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Abstract

In this dissertation, we consider the optimal stopping problems for a
general class of reward functions under the matrix-exponential
jump-diffusion processes. Given the reward function in this class,
following the averaging problem approach(see, for example, Alili and
Kyprianou [1], Kyprianou and Surya [16], Novikov and Shiryaev [22],
and Surya [27] ), we give an explicit formula for solutions of the
corresponding averaging_problem. Based on this explicit formula, we
obtain the optimal boundary .and the value function for the American
optimal stopping problems. Also, we- consider the pricing problems of
perpetual American compound options under the matrix-exponential
jump-diffusion processes. Following Gapeev and Rodosthenous [12], the
initial two-step optimal stopping problems are decomposed into
sequences of one-step problems for the underlying jump-diffusion
process. In the double-exponential jump-diffusion model, we obtain the
explicit pricing formula for the perpetual American compound option
pricing problems. By our approach, we also recover results obtained in
Gapeev and Rodosthenous [12]
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1 Introduction

The optimal stopping problems we consider in this thesis will be of the form

Viz) =supE,(e ""g(X,)) (1.1)

TeT

where X = {X; : ¢ > 0} under P, is a Lévy process started from X, = x. Further, g is a
measurable function, » > 0 and 7 is a family of stopping times with respect to the natural
filtration generated by X, F = {F; : t > 0}. Here we assume that E, (supy<;<., ¢ " g(X;)) < 00
for all . The optimal stopping problem consists of finding the optimal stopping time 7* such
that

V(a) = sup Eo(e™7g(X,)) = Eale "™ g(X-)).

Also we need to find the corresponding optimal reward (the value function)
V() =Ei(e™™ g(X;)).

In finance literature, we shall associate risk-free r, Markov stopping time 7, the payoff

function g, and the log return of asset price X with the random variable

e "Tg(Xp )= e (X Gy(w),

which can be interpreted as the discounted-gain of the holder-of the American option which
is exercised at time 7. Then it will' be natural to'interpret the value E,(e""g(X,)) as the
expected discounted payoff corresponding to a chesen time 7 and an initial state x. Assume
the buyer knows that all expected ‘discounted payoff, then the value V(x) is naturally seen as
the rational price of the perpetual American option and the optimal stopping time 7* is the
optimal exercise strategy for the buyer: In eredit risk-modelling, for Leland’s optimal capital
structure model, we have to choose the optimal bankruptcy level so as to maximize the value
of equality of the firm. Therefore, the optimal stopping boundary can be seen as the optimal
bankruptcy level of the defaultable firm.

If the reward function g is nonnegative and continuous, then the general theory of op-
timal stopping rules for Markov processes say that the value function V(z) is the smallest
r-excessive majorant of g(z), i.e., the smallest function V(z) such that V(z) > g(z) and
V(z) > e ™E,(V(X;)) for all z € R and ¢ > 0, and lim; g e " E,(V(X};)) = V(x). (See, for
example, Shiryayev [26] Lemma 3 p.118 and Theorem 1 p.124.) Let C = {z € R,V (z) > g(z)}
(the continuation region) and D = {x € R,V (z) = g(x)} (the stopping region). If 7p = inf{t >
0:X; € D} < o as., then 7p is the optimal stopping time and V(z) = E,(e"Pg(X,,)).
Also, if there exists an optimal stopping time 7% for the problem (1.1), then 7% > 7p and
V(z) = Eu(e™ g(X;+)) = Ep(e” "™ g(X,,)). Hence finding the solution of the optimal stop-
ping problem is reduce to finding the stopping region D and the function E,(e "™ g(X,,)).

For diffusion processes, many authors obtained that the boundary of the stopping region D

is determined by using the smooth pasting condition and solving the optimal stopping problem



is reduced to solving a corresponding Stefan’s free boundary problem. For details, see Section
3.8 in Shiryayev [26]. Unfortunately, once the problem (1.1) is driven by Lévy processes, the
smooth pasting condition may break down. For example, Aili and Kyprianou [1] considered
the problem of pricing the American put option under a Lévy process. They showed that the
smooth pasting conditions hold if and only if 0 is regular for (—o0,0) for the Lévy process
X;. Similar results were also obtained by Kyprianou and Surya [16] for the integer power
function g. Recently, inspired by the works of Boyarchenko and Levendorskii [7], Surya [27]
proposed an averaging problem approach for solving the optimal stopping problem (1.1) in a
general setting. The averaging problem approach does not appeal to a free boundary problem
associated to the optimal stopping problem. Given a reward function g, in terms of solutions for
the average problem, we have a fluctuation identity for overshoots for a Lévy process. With this
identity, Surya [27] showed by martingale arguments that an optimal solution can be founded
if the solutions to the averaging problem that has certain monotonicity properties. Use these
approaches, he was able to recover many known results in literature(see, for example, [1], [16],
[18] and [22]).

In this thesis, we consider a matrix-exponential jump-diffusion process X of the form given
in (3.2). Under this model assumption, we give.the explicit formulas in (4.23) and (4.66) for
solutions of the averaging problem for a general class of reward function. (Our result depends
on the recent work of Lewis and Mordecki in [17]!) Moreover, we derive sufficient criterions
on the reward function and the explicit solutions of corresponding averageing problem for the
existence of optimal boundary. In. particular, we can evaluate the optimal boundaries for the
boundary value problem (1.1) by solving an equation and then ebtain an explicit formula for
the value functions. (For details, see Theorem 4.7 and 4.12.). To illustrate our results, we
resolve the optimal stopping problem (1:1).in.Section 5 for$ome specific reward functions. Our
results are consistent with that of Kyprianou and Surya [16], Mordecki [18], Boyarchenko and
Levendorskii [7], and many others. Also it is worth noting that, under our model assumption,
our examples in Section 5 show that the sufficient conditions for optimality in Theorem 4.7 are
easier to verify than that in the literature.

