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ABSTRACT

Let m and A be positive integers. A frequency permutation array (FPA) of length n = mA
and distance d is a set of permutations on a multiset over m symbols, where each symbol
appears exactly A times and the distance between any two elements in the array is at least
d. FPA generalizes the notion of permutation array (PA), which is a special case of FPA
by choosing A = 1. PAs are known for various applications in power line communication,
flash memories and cryptography. FPAs are more flexible than PAs, since the length and
the symbol set size of a PA must be equal. FPAs are potentially better than PAs in various
of applications. For example, FPAs have higher information rate than PAs do when their
symbol sets are the same.

In this thesis, under Chebysheve distance, we prove a Gilbert-Varshamov type lower
bound and a sphere-packing type upper bound on the cardinality of FPA via bounding the
size of balls of certain radii. Moreover, we _propose two efficient algorithms that compute
2dk)2.376

the ball size under Chebyshev.distance. The first_one runs in O (( Y

(@) ((Qj/\’\f) space. The second one runs in O ((25/\’\) (‘D‘; A)%) time and O ((Qdd/\’\)) space. For

log n) time and

small constants A and d, bothrare efficient in-time.and use constant storage space.

We give several constructions of FPAs, and we.also derive lower bounds from these con-
structions. Some types of our FPAs come with efficient encoding and decoding capabilities.
In addition, we show one of our designs is locally decodable and list decodable. In other
words, we illustrate how to decode a message bit by reading at most A + 1 symbols, and
how to find the list of all codewords within a certain distance. Furthermore, we propose an
FPA-based private information retrieval scheme, which follows from the locally decodable
property.

On the other hand, we show that it is hard in general to determine the minimum distance
of an arbitrary FPA by investigating subgroup codes. Subgroup permutation codes are per-
mutation arrays exhibiting group algebra structures with the composition operator. Under
Chebyshev distance, we prove that to determine the minimum distance of a subgroup code is
equivalent to finding the minimum weight of non-identity codewords in a subgroup permu-
tation code. Moreover, we prove the latter is NP-complete and it is NP-hard to approximate

the minimum distance of a subgroup code within the factor 2 — € for any constant € > 0.
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Chapter 1

Introduction

A A

Let S be the set of all permutations on the multiset {’1,—/\?, e ,m} A frequency
permutation array (FPA) is a subset. of S/ for some positive integers m, A and n = m.
In this thesis, we investigate their properties and applications. In addition, we study how
to construct FPAs with efficient encoding and decoding algorithms. On the other hand, we

analyze the complexity of computational problems related to FPAs.

1.1 Permutation Arrays and Their Applcations

A permutation array (PA) is simply a special case of an FPA by choosing A = 1. PAs have
been studied for a long time. Based on Slepian’s [36] idea, the first error correcting PA
is proposed by Blake [5] in 1974. Today, PAs have applications in various fields. Recently,
researchers have found that PAs have applications in areas such as power line communication
(e.g. [31], [41], [42], and [43]), block cipher (see [13]) and multi-level flash memories (see [20],
[21] and [37]).

The communication devices will not work without electricity, so most of them are sup-
posed to have a power line connected. As a consequence, power lines are considered as a
highly potential solution for the last-mile connection. Vinck and Héring [41] proposed a
transmission scheme using 4-Frequency-Shift-Keying (4-FSK) modulation coded by permu-
tation arrays over the power lines. When transmitting data with m-FSK modulation, we

send symbol 7 € {1,...,m} by a carrier wave of some unique frequency f;. For example, we
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send (1,3,2,4) by setting the frequency of the carrier wave to fi, fs, fo and f; in time slot
1,2,3 and 4, respectively. After the carrier wave passes through a noisy channel, the receiver
may get extra symbols in some time slots. If there is a noise wave of frequency f; happening
in time slot 1, then the receiver would get {fi, f4} in time slot 1. There are two major noises

in the channel over power lines,

1. Narrow band permanent noise. This kind of noise is generated by certain electronic
devices such as television and computers. It often appears in every time slot. Thus,
we alway receive symbol ¢ when a device generate a narrow band permanent noise of

frequency f;. The receiver may get { f1, fo}, {fo2, f3}, {f2} and { fo, f4} in time slot 1,2, 3

and 4, respectively, if there is a permanent noise of frequency f.

2. Broad band impulse noise. An impulse noise can be caused by unplug a heavy load
device or a power surge. It makes. s to receive all symbols in a time slot. The receiver

may get {fi},{/f3}, {fe} and {fi; fo; f35 f+} in time slot 1,2,3 and 4, respectively, if

there is an impulse noise of frequency in time slot 4.

The structure of permutation is rebust against these.noises; since every symbol appears
exactly once in a permutation. For the marrow band permanent noise, we can find out the
extra symbol, because the extra symbols are identical in every time slot. A permutation
on {1,...,n} can be uniquely determined if we know the symbols in n — 1 entries of it.
Consequently, we can indicate the correct symbol in the time slot where the impulse noise
happens. With error correcting capability, PAs can overcome others minor noises to ensure
the communication quality over power lines.

Flash memory has become one of the most important type of non-volatile data storage
recently. The basic unit of a flash memory is a cell, which behaves like a battery. A multi-level
flash memory cell can store m kinds of symbols where m > 2. The stored symbol is quantized
by the discrete levels vy, vq, . .., v,, of the cell voltage. For example, a cell represents symbol
¢ if its voltage ranges from v;_; to v;. One of the noticeable property of flash memory is the
asymmetry of charging and discharging cells. It is possible to put electrons only into one cell
in a short time, but removing electrons from a cell is not allowed. We can only relatively

slowly remove all electrons in a block, which consists of about 10° cells (see [8]). This causes
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some problems on data writing.

1. Even when we want to only write one cell, we need to erase a block, i.e., to remove all
charges in it, then perform charging on each cell in it. This makes writing data into
a cell slow. Moreover, the life time of a flash cell is heavily related to the number of

discharges performed.

2. The overshooting problem. It is hard to accurately control the amount of electrons
charged into a cell. There are often two charging strategies. The first one is to charge
a large amount to the cell. If lucky, then we can write the cell correctly in one charge.
Otherwise, we have to discharge the whole block slowly, and we need to charge every
cell in the block. The second one is to charge a small amount to the cell, then check
whether the voltage is high enough to represent the symbol. We might need to repeat

for several times to accomplish the writing.

In order to accelerate the writing, Jiang et al. [20] illustrate the rank modulation for multi-
level flash memory. Instead of symbol quantization with voltage levels, their concept is to
represent symbols in accordanee with the ranking of relative voltage levels. Therefore, we can
change the symbol usually by several charging operations, and the frequency of discharging
the block decreases significantly. Moreover;; when the overshooting problem occurs, it can
be fixed by several charging operation in general. Since the expected number of discharg-
ing decreases, the rank modulation scheme increases both the writing performance and the
endurance of the multi-level flash memory. Furthermore, Jiang et al. [21] proposed some
error correcting codes, which are exactly PAs, for storing data in multi-level flash memory.
The overshooting problem can be solved directly by the error correcting scheme. The error
correcting capability of PAs also provides immunity from the other problems.

In the past decade, many constructions have been proposed. These methods include ap-
plying distance preserving mapping (DPM) (see [9]), and distance increasing mapping (DIM)
to linear block codes (e.g. [10] and [11]), exploiting the connection between PAs and mutually
orthogonal latin squares (MOLS) [12], and the others (e.g. [26] and [37]). Conversely, re-
searchers also studied the maximum cardinality of PAs under various settings. For instances,

Deza and Vanstone [14] gave bounds on the maximum cardinalities of equidistant PAs un-
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der Hamming distance, and recently, Klgve et al. [26] proposed bounds under Chebyshev
distance.

There are plenty of choices for constructions of PAs, however, only few families of PAs
known to have both efficient (in polynomial time of the codeword length) encoding and decod-
ing algorithms, such as the codes proposed by Lin et al. [28] and by Swart and Ferreira [35].
Some constructions, such as Babaev’s [3], consider encoding as computing the binary rep-
resentation for some permutation, and decoding as computing the permutation represented
by some binary string. The schemes in [3] are efficient, but they do not exhibit any error
correcting capability. Swart and Ferreira [35] gave a decoding algorithm for a particular PA
applied to power line communication. Lin et al. [28] proposed a couple of novel constructions

with efficient encoding and decoding algorithms for PAs under Chebyshev distance.

1.2 Frequency Permutation-Arrays

FPA was proposed by Huczynska and Mullen [17] as a generalization of PA. They gave
several constructions of FPA under Hamming distance and bounds on the maximum array
size. Some of their constructions extend the concept of MOLS. They also gave bounds on
the maximum cardinality of FPAs under Hamming distance.

Similar to the application of PAs for power line communication, we can encode a message
as a frequency permutation from S?. Then the message is transmitted as m-FSK signals. The
nature of frequency permutations provides higher information rate without losing immunity
to narrow band permanent frequency disturbances and broad band impulse noise mentioned
in Vinck’s work [43], since the numbers of different symbols are equal.

For flash memory applications, different from the approach by Jiang et al. [21], we can
use FPA to provide multi-level flash memory with error correcting capabilities. For example,
suppose a multi-level flash memory, where each cell has m states, which can be changed by
injecting or removing charge into or from it. Over injecting or charge leakage will alter the
state as well. We can use the charge ranks of n cells to represent a frequency permutation
from S, i.e., the cells with the lowest A charge levels represent symbol 1, and so on.

In general, a longer code can resist stronger burst errors in communication and tolerate

4



more severe failure in data storage. However, the lengths of PAs are limited by the size
of their symbol set, which can be the number of distinct frequencies of power line or the
number of charge levels of flash memory. For FPAs, there is no such limitation. We can
easily construct much longer FPAs, especially, the codeword length of an FPA can be as
long as the block length of a multi-flash memory. Hence, FPAs are more suitable for these

applications.

1.3 Our Results

First of all, we prove a Gilbert-Varshamov type lower bound and a sphere-packing type upper
for the maximum cardinality of FPAs under Chebyshev distance. We obtain the close form
by estimating the size of ball by bounding the:permanent of a special family of matrices. We
also give several efficient dynamic programming style algorithms to compute the exact ball
size by investigating an enumeration-algorithm closely.

Then, we give several methods to construct FPAs under Chebyshev distance. These meth-
ods include a direct construction and various recursive.constructions. They mainly extend
the ideas from the work of Klgve et al. [26]. We give efficient encoding and decoding algo-
rithms for a family of FPAs. The decoding algorithms include a unique decoding algorithm,
a local decoding algorithm and a list decoding algorithm. Therefore, FPAs exhibit strong
capabilities in error correcting.

A locally decodable code has an extremely efficient decoding for any message bit by
reading at most a fixed number of symbols from the received word. Suppose that an FPA is
applied to a multi-level flash memory where the length of a codeword equals the block length.
This feature allows us to retrieve the desired message bits from a multi-level flash without
accessing the whole block. With the locally decodable property, we can raise the robustness
of the code without loss of efficiency. Also, we show our construction of FPA can be used in
cryptographic application. Locally decodable codes have been under study for years, see [3§]
for a survey and [45], [16] for recent progress. They are related to a cryptographic protocol
called private information retrieval (PIR for short).

There are many complexity issues on the designs of codes. “Is determining the minimum
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distance of a code hard?” and “How fast can we compute the closest codeword for a certain
received string?” may be the top two problems frequently asked. For A = 1, both problems
are proved to be NP-complete under many metrics, such as Hamming distance, Chebyshev
distance (¢, -metric), Kendall’s tau, et al.[7, 6]. However, for Chebyshev distance, the NP-
completeness proof by Cameron and Wu [7] fell apart on some instances. We give a correct
proof for the NP-completeness. Moreover, we also show the problem is NP-hard to approxi-

mate within 2 — e for every constant € > 0.

1.4 Organization of the Thesis

In Chapter 2, we will give notations used throughout this thesis and some background knowl-
edge of permutations, computational complexity and coding theory. In Chapter 3, we present
how to obtain explicit bounds on the maximum cardinality of FPAs. In Chapter 4, we give
both explicit and recursive methods«to construct FPAs of certain parameters. In Chapter
5, we show an efficient encoding and three decoding algorithms for a family of FPAs con-
structed in a simple manner. In addition, we construct a protocol for private information
retrieval based on the locally decodableproperty. In Chapter 6, we discuss issues in the
aspect of computational complexity. Finally, we conclude this thesis with some future works

in Chapter 7.



Chapter 2

Preliminaries

2.1 Notations

Here, we give useful notations. Leét (ay, agy...,as) denote an n-tuple. We use [n] to represent
the set {1,...,n} and [ny, ns} to denote the set {ny,m; + 1,...,n2} where n; < ny. A
permutation on [n| is a bijective function from [n] to [n]: In this thesis, we use n-tuples to

denote functions and permutations.

Definition 2.1.1. (n-tuples) A functionf-=-(ay,as;. .., ay,) if and only if f(i) = a; for every
i € [n].

Let S,, denote the set of all permutations on [n]. S, is a group with the composition
operation, since the composition of two bijective functions from [n] to [n] is still a bijective

function from [n] to [n]. We define the product of two permutations f and g € S,, as

The identity in S, is e, = (1,...,n). f™ represents the m-th power of a permutation f on
[n], and we define f° = e, and f™ = ff™ ! for m > 0. A permutation f of order k on [n]
if and only if k is the minimum positive integer such that f* = e,. We say that {gi,..., g}
is a generator set for a subgroup G C 5, if every permutation g € G can be written as a

product of a sequence of compositions from elements in the generator set.
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To represent a permutation, there is an alternative other than using an n-tuple. We can
write a permutation as a product of cycles. A cycle (ay,as, ... ,ap) represents a permutation

7 such that
o m(a,) = a;.

o m(a;) = ajq foriep—1].

o m(x) = x for x ¢ {a; : i € [p]}. We say two cycles (ay,...,a,) and (by,...,b,) are
disjoint if {ay,...,a,} N{b1,...,b,} = 0. Every permutation 7 € S,, can be written as

a product of disjoint cycles.

Definition 2.1.2. (Products of cycles) For 0 = py < p1 < -+ < p; < pgy1 = n and

{ai,...,a,} = [n], a permutation

7= (a1, .., ag)(Qp st - slys) <= (At - - - An)

if and only if
Qit1 71. ¢ {pla'-'qu-i-l}‘
m(a;) = . |
Up, 11 <3 E€D1, . Pe1) and i = p;.

For example, (3,2,1,5,6,4,7) = (1,3)(7)(4,5,6)( ). For simplicity, we sometimes omit the

cycles of one element, i.e., (1,3)(2)(4,5,6)(7) = (1,3)(4,5,6). When written in the product

of cycles notation, the structure of a permutation is clearer. Now, we show how to relabel a

permutation without changing its structure.

Lemma 2.1.3. For permutations f and g = (a1, ..., ap)(Qpr1,-- - Q) (Gpyits - )

on [n|, we have

fof ' = (f(ar), -, flap))(f(ap,+1,- - - 7f<ap2))(f(apq+1)’ T ’f<an))

Proof. We rewrite g as

(ala g<a1)7 s ’gp1_1<a1))(ap1+17 g<ap1+1>7 s 7gp2—p1—1(ap1+1)> e (apq-‘rh v ’gn—pq—l(apq+1))

8



Consider the sequence f(ar), fgf~*(f(a1), (fof~)2(f(@r),. .., (faf =1V (f(a1)), they are
actually

flar), f(g(ar)), f(g*(ar)), ..., f(g" (@), flar),

since (fgf_l)k = f¢*f~! and ¢”'(a1) = a;. Therefore, the cycle structure of aj, ..., a, in g
and the cycle structure of f(a1),..., f(ay ) in fgf~' are the same. Apply this observation

to f(ap,+1), ..., f(ap,+1), then we know the lemma is true. O

Here, we give a definition to metric functions. A function 6(+,-) : D x D — R is a metric

function if
e d(z,y) >0 for every x,y € D.
e §(z,y) =0if and only if x = y.
e (z,y) = d(y,x) for every @,y € D.
o d(z,y) <d(x,2) + 0(2,y) for every z,y, 2 € D

For convenience, when a bold-type alphabet represents an n-tuple, the same alphabet in
regular-type with subscript ¢ represents the i-th entry.of the n-tuple unless stated otherwise.
For example, = (x1,...,2,). For'two m-tuples x and y, some well known metrics are

defined as follows.

