = 2, 3, we can go through similar proof to get similar
results. Moreover, for I" # T'o(p"), ['1(p”), we still can compute the order
of €(T") by similar methods. However, their statements are so complicated

that we omit them herein.

The rest of this thesis is organized as follows. In Chapter 2] we will
review some backgrounds about modular curves and modular units. Then
in Chapter 3] we recall some notion and properties about cuspidal QQ-rational
torsion subgroups of Jacobians of modular curves and Siegel functions. Fi-

nally, in Chapter 4, we will prove our main results.






CHAPTER 2

Backgrounds

In this section, we will recall some basic knowledge about modular

Curves.

1. Modular groups
Let SLy(7Z) be the group of 2 x 2 matrices which have integral entries
and determinant 1, and then weset

PSLo(Z) = SLy(Z) {1}

DEFINITION 2.1. Let I' be a subgroup of P.SLs(Z) of finite index. If I"

contains the subgroup

10
D(N)=<v€PSLy(Z):v=+ mod N
01

for some integer N, then I is called a congruence subgroup. The smallest
such positive integer NV is the level of I'. The group I'(/V) is called the

principal congruence subgroup of level N.

Especially, we are interested in the following two congruence subgroups

a b
[o(N) = € PSLy(Z):¢c=0 mod N »,
c d
a b
I'v(N) = € PSLy(Z):¢c=0,a=d=+1 mod N
c d
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Finally, we note that
[o(N)/T1(N) = (Z/NZ)*] £ 1.

2. Modular curves

Let X be a one-dimensional connected complex analytic manifold. A
local coordinate (U, z) is an open subset U of X, together with a homeo-
morphism z : U +— C onto an open subset of C. The local coordinates are

also called local charts or local parameters.

DEFINITION 2.2. A Riemann surface is a one-dimensional connected
complex analytic manifold X with a setof local coordinates {(Us, 24 ) }acas
where A is an index set, such that

(1) X =U,U,,

(2) the transition function
Z4 © zﬁ_l t29(Us NUB) —=2a(U, N Up)
are holomorphic whenever U, N Uy # 0.

For example, the unit sphere S = {(z,y,2) € R® : 2% + y* + 2% = 1}
is a Riemann surface. Moreover, it is a one-point compactification of C.

Denote G L3 (R) the group of 2 x 2 real matrices of positive determinant.
Let H = {x + iy : Im(y) > 0} be the upper half plane. We know GL; (R)

acts on H by the following way

a b at +0b
X T .
c d cT +d

If I is a subgroup of PSLy(7Z) of finite index, by giving a complex struc-

ture, we get a Riemann surface Y (I') := I' \ H and it can be compactified
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by adjoining cusps to it. The compactified modular curve I" \ H U {cusps}
will be denoted by X (I"). (For details, please see [20].)

Let p € X , where X is a Riemann surface and let f be a complex-

valued function defined on a neighborhood W of p.

DEFINITION 2.3. We say f is holomorphic (meromorphic) at p if there
exists a chart z : U — V with p € U, such that f o 2! is holomorphic
(meromorphic) at z(p). We say f is holomorphic (meromorphic) in W if it

is holomorphic (meromorphic) at every point of V.

Later on, we can find modular functions are meromorphic function on

modular curves.

DEFINITION 2.4. A differential 1-form w (or simply 1-form) is an as-
signment of functions f, to each chart (U,, z,) such that f,(z,)dz, is in-
variant under coordinate changes and agrees on overlaps of charts. (Note
that this function f is defined only.locally-on U, not globally on the whole
X.) To be explicit, write was = 20 © 25" : 25(Ua N Up) = 24(Ua N Up).
Then a differential 1-form satisfies f3(z5)dzs = fo(Was(28))wes(25)d2s,
for each pair of overlapping U, and Ug. Furthermore, a 1-form w is holo-
morphic (meromorphic) provided that locally w = df with f holomorphic

(meromorphic).

In essence, modular forms of weight 2 are differential 1-forms on certain
Riemann surfaces (modular curves).

By similar ways, on Riemann surfaces, we can also define integration,
the order of a meromorphic function at a point, and so on. (For details,

please see [[15]].)
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3. Modular forms

a b
Let v = € GL3(R). For an integer k and a meromorphic

c d
function f : H +— C we let the notation f|[7]; denote the slash operator

ol = (et (er + s (500)).

The factor c7 + d is called the automorphy factor.

DEFINITION 2.5. Let I" be a subgroup of PSL,(Z) of finite index, and
k be an even integer. A meromorphic function f : H +— C is a meromorphic

modular form of weight k with respect to I if

(D) f(1)|[7]x = f(r)forall 7 € Handye I,

(2) f is meromorphic at every cusp.

For instance, Eisenstein series
Br) 25 > e
7' p
k (et + d)*
¢, d€Z, (c,d)#(0,0)

are modular forms of weight & with respect to PSLy(Z).

We note that there is an isomorphism between the two vector spaces
{meromorphic modular forms of weight 2k on I}
and

{meromorphic k-fold differential forms on X (I")}.

DEFINITION 2.6. A meromorphic modular form of weight O is called a

modular function.

DEFINITION 2.7. A modular unit f(7) on I is a modular function on I"

whose poles and zeros are all at cusps.
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3.1. Dedekind eta functions.

DEFINITION 2.8. Let 7 € H, and write ¢ = €*>™". The Dedekind eta

function n(T) is defined by

77(7_> _ q1/24 H(]- . qn) _ €7riT/12 H(]- . 627rin7')'
n=1 n=1

The Dedekind eta function provides a convenient way of constructing
modular forms and modular functions. For example, n(7)?* is a cusp form
of weight 12 on PSLy(Z). In particular, the Dedekind eta function can be
utilized to construct modular units on I'y(V). For instance, (n(117)/n(7))'?
is a modular unit on I'y(11). Furthermore, it generates the group of modular

units on I'y(11). (For details, please see [16517].)

3.2. Siegel functions.

DEFINITION 2.9. For a = (a1, as) € Q2 a ¢ Z?, the Siegel function g,

is defined by
9a(T) = falT)0(7)?,

where f,(7) is the Klein form associated to a:
fo(7) = €3OG (2, [, 1))

Here 7, 12 are the quasi periods of Weierstrass zeta function associated with
the period lattice [7, 1], 2 = a7 + aq, o is the corresponding Weierstrass

sigma function

z 2
— _ 2 prlwt(z/w)?/2
o(z,|[r1]) == ” (1 w)e .
WE[T,I]—(0,0)
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Setting ¢, = 2™ and ¢, = €2™*, we know the Siegel functions have

the following infinite product representation
Ga(r) = —gl/PPlaD Zrax(a=02(1 — g.) H —¢'q.)(1 — ¢ /q2),

where B(z) = 2% — x + 1/6 is the second Bernoulli polynomial. Siegel
functions give us a convenient way to construct modular units on I'(N') and
'y (N). For example, ¢! with a € (1/5%)Z2, a ¢ Z? are modular units

on I'(5%). (For details, please see [5, 6} 7,8, 10].)

4. Algebraic curves

DEFINITION 2.10. An projective algebraic curve is an algebraic pro-

jective variety of dimension one.
We recall a fundamental result in the theory of Riemann surfaces.

THEOREM 2.1 (cf. [15]). Every compact Riemann surface X is a non-
singular projective algebraic curve C. The curve C' is unique determined,

up to isomorphism.

In particular, this theorem asserts that every compact Riemann surface
is isomorphic to a curve defined by the zero set of a set of homogeneous
polynomials over C in a projective space P"(C).

Furthermore, it is well-known that

THEOREM 2.2 (cf.[20,21])). If T is a congruence subgroup of PS Lo (Z)
of level N, then modular curves X (I') are defined over Q(uy), where piy

is the group of Nth roots of unity. In particular, it can be defined over QQ
when T is between I'o(N) and 'y (N).
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Also, cusps of X (I") are defined over Q(py).

5. Jacobian varieties

Let X be a compact Riemann surface.

DEFINITION 2.11. The Jacobian of X is the quotient space

of functionals on the space Q!'(X) of all holomorphic differentials on X

modulo the lattice A of elements of Q' (X)* of the form

/X:Ql(X)»—»(C

w»—>/w,
¥

The group of divisors Div(X) on X is the free abelian group generated

defined by

where 7y is a closed path in X

by points on X. That is, the element of Div(X) is a finite sum > n; P;, n; €
Z. Denote PDiv(X) by the subgroup of Div(X) consisting of div(f) :=
Y ordp(f) - P for some meromorphic function f on X. We call it the
group of principal divisors. The degree of a divisor Y _ n;P; is Y n;. Denote
Divy(X) by the subgroup of Div(X) consisting of divisor of degree 0.

By Abel-Jacobi Theorem, we know

THEOREM 2.3. J(X) = Divy(X)/PDiv(X).