In addition, we also consider the pricing problem of perpetual American compound options
under the matrix-exponential jump-diffusion processes of the form given in (3.2). A compound
option is a standard option with another standard option being the underlying asset. There
are four basic types of compound options: a call on a call, a put on a call, a call on a put,
and a put on a put. Consider, for example, a call on a put of European type. On the first
exercise date T1, the holder of the compound option is entitled to pay the first strike price,
K1, and receive a put option. The put option gives the holder the right to sell the underlying
asset for the second strike price, L2, on the second exercise date, T2. The compound option
will be exercised on the first exercise date only the value of the option on that date is greater
than the first strike price. In the Black-Scholes framework, European-style compound options

can be valued analytically in terms of integrals of the bivariate normal distribution(see, for



example, Geske [13]). For more general underlying dynamics, either explicit solutions do not
exist or the integrals become difficult to evaluate. On the other hand, in the literature, many
researchers considered the compound options of American type. In Chiarella and Kang [9], the
authors formulated the pricing problem for American compound options as the solution to a
two-step free boundary problem which is solved numerically via a sparse grid approach. In [12],
Gapeev and Rodosthenous considered the pricing problem of perpetual American compound
options when the underlying dynamics follow the geometric Brownian motion. By solving the
associated sequence of one-sided free boundary problems and the martingale verification, they
obtained explicit pricing formulas for all four types of perpetual American compound options.
Following Gapeev and Rodosthenous [12], the initial two-step optimal stopping problems are
decomposed into sequences of one-step problems for the underlying jump-diffusion process.
In the double-exponential jump-diffusion model, we give explicit solutions for the associated
optimal stopping problems and, hence obtain the explicit pricing formula for the perpetual
American option pricing problems. By our approach, we also recover results obtained in Gapeev
and Rodosthenous [12].

Finally, Mordecki [20] showed by the representation theory of excessive functions that if a
Radon measure can be found such that the corresponding excessive function has very intuitive
properties then the excessive function coincides with the value function of the optimal stopping
problem. In section 9, we establish connections between ‘the. approaches of Surya [27] and
Mordecki [20].

The outline of the thesis is as follows. In Section 2 we recall some main results of Surya [27]
and [17]. In Section 3, we introduce the setting of matrix-exponential Lévy processes. When
the reward function g is in a special-class of functions; denoted by my (resp., 71), we present
in Section 4 an explicit formula @, (resp.; P,) for the solutions of the corresponding averaging
problem and obtain sufficient conditions on g‘and Qg (resp., P,) for the optimality. The special
class of reward functions contains many known examples in literature. In particular we verify
that if the reward function g is a sufficiently regular function, Q4 is consistent with that in
Surya [27]. Section 5 shows some examples to illustrate our results. In Section 6, we consider
the perpetual American compound options pricing problem under matrix-exponential jump-
diffusion processes and acquire the sufficient conditions for the existence of optimal boundary
of perpetual American compound options. Section 7 gives some numerical results. In Section
8, we find the optimal boundaries and explicit pricing formula for the perpetual American
compound option pricing problem under the double-exponential jump-diffusion processes. In

Section 9, we establish connections between the approaches of [27] and [20].



2 Preliminaries

We first quote the accounts on Markov process in [23]. For more details, refer to [23].

2.1 Markov processes

The modern definition of a time-homogeneous Markov process emphasizes both trajectories and
the transition functions as well as their connection. To be more precise, we shall assume that

the following objects are given:
(A) a state space (E,&);

(B) a family of probability space (Q, F,(F)i>0;Ps,x € E) where each P, is a probability

measure on (2, F);
(C) a stochastic process X = (Xy);>0 where each X, is F;/E-measurable.
Assume that the following conditions are satisfied:
(a) the function P(t,x; B) = P,(X, € B) is £-measurable in z;
(b) P(0,z; E\{z}) =0,z € E;
(c) for all s,t > 0 and B € &, the following property is valid:

P, (Xtis € B|F;) = P(s;X#; B) P— as.;

(d) the space {2 is rich enough inthe sense that-for-any w € Q and h > 0 there exists w’ € Q
such that X;4p(w) = Xy (0') foraallit >0.

Under the above assumptions the process X = (X;);>0 is said to be a (time homogeneous)
Markov process defined on (Q,F, (F;)i>0;Psz, ¢ € E) and the function P(¢,z; B) is called a
transition function of this process. It is worth noting that the conditions (a) and (c) imply that
P.-a.s.
P.(Xi4s € B|F) =Px,(Xs€B), z€FE, Bec¢E.

The property indicates that Markov principle of the ”future” is independent of the ”past” for
the fixed "present”. Also, it is called the Markov property of a process X = (X;);>o fulfilling
the condition (a)-(d).

Also, in general theory of Markov processes an important role is played by those processes
which, in addition to Markov property, have the following strong Markov property: for any

Markov time 7 = 7(w) (w.r.t. (Fi)i>0)
P, (X,4+s € B|F,) = P(s,X:; B) (P, —a.s. on{r < c0});

where Fr = {A € F: An{r <t} € F; for all t > 0} is a o-algebra of events observed on the

time interval [0, 7].



Remark 2.1 For X, (w) to be F/E-measurable we have to impose an additional restriction-
that of measurability-on the process X. For instance, it is sufficient to assume that for every
t > 0 the function Xq(w), s < t, defines a measurable mapping from ([0,t] x Q,B([0,t] x F})

into the measurable space (E,E).

2.2 Lévy processes

We recall below the definition of a Lévy process.

Definition 2.2 (Lévy Process) A process X = {X; : t > 0} is said to be a Lévy process if it

possesses the following properties:
(i) The paths of X are almost surely right continuous with left limits.
(i) Xo =0 almost surely.
(iii) For 0 <s <t, Xy — X5 is equal in distribution to X;_s.
(iv) For 0 <s<t, X; — X is independent of {X,, : u < s}.
A Lévy process starts from Xog = x is simply defined as x + X; for t > 0.

Note that the properties of stationary.and independent-increments implies that a Lévy process
is a Markov process. Thanks to almost sure right continuity of paths, one may show in addition
that Lévy processes are also Strong-Markov processes.

Henceforth we keep to the standard notation that (X,P,) is a Lévy process issued from

x € R. For convenience we shall write P.in place of Py. The Levy=Khinchine formula states that
E(eiuXt) _ etzp(u)
where the characteristic exponent of X is
: 1 2,2 iux :
P(u) =iau — §b u® 4 [ (e =1 —iuw - 1{z<1y)H(d2).
R
Here a € R, b > 0 and II is a measure on R\{0} such that [, 1 A 2*II(dz) < oco.
Throughout this thesis, we denote by e, an exponential random variable with parameter
r > 0, independent of the process X. We shall work with the convention that when r = 0, the
variable e, is understood to be equal to co with probability 1. In addition, we denote by

M,= sup X, and I.= inf X,
0<s<e, 0<s<e,

the supremum and the infimum of the Lévy process X killed at the independent exponential

random time e,. It is well-known that

Xe, — I, and I, are independent,



and

X, — I, has the same distribution as M,..