Definition 2.1.4. Hamming distance between x and y is defined as

du(z,y) = [{i € [n] : 2 # yi}].

Definition 2.1.5. Minkowski distance of order p > 0 between x and y is defined as

bz, y) = VZZ.EM T

Definition 2.1.6. Chevyshev distance between x and y is defined as

éoo(wa y) = nax |IZ - yz|
1€[n]

9



The distance between two permutations is the distance between the tuples representing
them. We say two permutation (tuples)  and y are d-close to each other under metric
§ if §(x,y) < d. A metric ¢ is right-invariant if and only if §(xz,yz) = o(x,y) for all
permutations x,y and z. We show that Hamming distance, Minkowski distance of order

p > 0 and Chebyshev distance are right-invariant.

Lemma 2.1.7. Forn-tuples x,y and a permutation z € S,,, we have dy(xz,yz) = dy(x,y),

U(xz,yz) = l(x,y) and lo(x2,y2) = lo(x, y).

Proof. By the definitions, we have

dy(®z,y2z) = |{i €[n]: z20) # vz }|
= |{j:3; #y; for some i € [n] with j = 2(i)}]
= [i € [l o vl
= du(2;y),

l(xz,yz) = i/zie[n] 'wz(i) Y, yz(i)’p
- i/Zie[n] |xz N yi|p

- ep(wa y)7

and

lo(XZ,Yy2) = Héé[%}](|«rz(i)_yz(i)|

= max|z; — y;|
i€[n]

= ln(x,y).

]

We define the weight function wts(x) for a right-invariant metric § and a k-tuple x as
wts(x) = 0(ey, ). For any right invariant metric ¢, the distance between the closest pairs of

elements in a subgroup G of 5, is equal to the minimum weight of non-identity permutation

10



in G, since

i ) = i S(xzy? = i t :
il Y T o B, Y ) = R, V()
Now, we extend the definition of permutations. A permutation on a multiset {ay, as, ..., ax}

is a k-tuple (af(l),af(g), o ,af(k)) where f is a bijective function from [k]| to [k]. In 1965,
Slepian [36] considered a code of length n for permutation modulation. It consists of all

multiple permutations on the multiset

A1 Am

A

{lfula'"7#1‘7-"7:&77%'"7#”:}

where (1 < po < -+ < iy, and Ay + Ao + - -+ + A\, = n. Here, we consider a special case of

Slepian’s code. Let n,m and A be positive integers where n = m\. Let S be the Slepian’s

code where 11 = 1,10 = 2,..., fhyy = mpand Ay = Ay = --- = A\, = \. In other words, S,
A A
— ———
is the set of all multiple permutations on{ls..2, 1,0 .7, ..., m}. In particular, S, = S}.

Every element in S) is called-a frequency permutation-of length n and frequency A. The

identity frequency permutation e} in S} is (1., 1,i..;m,...,m).

2.2 Coding Theory

Codes are one of the most important objects which have been studied for decades in both
computer science and communication engineering, since they have many applications in the-
oretical fields and practical uses. These applications of codes include error-detection and
error-correction in communication, data storage, data compression, cryptography, computa-
tional complexity theory, etc. In this section, we give a brief but necessary introduction to
coding theory. A code C'is a set of sequences over a certain symbol set. An element in a
code is called a codeword which represents a particular message. An encoding algorithm for
code C' computes the corresponding codeword in C' for any message. A decoding algorithm,
which is basically the inverse function of an encoding algorithm, recovers the message from
a codeword or even from a corrupted one.

We say a code C' is a block code if every codeword in C' has the same length. One of the

most important parameters of block codes is the minimum distance. The distance between

11



two codewords can be measured by a certain metric function ¢. In different applications or en-
vironments, we may choose different metric functions, such as Hamming distance, Minkowski
distance, Chebyshev distance, Kendall’s tau distance, and etc. The minimum distance ds(C')
of a block code C' under some metric J is defined as the minimum distance between distinct
codewords z and y in C| i.e.,

ds(C) = min 6(x,y).

z,yeC

It is well known that the error-detection capability and the error-correction capability of a

code heavily depend on its minimum distance.

Theorem 2.2.1. (Error detection) 0 < §(c,z) < ds(C) implies x ¢ C, for any block code C

of length n, any codeword ¢ € C' and any n-tuple x.

Proof. By way of contradiction, assume x.is'a codeword. Then, we have

ds(0) <d(c, r) < ds(0),

a contradiction. OJ

Theorem 2.2.2. (Error correction) Gien.a block code-C' of length n, a codeword ¢ € C' and

ds(C)

an n-tuple x. If 6(c,z) < =5

, then c is the codeword closest to x.

Proof. By way of contradiction, assume ¢’ # c is the closest codeword to z. Since d(-,-) is a

ds(C)

metric and §(z, ') < d(c,r) < =5

, we have

ds(C) < d(e,d) < d(e,z) +6(z, ) < ds(C),

a contradiction. O]

Therefore, a block code is considered as a more powerful error detecting code or a error
correcting code when it has larger minimum distance.

Another important parameter of codes is information rate. Codes of higher information
rate have less space redundancy. The information rate of a block code is the ratio of its

message length to its codeword length. The length of a block code C' is the average number
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of bits to represent a codeword. The message length is log, |C|, i.e., the number of bits
sufficient to represent a message. In general, codes of larger minimum distance have lower
information rate.

One can find the code of largest minimum distance under constraints on the information
rate by enumerating all possible candidates. Although this code is the most powerful one
against errors among all codes of the same information rate, it does not mean that this
code is suitable in practical use. One of the reasons is that we probably do not have the
computation power to enumerate every possible codes under such constraints. In other
words, the best one does exist, but we may not know what it explicitly is. Another reason is
that we probably do not know any efficient encoding and decoding algorithms for this code.
Therefore, we need systematic methods to constructing codes for certain codeword lengths,
information rates and minimum distances. Moreover, we need codes with efficient encoding
and decoding algorithms. In this«thesis, we propose several construction to generate codes
with predetermined information rate-and minimum distance. Some of them have efficient
encoding and decoding algorithms:.

A (\,n,d,6)-FPA C is asubset. of S and the minimum distance of C' under 6. The

codeword length of an FPA C+C .57 is log, [iS2| bits. The message length of an FPA C is

log, |C|
log, |SM ’

log, |C|, where |C] is the cardinality of C..Therefore, the information rate of C' is
For a fixed length n, an FPA C has a smaller symbol set when it has a higher frequency.
Thus, FPAs of frequency more than 1 have a higher information rate than PAs of the same

length. This is one of the reasons why FPAs can replace PAs in various applications.

2.3 Computational Complexity

In this section, we give some background knowledge about computational complexity theory.
There are two main categories of computational problems. The first kind is the decision
problems. The answer to a decision problem is either ‘yes’ or ‘no’. For example, “Given a
real number 7, a block code C' and a metric ¢, is the minimum distance of C' under ¢ less
than r?” is a decision problem. The second kind is the optimization problems. In order to

define an optimization problem, we need
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An instance set X.

The set of feasible solutions f(x) for every instance z € X.

A cost function ¢(+, -), which maps (z,y) into a real number where x € X and y € f(z).

A goal, which is either minimization or maximization.

The answer to an optimization problem on an instance x can be the best feasible solution
y € f(x) or the value of ¢(z,y), depending on the description of the problem. For example,
“Given a block code C' and a metric ¢, find the minimum distance of C' under §.” Each feasible
solution for this problem consists of two distinct codewords y; and y,. The cost function is
d(y1,y2), the goal of this problem is minimization. In this case, the answer is a number
representing the minimum distance of C' under §. There is another version of this problem:
“Given a block code C' and a metric 6, find the closest pair of distinct codewords in C' under §.”
The answer to this version is the feasible solution with the:smallest cost. Every optimization
problem has a corresponding decision problem which is to askif a feasible solution of certain
cost exists. In this thesis, we diseuss both decision problems and optimization problems
related to FPAs in Chapter 6.

The complexity of an algorithm is measured by how much resource, including time and
space, is consumed. It is often a function of the size of the input of the algorithm. The input
size of a problem instance is the length of its description. E.g., the input size of an instance
of the problem, “Given a block code C of length £, find the minimum distance of C' under the
lo-metric”, is k|C'|, since each codeword in C' has length k. An algorithm is considered to
be more efficient if it has lower complexity. In general, we say an algorithm is time efficient
if and only if its time complexity is bounded by a polynomial in terms of its input size, or
just simply say, it runs in polynomial time. In Chapter 5, we consider the input size of
the encoding and the decoding algorithms as the lengths of message and received frequency
permutations, respectively. Therefore, checking all possible codewords is not efficient, since
|C'| can be an exponential function of the intput length.

The complexity of a problem is defined by the complexity of algorithms solving it. Besides
providing an explicit algorithm for a problem, we can also use reduction to obtain complexity

results on problems.
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Definition 2.3.1. A decision problem A is polynomial-time reducible to another decision

problem B, denoted as A <, B, if there is a polynomial-time computable function f such that

1. f maps instances in A into instances in B.

2. The answer to an instance x in A is ‘yes’ if and only if the answer to the corresponding

instance f(x) in B is also ‘yes’

A <, B means A is not harder than B when polynomial-time algorithms are considerably
efficient. If there is an efficient algorithm (in polynomial time) for B, then we can solve

instance x in A efficiently by
1. Compute f(x) in polynomial time.
2. Run the efficient algorithm for B on input f(x).

3. Output the result of the algorithm.
Now, we define the following two best known complexity classes P and NP.

Definition 2.3.2. We say a-problem A is in P if there.is a deterministic algorithm which

always output the answer for every instance of-it-in polynomial time.

Definition 2.3.3. We say a problem A-is_in NP-if there is a polynomial time verifier v such

that

It takes an instance in A and a witness as input.
e For every ‘yes’-instance x, there is a witness w such that v(z,w) accepts.

e For every ‘no’-instance x' and every witness w', v(z',w') always rejects.

The problems in P are the problems which can be solved efficiently by polynomial-time
algorithms, and every ‘yes’-instance of problems in NP can be efficiently verified with some
witness. The P versus NP problem is asking whether P and NP are the same, in other
words, are the problems in NP as easy as those in P? This problem remains unsolved today,
and many researchers believe P # NP. Recall that algorithms not in polynomial time are
considered as inefficient algorithms. We define the best-known classes representing hard

problems as follows.
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Definition 2.3.4. We say a problem A is NP-hard if every problem B € NP, B <, A.
Definition 2.3.5. We say a problem A is NP-complete if A is in NP and A is NP-hard.

According to the concept of reduction, NP-hard problems are not easier than every NP
problem. If an NP-hard problem can be solved in polynomial time, then every NP problem
can be solved in polynomial time. Hence, we consider /N P-hard problems cannot be solved
efficiently unless P = NP. Moreover, NP-complete problems are the hardest problems in NP.

The optimization problem is generally harder than its decision version. Consequently,
an optimization problem is NP-hard if its decision version is NP-hard. Unless P = NP, we
cannot find the optimal solutions for NP-hard optimization problems in polynomial time.
So we often seek approximation algorithms for them. We say that an algorithm A is an
r-approximate algorithm for a minimization problem (or for a maximization problem) if A
always outputs a feasible solution whose'cost-is n6 morethan r times (no less than % times)
of the minimum (maximum) cost on‘any input. Note that A-cannot output an answer whose
cost is less (larger) than the minimum (maximum) cost for minimization (maximization)
problems; since it is not a feasible solution. ~Unfortunately, ‘some problems do not allow
polynomial time r-approximate algorithm for some 7, ‘unless P = NP. We call this kind of

complexity results as inapproximable results.
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Chapter 3

Explicit Lower and Upper Bounds

Let F(\, n,d,{s) be the cardinality of the maximum (A, n,d, s )-FPA and V(A n,d, ()
be the number of elements in S being d-close. to the identity e) under {,-metric. In this
chapter, we first give a Gilbert.type lower bound and a sphere packing upper bound of
F(A\,n,d,{y) by bounding V (A, n,d.#). - Then, we introduce an algorithm to enumerate
every element x such that (.s(e), ®) < d. Furthermore, we generalize the method in [32] to
efficiently compute V' (A, n,d,€y), and we-give two implementations. Finally, we leave some
open problems about bounding F\(\; w; d, £5.). "We use e to denote e) in this chapter, since

A and n are fixed here.

3.1 Gilbert Type and Sphere Packing Bounds

Under Chebyshev distance, an r-radius ball centered at @ in S; is defined as
B(r,z) = {y € S : luo(,y) <7}
First, we show that any d-radius ball in S} under /,,-metric has the same cardinality, i.e.,

|B(d,z)| = V(A n,d, ly) for every & € S).

Claim 3.1.1. For any x = (x1,...,1,) € S, there are ezactly V (A, n,d, ly) y’s in S such
that lo(x,y) < d.

Proof. Since every i € [m] appears exactly A times in @, there exists a permutation = € S,
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such that & = ew. Recall that /,.-metric is right invariant. As a consequence, we have that
lo(€,2) = loo(x, zm) for any z € S). Let Y = {wr : w € B(d,z)} and Y = S)\Y. For
any y € Y, we have (o (x,y) = (e, yrm ') < d, since yr—* € B(d,x). While for 3y’ € Y,
loo(x,y') = loo(e,y'm ) > d. Therefore, only Y| = |B(d,e)| = V(\, n,d, ) permutations

in S) are d-close to . [

The first inequality in the following theorem is a Gilbert type lower bound, and the second
one is a sphere packing upper bound.
Theorem 3.1.2.

9]
V(An,d—1,0y)

< F(A\n,dly) < 5]
> y 1y Gy boo _V()\,n7 Ld;lj7€m)

2

Proof. To prove the lower bound, we use the following algorithm to generate a (A, n,d, {)-

S)\
FPA with size at least %-

1. C«+0,D <+ S).

2. Add an arbitrary & € D to (0, then remove all frequency permutations in B(d — 1, x)
from D.

3. If D # () then repeat step 2, otherwise output C'.

For ¢ € C, we remove all frequency permutations (d — 1)-close to « in step 2. Thus, C
has minimum distance at least d. D has initially |S}| elements and each iteration of step 2
removes at most V(A\,n,d — 1,{), so we conclude

Ey
V(/\,n,d— 1,600)'

F(A\n,d, () > |C] >

Now we turn to the upper bound. Consider a (A, n,d, (s )-FPA C* with the maximum

cardinality. Any two L%J—radius balls centered at distinct frequency permutations in C*

do not have any common elements, since the minimum distance is d. In other words, the

L%J—radius balls centered at frequency permutations in C* are all disjoint. We have

[Sal
|5 l)

F(A\n,dly) =|C" <
(oo t) =107 <
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It is clear that |S)| = SR

It is already known that V(1,n,d, ¢) equals to the perma-
nent of some special matrix [28]. We generalize previous analysis to give asymptotic bounds

for Theorem 3.1.2. The permanent of an n x n matrix A = (a; ;) is defined as

per (A) = > [ aim-

TESH 1=1

Define a symmetric n x n matrix A4 = (ao"”’d)), where o 3™ = 1, if 147 = [2]] < d;

) 1,]
(A?n7d)

And)
i, =1

else a = 0. Note that a frequency permutation x. is d-close to e if and only if ag,xi
for every i € [n]. Now, we consider AN™9 | and recall*that n = m\. Since the A copies
of a symbol are considered identical while computing the distance and the entries indexed
from (kA — A+ 1) to kX of e represent _the same symbol for every k € [m]. It implies that
row (kX — A + 1) through row kX of AN are identical and so are columns indexed from
(kA — A+ 1) to k) for every k € [m]. Thus, we have AA™d) = A(md) @ 1, where ® is the
operator of tensor product and 1, is a A X A matrix with all entries equal to 1. For example,

take A\=2, m=>5and d = 2:

11100
11110
ABSD — 9 7 1 1 |,
01111
00111

11

12: 5
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1111110000
1111110000
1111111100
1111111100
Jews | 111U
1111111111
0011111111
0011111111
000011T1T1T171
0000111111
Let "™ be the row sum of A™9’s i-th row. We have:
d 4 it i <d,
rmd — 0 ogh | ifd < i<m—d,

m—1+1+d ifi>m —d.