In this article, we are interested in the cuspidal (Q-rational torsion sub-
group of J(X). We believe it should be the whole Q-rational torsion sub-

group of J(X). (For I' = I';(p), the conjecture was formally stated in [2}



16 2. BACKGROUNDS
Conjecture 6.2.2]). Even if it is not the whole group, we still get a lower
bound of (Q-rational torsion subgroup of Jacobian by studying the cuspidal

(Q-rational torsion subgroup.



CHAPTER 3

Preliminaries

In this section, we will briefly review basics of modular curves that are
relevant to our problem. We then describe properties of Siegel functions,

which will be the building blocks for modular units on modular curves.

1. Cuspidal Q-rational torsion subgroups of J(I")

Let I" be a congruence subgroup between I';(N) and I'g(N) for some
positive integer N. Denote by X (I") the modular curve over Q and let J(I")
be the Jacobian variety-of X (I'). We know the cusps of X (I') are rational
over Q(( ), where (y is a primitive N'th root of unity. The following lemma
describes the action of the Galois group Gal(Q((,)/Q) on the cusps of
X(T).

LEMMA 1. Let p be an odd prime and v > 0. Let k := [I'o(p") :
['] = p“v with p { v. For a positive integer (, we set ¢, = ¢(p*)/2 and
ke = (k, ¢¢). Let a,b be generators of (Z/p"Z)* with (a,b) = 1. Then the
cusps on X (I') can be represented by

.
for0 < s < k,,

a
p

b% for0 <t <k,

3 p“i‘zt for0 <i<min{r—u-—1,r/2}, 0<s <k,

and 0 <t < (2¢:k)/k;,

formin{r —u—1,r/2} <i<r, 0<s<k;, and0 <t <2¢p,_;.

17
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Moreover, for 0 < j < 2¢,, oy € Gal(Q((r)/Q) defined by oy
Cpr — Cgﬁ, we have

(

gbj<lt):L_ where()gt—jSk‘r—lsuchthatt—jEt/:g mod k,

forogt/:/qubr—landtflgzzl:(t—j) mod 2¢,,

Opi ( ‘s ) =2 where (0 <i<min{r —u—1,7/2},
and 0 <t —j5 < (2¢;k)/k; — 1

suchthatt —j =t —j mod (2¢;k)/k;,

T (a—> = -2 where min{r = —1,7/2} <i<r,

and 0 < t=9.220,5 — 1

such thatt — j =t —j “mod 2¢,_;.

PROOF. From [3] or [18], all inequivalent cusps of I';(p") are given by

the following numbers:
i

v
where 1 <z <p"/2and (z,p) = 1, and

)

Py
where 0 < i <r,z € {1,....,p"} mod p', 1 <y < p"/2, (x,p) = 1,
(y,p) = 1, and (x,y) = 1. Because I'o(p")/T1(p") ~ (Z/p"Z)* ] £ 1, we
can write

=)

for some v = (Z’: o ) mod p". Thus, the inequivalent cusps of X (I') can

be represented by numbers in the lemma.
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For the second part of this lemma, it directly follows from [21, Theorem

1.3.1]. U

Let K be a subfield of Q((y). A cusp P is said to be defined over K,
if P7 = P forall 0 € Gal(Q((x)/K). More generally, a cuspidal divisor
D = > " n;P; is defined over K, if D7 := Y n; P? satisfies D7 = D for all
o € Gal(Q(¢y)/K). Here we are interested in the case K = Q. From the
above lemma, we immediately obtain the following information about the

Q-rational cuspidal divisor group of X (T").

COROLLARY 2. Let all the notations be given as in Lemmall} Then the
Q-rational cuspidal divisor group.of X (L) is a free abelian group of rank
(D=7, ki) + 1 generated by the divisors

.
<Z_r> for0< s <k,
kel
> ()
=0
(2¢ik)/ki—1 .
t;) <#> for0 <i<min{r —u—1,r/2}and 0 < s < k;,
2¢r—i—1 s
t;) (;%) for min{r —u—1,r/2} <i<rand0 < s <k;.

PROOF. Let D be a Q-rational cuspidal divisor of X (I"). Because D is

a cuspidal divisor, we have

kr—1 e kr—1 1
=Y e (%) + o (5)

min{r—u—1,r/2}—1k;—1 (2¢:k)/k;—1

x Xy )

i=1 s=0 t=0

r—1 ki—12¢,_;—1 o
+ Z Z Z Ci,s,t (pz_bt>

i=min{r—u—1,r/2} s=0 t=0
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for some integers ¢, s, ¢14, and ¢; ;. Let 0y € Gal(Q((,r)/Q), where 0 <

J < 2¢,. By above lemma,

kr—1 7 kr—1

D% = Z Cr.s <Z?) + Z Cit <bt_—ﬂ>
s=0 t=0

min{r—u—1,r/2}—1 k,—1 (2¢:k)/ki—1

HED SR Vb SR CS)
i=1 s=0 =0 p

t=

r—1 fei—12¢p_i—1 »
D SEED 3 S F |

t=min{r—u—1,r/2} s=0 =0

where E are defined in the above lemma. Because D is defined over Q,
ie., D7 = D forall oy € Gal(Q((,r)/Q), we know ¢; ; are the same, and
for fixedi = 1,...,r — 1, fixed 5= 0,...,k; — 1, ¢; ;+ are the same for
all ¢. Thus, D is generated by the divisors in the lemma. Then, clearly, the

Q-rational cuspidal divisorigroup of X (I")is afree abelian group of rank

(e ko) + 1.

Now if D = > n,P; is a Q-rational cuspidal divisor of degree 0, then
the divisor class [D] is a Q-rational point on J(I'). Moreover, by the result
of Manin and Drinfeld [13]], this is a torsion point on J(I'). We call the
subgroup &(T") of J(I') generated by all such divisor classes the cuspidal
Q-rational torsion subgroup of J(I'). In order to investigate the order and
the structure of this torsion subgroup, we will study the group of modular
units on X (I') that have divisors defined over Q. In the next subsection, we
will recall the Siegel functions, which will be used to construct an explicit

basis for the group of modular units.



2. PROPERTIES OF SIEGEL FUNCTIONS 21

2. Properties of Siegel functions

In this subsection we will introduce and discuss properties of Siegel
functions we will use. (See [6] and [8] for details.) For a = (aj,as) €
Q?,a ¢ Z?, the Siegel functions g,(7) are usually defined in terms of the
Klein forms and the squares of Dedekind eta functions. Setting z = a;7 +

as, ¢; = €™, and ¢, = e*™*, we have

ga(7) = =gt/ Ple)razla=D2 (1 _ ¢ H (1—q"q.)(1 - q"/q.),

where B(x) = xz? — z + 1/6 is the second Bernoulli polynomial. From the
transformation law of Klein forms, we observe that if we change a by an
integral vector in Z2, then g, changes by a root of unity. Furthermore, g,
and g_, also differ only by a root of unity.

For a given integer /N, we also define a class functions

EM(1) = —g(a/vo) (Ne)= g BT T (140N ) (1 — gV,

n=1

2miT

for integers a not congruent to 0 modulo N, where ¢ = e*™7. Since we

only consider congruence groups of a fixed level in this note, we shall omit
the superscript from the notation EM.

Note that it is easy to see that £,y = E_, = —F,. Hence, there are
only [(N — 1)/2] essentially distinct F,, indexed over the set (Z/NZ)/ +
1—{0}, for given N. Thus, a product [ ], Ey’ is taken over g € (Z/NZ)/+
1—{0}.

Now we give some properties of I, relevant to our consideration. The

first is the transformation law for E,.

PROPOSITION 3 ([23, Corollary 2]). The functions E, satisfy

Eyn=E_,=—E,.
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a b
Moreover, let v = € I'o(N). We have, for c = 0,

c d

Ey(r +) = VBN (7).

and, for ¢ > 0,
mi(g%a -
Ey(y7) = e(y)em NN B, (1),

where

€(7) = e(a,bN, ¢,d)
and

RIBAI=e?)Fe(@+dB)) (6 if ¢ is odd,

e(a,b,c,d) =

_Z'em'(aC(1—d2)+d(b—c+3))/6, ifdis odd.

From Proposition 3] we give.sufficient and necessary conditions for a

product [, E4? to be modular on 'y (N).

PROPOSITION 4 ([11, Chapter 3, Theorem 5.2], [23) Corollary 3]). Sup-
pose gcd(N, 6) = 1. Consider a function f(1) =[], Ey(7), where g and

egq are integers with g not divisible by N. Then one has

(D Zeg =0 mod 12, deg =0 mod 2

g g

and

(2) Y g’¢;=0 mod 2N.

g
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if and only if f is a modular function on I'y(N). Furthermore, for the cases
where N is a positive odd integer, conditions (1) and (2) can be reduced to

Z eg =0 mod 12
g

and

29269 =0 mod N,

g

respectively.
The following proposition gives the order of E; at cusps of X (I'; (V).