From these, we obtain the following Wiener-Hopf factorization formula,
r
r—(u)
where the two factors 1, (u) and 1, (u) are defined, respectively by

]EeiUXCT —

= (W), (u),

¢j(u) = ]E(eiu(XcT*Ir)) — E(eiUMT)
and
07 () = B,

Next, we introduce the family of linear operators G,.(r > 0) associated with the Lévy process,

called the resolvent operators. They are given for every measurable function f > 0 by
Gof(o) = [ e P =B [ e i),
0 0
Moreover, the resolvent kernel {G, : r > 0} of X is defined by
oo
G (z,A) = / e IR (X, € A)dt, (2.1)
0
where x € R and A is a Borel subset of R:" From (2.1), it is clear that
rGr(z, dy)y=P.(Xe, €dy),

and by the equation X. = M, + j; where fr ‘= X, — M, has the same distribution a I,., we
obtain that

/y_m fr) fpuly—x—t)dty, y—x <0

rGr(z,y) (2.2)

/OO ) frly—x—t)dt, y—2x>0.
y—x

Here we assume that M, and I, have densities fas, and fr,., respectively.

2.3 Sufficient conditions for optimality
We quote below Lemma 9.1 in [15].

Lemma 2.3 Consider the optimal stopping problem (1.1) for a nonnegative function g and

r > 0 under the assumption that for all x € R,

P, (there exists lime "'g(X;) < 00) = 1. (2.3)

tToo
Suppose that 7* € T is a candidate optimal strategy for the optimal stopping problem (1.1) and
let V*(x) =B, (e™"" g(X,+)). Then the pair (V*,7%) is a solution if
(i) V*(x) > g(z) for all x € R,

(i) the process {e "'V*(X;) : t > 0} is a right continuous supermartingale.



To solve the optimal stopping problem (1.1), we follow the approach of Surya [27]. For a
given continuous function g and r > 0, the average problem for the American call-type optimal

stopping problem consists of finding a function @g satisfying the condition

E(ém ; M,») — () (2.4)

for every x € R. With this definition, Surya [27] gave the following sufficient conditions for
optimality.

Theorem 2.4 Given a continuous function g. Suppose that @g is a continuous function that
solves the average problem (2.4) for every x € R and there exists T € R such that Qvg(ﬁc\) =0,
@g(m) is non-decreasing for x > T and @g(x) < 0 for x < Z. Denote by x* the largest Toot of
the equation

Qq(x) =0.

Then the solution to the optimal stopping problem (1.1) is given by

V(z) = sup E(e"g(X,)) = Eo (e g(X;-)),
TeEM

while the optimal stopping time is given by 7* = inf{t > 0 : X; > x*}. Moreover, we have for
every x € R,
V(z) = E(Qg(z + MT)]-{ac+MT>a:*}>'

Proof. Please refer to [27].

By replacing X with its dual process X = —X and z with —x, similar results were also
obtained in Surya [27] for American put-type optimal stopping problems. For a given continuous
function g and r > 0, the average problem for the Americanput-type optimal stopping problem

contains finding a function ]39 satisfying the condition

B(By(e+ 1) = o) (25)
for every =z € R.

Theorem 2.5 Given a continuous function g. Suppose that 159 is continuous function that solve
the problem (2.5) and there exists T € R such that ﬁg(f) =0, ﬁg (x) is non-increasing for x < T
and ﬁg(az) <0 for x > Z. Denote by x* the smallest root of the equation

Py(z) =0.

Then the optimal solution to the optimal stopping problem with payoff g, is given for each x € R
by
V) =B( P+ D)1anr, o),

while the optimal stopping time is given by 7* = inf{t > 0: X; < z*}. That is to say that

V(CL‘) = SU-I\IZ Ew(e_rTg(XT)l{'r<oo}) = Ew<€_TT*g<X7—*>1{T*<OO}),$ e R.
TE



Proof. Please refer to [27].

Remark 2.6 It is worth noting that if g(x) = E fooo e "th(z + Xy)dt| for some bounded

function h, then by the Wiener-Hopf fluctuation identity, the function @g(x) = E.[h(I,)] is a
solution of the average problem (2.4). From this observation and the above theorem, we recover
parts of Theorem 2 of Deligiannidis et al. [10]. In fact, similar results were obtained earlier
by Boyarchenko and Levendorskii [8] when the reward function g is of call-like or put-like. For
details, see Boyarchenko and Levendorskii [S].

Furthermore, Surya [27] also showed that given a continuous function g and § = max{g(z),0},
if V(x) and V are the optimal value function of the problem (1.1) with respect to g and g, re-
spectively then for every € R, V(x) = V(z). For the nonnegative reward function g, following
similar arguments (with some minor modifications) as in Surya [27], we have the following

sufficient conditions of optimality .

Theorem 2.7 Given a nonnegative function g and H := {g > 0} = (a,00) for some a < co.
Suppose that @g is a continuous function on H that solves the averaging problem (2.4) for
every x € H. We assume further that there exists T.€ H such that Qvg(ﬁs\) =0, @g(a:) is non-
decreasing for x > T and @g(:c) <0 fora.<x < z. Then'the solution to the optimal stopping
problem (1.1) is given by

V(x) = sup Eale WgG)) SEeeT (X)),

where x* is the largest root of Q4 (&) = 0 ‘i (@ye0) and =" = inf{t > 0 : X, > z*}. Moreover,

we have for every x € R,

V(z) = E(@g(m 2 M,)l{HMTM*}) :
To acquire the main result in Theorem 2.7, the following lemma is needed.

Lemma 2.8 Assume that é that solve the problem (2.4) for x € H is continuous on H, and
satisfies the requirements in Theorem 2.7. For each r > 0 and y € H a candidate solution to

the problem (1.1)

V,(z) 2 E (@g(x + MT)1{1+MT>y}> . (2.6)

Let x* be the largest root of the equation @g(:r) = 0 and for fixed y € H denote the first strict
passage time T;— above y by 7';_ = inf{t > 0: X; > y}. Then we have the following results.

(a) For x € R and y € H, we have V() = 1{z>19(2) + 1{z<y1 Ex (e_”;g(XT;))
(b) {e "WV (X4) beer+ is a right-continuous P, -supermartingale.

(¢) For any x € R, we have V- (z) > g(x).



Proof. (a) For ¢ > y € H. It follows from M, > 0 almost surely and @g solves the average
problem (2.4) for x € H that for « > y and y € H, V,(z) = g(x). For « <y € H. Observe fact
that conditionally on .7-'7; and on the event {e, > T;‘ M, — XT; is independent of *7:7; and
has the same distribution as M,., due to the lack of memory property of exponential random
variable e, and the stationary independent increment of X. Combining with the fact that the
function @g (z) solves the averaging problem (2.4) for x € H, we obtain using tower property

of conditional expectation that for y € H

(Qg( )1, >y}> = E.(Qy(M e, >TJ})

7))

(b) This proof is obtained by using the fact that conditionally on the event {e, > ¢}, the
identity M, = X,V (M + X;) holds and conditionally on the filtration F;, the random variable
M has the same distribution as M,. Along with the fact that « — @g (z) is nondecreasing on
H, we have that for every r,t > 0 and each = € R that

Ver(z) = <Qg( )1{M >a:*}>

= < <Qg( )l{M >x*} ]'—))

E, (1{er>t}E (@q (Xt + M)l{Xt+M>CE*}

= ]E (1{57 >t}EXt (Qg( )I{Mr>x*}>>

= Eu(1{e,5n Ve (Xp) = Eule " Vo (Xy)).