Then for i € [m] and j € [)], the row sum of the (iA = A 4 j)-th row of AA™? s )\rgl’m’d),
due to AMmD = ALmd) @ 1, We first‘caleulate V(M\,d; () by using per (AAmD).

Lemma 3.1.3. ( ( ))
per (AXmd
V()\, n, d, goo) = W

Proof.
per (AXmd))
= {rebs,: Vi,ag;r’g.’)d) =1}
= {r € Sy max;[[§] - [B2]] < d}}
= (\)"*{y € 8 max; |[5] —wi| < d}
— )Py e S Laley) < d}

= (A V(A n,d, ly)

The first equality holds since AX™%) is a (0, 1)-matrix and by the definition of permanent. We

can convert ™ € S, into y = (y1,...,y.) € S) by setting y; = [@W, and there are exactly

20



(AD™* such 7’s in S, converted to the same y. Thus, we know the third equality holds.
Therefore, the lemma holds by moving (A)/* to the left-hand side of the equation. O

We still need to estimate per (A(’\’"’d)) in order to get asymptotic bounds. Klgve [23]

reports some bounds and methods to approximate per (A(l’”’d)). We extend his analysis for

per (A,

Lemma 3.1.4.
per (AN™D) < [(2dX\ + \)] B

Proof. 1t is known (Theorem 11.5 in [39]) that for (0, 1)-matrix A, per(A) < H?:1(7“i!)%
where 7; is the sum of the i-th row. Since the sum of any row of AX™% is at most 2d\ + A,

we have

per (4) < [T {@aX+=X)]385, = [(2dA + \)l] 5
=1
0

We give per (A)(’\’”’d) a lower bound by using the van der Waerden permanent theorem (see
p.104 in [39]): the permanent of an n x'n doubly stochastic matriz A (i.e., A has nonnegative
entries, and every row sum and column sum of As 1.) is no less than r% Unfortunately,
AGmd) §g not a doubly stochastic matrix, since the row sums and columns sums range from

d\+ ) to 2d)\ + ). We estimate the lower bound via a matrix derived from AX™4 as follows.

Lemma 3.1.5.
Ao (2dN+ N n!
per (A( )) = 92dx  pn”
Proof. Let A = - AX4d  which has the sum of any row or column bounded by 1, but

2d -+

is not a doubly stochastic matrix. Observe that every row sum of A is 1 except the first d\

and last d\ rows. For i € [d] and j € [A], both row (iA — A+ j) and row (n — i\ + j) sum to

d+1

sari- [Now we construct an n X n matrix B from A with each row sum equal to 1 as follows:

For i € [d] and j € [A], add 531 to
1) The first (d — i 4+ 1)\ entries of row (i\ — A+ j).

2) The last (d — i + 1)\ entries of row (n — i\ + j).
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The row sums of the first d\ and last d\ rows of B are now

(d—i+DX  d+i

_1
29Nt A 2d+1

We turn to check the column sums of B. Since A is symmetric and by the definition of B,
we know B is symmetric as well. Thus we have that B is doubly stochastic and per (B) > %
With this inequality, we obtain a bound on per (A()"”’d)). Observe that the entries of the

first d\ and last d)\ rows of B are at most ﬁ times of the corresponding entries of AX™d)

1

STIVEY times of the corresponding rows of AAnd) We have

and the other rows are exactly

2d\+ )" (2dA+ A)" n!

An,d (
per (A( )) 2 92dX per (B) > 92dx  pn’

With Lemma 3.1.4 and Lemma 3:1.5, we have the asymptotic bounds as follows.

Theorem 3.1.6.

3.2 Enumerate Permutations in a Ball

In this section, we give a recursive algorithm to enumerate all frequency permutations in
B(d,e). For convenience, let z; denote the i-th entry of @ in the rest of this section. First,

we investigate e closely.

il [ EA= A R A= AT [RA | RA 1
e(i) || -+ | k=1 2 vk | k1

Observe that symbol k appears at the (kA — A+ 1)-th, ..., (kA)-th positions in e. Therefore,
x is d-close to e if and only if zpy_a11,..., 2k € [k — d, k + d]. (Note that we simply ignore

the non-positive values when k& < d.) In other words, (e, x) < d if and only if symbol k
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only appear in the (kA — d\ — XA + 1)-th, ..., (kA + d)\)-th positions of . This observation
leads us to define the shift operator &.

Definition 3.2.1. For an integer set S and an integer z, define S @ z = {s+ z:s € S}.

Fact 3.2.2. Ifx = (21,...,x,) is d-close to e, then x; = k implies
i€ [—d\+1,d)\+ N @ (kA — N).

The above fact is useful to capture the frequency permutations that are d-close to e.
Note that the set S = [—dX + 1,d\ + A] is independent of k. We give a recursive algorithm
ENUMV)y,, 4 in Figure 3.1. It enumerates all frequency permutations € S) in B(d,e). It
is a depth-first-search style algorithm. Basically, it first tries to put 1’s into A proper vacant
positions of . Then, it tries to put 2’s, ..., m’s into the partial frequency permutations
recursively. According to fact 3.2:2; symbol k is-assigned to positions of indices in [—d\ +

L, d\+ Al @ (kA — ), and these positions are said.to be valid for k.

ENUMV, , a(k, P)
1. if £ < mthen
2. for each partition (X, X")-of P with |X| = X do
3. if X0 (=o0;—dX+X]'= () then
// Make sure it-is a proper partition

4. for i € X‘@® (kX =X) do

5. x; < k; // Assign k to the i-th position
6. Y (X' @ (=) U[dA + 1,d\ + Al

7. ENUMV ) na(k+1,Y);

8. fori € X @ (kA — ) do

9. x; < 0; // Reset x; to be vacant

10. else

11.  if P = [d\ + A] then output (z1,...,2,);

Figure 3.1: ENUMV, ,, 4(k, P)

ENUMV, ,, 4 takes an integer k and a subset P of [—d\ + 1,d\ + A] as its input, and
ENUMV, , 4 uses an (n+ 2dX\)-dimensional vector « as a global variable. For convenience, we
extend the index set of @ to [—dA + 1,n + d\] and every entry of « is initialized to 0, which
indicates that the entry is vacant. We use P to trace the indices of valid vacant positions for

symbol k, and the set of such positions is exactly P & (kA — \).
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We call ENUMV ), 4(1, [dA+)]) to enumerate all frequency permutations which are d-close
to e. During the enumeration, ENUMV , , 4(k, P) assigns symbol k into some A positions,
indexed by X @ (kA — \), of a partially assigned frequency permutation, then it recursively
invokes ENUMV )y, 4(k+ 1, X' @& (—A)) U [d\ + 1,dX + }A]), where X and X' form a partition
of P and | X| = A. After the recursive call is done, ENUMV y ,, 4(k, P) reset positions indexed
by X @ (kA — A) as vacant. Then, it repeats to search another choice of A positions until
all possible combinations of A positions are investigated. For k = m + 1, ENUMV, , 4(k, P)
outputs x if P = [dA + A]. Given n = mA, k is initialized to 1 and P to [dA + A], we have

the following claims.
Claim 3.2.3. In each of the recursive call of ENUMV )y , 4, in line 6 we have max(Y') = dA+\.

Proof. By induction, it is clear for kK = 1. Suppose max(P) = dX + A. Since

Y = (X' @ (=) WldA+1,dA 4+ A

and max(X’) < d\ + A, we have max(Y") = d\ + A. O
Claim 3.2.4. In line 6, for each k &' |m+1]@and each i € Y &((k+1)\A—\), we have z; = 0.

Proof. We prove it by induction on k. 1t is clear for k' ='1. Assume the claim is true up to
k< m+1, ie., for each i € P® (kA — A), z; = 0. Now, consider the following scenario,
ENUMV . q(k, P) invokes ENUMV, ,, 4(k 4+ 1,Y).

Since Y = (X' @ (=\)) U [d\ + 1,d\ + A, we have

Y@ ((k+1DA=A) = (X' @ (kA= A)) U kA + dA + 1, EXN + d\ + Al.
While X’ C P and [kX + d\ + 1, kX + dX\ + )] are new vacant positions, it is clear x; = 0 in

these entries. O]

Claim 3.2.5. In each recursive call of ENUMV y,q4(k, P), P must be a subset of [—d\ +
L, dX + A] of cardinality d\ + X\. It implies, |e; — k| < d fori € P® (kA — \).

Proof. We prove it by induction on k. For k = 1, P is [d\ + )], and the claim is obvious.
Assume the claim is true up to k, and ENUMV y,, 4(k, P) invokes ENUMV, ,, 4(k+1,Y"). Thus
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Y = (X'®(—=)\)U[d\+ 1,d\ + A]. Due to the constraint on X’ in line 3 and the induction
hypothesis, we have X’ @ (—\) C [—d\ + 1,d\]. We conclude that

Y C[—dA+1,d\ U [d\+ 1,d\ + )]

and |Y] = |X'| + A = d\ + \. Since [~dA +1,d\ + A @ (EA) = [kA — dA + 1, kA + d\ + ],
we know e has values from [k —d + 1,k + d + 1] in these positions. Le., |e; — (k+1)| < d for
i €Y @ (kX). Hence, the claim is true. O

Claim 3.2.6. At the beginning of the invocation of ENUMVy, 4(k, P), i € P & (kX — \)

implies 1 > 0.

Proof. 1t is clear for k = 1. Observe that min(Y") > min(P) — \. Since
(min(P)—X) & (kA) = min(P) & (kX — N),

the claim holds for £ > 1. O

Claim 3.2.7. For k € [m|, when ENUMVyuatksP) invoke ENUMV ), 4(k + 1,Y") in line 7,

there are exactly A entries of x equal i for i € [k —=1].
Proof. 1t is implied by lines 4 and 5. 0

Lemma 3.2.8. At the beginning of the execution of ENUMV ), 4(k, P),
P®kAN=AN)={i:i>0Ax;=0Ai€[=dA+1,d\+ N\ @ (kA= \)}.

Proof. The lemma holds by claims 3.2.4, 3.2.5, and 3.2.6. 0

In order to investigate the behavior of ENUMV , 4, we define partial frequency permu-
tations. A partial frequency permutation can be derived from a frequency permutation
in S} with some entries replaced with *. The symbol * does not contribute to the dis-
tance. L.e., Chebyshev distance between two k-dimensional partial frequency permutations,
y and v/, is defined as loo(y,y') = maxic(y) y, g2+ [Yi — ¥i|. Now, we begin to prove that
ENUMV ), 4(1, [dX 4+ A]) only outputs the frequency permutations d-close to e.
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Lemma 3.2.9. Let 1, be a partial frequency permutation d-close to e and with each symbol

1,...,k—1 appearing exactly A times in 1y, for some k € [m + 1]. If the entries of the global

variable x are configured as
(Th)i 5 (Th)i # %,

0 , otherwise,

X

then every frequency permutation y in S;, generated by ENUMV,, q4(k, P), satisfies the

following conditions:
1. y is consistent with 1, over the entries with symbols 1,... k — 1.
2. y is d-close to e.

Proof. We prove it by reverse induction. First, we consider the case k = m 4+ 1. By claim
3.2.7, every symbol appears exactly A\ timesin 7,,.1 and x. By claim 3.2.4 and claim 3.2.6,
we know that all of 1, ..., x, are nonzero'if and only if P = [d\+ \|. There are two possible

cases:

o P = [d\+ \: By claim 3.255, (x1,...,a,)is the only“frequency permutation in S}

satisfying both conditions.

o P # [d\+ A]: Then there is some i€ [n] such-that z; = 0. But there is no frequency

permutation y in S} with y; = m + 1 > m. This means x is not well assigned.

Note that ENUMVy,, 4(k, P) outputs « only if P = [d\ + )], otherwise there is no output.
Hence, the claim is true for kK = m + 1. Assume the claim is true down to k + 1. For £,
by lemma 3.2.8, P @& (kA — \) is exactly the set of all positions which are vacant and valid
for k. In order to enumerate frequency permutations satisfying the second condition, we
must assign k’s into the valid positions. Therefore, we just need to try all possible choices of
A-element subset X @ (kA — ) € P @ (kA — A). Line 3 of ENUMV,, 4(k, P) ensures that X
is properly selected. Then symbol k is assigned to X @ (kA — \) and we have a new partial

frequency permutation 7,1 where

Z; 7xi7é05

x ,otherwise.

(Tk-i-l)i =
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By induction hypothesis, it is clear that the generated frequency permutations satisfy both

conditions. n
We have the following theorem as an immediate result of lemma 3.2.9.

Theorem 3.2.10. ENUMV y,, 4(1, [dA+\]) enumerates exactly all the frequency permutations

d-close to e in S).

Proof. By lemma 3.2.9, ENUMV y ,, 4(1, [dA\+ A]) only outputs frequency permutations d-close
to e. The rest is to show that every frequency permutation d-close to e will be enumerated.

<m+1

Let y be a frequency permutation d-close to e in S}. We define z<!,... x as

<k Yi ayi<k7
0 7yz>k

Note that <! = (0,...,0), <" "=y, and for k € [in}; ENUMV y,, 4(k, P) with @ initialized
to < must invokes ENUMVy,, ok + 1, Y) with & initialized to <**! in some iteration of

the for-loop. Thus, y will be ‘enumerated eventually. [

3.3 Compute the Ball Size

The number of elements generated by ENUMV ), 4(1, [dX + A]) is V(A n,d, (), since the
algorithm ENUMV, ,, 4(1, [d\+ A]) enumerates B(d, e). However, the enumeration is not effi-
cient, since V(A n,d, () is usually a very large number. In this section, we give two efficient
implementations to compute V (A, n,d, {). Especially, V (A, n,d, {) can be computed in
sublinear time for constant d and .

From the algorithm ENUMV, , 4, we see that whether ENUMV ) ,, 4(k, P) recursively in-
vokes ENUMV y ,, 4(k + 1,Y) or not depends only on k, P and Y. During the execution of
ENUMV ), 4(1, [dA+)]), ENUMV ;. 4(k, P) is invoked recursively only when [dA\+1,dA+\] C
P C [—=dX\+ 1,d\ + )], due to line 6. Therefore, we can construct a directed acyclic graph
Grna = (Va, Eg) where

« Vo={(kU):ke[m+1],U C[-d\+1,d)] and |U| = dA}.
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e ((k,U),(k+1,V)) € Eg if and only if ENUMV ,, 4(k,U U [d\ + 1,dX + )]) invokes
ENUMV ) a(k+ 1L,V UAA + 1,d\ + A]).

Figure 3.2: Graph Gy

For example, figure 3.2 shows the structure of G541

V(A n,d, l+) equals the number of invocations of ENUMV y ,, o(m+1, [dA+ A]). With this
observation, V(\, n,d, ) also equals the number of paths from (1,[dA]) to (m + 1,[d)]) in
Gan,d- By the definition of G, 4, it is a directed acyclic graph. The number of paths from
one vertex to another in a directed acyclic graph can be computed in O (|V| + |E|), where

V| = (m+ 1)(267;‘) and |E| = O(|]V]*). So V(A,n,d,ls) can be calculated in polynomial

time with respect to n if A and d are constants.