PROPOSITION 5 ([23, Lemma 2]).. The order of the function L, at
a cusps a/c of X1(N) with(a,c) = 1is (¢;N)Bs(ag/(c, N))/2, where
By(z) = {x}? — {x} +1/6 and {x} denotes the fractional part of a real

number x.

Finally, we need the following lemma in the computation of the cuspidal

class number.

LEMMA 6. Let p > 3 be a prime. For a positive integer {, we set
b0 = ¢(p*)/2. Then for k > { > 0 and j > 0, we have

g it o
> o (%) = (5r):
i=0 p p

In particular, for { > 1, we have

¢e—1 ai ‘]5@71*1 ai
r2n(5) - % 2 (5)
2 By) = 2 B

P
k—¢
p

and
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PROOF. The proof of the statement is a straightforward computation.

g

v

\{ Te96




CHAPTER 4

Main results

1. Notations

Throughout this section, we let p > 3 be a prime, » > 0, and I' be an
intermediate group between I'y(p") and 'y (p"). Let k := [['o(p") : T']. For
a positive integer £, we set ¢, = ¢(p*)/2 and k, = (k, ¢¢). Let a be an even

generator of (Z/p"Z)*. Note that we have

¢y = [To(p") : Li(p")]

and

for some
W)
We shall adopt the following notations for X (I").
2(I") = the group of cuspidal divisors of degree 0 on X (I') having divisors defined
over Q,
Z (I') = the group of modular units on I that have divisors defined over Q,
¢(I) = 2()/div#(T'), the cuspidal Q-rational torsion subgroup of J(I"),

h(T") = |€(T")], the order of €(T").

25
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2. CaseI' =T',(p")

In this subsection, we will give a basis for . (I';(p")). First, we show

Z(I'1(p")) is generated by the special class of Siegel functions E,.

LEMMA 7. Let p > 3 be an odd prime and r > 0. Then every element

of Z(I'1(p")) is a product of E, modulo C*, where 0 # a € (Z/p"Z)/ £ 1.

PROOF. Let S be the group of modular functions on I';(p”) which are
products of E, for 0 # a € (Z/p"Z)/ £ 1. From Lemma [I]and Proposition
itiseasy tosee S C .7 (I';(p")). By the work of Manin and Drinfeld [13]
and Corollary 2| we know therank of .Z(I'(p")) is (p” — 1)/2. Moreover,
the rank of S is (p" — 1)/2, too. Thus, it remains to show S has no co-
torsion in % (I'1(p")). Let .S’ be the group of modular functions on I'; (p")

which are products of o, /,r) for 0°# a € (Z/p'Z)/ £ 1. By the Atkin-

01
Lehner involution , it is equivalent'to show S’ has no co-torsion

—-N 0
in Z(T'1(p")).

Let?¢ € Z andlet f € . (I';(p")) such that

f _HQOG/ZJ)GS,

for some integers e,. Because f € .7 (I'y(p")), by the result of Kubert and

Lang [11} Theorem 1.3] about modular units on I'(p”), we know
€(ay/p" a2/pr)
=1 i

for some integers (a1, az) not congruent to (0, 0) mod p”, and some integers

€(a1/p",az/p)- This tell us

ée T T
(a1/p",ag/p")
H Y(arfprazfpr) H 9G.afpr)
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Hence, we get ¢ | e, and then f € §'. O

Now, we want to construct some modular units in .% (I'; (p")).

LEMMA 8. Let p > 3 be an odd prime and r > 0. For a positive integer

l, we set ¢y = ¢(p*) /2. Suppose a is a generator of (Z/p"Z)*. Let b be the
multiplicative inverse of (a®> — 1) mod p". Then

( i 2(r—i j2(r—i) _

EajprfiEZga%pm )_1)_1Ea_1b(a23p2( -1 fori=1,...;r—1

andj=0,...,¢0; — 1,

B 071 bet =) forj=2,... .6 —1,

al

E12(b+1)E—12b
al

a®

T T
E P EP,
\ a a

are in F (I'y(p")).

PROOF. Clearly, these functions have zeros and poles only at cusps.
By Proposition [3] they have divisors defined over Q. Next, we will use
Proposition[]to show these functions are modular on I'; (p”). In each cases,
it is clear that Condition (1) is satisfied. All we have to do is to show

Condition (2) holds in each case. Forv = 1,...,;r—landj =0,...,¢;,—1,

(@) + (a®)(b(a®p* ) = 1) = 1) + (a')*(=b(a®p>" ) — 1))

=a¥p?r=) — 14 (1 —a®)b(a¥p*") —1)=0 mod p"

because b is the multiplicative inverse of (a* — 1) mod p".

Similarly, for j = 2,..., ¢, — 1,

(a)? + (a")*(b(a® —1) = 1) + (a')*(=b(a® = 1)) =0 mod p".
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In the third case,

(a®)?(12(b + 1)) + (a')?(—12b) = 12b(1 — a®) +12=0 mod p".

In the final case, it is trivial. Ol

Finally, we want to show the functions in above lemma form a basis for

F(1(p")-

THEOREM 4.1. Let p > 3 be an odd prime and r > 0. For a positive

integer {, we set ¢y = ¢(p*)/2. Suppose a is a generator of (Z/p"Z)*. Let
b be the multiplicative inverse of (a* = 1)-mod p". Then
(

gy NP ENT Rl B0 S i — 1, — 1
a p?" i PECECEEEEY

al
and j =0,...,¢; — 1,

B EX D g tedsl) fori=2,.. .. 6 —1,

al

E12(b+1)E 12b

a?

T T
\ a a

form a basis for F (I'1(p")) modulo C*.

PROOF. Let f € .7 (I';1(p")). We want to show f is generated by these

functions. By Lemma|[7]and Proposition 4]

r ¢;—1

_ | | | | €i,j
f_ Eajp'r 79
=1 5=0

where

T (z)z_]- T ¢1

12|ZZ€,J and Z ei, "2 =0 mod p".

i=1 j=0 =1 7=0

;_-
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Because >/, 3% o "¢, ; = 12z for some integer z, we have

r—1 ¢z_1 (br—l
(a®>~1)e,; = Z Z ei;(a®p*r=) 1)—2 eij(@?—1)—12z mod p’.
i=1 j=0 7j=2
This implies
r—1 ¢;—1 ¢r—1
er1 = — ZZ@H Ti) Ze” —1)—12bx mod p"
i=1 7=0
and then
r—1 ¢;—1 or—1
€r1 = — e b(a¥p?r) — 1) — Z eiib(a® — 1) — 12bx + p'y
i=1 j=0 =2

for some integer y. Thus,

r—1 (bi—]. ¢r_1
ero=_ Y e ;(blap?=2 )= 1)+ Y e (b(a¥ — 1) — 1)
i=1 j=0 Jj=2

+12(b+ 1)z — ply.

Sum up above discussions, we get

r—1¢;—1

b a2j 2(7‘*1‘)71 1 —b a2jp2(7‘71')71 €i,5
f = H H <Eajpr7iEa(() P ) Eal ( )

_ H (EaJEb(“ZJ 1)— Ea—lb(azj_l)> i (Eig(bH)E 121,)

This completes our proof. U

3. CaseI' #I'1(p")

In this subsection, we want to construct a basis for .#(I"). Especially,
we get a basis for .Z (I'y(p")).

First, we give two lemmas which will be used often in later proof.
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LEMMA 9. Let p > 3 be an odd prime and r > 0. For a positive integer
(, we set ¢y = ¢(p°)/2. Let a be an even generator of (Z/p"7Z)*. Let

ceZtU{0}. Fori=1,...,r,ifj > 0, then
Eaj+c¢ip7«,i = (—]_)C ajprfi.

If =0, then
E

a¢¢prfi

— anpr—i.
PROOF. Giveni = 1,...,r and j > 0. Let a® = —1 + xp’ for some
odd integer x. We know

aj—&-cqbipr—i — aj(—l 4 xpi)cpr—i - (_1)cajpr—i 4 ajx/pr

for some integer x’. Thus, by the transformation formula of Proposition

if 7 > 0, then
Bppreony NG 1) By
because 2 | a. Similarly, if j = 0'and ¢ = 1, then
Egoipr—i = (1) Egopri = Eqopr—i

because z is odd. U

LEMMA 10. Let p > 3 be an odd prime and r > 0. Let k := [['o(p") :
[]. For a positive integer {, we set ¢y = ¢(p*)/2 and ky = (k, ¢y). Let a be
an even generator of (Z/p"Z)*. Suppose I' £ T'1(p"). Fori=1,...,r and

17=0,...,k —1,
¢i/ki—1

| | Eaj+sk7;p'r7i
s=0

satisfies the following conditions:

(1) it has zeros and poles only at cusps.



3.CASET #T(p") 31

(2) it has the divisor defined over Q.

In addition, if ¢;/k; > 1, then,

(3) it satisfies Condition (2) of Proposition

4)
¢i/ki_1 d’z’/’%‘l
[T Booristrm) = =)/ T] Bueoria(7),
J s=0

where €(7y) is defined in Proposition|3| (Note that €(7y) is a 12th

root of unity and only depends on -.)