Y

7))

By this and the Markov property, {e™ "V« (X¢) };er+ is a Pp-supermartingale. Combining this
with the fact that CNQQ is continuous on H gives (b).



(¢) By (a), and the facts that V' is nonnegative and g(x) = 0 for x € H®, we see that it is
sufficient to verify Vi« (x) > g(z) on = € (a, x*] for completing this proof. Since the function @g
solves the averaging problem (2.4) for x € H, we obtain for every r > 0 and every z € (a,z"]

that

Vi (73)

E (@q(aj + Mr)l{z+M,,>:r*}>
— E(éjg(x + MT)) - E(@g(x + MT)1{1+MT<I*}>

> E(Q“g(xthr)) =g(z),

where the inequality follows from that ég(:v) < 0 for all x € (a,z*], while the last equality is
due to the fact that Qvg solves the problem (2.4) for « € H. Hence, we complete the proof. m

Proof of Theorem 2.7. The proof is mainly based on the results of Lemma 2.8. According to
(b) and (c) of Lemma 2.8, we obtain for every z € R that

Ve (2) 2 sup By (7" Vi (X3 )2 sup Ea (e g(X,)).
TeT T€T

On the other hand, using (a) of Lemma 2.8, we have for each-« € R that

sup B, ("7 g(Xe) 2 Eqp(€ " g(X7) =V, ().

Hence, all the inequalities become equalities and-we have that,

Ver (x) = sup Bales"g(Xr)) = Eq (2T g(Xr)).

Therefore, for every x € R the optimal value function of the problem (1.1) coincides with the

function V- and the optimal stopping time is given by 7. [ ]

Remark 2.9 Given a continuous function g with {g > 0} = (—o0,a). Set g(y) = g(—y) and

M, = supg<;<., —X; and assume that @g solves the averaging problem (2.4) for ]/\/[\,« (i.e.,
Jy)=E {@@(y + M\T)] for ally > —a). Write ﬁg(x) = @5(—@ for x < a. Then we have

g(z) =g(—x)=E [@@(—x + ]/\4\7_)} =E [Qvg(—x — I,.)] =E {Pg(x + I,.)} , forx<a. (2.7)
Therefore, Igg(x) solves the averaging problem (2.5) for x < a.

Using the similar approach in the proof of Theorem 2.7 and Lemma 2.8, we also obtain the

following Theorem.

Theorem 2.10 Given a nonnegative function g and H := {g > 0} = (—o0,a) for some a >

—o00. Suppose that 139 is a continuous function on H that solves the averaging problem (2.5)

10



for every x € H. We assume further that there exists T € H such that Igg(i?) =0, ﬁg(a:) is
non-increasing for x < T and ]SQ(IE) < 0 for T < x < a. Then the solution to the optimal

stopping problem (1.1) is given by

V(@) = sup Bale™"7g(X)) = Eale™ g(Xr-)),

where x* is the smallest root of ﬁg(x) =0in (—o0,a) and 7* = inf{t > 0: X, > 2*}. Moreover,

we have for every x € R,

V(z)=E (ﬁg(x + Ir)l{,%@*}) .

Proof. We first write §(z) = g(—z) and H := {g > 0} = (—a, o). Set Qvg(x) = ﬁg(—x) for
x > —a. Observe that @5 is a continuous function on H that solves the averaging problem
(2.4) for M, as shown in Remark 2.9. Also, by assumption, there exists —# € H such that
@@(—3) =0, @@(sc) is nondecreasing for x > —7 and @@(sc) <0for—a<a< -7 SetY, =-X,
and y = —z and then by Theorem 2.7, observe

W(y) = supE,[e"g(Yy)] = Eyle™"™ g(¥r-)]

where 7% = inf{t > 0: —X; > —z*} and —ais the largest root of @@(x) =0 in (—a, c0). Also,
note that

o~

V(z) = sup Egle™g(X7)] = sup Ele™ gz +X0)] = o EleZ"g(—2 — X;)] = W(-z).

Therefore, if we set y = —z and y*= —z* then we have

*

V() = Wylo) =8, e GV Bl A Bl gy - Vi)

_E [e”*gu b X, >] I [e-”*gm*)}

V() = Ws(y) =E [@a(y + Mr)l{y+m>y*}] =E [ﬁa(—y - Mr)l{—y—ﬁm—y*}}
= |:ﬁ’q\(y + Ir)l{_y+[T<_y*}:| =K [ﬁa(fﬂ -+ IT’)l{af+Ir<x*}:| .
[ ]

On the other hand, the following results of Mordecki and Salmimen in [18] studied the
optimal stopping problem for Hunt and Lévy processes via the representation theory of excessive

functions.

Theorem 2.11 Consider a Lévy process {X:}, a non-negative continuous reward function g,

and a discount rate r > 0 such that

E,(supe "g(X;)) < oo (2.8)
>0

11



Assume that there exists a radon measure o with support on the set [x*,00) such that the

function

V)= [ Gt

satisfies the following conditions:

T =inf{t >0: X; > z*}.

Then 7* is an optimal stopping time and V is the value function of the optimal stopping problem

for Xy with the reward function g, in other words,

*

V(z) = iy o E.(e7""g(X7)) = Ea(e™" g(X7+)), 2 €R

12



3 Matrix-exponential Lévy processes

Definition 3.1 A distribution F on (0,00) with a probability density function f is called a
matriz-exponential distribution if its Laplace transform is a rational function, or equivalently,
if f takes the form

n nj

F(y) = Z ZAjykyk_le_)‘jydy, y > 0. (3.1)

j=1k=1
(Note that the parameters A;j and \; are not necessary real; see [17]).
Definition 3.2 Let N € N. Assume B is an N x N nonsingular subintensity matriz, that is,
bij >0 fori# j, by <0 and b" = —Be” € RY\{0}. Here, e = [11---1] and 0 = [00 - - - 0].
Let a be an N -dimensional probability function. The probability distribution function F with
the density function

flz) = aemeTl{w>0}
is called a phase-type distribution. We denote this distribution by PH(a, B). We say that
the representation (a, B) is minimal if there do not exist Ng < N, a’ of dimension Ny and a

nonsingular subintensity matriz B of dimension No such that f(z) = a'e”B b/Tl{I>0}.