The computation actually can be done in O (logn) for constant A and d. We define

H)\’d = <VH, EH> where
Vg ={P:|P|=d\ and P C [—d\ + 1,d)\|}
and (P, P') € Ey if and only if there is some k € [m] such that

ENUMV ) a(k, P U [dX\ + 1,d\ + )])
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invokes

ENUMV ) a(k+ 1, P U[d\ 4+ 1,d\ + ))).

Note that |Vg| = (2d/\’\). Figure 3.3 shows H,; as an example.

d

(G L oD

e |

Figure 3.3: Graph H, ;

Theorem 3.3.1. V(\,n,d, () can be computed in O (logn) time for constant d and A.

Proof. Observe that the value of k& € [m] is independent of the invocation of ENUMV ) ,, 4(k+
1, P'U[dA+1,d A+ A]) by ENUMV , ,, a(k, PU[dA+1,dA+A]) , where P and P’ C [—dA+1,d)]
with |P| = |P’| = d\. Therefore, the number of paths of length m from [d)] to itself in H) 4
is equal to the number of paths from (1, [dA]) to (m + 1, [d)]) in G 4.

Let Vg = {’Ul, e ,U|VH|}, where v; = [dA]. The number of paths of length m from v; to
vy is the first entry of the first column of the m-th power of Ay, where Ay is the adjacency
matrix of H) 4. Since m-th power can be computed in O (f ((Qdd;‘)) log m), where O (f(r)) is
the time cost of multiplying two r x r matrices. It is well-known that f(r) = O (r*37) by the

Coppersmith-Winograd algorithm. With constants A and d, V), 4 can be found in O (logn)
time. 0



2dX

2
d/\) ), can be too large to

However, the space to store the adjacency matrix Ay, €2 ((
execute the O (logn)-time algorithm. For example, by setting d = 3 and A = 3, we need at
least (198)2 ~ 2.36 x 10° entries to store A7. This makes the constant factor extraordinarily
large in the proof of theorem 3.3.1. Hence, we provide an alternative implementation which

runs in O ((2dd/\)‘) . (d’\;r A) m) time and O ((2dd)f‘)) space. This allows us to compute more

efficiently for the cases with smaller m and larger d and \. For example, (Qj/\’\) . (d’\;\r ’\) -m =~ 10°

for d = 3,\ = 3, and m = 100. To achieve the O ((?ﬁ))—spaee complexity, we do not store

the adjacency matrix Ay in the memory. Since Ay is the adjacency matrix of H), 4, for
y = (yi,...,yvy) and y = Apgy = (yi,...,y(‘/m), we have y; = > cp, v;. Hence,
if enumerating all edges in Ey takes S space and T time, then we can compute Axy in

O (|Vy| + S) space and O (T') time for any |Vy|-dimensional vector y.

Lemma 3.3.2. |Ey| < |Vy|- (d’\;\”\) and Eg ‘can be enumerated in O (d\) space and O (|Egl)

time.

Proof. For P € Vi such that |PN (=00, —=d\— \]| =7, P has (d’\;r_)‘;") out-going edges, since
every partition (X, X’) of P U [d\ # 1, d)\ + A| satisfies the condition in line 3 if and only if

PN (—o0,—d\— ] C X, i.e., every choice of (A —=r)-element subset of P\(—o0, —d\ — \] will

d)\Jr)\fr) < (d)\+)\

o o ), the - number of edges has an upper bound

invoke a recursive call. Since (
V| (dA}-\i—A).

To enumerate all A-element subsets of a (dA+\)-element set, we need O (dA + A) = O (d))
space and O ((d’\/\+ ’\)) time. Since we can recycle the space, the enumeration of edges in EFy
can be done in O (d\) space and O (|Eg|) time. O

Now, we give the alternative implementation.

Theorem 3.3.3. V(\,n,d, ) can be computed in O ((25/\’\) . (d)‘/\“‘) . m) time and O ((2;;‘))

space.

Proof. Let = (1,0,...,0)T. Since A% is the first column of AT, V(\,n,d, {s) is the first
entry of ATx. The alternative evaluates AL, ..., Az iteratively. Instead of storing the
whole adjacency matrix, it only uses two |Vy|-dimension vectors y and y’ for storing A%z

and the intermediate result of Aglw, respectively. Initially, y = x and ¢ = 0. We compute
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Apgy by the algorithm described in lemma 3.3.2 and using y’ to store the intermediate result.
Then, we copy the result of Ayy back to y. After m repetitions, we have y = Ajjx, and
the first entry of y is V(\,n,d, ). Therefore, the space complexity can be reduced to

O (|Vu|+dX) =0 ((Qj;‘)) The running time is m - O (|Eg|) = O ((zj;‘) : (d’\;’\) -m). O

A naive approach to evaluate the permanent of an n X n matrix takes O (n!) time. In
practice, © (A)"V (A, n,d, l~)) time is still required when using a backtracking algorithm.
It is clear that both of our methods are much faster. Klgve [24] solved the recurrence of
V(A n,d, ls), and gave the value of V(\,n,d, () for A € [10], m € [20], n = mA and d = 1.
Schwartz [32] gave an algorithm which can be applied to computing V(1,n,d, ). In this
thesis, we provide solutions to computing V (A, n,d, ) for A > 1 and d > 1, which is not
contained in their works. We list the values of V/(\,n,d, () for A > 1, m € [20], n = mA,
d > 1 and d\ < 10 in Appendix A.
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Chapter 4

Constructions and Related Bounds

In [26], Klgve et al. gave several constructions for permutation arrays and they obtained
better bounds via observing some properties.of the constructions. Here, we start with an
explicit construction method which is‘basically a generalization of one method in [26]. Then,

we give several recursive constructions.

4.1 An Explicit Construction

We first give an explicit construction as-follows:

Definition 4.1.1. Given A\, m, and d such that d divides m. We define

Ci(A,m,d) = {(z1,...,0my) € Sy : Vi € [mA], 7, =i (mod d)}.

d
Theorem 4.1.2. If m = ad, C1(\,m,d) is a (\,mA,d,ls)-FPA of cardinality (%) .

Proof. Since C1(A\,m,d) C S

m

v C1(A,m,d) has frequency A and length mA. To show the
minimum distance, consider two different elements @,y € C;(A\, m,d) and assume their i-th
entries are different, i.e., x; # y;. Since z; = y; (mod d), we have d divides (z; — y;) and we
have |z; — y;| > d. Hence the minimum distance is at least d.

Now we turn to the cardinality of C}(\, m,d). For each j € [d], define a family of index
sets

X;={(k=1d+j:kelaN}={jd+j,...,(a\—1)d+ j}.
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For any € C1(\,m,d) and any i € X;, we have z; = j (mod d) and x; can be any member

in{j,d+j,...,(a—1)d+j}={(k—1)d+j : k € [a]}. Note that each (k — 1)d + j appears

exactly A times in @. Thus for each j € [d], there are g;{\))a' possible combinations for & at the
d
indices in X;. Thus, |C1(A,m,d)| = <%) and the theorem holds. O

Theorem 4.1.2 implies the following lower bound for the cardinality of (A, n,d, ¢ )-FPAs.

d
Corollary 4.1.3. If m = ad, then F(\,n,d, () > (EA—?') .

The information rate of this construction is higher than the lower bound in theorem 3.1.6

under certain parameters. We illustrate some results in Table 4.1.

Table 4.1: Compare C; and the bounds in Section 3.1

A | m | d | Code length (bits) | Information (bits) | Lower bound | Upper bound
101 10 | 5 306.85438 8747631 14.76807 140.00000
51 20| 5 386.62718 167.24911 110.79509 220.00000
2150 |5 474.76499 255.38692 233.05650 340.19281
1 {100 5 524.76499 305.38692 319.55240 436.19281
1 ]100 | 10 524.76499 217.91061 226.05207 355.39312
1 {100 | 20 524.76499 138.13781 130:31086 257.59287
1 {100 | 50 524.76499 50.00000 1.41030 150.91463

4.2 Recursive Constructions

We give several recursive constructions for FPAs. These construction could give codes with
higher information rate than the construction C; in the previous section, however it might

require to begin the recursion with better rate than ;. The first one is by concatenation.

For ¢ = (z1,...,2,) and y = (y1,...,¥,), let x|y denote (x1,...,2p, y1,...,Yy)-

Definition 4.2.1. Given a (A\,mA\,d,l)-FPA Cy and a (p,mp,d,l~)-FPA C,. Define

Cy|C, ={exlc, i ex € Cryc, € CL}

Theorem 4.2.2. Given a (A\,m\,d,ls)-FPA Cy and a (p,mp,d,l~)-FPA C,, C,\|C, is a
(A+p,mA+mp,d, l)-FPA of cardinality |Cy| - |C,|.
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Corollary 4.2.3. For integers A, p, m and d,
FA+p,mA+mp,d, ) > F(A,mA, d, L) F(p,mp, d, lo).

The second recursive construction is by interleaving technics.

Definition 4.2.4. Given a (A, n,d,l.)-FPA C and a positive integer r. Define

Cy(Cr) = {(rm(l) —0- 1)|(7‘:B(2) —1-1)]--- |(T‘CIJ(T) —(r—=11):Vie [T],:l:(i) e C}

where 1 = (1,...,1).

Theorem 4.2.5. Given C and r as above, Cy(C,1) is a (A, rn,rd, ls)-FPA of cardinality
C].

Corollary 4.2.6. F(\,rn,rd, l)>"F(\ n,d, (o)

The rest recursive construetions are by introducing & new symbols. We give three kinds
of k-symbol extension constructions. Assume we have & = (z1,...,2,,) € Sh, and y =
(Y1, -, yrx) € [m+ k]¥ such that for-any i-&-[m~+ k|, there are at most A entries in y equal
to . Our goal is to extend x into an element in S :\\(m - Observe that initially y|x may not

be a legitimate element in Sﬁ( However we can re-assign values to some of x’s entries

m+k)*
such that y|x is in S/’\\(m e To do that we define a total order for the entries in @, i.e., for
i,j € [mA], we say wx; is larger than x; if the value of z; is strictly larger than z;’s, or when
x; = x; and ¢ < j. Let ; be the number of entries in y equal to i. The extension algorithm

or(y, x) operates as in Figure 4.1.

¢k (y7 .’L')

1. for : = m + k downto 1 do

2. set the largest A — 7; unchanged entries in @ to ¢ and mark them as changed;
3. next ¢

4. return y|x;

Figure 4.1: The extension algorithm ¢y (y, x)

It is easy to check that ¢ (y, ) returns a permutation of frequency A and length mA+ k.

Since every symbol appears at most A times in y, we have ; < X for every j € [m + k], and
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there are A — v; +7; = A entries equal to j in y|x after the j-th iteration. Moreover, those
entries will not be changed afterwards. This shows ¢ (y, ) transforms y|x into a legitimate
element in S5, ;).

For positive integers k,t with k& < t, we consider a selective function f : [k] — [t], which
selects k elements in ascending order from [t], i.e., f(i) is the i-th smallest one among the
selected k elements f(1),..., f(k). For any @ € S}, and any ¢-tuple s with 1 < sy < --- <

s <m+k, define Vp s (f, ) = (Spm)s - -5 Sf(mpy)) and
Uit s(C) = {¢r1s(f, ) : fis a selective function from [k] to [t] and = € C'}

for C C S;\. We give two distance-preserving constructions by extending frequency permu-

tation @ with y € ¥, ,(Sp,) and with y € WUy, ,(C) where C is an FPA, respectively.

Definition 4.2.7. Given positive integers k,t with t- >k, a (A\,m\, d,ly)-FPA C and a

t-tuple s with 1 < 51 < 89 < -+- < sp<m+k and s; 11 = s; > d fori € [t —1]. Define
03(O7kat7 3) - {gbk(va) B S ny S \Ijk,t,s(sli\)\)}‘

Definition 4.2.8. Given a positive integerk, a (A, mXyd,{)-FPA C, a (A, kX, d',l+)-FPA
C" and a k-tuple s with 1 < s1 < sy < -+~ < s, <m-+k and s;41 — 8 > (%W forie[t—1].
Define

Cy(C,C" Kk, s) ={on(y,x) :x € C,y € U1 4(C")}.

Both C5(C, k,t,s) and Cy(C,C" k,s) are (A\,mA + kA, d, l)-FPAs. To prove this, we
argue that the distance between any pair of codewords is preserved when they are constructed

from distinct y’s or distinct a’s. Therefore, we need the following lemma.

Lemma 4.2.9. For two selective functions f and g mapping from [k] to [t] and 7, p € S,

let y = Yrps(f,m) and y' = Yirs(g,p). We have lo(y,y') > d when f # g or ® # p.
Moreover, lo(y,y') > d - loo (7, p) when f =g and w # p.

Proof. Let F = {f(i) :i € [k]} and G = {g(i) : i € [k]}. If f # g, there exists i* such that
i* € F'—G. Therefore f(m;) =i* # g(p;) implies y; # y;. We have (o (y,y') > |y; — ¥ > d.
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If f =g and w # p, then there exists j* such that 7w« # p;«. Assume |7;= — pj«| = d', we

have loo(y, ¥') 2 |yj — Yix| 2 |Sf(mpe) = Sf(p;)| = &' minep—1y(siy1 — 8i) > d'd. [

Lemma 4.2.10. If for every i € [m + k|, y has either \ entries equal to i or no such entry,

then for x, S S’?f‘lA? ‘goo(qbk(yv SC), ¢k(y7 w/)) = 600(337 wl)'

Proof. Let ~; be the number of entries in y equal to i. By the assumption on y, we know ~;
is either A or 0. Thus in every iteration of ¢y (y, z) either 0 or A symbols in z are changed.
Suppose that we run ¢ (y, ) and ¢r(y, ') in parallel. According to ¢y, there are either A
entries or nothing changed in each iteration. Without loss of generality, let j be the index
such that z; — 2/ = d. Note that the algorithm changes only one kind of symbol in each
iteration. Therefore z; must be changed at least x;—2’; = d iterations later after z; is changed

and the magnitude is smaller than x;’s. This implies oo (9r(y, ), Pr(y, ")) > loo(x, 2'). O
Now, we prove the following theorems.
Theorem 4.2.11. C5(C, k,t,58) is a(X;mA + kX d;ls)=FPA of cardinality (,’;)%|C|

Proof. Consider codewords z = ¢ (Y ps(f, 7). @) and 2/ = ¢ (Yr1.5(g, p), ') in C5(C, k, t, ).
If f# gorm# p, then we have €. (2, 2") > Loc(Wit s(f,7), Yrts(g, p)) > d by lemma 4.2.9.
If f =gand m = p, then (2, 2") > ls(x, ') >d by lemma 4.2.10 and C'is a (A, mA, d, l)-
FPA. Note that there are (;) selective functions from [k] to [t] and EI;')S)’: permutations in Sy,

thus the theorem holds. O]

Corollary 4.2.12. F(\,mA+k\,d, () > (1) g’;f)%jF(A, m\,d, ls) fork <t and td < m+k.

Theorem 4.2.13. Cy(C,C" k,s) is a (A\,mA + kX, d, ls)-FPA of cardinality |C'| - |C.

Proof. Consider codewords z = ¢ (Vrk.s(f, ™), x) and 2’ = ¢ (Ve rs(g, p), ') in Cy(C, C", k, s).
Since there is only one selective function from [k] to [k], we have f = g. If w # p, then we
have (oo (z,2') > d' - % = d by lemma 4.2.9 and C" is a (A, kA, d', (. )-FPA. If m = p, then
loo(2,2") > loo(x, ') > d by lemma 4.2.10 and C'is a (A, mA, d, ¢~ )-FPA. Hence the theorem
holds. ]

Corollary 4.2.14. F(A\,mA + kX, d, l~) > F(M\ kN d'  ly) - F(A\,m\,d, ls) for k - {%W <
m+ k.
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Finally, we provide another symbol extension construction with the distance decreasing
property. We relax the constraints on y by allowing some symbols appearing less than A

times in y.

Lemma 4.2.15. If for every i € [m + k|, y has at most \ entries equal to i, then

gw(gbk(y:m)vgbk(yawl)) Z Em(wﬂwl> - 17

for any ¢, x’' € S),.