PROOF. Giveni =,...,rland g = 1,..., k;, clearly, we know f; ; :=
Hfi:/oki_l Ej+sk; - has Zeres and poles only at.cusps. By Proposition ,
fi; has the divisor defined over @ Ifa®** =1 mod p’, then 2¢, | 2k; | 2k
and thus £ = ¢,,, which is impossible from our assumption. Hence, we get

a®*" #1 mod p". Then

¢i/ki—1
Z 2k 2= — a2j(a2¢i _ 1)(0/2]% _ 1)71p2(r*i) =0 modyp"
s=0

because ¢;/k; > 1 and a** = 1 mod p’. Thus Condition (2) of Proposi-
tion [4]is satisfied. Next, we show f; j(y7) = —e(7)?/% - f; (7). Because

2 | a, we see that
oi/ki—1
Z atFip =t =0 mod 2
s=0
and
oi/ki—1
Z a2(j+ski)p2(r—i) =0 mod 2p.
s=0
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Then by the transformation law in Proposition [3|and k£ = ck; for some odd
integer ¢, we know

¢ /ki— &i/ki—
fl,] 77 H E ]+sk 7 i '-)/T) ¢Z/k H E ]+sk —Hc r— 1(7-)

&i/ki—

¢z/k H Ea1+(s+c)k1pr z( )

Let ¢ = /(¢;/k;) + so for some integer so with 0 < s¢ < ¢;/k; — 1. Then

¢z/k -1
i ki
fi,j (’)/T) = 6(7 ¢/ H Eaﬂ+($+$0)k +C/¢zpr 1(7—)
s=0
¢i/ki—1—s0
i/ ki
= E(,y)qj /hi. Eaj+(8+80)k¢+0’¢¢prfi (7—)
s=0
@i /ki—1
H Eaj+(5+30)ki+cld>ipr—i(7_)
s:d)i/ki—so
dafki—1 sp=1
i [k
¢/ H altskitc! dipr—i (T) y H Eaj“kﬁ%ﬂ/%prfi(T)‘
S$=5g s=0

For sg < s < ¢;/k; — 1, by Lemma@,
Eaj+3ki+c/¢ip7'7i = (_]_)C/Eaj+skip'r77,'.

Similarly, for 0 < s < sy — 1, by Lemmal9]

. c+1
Eaj+3ki+¢i+cl¢ipr—i - ( 1) E J+5k1p’” i
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Thus,
bi/ki—1

fi,j(’VT) = 6(7)@/]% . (—1)Cl(¢i/ki)+so H Eaj+skipr7i<7—>
s=0

— 6(7)¢i/ki . (_1)Cl(¢i/ki)+50fi7j(7-)

= 6(7)@/]% (=) fiy(7).

Because c is odd, we get fi,j('VT) = _6(7)@/1% < fii (7).

1/7]
Fori=1,...,r1let fig := [[0X)" " Ejsk;pr—i. By similar discussions,

we know f; o satisfies the preceding three conditions. From Lemma |§|, we

get
¢i/ki—1 bi/ki
f@o == H Easkip'rfi - H Easkiprﬂ' = fl,kz
s=0 s=1
Thus, f; o also satisfies the fourth-condition. U

Next, we show the following functions are in .7%(I").

LEMMA 11. Let p >3 bean odd prime and r > 0. Let k := [['y(p") :
['] = p“v, where p { v. For'a positive-integer , we set ¢, = ¢(p*)/2 and
ke = (k, ¢¢). Let a be an even generator of (Z/p"Z)*. Suppose I’ # 'y (p").
Then
(D) If v # (p — 1)/2, let b be the multiplicative inverse of ¢, /(k, -
ged((p — 1)/2v,12)) modulo 12/ ged((p — 1)/2v, 12), then

br/kr—bi/k;
(6i/ki—1 b0 /B —1 b estlo T e iy ) 1
IT  Ejver;pr—i- I[I E sk, fori=1,...,r—1
s=0 s=0
andj =0,...,k; — 1,
b /hp—1
M Bajtskr '
\ S fori=1,... kr—1,
110 E sk
12
¢r/kr—1 ged((p—1)/2v,6)
Ho E sy
ke
\

are in F ().
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) Ifv=(p—1)/2and u < (r —2)/2, let b be the multiplicative

inverse of ¢,/ k, modulo 12, then

(o /ky—1
0 Eaj+5kr 3
S= —
Tor ko1 fOr]—l,...,kr—l,
) Easkr
s=
bi/ki—1
X E jtskipr—i
§= s s
Py sory Jori=1,...,r—=landj=0,... k —1,
( HO Eask:T)
o
12
br kr—1
H Easkr
s=0
\
are in Z (I).

3) Ifv=(p—1)/2and u > (r —2)/2 let b be the multiplicative

inverse of ¢/ ky modulo-12; then

( br/kr—1

M Bojtekr
br/kr—1

el;lo Baskr
$i/ki—1

s=0 Baitskipr—i
br/kr—1 b(@i/ki)

( HO Eask7~>
s=
Put1/kugp1—1
sl;[o Eaj+s’€u,+1pr7(u+1)
A 2

S /kr—1 b(1=a2) (i1 /hyg1—1 al

sllo askr . SQU Easku+1pr—(u,+1)

$i/ki—1
=0 Eaj+8kipr7i
: — 27 2(ut1—1)

by —1 b(1—a2ip2(utl—i)y but1/kug1—1 a2ip

sllo Easkr ’ sl;lo Ea'gku+1pr_(“+1)

2(ut1)—r
byt1/ k11 P
SEO EGSku+1pr—(u+1)
br/kp—1 bp2(utl)—r ’
SEU E,lsk-,,.

ér/kp—1 12

IT  Egorr

\ s=0

forj=1,... k- —1,

fori=u+2,...,r—1

andj =0,...,k; — 1,

forg=1,... kyt1 — 1,

fori=1,...,u

andj =0,...,k; — 1,



3.CASET #T4(p") 35

are in F ().

PROOF. Fori=1,...,randj =0,..., k;, let

¢i/ki—1

fi,j = H Eaj+skipr7i.
s=0
We will show this lemma in the three cases, respectively.

(1) Suppose v # (p —1)/2.

(l.ay Fort=1,...;,7rand 5 =0, ..., k; — 1, consider

or/kr—b;/k;
fi,jf:(()gcd((Pl)/Qv,lﬂ ) -1

‘We know

o ) )

¢/ Ky >
ged((p—=1)/2v512)

v/ Ky )
ged((p — 1)/2v,12)

~ (/)1 412

L) 7

=0 mod 12

T k"?" p—
because 1—bW/)/%712) =0 mod 12/ged((p—1)/2v,12)

and (p — 1)/2v | ¢;/ki, ¢ /k,. Thus, Condition (1) of Propo-

sition ] is satisfied. Also, we know

H (b (ngczzr(;k: I)%/vkl?)) - 1)
_ b( Or [k — &i /K ) — 0 mod 2

ged((p—1)/20,12)

because 2(p — 1)/2v | ¢,/k, — ¢;/k;. Combining Proposition
b —or/kr=0i/ki \_y
Qwith Lemma|l0, we get fl.’jfr7(<)gcd<<fﬂl)/2v712>) arein .7 (I).
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(1.b) Forj =1,...,k. — 1, consider
I
fro
Similarly and clearly, by Lemma[I0|and Proposition{4] f,.;/ fr.0
are in .7 ().

(1.c) Consider

12
fgcd((p—l)/%,ﬁ)
r,0 .

It is clear that

12
ged((p —1)/2v,6)

(60 /k) ( ) ~0 mod 12

Moreover, wehave

12
god((p= 1)/2v,6)

=0 mod 2.

Similarly,“combining Proposition 4] with Lemma [T0} we get
12
FE e arein Z (1).
(2) Suppose v = (p — 1)/2 and u'< (r — 2)/2. Before proving this

case, we note thatforv = 1,...,r,

ki=k and ¢;/k =p“" ifi>u+1,

Also, we note that b is odd.

Now, we can start our proof. By Lemma 9] we know

E

a¢ipr—i

- anpr—i .
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Thus, it is equivalent to show

7

g P — —
. foryj=1,...,k — 1,

fuﬁffw' fori=1,...,r—1landj=1,..., k;,

rkr

12
rkr

are in . (I).

(2.a) Forj =1,..., k. — 1, consider

frj
f rky

Because ¢, /k. > 1, clearly, by Lemma [10]and Proposition

frii/ frk, are in . Z(T).

(2.b) Fori = 1,4 ./,r =1and 3= 1,...,k;, consider

fi,j
fb(¢i/ki) :

Pl

‘We know

¢i/ki — (o /k)b(0;/ki) =0 mod 12

because b is the multiplicative inverse of ¢,./k, modulo 12.
Thus, Condition (1) of Proposition [] is satisfied. Also, be-

cause b and ¢;/k; are odd, we know
1 —b(¢;/k;) =0 mod 2.