It is worth noting that the two dense classes of distributions on (0, 00) -phase-type distri-
butions and distributions which are linear combinations-of‘exponential distributions-are both
subclasses of matrix-exponential distributions) see [3] Theorem 4.2 and [6]. Special cases of
phase-type distributions include exponential distributions, Gamma distributions with integer
parameter, and mixtures of exponential distributions. For details, see [3] or [24].

We say that a Lévy process is aimatrix-exponential Lévy process if its downward Lévy
measure is a finite measure and has asrational Laplace transform. In other words, the upward
Lévy measure of —X is proportional to‘a matrix-exponential distribution dF given by (3.1).
In particular, by Proposition 1 in [4], matrix-exponential Lévy process are dense in the class of
Lévy processes.

From now on, we consider the jump-diffusion process X taking the following form

N} NF
Xy =Xo+at+bW,+ Y Yo+ > Z, t>0. (3.2)
n=1 k=1

Here, a € R\{0} , b > 0, W = (W,,t > 0) is a standard Brownian motion, N* = (N};t > 0),
as well as N#* = (N}';t > 0) are the Poisson process with rate A > 0 and p > 0, respectively.
Also, Y = (Y,,n € N) and Z = (Zy, k € N) are the sequence of independent random variable

with identical matrix-exponential distribution given by,

v Nk

c ﬂ B
dF ™ (z) = py(z)dz = 1{I>O}ZZ ChjPR” ol Bk doy
k=1j=1 (7 -
and
b cma (—z)mt
dF ) (z) = py()de = 1{$<O}ZZ - o )de,
p=1m=1
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respectively. Here, the parameters cj, Bk, Cpm, and oy can in principle take complex values,
but if we order «;, and By by their real parts then oy and 81 must be real, while the others may

be complex with
0< B <Re(f2) <---<Re(fy)and 0<a; <Re(az) < <Re(ay,). (3.3)
The random variable W, N*, N*,Y and Z are assumed to be independent.
Note that the characteristic exponent of X is given by
b2 2 V1 Nk ve  fp —iay, m
- — — 1. 4
e ==t A 523 () 1 [ L N e (Z5) 1] 6o

We quote the following results by Lewis and Mordecki in [17].

Theorem 3.3

(1) The equation r — ¢ (z) = 0 has, in the half-plane Im (z) < 0, py distinct roots
—ip1,- -+, —ipu,, with respect multiplicities ma,...,m,,,

ordered such that 0 < Re (p1) < Re(p2) < -+ < Re(pu, ). The root —ipy is purely imaginary.
Furthermore, the total root count Z L my a5 equal-to T when — X~ is a subordinator and
n+ 1 when —X~ is not a subordinator.” Here, m = Zk:l ng. On the other hand, the equation

r —1(z) =0 has, in the half-plane Tm (z) >0, us distinct roots
—ip1, -+, —ipu,, ™ with respect maltiplicities’ ' my, ..., m,,,

ordered such that Re (pu,) < --- < Re(pr) < 0. Theroot <ipy is purely imaginary. Further-
more, the total root count 2511 m; is ‘equal-to { whew Xt is a subordinator and £ + 1 when

X+ is not a subordinator. Here, { = 222:1 Ly

(2) The minimum I, has rational Laplace transform ;. given by

v2 . Ly, 2 o~ m
oy u — i ip;
o= 1(5) TG)

k=1

and the mazimum M, has rational Laplace transform " given by

s =T (“52) "1 (2 )"
' TR S RSP

k=1

Throughout the thesis, we follow the convention that ngl(. ..) = 1. Also, we denote by
Z,. the collection of zeros of r —1(§) and say that Z, is separable if its members are distinct

(i.e.,m1=m2="':mp1:7%1:"':7%“2:1)

14



4 The main results

Recall that {X;};>0 is a jump-diffusion process of the form in (3.2) and —ip1, -, —ip,,, —ip1, -
,—ipy, are the roots of r —(z) = 0 with Re (p,) <--- <Re(p1) <0< Re(p1) < Re(p2) <
- < Re(py,). We assume further that Z, is separable (i.e., m; =mg = --- =m,, = m; =

- =my, = 1). Under these assumptions, our goal is to solve the optimal stopping problem
(1.1) for a given continuous function g and r > 0. To do this, we first give an explicit formula
for solutions of the averaging problems in (2.4) and (2.5). Then we find sufficient conditions on
g that guarantees the existence of the optimal stopping boundary for the problem (1.1).

We observe, by Theorem 3.3, that the distribution of infy<s<., X, is given by

H2

]P’( inf X, € dy) =11,50 and b:O}(%5o(dy) + 1,51 {(Z Lflvnﬁnefﬁ”y)l{y<0}dy (4.1)

0<s<e,
n=1
where
do = H —pj) H O‘k (4.2)
Jj=1
and y
k 2 ~
H <pJ i ak) H (p*m) for 1 < j < ps. (4.3)
he1 N — Pj + Pm
Also the distribution of supy< <., X'is given by
M1
P(o:uf X, € dy) li,<o anid b= 0}d050(dy) A g >1y { ngp e ") 1 yso01dy (4.4)
s<e, I =
where
H pi H B (4.5)
Jj=1 k=1
and

V1 n; M .
w=T1("52) " I (525) mrksm o

j=1 im1,itk NPT T Pk
Throughout this thesis, we follow the convention that [T/, izn(e-) =1 (resp., H”m2:17m¢j(. L) =
1) in the case p; =1 (resp., uz = 1). Plugging (4.1) and (4.4) into (2.2) gives

H2 s

PndiPi \ 5, (y—2) -
§ :< {a<0 and b= o}dodﬂpn+1{u >1 and pp>1} E :nn_aj>e P iy — < 0
n=1 =1 Pi = Pn

TG?" (.’,E, y) =

J251 pn2 7
PndiPi\ —pity—a) -
Z( tas0 and s-0y 90405 + L1 and ues1y 2 ; : j~]>e P ity > 0.
j=1 n=1 J p77
(4.7)

We also need the following facts.

Lemma 4.1 Suppose p1 > 1 and ps > 1. Then
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(a) Fori=1,..,u1, we have

s (Br) ey 2 & (o)™ Cpm_ b’p;
- — e +A+7r)—ap; — L =0, 4.8
ot L R S

and for € =1, ..., ua, we obtain
V1 Nk V2 2

~2
SO I (Ber; ZZ Lol e rer)—aie - —0. (a9)

k=1 j=1 ﬂk*p{ =1 m= ap+p§

(b) For1 <k <w; and 1 <& <mny, we get

pa Tie=1y - do, ifa<0andb=0,
dipj  _ (4.10)
=1 (Br — pj)£ ' :
0, otherwise.
(c) For1 <p<wy and 1 <m <L, we acquire
B2 e 1{m:1}670, ifa>0and b=0,
djipim = (4.11)
=1 (ap + pj) )
0, otherwise.