Proof. Consider the j-th entries of  and &', and without loss of generality, let z;—2’ = d > 0.
Assume z; and z’; is the a-th and the 3-th smallest entry in & and &’ respectively. a and 3
must in the form z;A — p and 27\ — ¢ for some p,q € {0, A — 1}. Since x; — z’; = d, we have
a—pF>d\N— X+ 1.

Suppose that we run ¢y (y, ) and ¢p(y, ') in parallel. . According to ¢y, there are at
most A\ entries changed in each iteration. The iteration difference between the iterations
when z; and z; are respectively changed is at least L%J > L%J = d— 1. The

corresponding entries in the output have difference at least.d — 1, and thus we conclude

gm(¢k(y,$),¢k(y,$/)) > goo(w,ml) — 1. n

Lemma 4.2.15 shows that the distance decreases at most 1 after applying ¢x(y, -). From
this point of view, we can trade minimum distance for larger code size. For integer A, k,t
and t-tuple s, let Q(\ k,t,s) be the set of vectors of length kA consisting of symbols in
{s1,...,8:} such that no symbol appears more than A times. Note that for any simple set s,

Q (A, k,t, s) has the same cardinality, thus we define ¢(\, k,t) = |Q(\, k, t, s)]|.

Definition 4.2.16. Given positive integers k,t with t > k, a (\,mA\,d + 1,0 )-FPA C and

at-tuple s, 1 <s1<s3<---<8 <m+kand s 1 —s; >d forie[t—1]. Define
05(07 k>ta S) = {¢k(y7w) B C>y € Q()\7 kata S)}

Theorem 4.2.17. For d > 1, C5(C,k,t,s) is a (\,m\ + kA, d,ls)-FPA of cardinality
q(A k. 1)|C].
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Proof. Consider codewords z = ¢ (y,x) and 2’ = ¢p(y', ') where y, vy’ € Q(\ k,t,s) and
x,x’ in C. We know that ((z,2") > d when y # v/, since for some i € [kA], |y; — yi| >
minjep—1) Sj41 —8; > d. By lemma 4.2.15, if y = ¢/, then ((2,2") > loo(z,2') > d+1-1=
d > 0. These facts imply z # 2" if y # ¢’ or & # x’. By the construction of Cj, it is clear
that the cardinality is q(A, k,t)|C]. ]

Corollary 4.2.18. F(A\, mA+k\, d, ls) > q(k, ) F(A\,m\, d+1,0s) fork <t andtd < m+k.

Let CO) = {1 ¢ S()\d+1))\ cm, ., € {1, d+ 1} and mayq < oo - < mapa}. The code
constructed by the simple encoding algorithm in the next chapter can be also obtained by

the algorithm in Figure 4.2. However, the minimum distance of the output is preserved as d.

1. Ct = CW9D.

2. for 1 = 2 to-k-do

3 C"= C5(C*, 1,2.(1,d +i));
4. next

5. Output C*;

Figure 4.2: Extension-based construction for code in Chapter 5
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Chapter 5

Codes with Efficient Encoding and

Decoding

In this chapter, we give a family of FPAs defined by an encoding algorithm. They come
with efficient encoding and decoding algorithms. . The idea of this construction is based on
the previous work[28] by Lin et al. We generalize their algorithm for constructing FPAs. In
addition, we give the first local decoding algorithm for FPAs under Chebyshev distance. At

last, we propose a list decoding.algorithm for this code, too.

5.1 Encoding Algorithm

We give an encoding algorithm ENC?LJC (see Figure 5.1) which convert k-bit message into a
permutation in S} where n >k + \.
The encoding algorithm ENC?{,k maps binary vectors from Z§ to S;. For examples, the
output of ENCy,(0,1,0,0) is
(1,5,1,2,2,3,3,4,4,5),

and ENCiy,(0,1,1,1) outputs
(1,5,5,4,1,2,2,3,3,4).

It is clear that ENC) , runs in O(n) time while encoding any k-bit message. Next we inves-
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Algorithm Encf‘%k

Input: y = (y1,...,yx) € Z5
Output: = = (7y,...,2,) € S)
1. max < n; min < 1;
2. fori+ 1tokdo
then {z; +- [™¥]; max < max — 1;}

else {z; « [""]; min < min + 1;}

4.
5.
6. fori<+ k+1tondo
7.
8.

T < [R5 min < min + 1;

Output x;

Figure 5.1: ENCf‘ljk encodes messages in Z§ with 5.

tigate the properties of the code obtained by ENC,’;k. Let C . be the image of ENCf‘l,k.
Theorem 5.1.1. Cp, is a (A, n, | %5% |, (o) -FPA with, cardinality 2*.

Proof. Consider two messages p = (p1,-spp) and p" =.(p},...,p}) € Z5. Let ¢ =
ENCgk(p) and o' = ENCf‘L’k(p’) be.the outputs of ENC?‘Z’k on-inputs p and p’, respectively.

Let r be the smallest index such-that p, # plo" Without loss of generality, we assume

pr = 1, pl. = 0 and there are exactly 2z zeroes among py, ../, p.—1. Consequently, x, is set to
[mer] = [2=rHE2] and af, is set to (%] =[] by ENCQV,C. The distance between & and
x’ is:

loo(x, ') > [—n_T:\FleZ-‘ — Fj;z—‘
- n—r+1+z_1+z_1
A A
n—r
= -1
A
> n;k—l, since r < k.

The first inequality holds by the fact of ceiling function: o < [a] < a + 1, for any real
number «. Note that the distance has integer value only here. If "T_k is integer then the
distance is at least L"T’kj, else it is at least {”T’k — 1} , which is L"T’kj exactly, i.e., the distance

n—=k

5 J Since every message is encoded into a

between any two codewords in Cy , is at least |
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distinct codeword, we have |C,)L‘k| = 2k, ]

Since C’;)’k is a (\,n, L"T”“J,Zoo)—FPA, we let d = L"T’kj in the rest of this chapter for

convenience.

5.2 Unique Decoding Algorithm

Unique decoding algorithms for classic error correcting codes are usually much more compli-
cated than their encoding algorithms. While, our proposed decoding algorithm UNIQUEA,C

(see Figure 5.2) remains simple.

Algorithm Uniquef‘hk
Input: © = (%,.. ., x,) €.5)
Output: . y="(y1,...,yp) EZS
1. max 4 ni-main <= 1;

2. fori <+ l1to kdo .

5. e e <= |

4. then {y; 4~ 1; maz < mazx — 1;}
5 else {y; < 0ymin <~ min + 1;}
6. Output, y;

Figure 5.2: UNIQUEQV,C decodes words in S; to messages in Z5.

The running time of UNIQUEZJf is clearly O(k), even faster than the encoding algorithm.

We show its correctness as follows.

Theorem 5.2.1. Given a frequency permutation © = (z1,...,x,) which is %—close to

ENG), . (y) for some y € Z§, algorithm UNIQUE), , outputs y correctly.

Proof. By contradiction, assume UNIQUE;\LJC outputs y = (1, ,0x) # y. Let r be the
smallest index such that vy, # ¢, and z be the number of zeroes in y,...,y,_1. At the
beginning of the r-th iteration, maxr = n —r + 1 + 2z and mun = 1 + z because for every
i <r,y; = ;. Without loss of generality, assume 1 = y, # 3, = 0. Let x/. be the r-th entry

of ENC?L’k(y). Note that . is set to [Z2] = [2=rtliz] by ENCQ’k. While g, is decoded to
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0 by UNIQUEQJC, we have |£Er — (m;ﬂ | > !xr — (m“ﬂ | Thus,

Eoo (13, ENC’I)’\L,k‘ (y)> =

V
B}
I
=
=
|
B

§

- =]

> 5 (lor = [521] + | — [2211)
Z % ("maz o [mzn
_ (e - i) > 4

The last inequality is true, since we know [2=4142] — [1£2] > |22k | — (¢ from the proof of

Theorem 5.1.1. This contradicts that @ is %2-close to ENC), ;. (y). O

5.3 Local Decoding Algorithm

A local decoding algorithm computes a«specific message bit without reading the whole re-
ceived string. Here, we show a probabilistic-algorithm LOCALn i» see Figure 5.3, which can
perform local decoding. LOCALmk allows us to decode the i-th message bit more efficiently
than UNIQUE?)L’,C, but it may give a-wrong result with certain probability. To illustrate this
fact, we consider two permutations &'=(1,4,1,2,2,3.:3:4,5/5), y = (1,5,1,2,2,3,3,4,4,5) =
ENcTy4(0,1,0,0) and the result of LOGALfy,(2, ). Since

fo(y) = 1< LT

2
UNIQUES 4() outputs (0,1,0,0). LOCAL 4(2, z) should output 1, but when j is picked as
9 or 10 at line 3, LOCALY, 4(2, ) outputs 0.

We discuss its efficiency and error probability in this section. We prove that it reads at
most A + 1 entries of the received word in Lemma 5.3.1, hence its running time is O(\). It
has a chance to output wrongly, but we show that the error probability is small in Theorem
5.3.2. Furthermore, LOCALf‘Lk always outputs the correct message bit when it was given a

codeword as input, see Corollary 5.3.3.

Lemma 5.3.1. Given a frequency permutation € = (x1,...,x,) € S;\’k and an indez i € [k],

LOCALi‘hk terminates within \ iterations.
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Algorithm Localq’;’/,C
Input: i € [n], (21,...,7,) € S)
Output: m;, the i-th message bit

L J«{i+1,...,n};

2. do

3. Uniformly and randomly pick j € J;
4. if ; > x; then output 1;

D. if ; < x; then output 0;

6. J—J—{j};

7. loop;

Figure 5.3: LOCALf‘Lk decodes one bit by reading at most A 4+ 1 symbols.

Proof. By contradiction, assume LOCALf‘Lk does not output before the end of the A-th iter-
ation. For r < A, let j, be the index picked in the r-th iteration. For every r < A, we have
x; = x;,, otherwise LOCAL;\M,€ outputs-at the r-thiteration. Therefore, there are at least A+ 1

entries of « equal to z;. It implies & ¢ S;}’k, a contradiction. There is some z;, # z;, and

LOCALT{‘L’k outputs in the r-th.iteration. ]
Theorem 5.3.2. Given a permutation &-=(&1,...,x,) d-close to a codeword ENCka(y) =
(2,...,2},) € S, for some y and an index i € [k], LOCALQ;f outputs y; with probability at

least 1 — le at its first iteration.

Proof. Without loss of generality, we assume y; = 0, 2; = t and let v be the maximum

number among zj_ y,...,x,, i.e., at the beginning of the i-th iteration min = ¢ and max = u

while encoding. Assume there are v numbers equal to ¢ among 7, ..., x,_;, and there are v/

numbers equal to v among x;_, ..., z,. According to the encoding algorithm, we have
A—vy—1 /)L '

{aiq, . any={t,...,6,t+1,...,t+1,....%,. . a}.

Since (oo (@, ENC), ;(y)) < 0, we have |z; — 2i| < 0 and |v; — xj| < 0. The probability that
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LOCAL;\M does not output m; at the first iteration is:

Pr(z; > ;]

IA

Pr[z} 4+ 0 > ]
< Prlz;+6 > 2} — ]
Pr[z} 420 > 7).

There are at most 20\ + A — v — 1 possible choices of x’; such that z’; is less than or equal to

x;, + 20. Thus,

(204 1A=y =1 _20A+X _25+1

> x| <
Privi 2 )] < n—i ) d

Therefore, the probability that LOCALzyk outputs y; correctly at the first iteration is at least

20+1
1— 2 O

Corollary 5.3.3. Given a codeword x = ENCA,C(y) for some message y € {0,1}* and an

index i € [k], LOCAL;\LJ{; outputs y; corréctly.

Proof. By Lemma 5.3.1, there exists r < -\ such that LOCAL;\M terminates at the r-th
iteration. Let j be the index picked at the r-th iteration, we have z; # xz;, where j > 1.
Note that x is a codeword, i.e., z;°< «; implies y; = 0-and 'z; > z; implies y; = 1. Hence,

LOCALA,g outputs y; correctly. [

5.4 List Decoding Algorithm

In this section, we define list decoding algorithms first.

Definition 5.4.1. On input x, an (e, L)-list decoding algorithm always outputs a list of size

at most L which contains all e-close codewords to x.

We say a code C' is (¢, L)-list-decodable if there is an (e, L)-list decoding algorithm for
C'. We propose a simple (L%J , 2k_k/>‘)—list decoding algorithm LISTf‘L’k?k, for C’;)k where
E'\ < k, see Figure 5.4. LISszk’k, is based on UNIQUE;\LJC,/\ which decodes the first &'\ message
bits y from a. Then, LISTQJC,,C, outputs all codewords encoded from messages starting with
Y.

Theorem 5.4.2. LIST?L’k’k, s a (L%J,Z’“*’“) -list decoding algorithm for C’T)L"k.
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Algorithm List;\bykykl

Input: = = (x,...,7,) € S)

Output: X C S)

1.y < UNIQUE) ,,(x); // Note that y € Z§'*

2. X+ {ENCij(y’) Yy’ € ZF and Vi € [K'N, v} = yi };
3. Output X;

Figure 5.4: LIST?LJC gives a list of candidates of the closest codewords.

Proof. Let & be the input. The number of k-tuples in Z%, such that their first &'\ bits
are yi, ..., Yw, is at most 2575 since the first &'\ entries are fixed. The rest is to prove
that all codewords L%/’IJ -close to « are in the output X. Contrarily, assume there is an
x* = ENC) (y*) ¢ X such that (o (z,z*) < | m=K=1]. Hence, there exists r € [K’A] such

that v # y,. Consider o’ = ENCAk,)\(yl, .. Ya). Lt is easy to verify that ' = ENCQ,k(y/)
k—k'A

——
where ¥ = (y1,...,Yrx,0,...,0). Assume there-are exactly z zeroes among yi, -,y 1,

and let r* = ming:, r. By anargument similar to the‘one in the proof of 5.1.1, we have

n—wi+1+2 142 n— k'\
oo —al.| = - > —1l=m-K-1.
e N ——1F/=>
However, x* is Lm_gl_lj—close to x. This implies
|2 — x| > |2k — | — |2 —
-k -1
S~ m K1 {W—J
2
m—k —1
> -
- 2
> loo(x,x7)
> |z — x|
In other words, z,- is closer to @. than z.. Note that @ = ENGC) ;,(y1,...,yws). Thus,

UNIQUE) () should choose y. as the r*-th bit of its output. We have y. = y,-, a

contradiction. O

The running time of L1ST,, , (@) is O (n2¥"¥*), since we need encode all k-tuples starting
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with UNIQUEAk,)\(m). When k—k'A = O (logn), LIST,ALM, (x) is a polynomial-time algorithm.

5.5 Private Information Retrieval

Consider an investment company stores some data of future contracts on remote storage
service providers. When the company retrieves their data, the service providers know which
data are sent. However, the company does not want to leak the information about the
queried contracts, since its profit may be affected by the disclosure. A private information
retrieval (PIR) scheme allows users to query data from the storage servers without disclosing
all information about which data is retrieved. It has been shown that PIR can be constructed
from locally decodable codes, see Trevisan’s survey [38]. In this section, we give a PIR based

on our local decoding algorithm LOCALz’k.

A PIR consists of ¢ independent servers-si,... ;84 which cannot exchange information
with the others. All servers know a ecodeword @ = (%1,. . ., @) representing a k-bit message
¥y = (Y1,--.,Yk), and a user wants-to.know one bit-y; of y via query a symbol from each

server. We say a PIR protocol has recovery r-if the user can obtain the message bit with
probability r. Let Ps,(j) be the probability that the @; is'queried from server s when the

user tries to retrieve y;. A PIR has privacyp. if

1
B 9 PSi ) — Ps i’ )1
! sl Z 2| () 0 (7)]

SE{S1,..-y8
e j€(n]

A (q,7,p)-PIR is a g-server PIR with recovery r and privacy p. A (¢,r,p)-PIR has perfect
recovery if r = 1 and perfect privacy if p = 0. With our FPA C’,ﬁ: , in Chapter 5, we construct
a PIR with perfect recovery. For a message y, we put © = ENC?L’k(y) on all A + 1 servers.