For i > u + 1, we know ¢;/k; > 1, and by combining Propo-

sition@with Lemma we get f; ;/ ff, (,j;/ ") are in F (T).
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Fori < u+1, because 1—b(¢;/k;) =0 mod 2, by combining

Proposition ] with Lemma I0] it suffices to show

fii(yr) = —e()? % - fii(7) = —€(v) - fii(T)

and it satisfies Condition (2) of Proposition 4] Clearly,

¢i/ki—1
E a2]+25k1-p2r—27, — a2jp2r—21 =0 mod 2pr
s=0

because u < (r — 2)/2 and 2 | a. In particular, Condition (2)
of Proposition@]is satisfied. Also,
$i/ki—1
Z /TRl =@t =0 mod 2,
s=0

so, by thetransformation formula of Proposition 3] we know

fi’j(’}/T) = Eajp'rfi (”)/T) =< E(fy) . Eaj+kpr—i(7') = 6(’)/) . Eaj+pu7i+l¢iprii(7—).

Then by Lemma 9}

u—1i+1

fi,j (’77_) = 6(’7)(_1)]] Eajpr*i(’r) = _6(7)'Eajp’"*" (7_) = _6(7)'fi,j(7—)'

Therefore, we get f; ;/ ff} Eji/ %) are also in .# ().

(2.c) Consider
12
rk*
By Lemma [10]and Proposition ] clearly, f,'% is in . (T').
(3) Suppose v = (p — 1)/2 and u > (r — 2)/2. Before proving this

case, we note thatforv = 1,...,r,

ki=k and ¢;/k=p*" ifi>u+1,
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Also, we note that b is odd.
Now, we can start our proof. By Lemma[9} we know
Eamppi = anprﬂ'.
Thus, it is equivalent to show
(s
f:_:T foryj=1,...,k — 1,
fi i s s
be'?ki) fOfZ—U+2,...,?"—1andj—1,...,]@',
rky
futly forj=1,... k1 —1
b(1—a27) ;427 ory=1,...,8u+1 )
fT,kI/r' u+1,ku+1
fig ;o S
TP E eI ety e e fori=1,...,uandj=1,... k;,
fr,kr u+l,ku+1
p2(u+1)—r
u+1,ku+1
bp2(u+1)—r 9
Tk
12
L rky
are in . (I).

(3.a) Forj =1,..7,k»— 1, consider

Jrj
f rky

Because ¢,./k, > 1, clearly, by Lemma|10|and Proposition

frj/ fri, arein Z(I).

(3.b) Fori =u+2,...,r—1and 5 =1,...,k;, consider

fi,j
fb(¢z‘/ki) ’

Tzk'r

‘We know

oi/ki — (¢ /K )b(0i/k;) =0 mod 12
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because (¢, /k,)b =1 mod 12. Condition (1) of Proposition

Mlis satisfied. Also, we know
1 —b(¢;/k;) =0 mod 2

because bis odd. In addition, from ¢; /k; > 1, we get f; ;/ f,
are in .7 (") by combining Lemma [10] with Proposition
(3.c) Forj =1,...,kyy1 — 1, consider

fu+1j

f 1 (121 a2J
u+1,ky41

We see

¢u+1/ku+1 _ (¢T/kr>b(1 T a2j) N <¢u+1/ku+1)a2j

=1— (1 +~a?)=a* =0 mod 12

because @1/ kugr = land (¢, /k)b = 1 mod 12. The

functions satisfy-Condition (1)-0f Proposition[d} In addition,
1-b(1—a¥)=1-b+ba* =0 mod 2

because 2 | a and b is odd. Thus, by combining Proposition

with Lemmal 10} it suffices to show

fﬁjﬂ] (v7) = —e(y) P Fen = (Gunhuga)e® fi:qéﬂj (1)
u+1,ky41 u+1,ky 11
1—a2J . fu+1 j (7_)

= —¢€(7) a2l
fu-i-Jl w1

and it satisfies Condition (2) of Proposition 4]

b(dn/k )
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¢u+1 /ku+1 -1
E a2j+25ku+1p2r72(u+1)
s=0

Gust1/kut1—1

_ a2] § anu+1+25ku+1p27‘—2(u+l)
s=0
25, 2r—2(u+1)

=a¥p . a2ja2ku+1p2r72(u+l)

_ a2j(1 B a2ku+1)p2r72(u+1)

=a¥(1 - a%““)p%_?(“ﬂ) =0 mod 2p"

because 2 | @ and 1 — a***+' = 0 mod p**!. In particular,

Condition (2) of Proposition is satisfied. Also, we see

Gut1/kusr1—1

§ aj+sku+1pr—(u+1)
s=0

Gut1/Bug =1
0 a2j E aku+1+8ku+1p7"—(u+1)
s=0

= ol p DL gigkariy =) = 0 mod 2.
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Thus, by the transformation formula of Proposition@ and Lemma

Ol we see

fu 1,5 Eaj r—(u+t1)
< a2g+ ¢ (77) = ( £ 227 (77—>

u+1, k)u+1 Eaku+1pr—(u+1)>

Eaj+kpr—(u+l)

(Eaku+1+kpr7(u+1)>

2 Eaj+¢u+1pr—(u+1)

(Eaku+1 Fout1pr—(utl) )

=) ()

= 6(7)1_a2j oY, (1)

(1)

Eajprf(ui»l)

(EakU+lpT*(u+1)>

A 1—a?I fu+1,J
=) ( TN ) (7).

23 4
Hence, we get fu+1,]/< # ” Q‘jfl,ku+l> are in .Z ().

(3.d) Fori =1,...,wandj=1,.:" k;; consider

a2 (1)

fi
b(l_a2jp2(u+1—z)) a2gp2(u+1 i) "
frvkr f +1 ku+1

We know

¢i/ki — (¢ /kr)b (1 — a®p*H177)
— (Pug1/kugr)a@ p?ti=
=1— 14 q¥p?tl=i _ g2 ut1=0)
=0 mod 12

because ¢; /k; = 1 and (¢,./k,)b =1 mod 12. The functions

satisfy Condition (1) of Proposition [4]
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Clearly,

1=b (1 . a2jp2(u+1fi)) —1—b + banPQ(lkklfi)

=0 mod?2

because 2 | a and b is odd. Then by combining Proposition

with Lemmal([I0] it suffices to show

f@j . k 25, 2(u+1—1i) f@j
a2 p2(ut1—i) (77—> = _6<7)¢/ (Buta/kut1)a™p ’ 23 p2(u+1—i) (T)
fu+1,ku+1 fu+17ku+1
1 g2d p2(ut1-i) f@j
= _6(7> “r ’ a2 p2(ut1—10) (T)
fu+17ku+l
and it satisfies Condition (2) of Proposition E[
@i /ki—1

E a[2j+25kip2r—21
s=0

¢u+1 /ku+1 =l
i a2jp2(u+1—i) § a2ku+1 +23ku+1p2r72(u+1)

s=0
— a2]p27"—21 . a2jp2(u+1—7,)anu+1p2r—2(u+1)
— a2]p2r722 o a2]+2ku+1p2r721

= a¥p* (1 —a®+) =0 mod 2p"

because 2 | a and 1 — a?*u+1 = 1 — ¢*«+1 = 0 mod p**L.

In particular, Condition (2) of Proposition@ is satisfied. Also,
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we see

oi/ki—1

Z a]—l—skipr—z

s=0

¢u+1/ku+1_1
o a2jp2(u+17i) § aku+1+sku+1pr7(u+1)

s=0

— a]pr—i . a2jp2(u+1—i)aku+1pr—(u+1) =0 mod 2

Thus, by the transformation formula of Proposition[3Jand Lemma

Ol we see
fi,j Eajprfi
a2dp2(ut1-1) (77-) - a2 p2(ut1—0) (’77_)
fu+17ku+1 (Eaku+1p7‘*(u+1))
1 g2 2 (ut14) F ki
= 6(’7) 7 3 [ —r a2 p2(ut1-i) (T)

<Ea’“u+1+kpr—(u+1))

Eaj+P“+1_id>ipr7i

(Eaku+l+¢u+1p7‘7(u+1)>

6(7)1_a2jp2(u+1—i) . (_1)pu+1—i_a2jp2(u+l—i)

25 2(ut1<4)
6(7)1 Ry : : a2jp2(u+l—i) (T)

Ea]'pr—i
) a2 p2(uF1=0) (T)
(Eaku+1pr7(u+1)>
1— 27 p2(ut1—i) f@j
= _6(7) “rp : asz2(u+17¢)( )
fu+1:ku+l

b(1—a29 p2(utl—i) 27 ,2(u+1—1) .
Thus, we get f; ;/ <fr,(kT a*lp )f5+f,ku+1 ) arein .#(I).