(d) For any complex numbers Ay, ., andw, we have

ShS 1 i L A
$230 5" dewdoin (LSS e (G i)
w—pp \(ap+py) | (ap+w)™ (ap + w)™ {a>0 and b=0}

n=1p=1m=1

(4.12)

(e) For any complex numbers Ag, we obtain

M1 p2 v1 Nk V1 Mg 22
spsA dnpn )\ ﬂk Jckj ﬂk Jck‘j ~ b pn
—ap —ap. —
s=1n= Jj= Jj=
M1 vz ZP ( )m"’
sps sH {Qp )" Cpm
o and vy Y003 - (4.13)
{> }slplml ap+p>
(f) The following identities hold:
—a)dy <= ~ ‘
%Zdjpjzl, ifa<0andb=0
agiv M1
TOZdjpj:L ifa>0andb=0 (4.14)
H1 o p2
*Zstps npn :]—7 Zfb7£0
s=1n=1
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Proof. (a) The identities in part (a) follows from the facts that —ipy, ---, —ip,,and—ips, ---, —ip,,
are solutions of r — ¢(z) = 0 and (3.4).

(b) Since m; =1 for j =1, ..., 1, by Theorem 3.3, we obtain that

nE H1

o (u) = ﬁ (ufﬁf’j E (ufjlpj) (4.15)

k=1

Note that if @ < 0 and b = 0 then py = YL, ng; otherwise, 1 = Y ;L ng + 1. Applying
fractional decomposition to the right hand side of (4.15) gives

o (w416 “1 ip; dipji
11 < 1Bk ) 31;[1 <u+ipj> {ma 21} Z u+ip; Lta<o and p=0y %o (4.16)

k=1
where lim,,_, _i,, (u+ip; )1, (u) = d;jp;i and d; are given by (4.6). For 1 <k <wj,and 1 <& <
ng, our results follow by differentiating both sides of (4.16) (£ — 1)-times at u = —if.

(c) Note that we have

-T2 11 (2)

k=1
Note that if @ > 0 and b = 0 then py = > ;% ¥p-otherwise, po = > 2, €, + 1. Applying
fractional decomposition to the right hand side of (4:17) gives

v2 . b H2 o~
u — i ip; d;p pj ~
T (“5) il (723 = Wl}z ara) STRPPPINC Y

k=1
where lim, . iz, (u + ip;),; (u) = (—i)djﬁj and dj is'given'by (4.3). For 1 < p < vy and
1 <m < ¢, we get our result by differentiating both sides of (4.18) (m — 1)-times at u = ia.

(d) Observe that

1 1 1 1
qZ:; (ap +py)i(ap +w)m-att _W_ﬁn((ap+ﬁn)m (ap—i—w)m)'

Given any complex numbers A, ,, and w, we have

Yy el ()

n=1p=1m=1 w Pn ap+p77)

H2 vz

md,
- ZZZZ a _|_p p a:_p:))m—q+1

n= 1p 1 m=1q=1

- ZZZ o erm q+1(§:1(ajf%n)q>

plmlql

- ZZ ap+w <O{a>Oandb 0})

p=1m=1
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where the last equality follows from (4.11). The proof is complete.

(e) It is clear from (4.8) and (4.9) that

L vy n v Ly ~
M1 M2 spsA dnp17 o 1 k ﬁk Jck] 2 (ap)mcpm b2p§
I B DRI g RSk TS
s=1n=1 k=1j=1 'k p—ime1 \ ¥ T Ps
v Nk vy {p 22
(Br)’ cx ()™ Cpm . b°p
- TR o W 5| =0
( k=1j=1 (Br = Pn)? p=1m=1 (ap + o) 2
(4.19)
This together with (4.12) yields (4.13).
(f) From Theorem 3.3, we have the following observation.
pn= 0t np and g = Y00 b + 1, ifa<0and b=0
1 = Zzlzl np+1and po =32 by, ifa>0and b=0 (4.20)

11 zzz;lnp—kl and po =002 b 1,0 i b # 0.

By applying the Wiener-Hopf factorization formula and combining with (4.16) and (4.18), we
see that for b = 0,

r T H;lzl(“ +18,)" Hpoy (u i)

r—(u) (—ia) ?il(u + ipj) et (u + 10k
- {u1>1} + ip; {a<0 and b= 0} {M2>1} u + i0; {a>0 and b=0}%0 |»
(4.21)

and for b # 0,
P I i) T (o)
= (u) G T2 (ot ipg) T2 (u + 157
_ (i djpjl ><§: djﬁj(—i)) (4.22)
Sutieg )\ utip;

For the case b = 0, our results follow by multiplying both sides of (4.21) by u, letting u — oo
and using (4.20). For the case b # 0, we obtain our result by multiplying both sides of (4.22)
by u?, letting u — oo and using (4.20). ]

Observe that if v1 > 1 (i.e., there are upside jumps for the process X), then the function
1(iz) is a real analytic function in (—f,0) with (0) = 0 and lim,|_g, ¥(iz) = co. Hence, we
have that 0 < p; < f1.
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Definition 4.2 We write g € mg if the function g : R — R is absolutely continuous on every
compact interval and moreover, for vy > 1, there exist Ay > 0, A > 0 and 0 € (0, p1) such that
lg(z)] < Ay + Age?® Vx € R.

For any g € mp, we define Q4(z) by the formula

Qq(x)
~ vy ng J (e
_ nPn *A 5k JCk] Brx _ e\t —Bry

i 35 2§35 o e [t

b2 b2

~(fa+ Tate) + o ))}
v1 Nk —A [ee] )
{a>0 and b=0} . {ZZ (](5_k16m Bka:/ (u—l‘)J_lg(u)e_Bkudu
k=1j=1 z
A+ p+r)g(r) - ag'(fv)} (4.23)

We shows below that @, is a solution of the average problem (2.4).

Theorem 4.3 For any g € w9 and r > 0,

E[Qg(Mr + x)] = g(x)sfor. any x € R.

Proof. Observe that

EQ,(M, + ) = /0 " Gl + ) Pt )i = / " Qs (- 2)du

where

K1

fMT (Z) = 1{a<0 and b:O}dOdO(dz) & 1{1“21} Zdjpje_pjz].{z>0}. (424)
7j=1

We write

Q) = Loy (@) + QP @+ @) ) 41 and ooy (40 0)+ QP @)+ Q0 ).