Assume the user wants to retrieve y;. The scheme is simple:

1. Generate a permutation 7 € S,,; uniformly at random.

2. Sample A random distinct indices 41, . .., i) uniformly from [i + 1,n).
3. Query x;, Ty, ..., x5, from sq(1), Sx(2),- - -, Sx(r41), respectively.

4. If z;; > x; for some j € [A], then y; = 0, otherwise y; = 1.
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Theorem 5.5.1. Our PIR scheme is a ()\ +1,1, /\+1 W

) _PIR.

Proof. The perfect recovery is guaranteed by the proof of Corollary 5.3.3, since there are
exactly A copies of each symbol in [m]. The probability distributions P, ;,...,Ps ; are
identical for a fixed ¢, since 7 is chosen uniformly at random. Consider when we retrieve

y;. We do not query z; for j < i, so Ps,;(j) = 0 for j < i. We have to read x;, hence

Ps, (i) = A+1 We query A entries among 1, ..., &, hence Py, ;(j) = /\%1 - — for j > .
Therefore, we have the privacy
po= max SLPLG) - Puli)
s€{S1,...,8¢ 1,7 €[K] | 2 ’ ’
1 , .

= max Z 5 1Ps1,i(d) = Psyvr (5))]

1,0/ €[k] “ 2

j€lm]
i

1 1 A 1
= - ) —— —0

2 n?kﬁil(AH i+z Aty '

j=i+1
A 1 1 & A 1 A 1
+ : - — gic . - — : .
A1l n=i AF1 g A+l n—1i A+1 n—4
1 i —1
1 1 1
= 52[1,§]IX< <A—+1+(A+1—A—+1'm Z g —y 5t Z m' W—m))
’ = Jj=i+1 j=i'"+1

_ 1 1+1 s (n—z”.))\_(n—i’—l—l—(i"—l—z’)))\

A+1 2 i’ elk],i<i’ n—1i n—ia

1

1 (n+i+2)A
= —(1+= N — 77
)\+1(+2rz%%3}(( n—1 ))
1

(i +1)A
fry _— 1 —
A 1( +Izré%3](< n—1

_|_
R S SRR 2\ U N S 2)
A+ n—1) X+1 (A+1)(n-1)

For ivi/ S [k] and j S [n]7 we have that ‘Psl,i(j) _,Psl,i’(j)‘ = |Ps1,i/<j) _Ps1,i<j)| and
|Ps,i(j) — Psyir(4)] = 0 =|Ps,i(J) — Ps,.i(J)], so there is a maximum achieved by a selection
i < 1'. Therefore, the third equality holds. We obtain the forth equality by removing the

absolute-value bars and reordering terms. The rest part involves only simple calculations. []

The communication complexity of a PIR scheme is the number of bits exchanged between

the user and the servers. Yekhanin[45] proposed a family of locally decodable codes and a
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(3,1,0)-PIR with perfect privacy and perfect recovery. The communication complexity of
Yekhanin’s (3,1,0)-PIR is O (nloq), and it can be lowered to O (nlogllogn> if there are in-
finitely many Mersenne primes. Although our PIR has imperfect privacy, the communication

complexity of our PIR scheme has O (Alogn), which is much lower than Yekhanin’s result

when ) is a constant.
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Chapter 6

Complexity Issues

6.1 Complexity Problems Related to FPAs

The minimum distance of an FPA plays a_main role.in many applications. In Chapter 4, we
give several construction methods for-generating FPAS of certain minimum distance. Here,
we study the problem of another direction. We investigate the complexity of computing the
minimum distance for an arbitrary FPA. In Chapter 5;-we propose efficient decoders for a
family of FPAs. Conversely, we analyze the complexity of decoding a general FPA in this
chapter.

In Chapter 2, we say an algorithm is time efficient if and only if it runs in polynomial
time with respect to its input size. When we describe an FPA C' C S? by writing down
all codewords in C, we need © (n|C|) symbols in [m] to represent |C|. This allows us to
compute the minimum distance of |C| under Hamming distance, Minkowski distance and
Chebyshev distance efficiently by enumerating all possible pairs of distinct codewords in C,
since computing the distance between two n-tuples is in O (n) and n(‘(;') = O (n|C)?) =
O (poly(n|C])). Also, for the decoding problem, “Given an n-tuple  in [m]™ and an FPA
C C S, find the codeword closest in C' under metric §”, can be done efficiently in O (n|C)
when ¢ is Hamming distance, Minkowski distance or Chebyshev distance by evaluating the
distance between every codeword in C' and x.

However, some families of FPAs have much shorter descriptions than general FPAs. One

of those families is the subgroup permutation arrays (SPAs). A SPA permutation array of
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length n is a subgroup of S,,. We can define a SPA by giving its generator set {gi,..., gk}
We only need kn symbols in [n] to denote a generator set of k generators, but the cardinality
of the corresponding subgroup can be an exponential of kn. For example, we can represent
every permutation in .S,, by a sequence of swapping adjacent pairs, i.e., {(2,1—4—1) 11 € [n—1]}
generates S,, which has cardinality n!, and it just has input size © (n?). Now, we define the
shortest distance in subgroup permutation array problem (SDSPA;) and the closest distance

in subgroup permutation array problem (CDSPAy).

Definition 6.1.1. (SDSPAs) Given a generator set {gi,...,gx} for a subgroup G of S,
and a positive integer B, determine if there exists distinct permutations x,y € H such that

iz, y) < B.

Definition 6.1.2. (CDSPAs) Given a generator-set {gi, ..., gx} for a subgroup G of S,, a
permutation y € S,, and a positive integer B, determine if there exists a permutation * € H

such that 6(x,y) < B.

CDSPA; is the decision problem of maximum likelihood decoding problem. Buchheim et
al. proved that CDSPAg, which is called minimum subgroup distance problem in their work,
is NP-hard for Hamming distance, Chebyshev distance, Cayley distance, Minkowski distance
of order p € N, Lee’s distance, Kendall’s tau, and Ulam’s distance, see Theorem 2, Theorem
3, and Theorem 4 in [6].

Recall that the minimum distance of G C S,, under a right invariant metric is equal to
the minimum weight of non-identity permutation in GG. To prove SDSPA; is NP-hard under
right invariant metric J, we give a reduction from an NP-hard problem to the problem of
computing the minimum weight of non-identity permutation in G under metric §. Now, we

define the minimum weight problem of subgroup permutation code under a right-invariant

metric 9, and we call it MINWSPA; for short.

Definition 6.1.3. (MINWSPAs) Given a generator set {g1,...,qgr} for a subgroup G of
S, and a positive integer B, determine if there exists a permutation * € H such that

0< wtg(a:) < B.
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6.2 Minimum Distance of Subgroup Codes

Cameron and Wu [7] gave reductions from the minimum weight problems for binary linear
block codes to MINWSPA s under various metrics such as Hamming distance, Cayley distance,
movement distance, Minkowski distance of order p € N, Kendall’s tau distance, Lee and
Ulam metrics (see Theorem 5 in [7]). Since Vardy [40] showed that the minimum weight
problems for binary linear block codes is NP-hard, we have that MINWSPA; under every
metric previously mentioned is NP-hard, too. Moreover, SDSPA; is also NP-hard if § is

right-invariant and in the above list.

NAESAT is a classical NP-complete problem (e.g., see Papadimitriou’s book, page 187
[30]). Cameron and Wu [7] gave a reduction from NAESAT to MINWSPA,_ (see Theorem
18). But their construction actually failed, which is shown in Section 6.3. In the rest of this
section, we give a reduction from Not-All-Equal-SAT (NAESAT) to MINWSPA,_ . We give
the formal definition of Not-All-Equal=SAT problem as follows.

Definition 6.2.1. (NAESAT) Given a boolean formula ¢ in conjunctive normal form, which
consists of m exact-3-literal clauses ¢y, ..., ¢y-over nvariables x4, ..., x,, decide whether
there exists an assignment o such that for.every clause ¢, not all literals in ¢ are assigned to

the same truth value.

If a formula ¢ has such an assignment o, then ¢ is satisfiable, and we say o is a satisfying

assignment. Otherwise, ¢ is unsatisfiable.

We will first sketch the idea of our reduction. For every positive integer o, we give
a mapping function f, from NAESAT instances into subgroup permutation codes. More
specifically, f,(¢) is a subgroup permutation code over [N] for a n-variable-m-clause clause
¢ where N = (6m + 2n)(2a + 6). Satisfiable formulas are mapped into codes of minimum
weight a + 5, and unsatisfiable ones are mapped into codes of minimum weight 2a + 5, see

Figure 6.1.

In the rest of this section, we use f,e and wt to denote f,,en and wt,_ for short,

respectively. For an n-variable-m-clause E3CNF-formula (exact-3-literal-conjunctive-normal-
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( 1 ( )

NAE-SAT formulas Subgroup PAs
Satisfiable formulas } £ (N, + 5)-PAs
/] T
; [ (N, 20+ 5)-PAs
T
. J . b,

Figure 6.1: The sketch of reduction

form-formula) ¢, we map ¢ into a subgroup f(¢) C Sy where f(¢) has 2n generators

The generators are designed to be self-inverse and commutative. L.e.,
 for every generator x, zz = e,
o for every pair of generators z.and vy, ry = yx.
Therefore, every permutation m € f(&) can be expressed in'a normal form as
= [Lo@ ™ | | TLoito)*
i€[n] i€[n]

where z;(m), zi(m) € {0,1} for ¢ € [n]. With this observation, we divide f(¢) into four

tad)

categories.
1. Col¢) = {m: Vi € [n], za(m) = 2/(x) = 0} = {e}.
2. Cy(¢) = {m : Vi € [n], zi(m) + 2l(m) = 1}.
3. Co(0) = {m : i € [n], zi(m) + 2L(m) = 2}.
4. Cs(¢): permutations not in the above three categories.

There is a bijective mapping p from the set of truth assignments on the variables x1,...,x,

of ¢ to C1(¢). An assignment o sets x; to be true if and only if z;(7) = 1 where 7 = u(0).
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For example, permutation 7 = ¢1(¢)g5(0)g5(¢) € f(¢p) is mapped from the assignment o
with o(z1) = T,0(x3) = F,o(z3) = F for some trivariate formula ¢. We partition C;(¢)
into two sets C;(¢) and C{(¢) where Cj(¢) is exactly the image of the set of all assignments
satisfying ¢ and Cj'(¢) = C1(¢)\C;(¢). In other words, Cj(¢) = {u(o) : o satisfies ¢} and
Ci(¢) = {u(o) : o does not satisfy ¢}. We consider C;(¢) and Cj'(¢) to be different categories
in the following.

The main goal of our reduction is to ensure that the permutations in the same category
have the same weight. Moreover, the weight of permutations in Cj(¢) must be different from
the weight of permutations in the other categories. We list the weights of all categories in

our reduction as follows.
o wi(m) =0 for T =e.
o wit(m) =a+5 for m € C; ().

o wt(m) =2+ 5 for m € Ci(p) UCs(¢) UCs():

Formula: ¢ Subgroup PA: f(¢)
([ Assignments ( Permutations A
Satisfying ¢ S o = ju(oy) @
o1 wt(m)=a+5
. g o 73
a [ (02) | wt(ms)=2a+5
—e Ty = 109 3)=
0'20/
wt(me)=2a+5
N J C J

Figure 6.2: Satisfiable ¢ is mapped into (N, «a + 5)-PA f(¢).

A satisfiable formula ¢ is mapped to f(¢) of minimum weight a + 5, since C§(¢) is non-
empty, see Figure 6.2. On the other hand, there does not exist an assignment satisfying any
unsatisfiable ¢, so C5(¢') is empty for ¢'. Hence, f(¢') has minimum weight 2a + 5, see
Figure 6.3. This immediately implies Theorem 6.2.2.

Theorem 6.2.2. Given an NAESAT instance ¢, if ¢ is satisfiable then f($) has minimum
weight o + 5, otherwise f(¢) has minimum weight 2 + 5.
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Formula: ¢/ Subgroup PA: f(¢')

Assignments ( Permutations )
ST C T b
| Satisfying ¢/ ! | #m; such that : @
. |
! EMPTY | | wit(m)=a+5 |
o ___ | R : o 73
- [ (02) | wt(ms)=2a+5
—e Ty = ({02 Wi(Tg )—4aC
020/
wt(my)=2a+5
N\ J - J

Figure 6.3: Unsatisfiable ¢’ is mapped into (NN, 2a + 5)-PA f(¢').

Recall that we set N = (6m + 2n)(2a + 6). For convenience, we define 5 = 2a + 6, and
we have N = 6mf + 2nf. To construct the corresponding generator set from an NAESAT
instance ¢, we define three kinds of permutation gadgets for clauses, variables and the truth
assignment over [N], respectively. There is no intersection between any two different kinds

of gadgets, i.e., every position can only be permuted exactly by one kind of gadgets.

[~ \ § M\ ¢ 1caclV/: N 3
| Clause :: Variable :: Assignment :
: gadgets :i gadgets :: gadgets |
| I I |
| I H 4
El 6m5:!6m5+1 6mB+nSi6mp+nS+1 Nﬂ
6mf positions nf3 positions n/f3 positions

Figure 6.4: No position is permuted by 2 kinds of gadgets.

Every generator of f(¢) is the product of a clause gadget, a variable gadget and an

assignment gadget. Define

gz(¢) - gz|c(¢)gz\v (¢)gz|a(¢)a

where g;c(¢), gijo(¢) and g;jo(¢) are the clause gadget, the variable gadget and the assignment
gadget of g;(¢), respectively. Similarly, we define

9i(¢) = g£|c(¢)g£\v(¢)gg|a(¢>'
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For m € f(¢), we define

H gz|c Zl(ﬂ H gz|c /(Tr )

1€[n]

H gz\v(¢)2l(7r) H gz|v )

Ze[n] ZE[?’L

and

H gz\a () H g;|a(¢)zg(ﬂ—)
1€[n]

i€[n]
Since the positions permuted by w., 7,, and m, are all disjoint, we have m = 7w.m,7, and
wt(m) = max (wt(m.), wt(m,), wt(m,)). In the rest of this section, we show how to construct

the gadgets such that the weight distribution of f(¢) is as in table 6.1.

Table 6.1:»Weight-contribution of different gadgets

wt(me) | wt(m,) | wt(rg) | wit(m)

T=e 0 0 0 0
m e Ci (o) a+5 <a+5b 0 a+5
T €Ci(¢p) | 2a+5 | <a+b 0 2a0+5
meCap) | <2045 20+5 | <2a+5|2a+5
T€C3(p) | <2a+5 | <a+b| 2a+5 |2a+5

Before we go through the detail of our reduction, we introduce several tools. Klein
four-group is the building block of our proofs. It is defined as Ky = {e, k1, ko, K3}, where
K1 = (1,_2)@, Ko = (1,_3)@, and k3 = m(Z,_) Its operation is shown in Table
6.2. It is clear that K, is commutative and wt(k,) = u for u € [3]. Note that for u € [3],
Kuky = €, and for distinct u, v, w € {1,2,3}, ky = Kyky and Kykyky, = €.

Then, we define the stretch operation a, on a permutation = where max{i : (i) # i} < &
as a,(m) = pymp; b where p, € Sy is a permutation such that p,(z) = tz for t € H%H For

example,

as ((L2B.D) = (a1, 25D (5(3). pa()) = (3,6)(0,12)

when N > 4.3 = 12. The stretch operations do not change the cycle structure, but it
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Table 6.2: Operation of Klein four-group.