(3.e) Consider

p2(u+1) —r

u+1,ky4+1

bp2(u+l)7r :
f""vk'r
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We know

(Gus /et )(PPTIT) = (0 /Ky (b V7T

=0 mod 12

because ¢y 41/kyr1 = 1 and (¢, /k,)b = 1 mod 12. Condi-
tion (1) of Proposition@is satisfied.

In addition,
1—bp* @t =0 mod 2.

because b is odd. Then by combining Proposition [ with

Lemmal 10} it suffices to show
2(u+1)—7r 2(u+1)—n 2(u+1)—r
P - [ (Puti/kus1)(p ). fP
u+17ku+1 (’YT) - 6(7) u+17ku+1 (T)

2(u41)< 2(ut1)—r
=\—e @Vl L)

and it satisfies’Condition (2).of Proposition EL

¢u+1/k5u+1
2(u+1)—r 2ky+1+28ky+1,.2r—2(u+1
p (u+1) E q2kut +1p (u+1)

s=0

2(u+1)7ra2ku+1 2r—2(u+1)

=P p

= ¢%uript =0 mod 2p”

because 2 | a. In particular, Condition (2) of Proposition {|is

satisfied. Also, we see
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d)u+1/ku+1
p2(u+1)77" E aku+1+sku+1pr7(u+1)

s=0

_ p2(u+1)—7"aku+1pr—(u+l) =0 mod 2

Thus, by the transformation formula of Proposition[3|and Lemma

Ol we see
2(ut1)—r 2(u+1)—r 2(ut1)—r 2(ut1)—r
5+1,ku+1 (v7) = ESkquTf(uH)(’YT) = e(v)? : 5ku+1+kpr—(u+1)<7_)

p2(u+1)—r

2(u+1)—r
= E(V)p : aku+1+¢u+1pr—(u+1) <T>

2(ut1)— 2(u+1)-> 2(ut1)—r
= () et 2 ()

p2(u+1)—r p2(u+1)-7'

= _6(7) "1 kg (T)
Therefore, we get 51(:;3: / fi’,’juﬂ)ﬂ isin % (T).

(3.f) Consider

12
.kt

Clearly, by Lemma [10]and Proposition 4] f)3 is in .7 ().

Now, we can show the functions in above lemma form a basis for .7 (T").

THEOREM 4.2. Let p > 3 be an odd prime andr > 0. Let k := [['z(p") :
['] = p“v, where p { v. For a positive integer (, we set ¢y, = ¢(p*)/2 and
ke = (k, ¢¢). Let a be an even generator of (Z./p"Z)*. Suppose I # T'1(p").
Then
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(D) If v # (p — 1)/2, let b be the multiplicative inverse of ¢, /(k, -
ged((p — 1)/2v,12)) modulo 12/ ged((p — 1)/2v, 12), then

br/kr—b;/k;
(6i/ki—1 b0/l —1 b estlo T e iy ) 1 ‘
II  Ejver;pr—i- I[I E sk, fori=1,...,r—1
s=0 s=0
andj =0,...,k; — 1,
br/kr—1
B jtsky )
\ forj =1, k-1,
SQO Easkr
12
¢r/kr—1 ged((p—1)/2v,6)
Ho E sk
ke
\

form a basis for % (I') modulo C*.

Q) Ifv=(p—1)/2and u < (r — 2)/2, let b be the multiplicative
inverse of ¢, [k, modulo12, then

(or/kr—1
Eaj+$kr
S=! T
Ry fory=1,... k. —1,
HO EaSkr
o=
¢ /k;—1

=0 aJ"rSkZp'r —1

Py s Jori=1,... . r=Tandj =0,... k —1,
( H EaSkr)

s=0

br Jler—1 2
H Easky-
s=0

\

form a basis for F (I") modulo C*.
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Q) Ifv=(p—1)/2and u > (r — 2)/2, let b be the multiplicative
inverse of ¢,/ k, modulo 12, then

M Bojtsk, ’
b /kr—1 forj=1,....kr—1,
Ho E sk,
a=
¢i/ki—1
E .
Jtski r—i
s=0 e ‘P . _
o/l —1 NCIVED) fori=u+2,...,r—1
( II Easkr>
s=
andj =0,...,k; — 1,
but1/kyqg1 -1
sllo Ea‘7+'§k”+1ﬂ_(“+1) i1 k 1
b(1—a2J) ‘ w27 forj=1,.. . kut1—1,
¢r/kpr—1 but1/kut1—1
SI:IO Easkr ’ sgn B skyi1 pr—(u+1)
6;i/ki—1
=0 Ea‘HSkipT_i fori=1 u
— — (T =1,...
b /kp—1 b(1—a2dp2(utl—i)y Grid Mo gy =1 a2i p2(ut1—i) ’ ’
51—:1 Eqskr ) 51;10 Easku+1pr—(u+1)
andj =0,...,k; — 1,
p2(u+1)7'r

= Eaﬂk1,+1pr,~7(u+1)

ér/kr—1
SQO Fashr

br/kp—1 12
[T Egor,
\ s=0

form a basis for F (') modulo C*.

but1/kut1—1
I1

bp2(u+1)7r ’

PROOF. Fori=1,...,rand j =0,... k;, let
bi/ki—1

fi,j = | | Eaj+skip7'7i.
s=0

We will show this theorem in the three cases, respectively.

(1) Suppose v # (p—1)/2. Let f € #(I'). Then f € .Z(I'1(p")). By
Lemmal7] f(y7) = f(7), and Proposition 4] we have

T klfl

/= H H fiy’

i=1 j=0
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for some integers e; ; satisfying

r ki—1

Z Z(Cf)i/ki)@i,j =0 mod 12.

i=1 j=0

By Lemma[I0] we know

fig(yr) = —e()?/% - fi (7).

Thus, we get

fom) = (- ().

Because f(y7) = f(7), we know

r k;—1
2 l Z Z €ij-
i=1.7=0
This tell us
r ki—1
Z Z Cig = 2
=1 j=0

for some integer x. Combining above two equations of e; ;, we get

r—1 k;—1
Z Z(¢T/kr — ¢i/ki)ei; = (2x)(¢pr/k.) mod 12.
i=1 j=0
Then
— cb/k 6i/ki b0 /k
ZZI ]ZO ged((p— 1)/2v,12) 7 — (2x)gcd((p —1)/2v,12)
mod 12

ged((p—1)/20,12)
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and thus
r—1 k;—1 Ui
o[k — &3/ k; ) \
ey = (2r) = €ij
ZZ (et =17 73 o 22
12
mod

ged((p —1)/20,12)’

where b is the multiplicative inverse of ¢,./(k,-ged((p—1)/2v, 12))
modulo 12/ ged((p — 1)/2v,12).

If2112/ ged((p—1)/2v,12), then ged((p—1)/2v,12) = 4 or
12, and thus ged((p—1)/2v,6) = 2 or 6, respectively. In addition,
because 2(p — 1)/(2v) | ¢,/k, — ¢i/kiand 2 | >0 12 e

from above equation (*).ofe; j, there exists an even integer v’ such

that
kr—1 r=1 ki—1
S ] (br/kr ~\ ¢z/kz ) )
ero = — €rj b( —1)e;;
’ ; T ( ged((p —1) /20, 12) ’
, 12
+y

ged((p =1)/2v,12)

kr—1 r—14%&;~1
_ N . ¢r/kr - ¢z/kz
et (b (gcd«p —1)/2v, 12)) - 1)

j=1 i=1 j=0

24
ged((p—1)/20,12)

o Z 203> (Gt ) =)

i=1 j=0

+(y'/2)

12
ged((p— 1)/20,6)

+(y'/2)
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Otherwise, 2 | 12/ged((p — 1)/2v,12), then 12/ ged((p —
1)/2v,12) = 12/ ged((p — 1)/2v,6). Thus, from (*), there ex-

ists y”
kr—1 r—1 k;j—1
- i ok — &3/ ki
67‘,0 = — Z 67«7]‘ —+ (b ( 1 ei?j
i=1 o1 =0 ged((p — 1)/2v,12)
oy 12

ged((p—1)/2v,12)

I S e /b — Gifki N _ N,
- Z_: AP (b (gcd((p— 1)/2v, 12)) 1) N
o 12
Y ecd((p—1)/20,6)°

Sety = ¢'/2 if 2 412/ ged((p— 1)/2v,12) and y = 3" if

2|12/ ged((p =.1)/2v;12). Therefore,

kr—1 €r,.j r—1 k br [Kr — ¢7,/k 1 €ij
f?"j gcd((p 1)/2v,12)
f f’L] 7,0

i=1j=

1
12 Y
. (f ged((p=1)/2v,6) )
7,0 .