(4.25)

where
Q4 (z) = i J’fn{ ’é : ZJ; (5k_A;f§)Z;M g)!eﬂ’“” /;(y - w)j‘eg(y)e‘ﬁ’“ydy} (4.26)
Q) x) = ( - ; g”f”) L), @.27)
Q) () = - _ D 1 FPg ) (1.28)
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Q§4>‘f?{ 1 % e / m(ux)jlgw)eﬁk"du}, (4.29)
k=1j=1 ’ x

30(_a) /

Q) = Yy (a), (4:30)
and -
QE = BATIED () (431)

Taking account of g € mg and using integration by parts, we obtain

epsx/ e(ﬁk*ﬁs)u/ (y — u) Cg(y)e Y dydu

s — f)lePre o0 ,
B Z T e, T e
=1 8 z
— 0)leps o0
+(5(Z—PZ;”1/$ g(y)e P=Ydy. (4.32)

(For details, see the Appendix). For simplicity, we write

Ié,llz,j_g :epsx/ e(ﬁk*ﬂs)u/ (yfu)jfzg(y)eiﬁkydydu
and
2 [— 41— -
02, =65’“$/ (y =a)l=F S gly)e v dy.

Using (4.24), (4.26), and (4.32), we obtain for g > 1

/ QW (w) far (u — )

p1o M2 vy M J
SO dnpa (=N (Br)ier; (14D 1
= e 525555 ST BIREDTI D )41 an o

s=1n=1k=1j=1¢=1

_ iiizj:]fl nﬂn (Br) cx (i dsps >I(2)
o ey Be = )G =L+ 1=\ (B — ps)E ) B8

n=1k=1j=1¢=1 ¢£=1

+1y >1}iidsps i} ii(i (ﬁk)jckj 4 )epsz/oog(y)e—psydy}
" b = (Be = n)* (Br — ps) =41 v

s=1n=1 k=1j=1
+1{a<0 and b:o}dOQ(gl)(l’)- (4.33)

For p; > 1, it follows from (b) of Lemma 4.1 that for k =1,...,v1,and { =1,...,n

" lg=1y - do, ifa<Oandb=0
S dipj  _
= (B = py)*

0, otherwise.

This implies that for ps > 1

1 iiiijfl nPn (Br)? cx; (i dsps )I(z)
{ra2thy, B =)t (G — €+ 1=\ (B — p) ) FI7H178

Pl h=1 j=1 =1 =1

1
~Liac0 and b:O}dOQ{(J (@).
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By this and the identity

J 1 1 1 1
z; Bk — ) (B — p )j‘“l_ps—ﬁn'((ﬁk—ps)j_(Bk—ﬁn)j>

(4.33) becomes

/ QU () far (u — 2)du

p1 p2 v Ng e}
= lyu>y {ZZ — nﬂn (ZZ e ]% (éfk_)p?)] )ep'“/z g(y)e‘psydy}.

k=1 j=1 ﬂk_ps

s=1n=1
(4.34)
Again, by using integration by parts together with g € 7y, we get
e [ g ey = —g(a) 4 peen [ gly)e vy, (1.35)

Combining (4.35) with (4.24) and (4.27) gives for ug > 1

/ h Q§,2><u>fM<u — 2)du

M1 2

= 1{/L1>1} szsps npn (eps / g (y)e_Psydy)
s=1n=1
M1 H2 -

= lgu>n(= Zstps npn< ($)+pse"sz/ g(y)epsydy>
s=1n=1 T

p1 o p2 Ha 2

dspsdpp b ~ o —pe
- 1{“1>1} szsps 0y — 1{u1>1}zz 1177( (Ps—Pn))epsx/x g(y)e P¥dy.

s=1n=1 517715 £n

Also, using (4.24) and (4.28), we have for s >'1

/ Q) (w) far (u — )

M1 H2

b2 _ ,
— ey S szsps wpalat pn)<6pé / 9(y)e ”Sydy> + Lacos-0y QS («)
s=1n=1
Ko K2 2~ 22 00
dspsdnp b= pnps _ b . _
= 1{u121} ZZ - "( s+ =5 —(ap, + 2"))6”“' / g(y)e="Vdy
s=1n=1 z
+liaco and b:O}dOQg (). (4.37)

Combining (4.34), (4.36) and (4.37) gives for ps > 1
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E[QY + QP + Q) (M, + )]

H1 o p2

eps 2 _
— ey oY e [T ey

51171

v n v n 22
[ )\ZZ" 661‘;7‘]016] —aps— b ( )\ZZIC ﬁk ]Ck?j . ﬁn_l);]>]

k1 =1 /Bk*pn

k=1j=1
H1 o p2
+1{a<0 and b:o}dOQg (z )+1{m>1} ZstpS 77/’77
s=1n=1

Using (e) of Lemma 4.1, we obtain that for pus > 1

E{(QM + QP + Q) (M, + x)]

M1 V2

dspsp(0p)™Com _po [T\
et 357 3 CRLA B [ vy

s=1p=1m=1 Ckp+p)

H1 o p2

+1{a<0 and b:o}doQé (z) + 1{u1>1} szsps npn (4.38)

s=1n=1

Consequently, using (4.20), (4.14) and (4.25), we see that for the case b # 0,

E[Qy(M, + 2)] S _E @D+ Q¥ QMM, + )]
= ( ia iidsps n/’n) = g(),
s=1in=1

and that for the case a < 0 and b =0,

BlQ,(M, +2)] = E[@QY +Q® +QP)(M, +)]
— gl (2 Z_j 0m) = glo)

It remains to consider the case a > 0 and b = 0. By (4.20), we have p; > 1. It follows from
(4.32), (4.24) and (4.29) that

/ QN (u) far (u — )du

B v Nk dO 5]@ jck‘jeﬂ (#1 dsps ) oo B e 7ﬁk(
= ;;; ;(ﬁk_ps)g /x (y — ) Sg(y)e” *dy

H1 v Mg

22 dodeps(— (B _ﬁk);ck epéz/ g(y)e P=¥dy

s=1k=1j=1

U1 Nk

= ZZZ dodpe(~ 0 ﬁk);c’”epb / g(y)e "dy. (4.39)

s=1k=1j5=1
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The last equality comes from (b) of Lemma 4.1. Using (4.35), (4.24), and (4.30), we have

[ @@t —ah stps( ~g(a)+ et [ wg(y)eﬂsydy) (4.40)

By (4.24) and (4.31), we have

/OO Qgi) (’u,)f]w (U — x)du = )\ + N il Z dspsep& / g(y)eipbydy (441)

x

It follows from (4.25) (4.38), (4.39), (4.40), and (4.41) that

E |:Qg (M, + 33)}

M1
dOdspsep ¥
= {a>0 and b=0} Z

[ )\ii ﬂkickj - ZZ ap Cpm + (u+A+7) —aps

k=1j=1 plml

o0
/ g(y)e " Ydy
xT

doa -
{a>0 and b=0} . Zdjpj)g(x)
j=1

By (a) and (f) of Lemma 4.1, we obtain E[QQ(MT + x)} = g(x). The proof is complete. ]