(ol elmn|n]

e € | K1 | K2 | k3
Ri||R1 | € | R3 | ko
Ro || Re | K3 | € | k1

R3 || RK3 | Ko | K1 | €

amplifies the weight to ¢ times.

The symbol shift operation s;() on a permutation 7 as s,(7) = 7,w7; ' where 7, € Sy and

() = x4+ b mod N. It is a special relabeling operation. For example

5 ((1L2)3,4)) = (1), n@)(wE), 20) = 3.405,0

when N > 6. For two permutations

v = (rr.@, - L)) (w2) - (Ug)

and
y = (1) (@) @) Y, - Y),
we have
vy = (T1,%2, .., Tp) (Y1, Y2y - -, Yq)
when {xy,x9,...,2,} and {y1, v, ...,y,} are disjoint. Hence, we have

wt(xy) = max{wt(z), wt(y)}

under such configuration. With this observation, we apply a sequence of stretch operations,
symbol shift operations, relabeling operations and compositions on elements in K, and swap-

ping pairs (permutations in the form (p, q) for p, ¢ € [N]) to construct more complex gadgets

of higher weights while preserving some cycle structures.

The clause gadgets permute 1,...,6m0, which are derived from the work by Cameron
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and Wu[7]. The main idea of the clause gadget is to assure that all literals are not assigned to
the same value. For convenience, we express the following permutations, which are the basic

construction blocks, with the shift and stretch operations over elements of Klein four-group

and swapping pairs. Let k] = aa(k;)s_1(az(k;)) for i € [3] and x = (1,2)(3,4)(5,6)(7,8). We

list k7, k5 and k% explicitly as follows:

= (1,3)(5,7)(2,4)(6,8),
Ry = (1,5)(3,7)(2,6)(4,8),
Ry = (1,7)(3,5)(2,8)(4,6).

These basic blocks inherit some good properties from Klein four-group.

Proposition 6.2.3. &, k5, k5 and x are self-inverse and commutative. Moreover, k!, = K| K.,

for {u,v,w} = {1,2,3}.

Proof. k1, Ky, k4 and y are self-inverse, because they.only swap pairs of positions. Since
Ky, k4 and k5 only swap positions of the same parity, they preserve the properties of the

Klein four-group. They are commutative, and &, = k. k., for {u,v,w} = {1,2,3}.

e
@@@0@@@ @@@@0@@@

Figure 6.5: k| x = xK}

The rest part is to show that k,x = xk} for i € [3]. Figure 6.5 shows rjx = xx}. It is
also easy to verify xix = xx} and x4y = xx5. These four permutations are commutative.

]

From the result of Proposition 6.2.3, we can derive K{{e, k|, kb, K}, X, XK, x+h, xK5} is a
group with composition operation, see Table 6.3. We list the weights of elements in K in

Table 6.4.
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Table 6.3: Operation of basic construction blocks and their products.

Lo [ e [ w [ my [ my [ x [xw) [y xns]
e | e | K | Ky | Ky | X | XK]| XKy | XK3
Ky || KL | e | Ry | Ry | XKL X | XKS | XKY

/ ! / ! / ! !
Kg Rg | K3 € K1 | XKa | XE3s | X | XK1

wt(e) | wi(ry) | wi(sy) | wi(ry) | wh(x) | wilxsy) | wi(xrs) | w(xss)
0 2 4 6 1 3 5 7

However, the weights of the basic construction blocks do not fit our reduction. To adjust

the weight without destroying the propertiesin Proposition 6.2.3, we relabel the symbols in
gadgets with some permutation ¢ € Sy such that

1 ,x = 1.
gr) =< a4+zr—-1 ,1<z<8.
20+ 6 , T =8.

Then, we define the modified basic blocks &/, x5, k4 and X’ as follows,
ki = qryq”

= (q(1),4(3))(q(5),a(7))(q(2),a(4))(q(6), q(8))

= (La+2)(a+4,a+6)(a+1,a+3)(a+5,2a+6),

I/ /-1
Ko = (4Rog

= (9(1),4(5))(a(3),4(7))(9(2), 4(6))(a(4), ¢(8))

= (LLa+4)(a+2,a+6)(a+1,a+5)(a+3,2a+6),
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"

And we define K

{677I{17K327’i3a

qryq "

(9(1),4(7))(a(3), 4(5))(a(2), 4(8))(q(4), 4(6))

(LLa+6)(a+2,a+4)(a+1,2a+6)(a+3,a+5),

axq "

(q(1),4(2))(q(3),q(4))(a(5),q(6))(q(7),q(8))

(La+1)(a+2,a+3)(a+4,a+5)(a+6,2a + 6).

!, 0 ! 0

X' X'k, XKy, X'Ks }-

Since this modification is simply done by relabeling, it is clear that the cycle structures

are preserved. Hence, the algebraic structures of K{ and K{ are isomorphic.

The weight

of these blocks and their products are as in Table 6.5. We will use them to manipulate the

weight of clause gadgets.

Table 6.5 Weights of modified basic blocks

wt(e) | wt(kY)

! 0

wt(ny) | wisg) | wt(X') | wil'sy) | wi(x'ss

)

!, .0

wt(x'ry

)

a+1

(07

a+3 a+5d o+ 2 a+4

200+ 5

Now, we define the second layer ‘construction blocks

hi = K{sg(Ky)sap(KY),
hy = Kysp(Ky)sap(kY),
hs = r3sp(Ky)sas(ks),
h = X'r3ss(X'K3)s25(X K5).

Since f = 2a+6, all of the above blocks permute [1, 8], [6+1,25] and [25+ 1, 3/5] separately,

see Figure 6.6. The second layer blocks inherit the self-inverse property, commutativity, and

the weight from the modified basic blocks.

Proposition 6.2.4. hy, ho, hy and h* are self-inverse and commutative. Moreover,

o wt(hy) = wi(

Ky) =a+5 fork e [3].
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T T T T e T T T T N T T T T e e T e N T T e — — —

ha | Ky L sa(kp) 0 (k) ]
hs | Ky o osg(R) o sas(ky) |
Rl s ssdRy) T sas(Ry) ]

1,....53 B+1,....,28 28+1,...,38

Figure 6.6: Second layer blocks

e wt(h*) = wt(xki) = 2a + 5.

e wt(h*hy) = wt(x'ky) = a+4 fork € [3].

Proof. Since no position is permuted by two of k7, sg(r5) and sq5(kY), we have

wt(hy) = max(wt(k]), wt(sp(ky)), wi(saelks))) = a + 5.

Similarly, wt(he) = wt(hs) = wt(k4) = a+5, and it is clear that wt(h*) = wt(yks) = 2a+5.
Since kY, k5, k4 and x’ inherits the multiplicative structure mentioned in Proposition 6.2.3

/ ! /
from &, &, k4 and y, we have

h*hi = X'kysp(X'KY)s28(X),

h*hy = X'K)s5(x")s28 (X K3),
and
h*hs = X'sp(x'Ky)s2(X'KY).-

Therefore, wt(h*hy), wt(h*hy) and wt(h*hs3) all equal

10" 1N

max(wt(x'), wt(x'kY), wt(x'ky)) = a + 4.

By using the second layer blocks, the components corresponding to the k-th literal of the
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j-th clause assigned true and false are defined respectively as
hjkr = sepi-1) (W),

hjkp = Sop(-1)+35(1" h),
where k € [3] and j € [m]. For every j € [m] and ¢ € {T, F'}, by Proposition 6.2.4, we have
 For every k € [3], hjx+ has weight o + 4.
o For distinct k, k' € [3], hjxhjw . has weight o+ 5.
o Nhjithjoihjs, has weight 2a + 5.

Let
P ={(i,7,k) « x; is'the k-th literal in ¢;},

Q = {(&yJ,k) : T; is the k-th'literal in ¢;}.
Now, we define the clause gadgets of g1 (@), ..+, gn(®), §i(®), ..., g, (o) as follows.

Gile(P)= H Njger H hjkr |,

(&,4,k)eP (i7,k)€Q

Gie@) = [ Pinr [T hiwr

(i.j,k)eP (i,5,k)€Q

Lemma 6.2.5. About the clause gadgets, the following statements are true.
1. Form e f(¢), wt(m.) < 2a+ 5.
2. Form e C{(¢), wt(m,) = 2a+ 5.
3. Form € C{(¢), wt(m.) = a+ 5.

Proof. Since hjj, and hj v permute disjoint positions for j # j" or t # t', we have that

wt(m,) < max {(h*hy)"(h*he)"(h*h3)"} =2a+5

u,v,we{0,1}
for m € f(¢). The first statement is true.
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Now, consider permutation 7 = u(o) where ¢ is an assignment for formula ¢. From the

definition of 7., we have

7o = | [T auel@)™™ | | T1 gire(0)™
i€[n] i€ln]

If the k-th literal in the j-th clause ¢; is z; and o(x;) = T, then m, has a factor g;.(¢) and
Gilc(¢) has a factor hjr, since (4,7, k) € P. Similarly, if the k-th literal in the j-th clause ¢; is

Z; and o(z;) = F, then 7. has a factor g}, (¢) and 9£|c(¢) has a factor h;x 1, since (4,7, k) € Q.

le
Thus, we conclude that if the k-th literal in the j-th clause ¢; is assigned to be true, then
hj k7 is a factor of 7., but not for h;, . As a consequence of applying similar arguments, we

know that if o makes the k-th literal in ¢; false, then h;; p is a factor of 7., but h; ;7 is not.

If all literals in ¢; are assigned to be true, then'h; s vhjorhjsr = sepi—1)(h*) is a factor

of m. and wt(m.) > 2 + 5. Similarly,.if o assigns all literals.in ¢; to be false, then

wt(me) = wi(ses(j—1)+38 (M1 rhjaphis p)) =w(ses(=1)13(h")) = 2a +5.

For every assignment ¢ unsatisfying @, there exists-aclause in which all literals are assigned
to the same truth value. Hence, every @ €-f(¢)-has weight at least 2a + 5. The second

statement follows by this observation and the first statement.

If the k-th literal in ¢; is the only literal assigned to be true by o, then 7. has a factor
hj e rhjvrhjwr for {k,v,w} = {1,2,3}. In this case, the weight contributed from symbol
657 —68+1 to 687 is max(wt(hj k1), wt(hj, rphjwr)) = a+5. Similarly, if o only assigns the
k-th literal in ¢; to be false, then the weight contributed from symbol 635 — 63 41 to 637 is
max(wt(hj . r), Wt(hjprhiwr)) = o+ 5 for {k,v,w} = {1,2,3}. Note that every satisfying
o assigns either one or two literals in each clause to be true. Hence, for = € C{(¢), we have

wt(m.) = a + 5. The third statement is true. O

The variable gadgets assure that no variable is assigned both true and false values. They

permute elements in [6mS + 1,6m/[3 + nS]. Let ¢’ be a permutation in Sy such that ¢/(1) =

64



1,d(2)=a+5,¢(3) =a+6 and ¢'(4) = 2a + 6. By relabeling k; and ks by ¢', we define

vr=¢rg" = (¢(1),d(2)(¢3),¢(4) = (L,a+1)(a +6,2a +6)

and

vr = ¢'rag " = (¢'(1),4(3))(¢'(2):¢(4) = (1,0 + 6)(a + 1,20 +6).

Note that

vrvp = ¢'kiq " kad T = ¢'ksd T = (1,20 + 6)(a + 1,a + 6).

The weights of vy, vp, and vrvp are a, a+ 5, and 2a + 5, respectively. The variable gadgets
are defined as

il = Spy+pi(vr), and

9§|v = Sty +8i(Up),

where by = 6mf — . Since they are-made of Klein-four group K, by relabeling, they are

self-inverse and commutative.
Lemma 6.2.6. For m € f(¢), wt(m,) =2a+5 if m € Cs(¢), otherwise wt(m,) < a + 5.

Proof. Assume m € Cy(¢). There exists isuch-that z;(7)+z/(7) = 2. We have z;(7) = zi(7) =
1, and this implies that g;), and gélv are both factors of m,. Hence, wt(m,) > wt(vrvr) = 2a+5.
Because it is clear that the maximum weight of the variable gadgets is 2ac 4 5, we know that
wt(my) = 2a + 5 for m € Cy(9).

For m € f(¢)\C2(¢) and i € [n], we have z;(7) + z/(m) < 2. Thus, at most one of g;, and
9;, is a factor of m,. We have wt(m,) < max(0, wt(vr), wt(vp)) = a + 5, and the lemma is

true. L]

The assignment gadgets assure that if x; is assigned a vlaue, then x;,; and z;_; are both
assigned, where ¢ + 1 € Z,, and xy = x,,. They permute elements 6mf +nfs +1,..., N. We
use the following permutation to give a chain reaction, i.e., if there is any missing gadget,

then the weight will deviate significantly. Let

ui = s pis (1,20 +6)) sy (120 46))
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for 1 < n and

Up = Shy+Bn—p <(1, 200+ 6)) Sy ((1, 200+ 6))

where by = 6mf + nfB. For convenience, we also use ug as the alias of u,,. The assignment

gadgets are defined as:

Jila = gé\a = U,
for i € [n] and they are clearly self-inverse and commutative.
Lemma 6.2.7. About the assignment gadgets, the following statements are true.
1. Forme f(¢), wt(m,) <2a+5.
2. Form € Ci(¢) UC(¢), wit(m,) = 0.
3. For m € C3(9), wt(my) = 2+ 5.

Proof. Since f = 2a + 6 and the ‘assignment gadgets swap pairs (v,v + 2a + 5) only for
integers v = 1 mod 3, the first statement is clearly true. For = € Ci(¢) U Cl(¢), we have
zi(m) + zi(m) = 1. Thus,

Mg = H grj;(ﬂ—)gimz s
i€[n]
_—
i€[n]
2

= | [ %+ Bi—B+1.b+ pi)
i€[n]
= e.

All pairs are swapped twice by m,, i.e., every element permuted by assignment gadgets m,
remains in its original position, so we have wt(m,) = 0.

For 7 € C3(¢), we have z;(m)+2}(7) < 2 for every i € [n]. Moreover, there exists ig,i; € [n]
such that 2, (7) 4 2, (7) = 0 and z;, (1) + 2, (7) = 1, because 7 # e. Now recall that for
1< n

Ui = Spy+Bi—p <(1,204—+6)> Sby+pi ((1,204—+6)> )
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and

Up = Shy+fn—3 ((1, 2a + 6)) Sy ((1, 200+ 6)) :

Without loss of generality, we can assume that 79 = i; — 1. As a consequence, gj,|a, gl’.ola, Jirla
and g;, |, are the only gadgets permuting b, + i1 — 5+ 1 and by + Bi1. Since 2;, () + 2, (7) +
2, (1) + 2, (m) = 04+ 1 = 1, exactly one of gija;, gijjur Jirle and gj|, can be a factor of m,.
Therefore, by + iy — 5+ 1 and by + iy must be swapped by 7,. We have wt(m,) = 2a+ 5

in this case. We conclude that all statements are true. O]

With Lemmas 6.2.5, 6.2.6 and 6.2.7, we know that the gadgets contribute weights as
in table 6.1. Since the construction can be done in polynomial time of |¢| for constant «,
this shows Theorem 6.2.2 is true. Since NAESAT is an NP-complete problem, we have the

following corollary as an immediate result of Theorem 6.2.2.
Corollary 6.2.8. MINWSPA,_, is NP-complete.

Proof. MINWSPA,__ is in NP, since we can finish computing the weight of any permutation
7 and verifying if 7 is in the subgroup by Schreier-Sims algorithm [33] in polynomial time.
Set a = 1. By Theorem 6.2.2, ¢ is satisfiable if and only if the corresponding subgroup
f(#) has minimum weight at most e+ 5 = 6" Hence, we can conclude MINWSPA,_ is
NP-complete. 0

A feasible solution for minimizing the weight of a subgroup permutation code C' is a
permutation in (', and the cost of the permutation equals its weight. Note that an approxi-
mation algorithm A cannot output an answer whose cost is less than the minimum cost, since
it is not a feasible solution. According to this fact, we derive the following inapproximable

result.