This complete our proof in this case.
(2) Suppose v = (p—1)/2and u < (r — 2)/2. Let f € .#(I'). Then
f € ZT.(p")). By Lemmal[l, f(y7) = f(7), and Proposition {4

we know
r ki—1

r=IL 7

i=1 j=0

for some integers e; ; satisfying

r ki—1

Z Z(¢i/ki)ei,j =0 mod 12.

i=1 j=0
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Because v = (p — 1)/2, we have ged(¢,./k,, 12) = 1. Then

ky—1 r—1 ki—1
ero = — Zem Zquﬁz/k Jeij + 122
=1 7=0

for some integer x, where b is the multiplicative inverse of ¢,./k,
modulo 12. Therefore, we get

r—1k;—1

—kH (Fral Fro)**? HH(fu/ M) ()

=1 j=0
This complete our proof in this case.
(3) Suppose v = (p—1)/2and u > (r — 2)/2. Let f € .%#(T'). Then

f € Z(1(p)). By Lemmalfil, f(y7) = f(7), and Proposition 4]

we get
r ki—1

F=1LH %

o=l =0

for some integers e; ; satisfying

r ki=1
Z Z(¢i/ki)ei,j =0 mod 12
i=1 j=0
and
v ki—1¢i/ki—
) Z 45 TR0 =0 mod .
i=1 j=0 s=0

Because v = (p — 1)/2, we have ged(¢,/k,,12) = 1. Then

from the first equation of e; ;, we can get

kr—1 r—1 k;—1
erg = — Zem SN b(¢i/ki)ei + 122
=1 75=0

for some integer x, where b is the multiplicative inverse of ¢,./k,

modulo 12.
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Moreover, because ¢;/k; = p~*! > 1fori > u + 1 and

¢i/k; = 1fori < u+ 1, the second equation of e, ; can be reduced

to

ut+1 k;—1

ZZ%@ P2t = g od p2et-T

=1 j5=0
Then we get

kut1—1 u k=1
—q 2 _
Cut1,0 = Z euﬂda ZZ%@ p 2(u+1 z)+p (u+1) "y

=1 j5=0
for some integer y.

Combining above two new equations, we have

krad r—1 k;—1
€ro = — Z Cri— Z Z b(difki)ei
j=1 i=u+2 j=0
ku+1—1

— b(1 — a? )€u+13

j=1
u  ki—1
b p2(u+171))€m
=1 7=0
+ 122 — bp?tbry,
Hence, we have
€i,j

kr—1 er; r—1 ki—1 f;
f= H (fro) H b(;;k
u+

i=u+2 j=0 rD

kyt+1—1 Cu+1,j

[ (ol
a2J

(1—a27)
j=1 f fqul 0

u k;—1 €i,j
fi,j
H H b(1—a2ip2(ut1-1)) .42jp2(ut1-i)
i=1 j=0 rO f +1,0
p2(u+1)—r )
u+1,0 ( 12)45
7,0

bp2(u+1)7r
fr,O
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We finish the proof of this theorem.

g

REMARK. When k = 1, thatis, I' = ['y(p"), let b be the multiplicative

inverse of ¢,/ gcd((p — 1)/2,12) modulo 12/ ged((p — 1)/2, 12), and then

Pr—¢;
b1 br—1 W geattpny i)~
H Easprfi . H Eas
s=0 s=0

-GERGR) T

fortr=1,...,r—1,and

12
(z)rHl E ged((p—1)/2,6) ( 77(7) )gcd((pl—Ql)/Z())
s=0 ’ n(pT)

form a basis for .7 (I'o(p") ).

1

4. Application

In this section, as a corollary of -above theorems, we will compute the
order h(I") of cuspidal Q-rational torsion subgroup of J(I') when I' =
Ii(p7), Do (p").

Before computing the order, we need the following elementary lemma

from linear algebra.

LEMMA 12. Let p > 3 be an odd prime and r > 0. Let k := [['o(p") :
['] = p“v, where p | v. For a positive integer {, we set ¢, = ¢(p*)/2
and k; = ged(k, ¢¢). For j = 0,...,r — 1, set d; = Zgzo k,_s Let
n:=d,_1 + 1. Let A C R" be the lattice of dimension n — 1 generated by

the vectors

e =(1,0,...,-1,0,...)
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with the —1 appearing at i+ 1 entry fori =1,..., k. — 1,
€ = (2¢;,0,...,—-1,0,...)

with the —1 appearing at i+ 1 entry for j = 1,...,r —min{r/2,r —u—1}

(ll’lddj,1 S 7 S dj - 1,
€ = (2¢rfjk/krfj707 R _1707 .- )

with the —1 appearing at i + 1 entry for j = r — min{r/2,r —u — 1} +

l,...,r—landd;_y <i<d;—1, and

€En—1 — (k)r, O, ¥ —1)
Let A’ be a sublattice of \ of the_same rank generated by v, . .., v, 1.
Let v, = (c1,...,c,) be any vector such that
kr r—min{r/2r—u-=1}k, 5
TS R - N5 > 20ch
i=1 j=1 i=1
r—1 k'r—j

+ Z Z(2¢r—jk/k7’—j)ci+dj_1 + kpcn, # 0,

j=r—min{r/2,r—u—1} i=1

and M be the n X n matrix whose ith row is v;. Then we have
(A:N) = |c*1detM|.

PROOF. In general, to determine the index of a sublattice A’ in a lat-
tice A of codimension 1 in R”, we pick a nonzero vector x in R" that is
orthogonal to A, and form two matrices A and A’, where the rows of A are
generators of A and z, while those of A’ are generators of A’ and x. Then

the index of A’ in A is equal to |det A’/ det A|.
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Now for the lattice A generated by ¢;, we can choose the vector x =

(1,...,2,) € R™ with

z=1, ifi=1,.. k.

x; = 2¢;, ifj=1,...,r —min{r/2,r —u—1}
andd;_; +1 < < d;,

v =2¢,_jk/k,—_;, ifj=r—min{r/2,r —u—-1}+1,...,r—1
andd;_; +1 < < dj,

T, = k.

Then

r—min{r/2,r—u—1}
det(A) =k, + 4 = k302
j=1
r—1
-+ 3 kel j7 K K2+ K2

g=r—min{r/2r-a-1}41
On the other word, for the matrix-A in the lemma, by adding suitable
multiples of the first n — 1 rows to the last row, we can bring the last row
into (¢,0,...,0). Note that this procedure does not change the determi-
nant. By the same token, we can also transform the matrix A’ correspond-
ing to A’ into a matrix whose first n — 1 rows are v; and whose last row is
(det(A),0,...,0) without changing the determinant. From this, we see that

c™l-det M = (det A)~!-det A’, and therefore (A : A’) = |c"tdet M|. O

Now we can compute the order A(I';(p")).

LEMMA 13. Let p > 3 be a prime and r > 0. For a positive integer /,

we set ¢y = ¢(p*)/2. Let By(x) = {x}* — {z} + 1/6, where {x} denotes
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the fractional part of a real number x. Then we have
hTi(p")) = (¢r) " 12p°| det B,

where ¢ = r + Y. i¢; and B is the (> ,_, ¢;) x (D_i_, ¢;) symmetric

matrix with row vectors

which have entries

;

1 alts
§B2 ( i

p

>7 l.‘fS:Ow"ung_la

%Bg(a?'“), ifn=1aalilslands =0, ... évn—1,

pl*”’L
\%7 ifm=i,. Lr=dands=0,...,¢._, — 1.
PROOF. Let
c(()o) =1/6.

Fori=1,...,rand j = 0( mod ¢;),...,¢;—1( mod ¢,), set

where By(x) = {x}? — {z} + 1/6.
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Fori=rr—1,...,1and j =0,...,¢; — 1, by Lemma(l]and Propo-

sition 5] it is easy to see

ér—1 r as
div(Egipr—i) = p—c;ﬂ, <—)

n _—
Setd,, := Y 1o ¢r_t for n="0,c ;=1 Denote div(E,;,—i) € R

by
(—
div(Egipr—i)st1 =% Ciy g its=0,.v,0,— 1,
_—
div(E,spr—i ) < PC i =/ — 1
W Lgipr—i ) s+d,_1+1 = 3 Cj+57 Hwrn=>=1...,1
ands=0,...,¢,_, — 1,
_— —
div(Egipr—i) =2 ifn=i -1
1v aipr—1t st+dnp_1+1 — 2 CO’ n = Z, e ,7”
ands=0,...,¢,_, — 1.
\

Thus, from Theorem .1 and Lemma [T2 with the choice of vy, 1 =
(0,...,0,1)), we know

W(T1(p") = (6,) " 12p"

det [diV(Eajpr—i)] ‘

= (¢,)"*12p°| det B,
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T ; r r
where c = r+) |, i¢; and [diV(Eajpr'fz)] meansthe () ), ¢;)x(D i, ¢:)
matrix with row vectors

_—
diV(Eajprfi)

and B is the matrix described in the theorem. O

Now, we compute the determinant of B in the above lemma.

LEMMA 14. All notations as above. Then we have

| det(B)| = (p2—41> _ ((p— 1;ip+1))M e

. 1
\ H H ZLBZX mod p?»

1=1 x#£x0 mod p’,even

where
T

r—1
ci=2n+ LE Y i £2 ) i,
m=1

=1

and the innermost product is._taken over all even nonprincipal Dirichlet

characters modulo p' fori = 1. ..

PROOF. Let & = €™/ For s,t > 0, set

ei=(1 e - @)

and
é
7= 0
with ¢ 0’s.
Fors=1,...,¢, — 1,if p™ | sand p™t' { s, where 0 < m, <71 — 1,

define W, by the subspace of R(Xi=19)x1 generated by

RN T
t__ s,t 0
€s = <022:t+1 bi 6 Yot dh‘) !
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where t = r,r — 1,...,r — my. Also, for s = 0, let my = r. Then define

W, by the subspace of R(-i=1 9)%! generated by

T
t _ (G ot
60_ OZZ:t+1¢i 51 OZZ;%@ ’

wheret =r,r —1,...,1.
Clearly, RXi=19)x1 — q@V,. After suitable rows interchanges of B,
we claim

B(Wy) C W
and compute
det(B|W5).
Then we can get det(B).
Given s € {1,...,0, — L} with 0 < m, < r — 1. Fort = r,r —
1,...,r —ms, by Lemmalo] we know

13 a_j (53)]'_1@2_:13 a_j | <§S)j+i¢>e
272\ pf Ky 2\ pt )4

p S

¢r—1

J=0

t—e P j+ide
P P Z a N
T2 4 2 — B ( Pt > (&

t—~
2(t—¢) pe=lp 1 i

_P 5 Z Z 32( = >(€S)j+i¢e

j=0 =0

2(t—e) 1 j
p ] s\ 17
- Z b (17) &

whenr —m, < /¢ <t,
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when 0 < ¢ < r —mg, and

—

dt— 1 N
E(f) =0

=0

Hence, by suitable rows interchanges of 3, we have

Pr—1 ;
1 a’ j —r+m r—t—m
= (5 30 (5) 1) o oprminy

§=0
fort =r,r—1,...,7 — ms. Then we get
r bt — l aj
méms 1 s‘
det(B|W,) = p™ V. ] Z B2 (7) ).
t=r—ms j=0

For s = 0 with m, = r, similarly, by Lemmal6| we have
pe—1
a’
ZOWACH
( + pReirh e pHE Dt Lt et 2t 16(1)) ’

wheret = r,r — 1,..., 1. Thus; we get

r—1 r ¢i—1 :
, 1 a’
der(Bl1ve) = (-1 [T TTY 580 (%)

i=1 i=1 j=0
r—1, (r—1)2 r—1 AN o/
= (=17 p+ ) By —]).

Set ¢ := 1. For fixed m € {0, 1,...,r — 1}, there are ¢, _, — Pr—pn—1

s’sin {1,...,¢, — 1} with m, = m such that p™ | s and p™*! { s. Thus,
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by combing with above results, we know

|det(B)| = ] [ | det(BW)]

S

r—1
r—1)2 r— m(m r—m = Pr—m—
= pr Y (p+1) 1.H<p(+1))¢ br—m—1
m=0
r d)z 1¢z )
TS 2 (%) @)
i=1 s=0 j=0
Recall that for a Dirichlet character y modulo N, where N € N,
al 3
k=1
Hence, we can reduce the product to
r—1
p(,’,._l)Z H m+1 (f)rfm_ﬁbr—m—l
m=1

1
H H H ZIBQ’X mod pt | -

=1 1=1 y mod p?,even
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Note that

r—1
Z m(m + 1 ¢T7m - (brfmfl)
m=1

r—1 r—1

= Z m(m —+ 1)¢r7m — Z m(m + 1)¢r7m71

=1 m=1

:<2¢r 1+Z m+1¢r m)
r—2
_ <(r —Dr+ Y m(m+ 1)¢,_m_1>
m=1
(2@ 1+ Z m(m+1)¢ )
—(r—lr—i—z —lmqbrm)
= 2¢7‘—1 || (T’ - 1)T + Z_: 2m¢r—m
m=2

r—1
=—(r—1r+% Z 2MPr—_p-

m=1

Then the above product is equal to

r—1
r— 2 r— —(T—l)T‘+2 E m¢7'77n
P (p+1) T p m1

p_ izl i . H H EBQ’X mod pi

=1 x mod p?,even

T r—1
- 1— ) % 2 r—m
= (p + 1)T_1 o igl Z(z) M mz::I m¢

1

’ H H ZBQ,X mod p*

t=1 x mod p?,even
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By Lemma ] the above product equals

p=1) (=Dt DY e E e
24 24 p

. 1
: H H ZBQ,X mod p?-

=1 y#£x0 mod p?,even

By combining above two lemmas, we can prove Theorem [L.1]

PROOF OF THEOREM[L. Il By Lemma[I3]and Lemma[I4] we get

W1 (p"))

_ o)zt et o 1))7«_1

24

T r—1 r
—r+1— Z ipi+2 Z MOF— 7 1
) i=1 m=1 n I | | I ZBZX mod pi

i=1y=£x0o mod pt,even

(=D + )T e T
pr— T .p 1=

: 1
I I (Becwsar

1=1 y#xo mod p?,even

Since
r—1 r—1 r—1 r—1
9 Zi(brfi _ Z i(prfi . prfifl) _ Ziprfi _ Z Z-prfifl
=1 =1 =1 =1
r—1 r
_ lpr_i . Z(Z o 1)pfr—z
=1 =2
r—1
=P ==Y (= =1
=2
r—1 r
:—(r—l)—i-z = <];__f) —r+1,
=1
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the above product is equal to

P-DE+D\ " oy s T 1
(—24 . p( =1 )72 H H ZBQ,X mod p -

=1 y#x0 mod p?,even

g

Next, we give a proof of Theorem|[I.2]

PROOF OF THEOREM [1.2]. All notations as before. Set

and
P B —
=355 (5)
fori=1,...,r.

Fori=rr—1,...,1, by Lemma|l]and Proposition 5 we know

¢i—1 1
div Eiy—i | =p"¢ (—)

i—1 min{2¢r_n,2¢n} 1
LD DD DI e (W)
n=1 t=0

r—1 min{Q(b'rfn 72¢n}

7—n 1

+ ¢ico(1).
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¢i—1
Denote div ( 11 Eajp”> € R" by
=0

$i—1
div Eajpr—i 1= pTCi7
7=0

¢i—1
div ( I1 Eajpri>n+1 =p"Ci_n, ifn=1,...,1—1,
=0

(

j=0

¢i—1
div ( Eajpr—i>n+1 = p“"gbico, ifn = i, e, T = 1.
\

Let M mean the » X r matrix with row vectors

di=1
div (H Eajpr_i>.
=0

By Theorem[4.2|and Lemmal[12(with the choice of v, 1 = (0,...,0,1)),

we get that

BT s — o

ng(T7 6)

| det M|.

Thus, it remains to compute | det M |. We have

| det M|
p'c, p'cr_q pre._o ... p"cy p'cy
pe—r P2 Pz ... pla por_icy
PCro PGz PCig ... PPOr_acy DPPr_aco
= |det
p'co prer P gaco ... PPdecy  pdaco
prar P iicy P icy ... DPoico PP1Co

From Lemma 6] we know

_r—i
c=p""c
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fori=1,...,r,and
r - p
ci=pc = ——
b 24
Thus,
c pe p2C perC pr‘flc
pe pe p’c prle por_ico
2 3 4 2
p-c pc pc D Pr_2Co  PPr_2Co
| det M| = |det
p e ple p T ¢acy prhaco PPaco
p e prlice T dico p*pico pPico
c pc pie p"2¢
0 0 0 0
— et 0 0 0 —p"c+ p2pr_aco
0 0 —ple+ p " 2¢aco —p?~tc+ p2gaco
0 —pctp T loico =prFreHp 2dico —p?=3c+ pgico
r—1
= lc[[(=p"c+ p'ér_ico)
i=1
P\ 11 1—p p—1
_ [ T L B 4 i, r—i—1 (£ -~
(52) T (= (52) e (557)
r—1
(=LY e p—1\ p-1
- ( 21 ) b P\ )T

(252 o (e

_1)>’“1.

67

p'r‘flc
—pc+ ppr_ico

—p"Tle+ por_aco

—p* =3¢+ ppaco

—p* " 2c+ phico
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Therefore, we get

h(To(p")) = det M
( 0(p )) gcd(p%l76)’ € ‘
_ 5 ey (<p+1><p 1))”
ged(2,6) 24
p—1 e ((p+DE-D\
ged(p — 1,12) 24

Similarly, for » = 1, we have

THEOREM 4.3. Let p > 3 be an odd prime, n := [[' : T1(p)], and
k= [To(p) : I']. Then

n 1
h(D) = p° 11 B2

XFX035 X"=X0, even
where the product is taken over all_even nonprincipal Dirichlet characters

x modulo p satisfying x* = \q, and
0 otherwise.

(For I' = T'y(p), the product is empty and should be interpreted as 1.)
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