Theorem 6.2.9. For any constant € > 0, there does not exist a polynomial-time (2 — €)-

approzimate algorithm for finding the minimum weight of a subgroup permutation code C

unless P = NP.

Proof. Assume A is a polynomial-time (2 — €)-approximate algorithm. We can construct a

polynomial-time algorithm to solve NAESAT by using A.
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1. Set o > 2.
2. For formula ¢, construct the subgroup H = f,(¢) and run A(H).
3. If A(H) outputs a number no more than (2 —¢€)(a+5), then accept ¢, otherwise reject.

For a satisfiable formula ¢, the minimum weight of H is a + 5 and A(H) < (2 —€)(a + 5).
Hence, ¢ would be accept by the above algorithm. For unsatisfiable ¢, the minimum weight
of H is 2ac+ 5. Since ae > 5 and an approximate algorithm cannot give an answer less than

the minimum solution, we have
AH) > 2a+5>2a+ 10 — ae — be = (2 — €)(a + 5).

This implies that NAESAT is in P if such.A exists.-Since NAESAT is a NP-complete problem,

the theorem is true. O

6.3 Cameron-Wu’s Reduction

The reduction in Cameron and Wu'’s work {7}.uses only two kinds of gadgets. Their variable
gadget v; for the i-th variable is (2 — 1,2¢) and their clause gadget h; for the k-th literal
in the j-th clause is defined as sa,124(j—1)(hx) Where s;(-), h1, hy and hg are the same as in

Section 6.2 with o = 1. The generators are defined as

gi = ; H 52n+24(j—1)(hk> )

(i.j,k)eP

gz/':Uz' H 52n+24(j—1)(hk) )
(1,5,k)€Q

where P, () are also defined as

P ={(i,7,k) : z; is the k-th literal in ¢;},
Q ={(i,7,k) : T; is the k-th literal in ¢;}.
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In addition, they construct another generator

g = H 32n+24(j71)(h*)

JEm|

where h* = (1,8)(2,7)(3,6)(4,5)(9,16)(10,15)(11,14)(12,13)(17,24)(18,23)(19, 22)(20, 21),
which is identical to ours by setting a« = 1. However, their construction does not work in
the following instance. Let ¢ = (21 V 22 V 23) A (T1 V 22 V x2). By their construction, the

corresponding subgroup G is generated by

g2 = U2h1,2h1 3/ 2h2,3

Note that ¢ is an unsatisfiable formula for NAESAT. According to their proof of Theorem
18, [7], elements of G should not have weight 5, since ¢ is unsatisfiable. But g*g19] =

s4(h*h1)sag(h*hy) has weight 5. Therefore, we need to design the gadgets more carefully to
prove that MINWSPA,_ is NP-complete.
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Chapter 7

Conclusion and Future Works

7.1 Conclusion

In this thesis, we characterize what are good FPAs for different purposes. We prove lower
and upper bounds on the cardinality-of FPAs, and we provide an efficient algorithm for
computing the ball size under Chebyshev distance, which is a combinatorial problem highly
related to estimate the cardinality of FPAs. In addition, we give a few constructions for FPAs
of certain good properties. We give an efficient encoding and three different types of decoding
algorithms for a family of FPAs. However, wealso find that there are several negative results.

We show that some problems related to the design of good FPAs are NP-hard.

7.2 Future Works

There are many future works and improvement to be done. We list some of them as follows.

1. More accurate estimation on the ball size. Our estimation makes use of inequalities on

permanent. However, they are not tight.

2. Tighter lower and upper bounds for the cardinality of FPAs. Although a good estima-
tion on the ball size would help, bounds may not have any relation to the ball size. For

example, see Section 7.3.

3. Better construction methods for FPAs. Our explicit construction in Chapter 4 just
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beats the Gilbert-Varshamov type lower bound closely in some case. Besides, the
code family in Chapter 5 has even lower information rate than the Gilbert-Varshamov
type bound in Chapter 3. It is interesting to seek a family of FPAs with both higher

information rate and efficient decoders.

. Finding new locally decodable FPAs, list decodable FPAs and related bounds. We
have shown there is a family of FPAs which have both a local decoding algorithm and
a list decoding algorithm. We wonder whether there is another family exhibiting these

properties. On the other hand, is there any limitation of these kinds of FPAs?

. Approximation algorithms for SDSPAs and CDSPA;. From previous results [6] and [7],
we know both problems are NP-hard under various metrics. But, if some algorithm can
approximate SDSPAs or CDSPAs within eertain factor; then it might help us construct

FPAs of certain information rate or efficient decoders.

. Complexity results on other related problems of FPAs. Besides the minimum distance
and the decoding problem, there are still other_ interesting problems around error cor-

recting codes. For instance, the covering radius problem, see Section 7.5.

. FPA-based PIR schemes with better privacy. The space overhead and communication
complexity of our PIR scheme are small, however, its privacy is distant from perfectness.
It is possible to derive a better PIR from a new locally decodable FPA. Also, we can

construct PIR with a new local decoding algorithm on a known FPA.

. New applications for FPAs. In chapter 19 of Arora and Barak’s book [2], they showed
an application of locally decodable codes, hardness amplification. Since we give a local
decoder for the codes constructed in Chapter 5, we believe there is a similar result.
Another possibility is to find applications in steganography (see Section 7.4), since

some schemes are based on linear block codes or PAs.
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7.3 Code-Anticode Type Bounds

In this thesis, We mainly investigate on the lower and upper bounds which are related to the
size of balls. However, there are some other types of bounds in coding theory. For example,
the code-anticode upper bound is a generalization of the sphere-packing bound.

An anticode A of maximum distance d is a set such that for x,y € A, the distance between
r and y are at most d. For any linear code C' C F} of minimum distance d and anticode
A CF, of maximum distance d — 1, it is well-known that |C| - |A| < ¢". Note that a ball of
radius r is a special anticode of maximum distance 2r, since the distance between any two
elements is at most 2r due to triangle inequality. Hence, the sphere-packing upper bound
is only a special case of code-anticode type upper bound. In general, if one constructs a
larger anticode of certain maximum distance d — 1, then the code-anticode type upper bound
becomes tighter.

Tamo and Schwartz [37] gavesome upper bounds for permutation arrays under ¢.-metric
by constructing anticodes. In their derivation, they showed the correctness of the code-
anticode argument |C| - |A| <|5,| by exploiting the use of inverse permutations, since S,, is
a group with composition operation. However, their methods cannot be directly applied to
FPAs, because we do not have a group operator for’S2 where A > 1. We aim to generalize the
code-anticode type methods for bounding the cardinality of FPAs, and then we can derive

tighter bounds by constructing better anticodes.

Conjecture 7.3.1. There exists a code-anticode type bound for FPAs.

7.4 Steganography

Steganography is the knowledge about hiding some information to a file in some way such
that only the sender and the receiver can learn the hidden information while others cannot
sense the existence of the hidden information. The sender modifies a cover object, such as a
picture, a video clip or an audio file, in a certain manner to hide the information.

Many multimedia formats have potential to hide some extra information in themselves.

For image formats, the most well-known steganography method is embedding the information
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on the least significant bits of the pixels in the cover object. This method creates some
distortion on the cover image. However, there is another approach exploiting the nature of
permutation to embed information without generating any visible distortion. For example,
we can change the color order in the palette of a GIF (see Kwan’s website[27]) or a PNG
(see Stevenson’s work[34]) picture without changing how it looks. For another instance,
Inoue and Matsumoto [19] showed how to embed message by reordering the MIDI file. These
works exploit the order of elements, thus we may use a permutation code for representing

the information.

Conjecture 7.4.1. Some steganography scheme makes use of FPAs.

7.5 Covering Radius

The covering radius of an FPA C' C.S)1s defined as the minimum radius r such that for
every frequency permutation & € S, the ball of radius 7 centered at = contains at least one
frequency permutation in C. In ceding theory, this quantity # has an important role. The
maximum likelihood decoding algorithm, which outputs a codeword closest to the received
string, recovers at most r errors from a received string while it can recover at least %
errors where d is the minimum distance.” There are some other applications related to the
covering radius of codes. For example, the maximum distortion of matrix embedding scheme
[18] proposed by Fridrich and Soukal for steganography is exactly the cover radius of the
corresponding linear code.

The decision version problem for computing the covering radius of a code is defined as

follows.

Definition 7.5.1. Given a code C' and a metric 6, determine whether the covering radius of

C under 0 is less than or equal to some value b.

Similar to what we mentioned in Chapter 6, when the problem instance is of size O (log |C|),
the naive algorithm for covering radius runs inefficiently in exponential time. Moreover,
the decision problem for the covering radius problem of a binary linear code under Ham-

ming distance is I15-complete, see McLoughlin’s work [29]. McLoughlin actually gave a
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polynomial-time reduction from the AE qualified 3-Dimensional matching problem. But we
cannot directly apply this reduction to the covering radius problem of a permutation code,

since permutation codes have some different nature from the linear codes.

Definition 7.5.2. (CRSPA;) Given a code C and a metric §, determine whether the covering

radius of C" under ¢ is less than or equal to some value b.

Conjecture 7.5.3. CRSPA,_ is 11} -complete.
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Appendix A

Tables of Ball Size

We list the tables of ball size which are not given in previous results.
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Table A.1: The table of ball size under ¢,,-metric for A = 2,m € [20],d = 2

n V(2,n,2,ly)
2 1

4 6

6 90

8 786

10 6139

12 54073
14 477228
16 4113864
18 35579076
20 308945881
22 2679325561

24 23222971098

26 201351085146

28 1745886520422
30 15137227297027
32| 131243141767393
34 | 1137923361184848
36 | 9866167034815440
38 | 85542686564024352
40 | 741681846818742097
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Table A.2: The table of ball size under ¢,,-metric for A = 2,m € [20],d = 3

n V(2,n,3,0)

2 1

4 6

6 90

8 2520

10 45450

12 669666

14 9747523

16 154700569

18 2502207156

20 40043708244

22 632349938520

24 9986116318524

20 158192179607364

28 2509767675626581
30 39796612230719845
32 630688880128338378
34 9994168619297530758
36 | 158396161513685960664
38 | 2510580301930785916566
40 | 39792149406721332018414
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Table A.3: The table of ball size under /.-metric for A = 2,m € [20],d =4

n V(2,n,4,l)

2 1

4 6

6 90

8 2520

10 113400

12 3540600

14 88610850

16 2044242426

18 47806940971

20 1196081134201

22 30647443460124

24 784921116539484

26 19899840884886720

28 500019936693729120

30 12551808236761063440
32 315694279415609776404
34 7955400980632212027852
36 | 200622722060793477132937
38 | 5057787000067792980984649
40 | 127452627155747602225756890

86



Table A.4: The table of ball size under ¢,,-metric for A = 2,m € [20],d =5

n V(2,n,5,0)

2 1

4 6

6 90

8 2520

10 113400

12 7484400

14 361859400

16 14091630840

18 489147860970

20 16420511188146

22 563209318269379

24 20416518083009593

20 758713036253909844

28 28351365170599079604

30 1054143198114097909680
32 38864351069181445164480
34 1423417411123883479886400
36 |  52064892889568503574209920
38 | 1906534315066176639758670480
40 | 69931615009402042606373019804
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Table A.5: The table of ball size under {.-metric for A = 3, m € [20],d = 2

n V(3,n,2,ly)

3 1

6 20

9 1680

12 61340

15 1886431

18 69496201

21 2568223000

24 91712960320

27 3290467596440

30 118724053748417

33 4276273204804217

36 153904262366842444

39 5541519231941145440

42 199545071017172522244

45 7184755645113714298863
48 258691998154725997048673
51 9314545233907934721851472
54 | 335381528796576643131475840
57| 12075785123501322139824319056
60 | 434802491356562053648077727185
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Table A.6: The table of ball size under ¢,,-metric for A = 3,m € [20],d = 3

n V(3,n,3,l)

3 1

6 20

9 1680

12 369600

15 41480880

18 3422150780

21 276888204387

24 25512718688405

27 2418264595619240

30 225661997838758560

33 20649533952628896000

36 1889648253594082624960

39 173699198403114756474600

42 16001577154624484682748453

45 1472965856766989578006355117

48 135481185586476496195656612044
51 12459839493182349378716705969200
54 1146141579672729885487800599057600
57| 105440511941055519854115528116882480
60 | 9699923367172090411762252385134967844
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Table A.7: The table of ball size under {.-metric for A =4, m € [20],d = 2

n V(4,n,2,ly)

4 1

8 70

12 34650

16 5962130

20 708212251

24 114774147001

28 18679465660540

32 2906167849870600

36 454904037056013460

40 71729455730285511001

44 11285129375761977675001

48 1773699532985462649188410

52 278931562239767189408085850

56 43869015908453746845566145990

60 6898693708786029238293860809251

64 1084865341390442288732669957148001
68 1706059630608163779469364332651 75680
72 26829411396875692269491197638918648400
76 | 4219165662049303123773116859323196816720
80 | 663502408038018748448058464247159216890001
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Table A.8: The table of ball size under ¢,,-metric for A = 5,m € [20],d = 2

n V(5,n,2,0y)

) 1

10 252

15 756756

20 549676764

25 298227062281

30 218838390759073

35 161446400503248672

40 112632613848657302400

45 79169699996993643966432

50 56151546386557366024202177

55 39717291593245217794329362081

60 28058660061656964336359435570604

65 19835819533825566529982592591911412

70 14024417724324420598672399947721245804

75 9914206081036463014882722168252570938889

80 7008596284293402975749309111124669929079521

85 4954676885097638926007640423100194180529855296
90 3502659589845301193905028251874353899223998638208
95 2476160267409321946445662150301548547825713614803904
100 | 1750492069977099993617695861204414333904857504132837761
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Appendix B

Program Codes

B.1 Computing the Ball Size in Python 3

The

O((

following is a Python 3 program computing the ball size in O ((267;‘ ) (d/\)‘ ) m) time and
2;&’\ )) space.

1 class FixedSizeSubsets:

2 # Generate s—subsets of u-which contain all elements at most m in u

3

4

5

10

11

12

13

14

15

16

17

18

19

def __init__ (self ,u,s,m):
self. univ=[x for x in’ u if. x>m]
self. cand=[x for x in u if x<=m)]
self. size=s
def _ iter_  (self):
return self.next ()
def next(self):
len_cand=len (self._cand)
len univ=len (self._ univ)
if len cand==self. size:
yield self._ cand
elif len cand>self. size:
pass
elif len univ+len cand>=self. size:
elem = self._univ.pop()
# generate the subsets not containing elem

for v in self.next():
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20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

yield v
self._cand.append(elem)
# generate the subsets
for v in self.next():
yield v
self. cand.pop()
self. univ.append(elem)
if  npname =—’ main ’:
# input lambda m d
l=int (input (’lambda = "))
m=int (input('m = 7))
d=int (input (’d = 7))
# window: {—d*l+1,...,d*1}§
window=list (range (d*1,—d*1,—1))

containing elem

# cnt: counter for number of wertices

cnt=0
# V: vertex set
V=[]

# Enumerate vertices

for v in FixedSizeSubsets(window,d*1,—d*1):

V.append(frozenset (v))
cnt+=1

#rx=(1,0,...,0): a vector indexed by wvertices

x=dict (zip (V,[1]+[0]*(cnt —1)))
# s: the start and the end
s=frozenset (range (d*1,0,—1))

# repeat xz=Ax for m times

for i in range(m):
# y stores the itermidiate
y=dict (zip (V,[0]* cnt))

for v in V:

P=[t—1 for t in v]+list (range(d*1,d*1-1,-1))

# enumerate edges

result of Ax
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56

57

58

59

60

61

62

for Q in FixedSizeSubsets(P,1,—d*1):
u=frozenset (set (P)—set (Q))
y [u+=x[v]
# copy the result to x
X=y
# output the result
print ("V({},{}.{})={}7 . format (1 ,1*(i+1),d,x[s]))

95