We write g € R if g : R — R is a L-integrable function such that the Fourier transform g,
defind by
€9 .
g(w) = / e “*y(x)dx (4.42)

— o0
satisfies the integrability condition [Z5 (14 |w|?)[g(w)ldw < 66. As noted in Surya [27], the set
R belongs to the class of C3. This implies that every elemient in R also is in 7. In [27], Surya
showed that if g € R, the function % / fooo elw® w“i i) dw'solves the American put-type averaging
problem. In the following, we show that the function == f * elwr gl ( )

7 J—oo @) dw coincides with the
Qg (z) given by (4.23).

Proposition 4.4 Given g € R and r > 0. Then

Q) = 21#/0; piwe 5;‘8))61% (4.43)

Proof. By the Fourier inversion formula, it is sufficient to prove that

o= [ Z Qly)e vy = (wﬂw))l@(w). (4.41)

As in (4.25), we write

Quf) = Loy (@1 (0) + QP )+ Q@) ) 41 an ooy (A0) + Q40+ Q) ).
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To compute f Q(l)( Ye~“¥dy, by using integration by parts, we have

/ (ﬁriw)y/ (1 — YT~ =P g () dudy
Yy

] — g 'e(ﬁk lw)t
(J—L+1-=UBk — iw

t=z

)5/ (y =ty = e P g(y)dy
t

|
’“M+

t=x
- [ st
—_ “Ydy. 4.4
+(5k S ) g(y)e Yy (4.46)
Here, for 1 < ¢ < j — ¢+ 1, we have
lim e '« / (y — x)? ~ e B =) g (1))dy = 0 (4.47)
r——00 T
and
lim e~iw? / (y — 2)? =1 =Ee= A W=2) g (y)dy = 0. (4.48)

To prove these, observe that

W€ e B gy + 1) | du (4.49)

e‘i“t/ (y — t)/ I Ee Prlu=t g (y)dy
t

o}
</
0

Notice that g € R implies g € C3. Therefore gis uniformly continuous on R. Combining this

with g € L, yields
lim—g(z) = 0. (4.50)

|z] =00
This together with the Dominated Convergence Theorem, implies that the right hand side of
(4.49) converges to zero, as t — —o0 or t — oo. Therefore, we justify (4.47) and (4.48). From

these, we observe for ps > 1

| awetray

B2 T o~ v ng  J j
d —A ﬂ ey > —iw > | ,—Bru
= 2 nrpn{ DI oo Bl A g(u)dwy}
n=1 k=1j=1¢=1 Wk~ Pn)J F oo Y
M2 7 o~ vi Nk J j oo
dnpy ( —A(Br) crj )/ —iwy
— — S g(y)e “Vdy
2.7 {kzljzl 2 G o ) | 9
) o (L, SO0 Y50 (451)
p U R e st Bk —iw)? (B — py)?
Similarly, we have
)J
[ apwesra =23 S G (452)

By using integration by parts along with (4.50), we have for pg > 1

= (2) —iwy S gnﬁnbz * ez &2 JnﬁniwaA
Qg (y)e™Vdy = — E : Tor e g (x)dr = E TQ(“’): (4.53)
—o0 =1 —o0 =

24



and

° i do(—a)iw .
| e wetray = 20, (4.54)
Furthermore, it is clear that for us > 1
oo . M2 d 5 bQﬁ
| @Pwetray =3 a ), (4.55)
o =
and ~
> Ciw do(N+p+7) .
| aPuetoray = DAL g, (4.56)

Combining (4.45), and (4.51)-(4.56), we see that

0 / Qy(y)e vy

= {1{u2>1} Z

iw — pn

(EEasy )

Q

o

£
[

., —iwb? v’p
e

k=1j5=1
U1 Nk
)\ﬂkck]
{a>oandb 0}7,(22 N —daw+ A+ p+r)
k=1 1 Bx
(4.57)
e =l Lt gl | |
Using the facts (iw — p,) (== —a=*5%) = 5=~ iaw + ap, + —5* and (4.12), we obtain that

Q) = [ Qe

_ 1<X dypy [wW2b? R
= Q(W){l{mzurz.ni[ 9 —law +apy, + 2"

= iw—py
(ZZ‘Q Beler; | MBe) ) (Z O pla cpm_mapmpz)]
k1 j=1 ) — iw)? (ﬂk*Pn plml( ern (ap + iw)

S —A(By) Jck] w(a cpm )
Tlias0 and b=0y 7. r L;; (Br — 1) pzlmzl +1w —daw+ A+ pu+7)

This together with (3.4) and (a) of Lemma 4.1 implies that

@g(w) - g(w){ e (1{uz>1} Z iw n_Pn {a>0 and b—0}50> }

- aw{ (’W)mm} ~ §(w) (wﬂw))l. (1.59)
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Remark 4.5 It follows from (4.57) and (4.58) that

2

-t 1 dp,
(w£+><w>) SEPRRRE ik

r iw — p,
n=1 P

o —iwb? B S A (Br) JCk] A(Br) e ﬂ
X [(uu Pn)( 9 (;; (B — iw) (ﬁk _Pn)
U1 Nk _)\
Ltaso and b=0y r Lzlzl ﬁkﬁ_klw —daw + A+ p+1)|. (4.59)
J

In the following, we study some properties of Q,(z). We write g € 7y if g € mp and g is
nondecreasing and g € C'*(a@, +00), where {g > 0} = (@, +00) for some @ < oo.

Proposition 4.6 Assume {X;}i>0 is a jump-diffusion process of the form (3.2) with ci; > 0,
Br >0, and ap, >0 for 1 <k <v,1 <j<ng,1 <p < vg. Consider the reward function
g € Wy with {g > 0} = (@, 00) and assume Qg is given by the formula in (4.23). Then

(a) If there exists a > 0 such that lim, .o Q4(z) > «, then there exists x* > @ such that
Qq(z*) =0.

(b) If (£4tdy < 0 and (2

g9(z)
x* € (@, +00) such that Qg

) ) < 0 for anyx > a and u > 0, then there exists at most one
z*) =

(¢) If both conditions in (a
Qg(z*) = 0. Moreover, Qgq(x

d (b)«hold,then there exists aunique x* € (a,+00) such that

) is increasing-for x> 'x* and Q4(2).< 0 fora <z < z*.

Proof. Observe that

Qg(x)
Sy Yy A
k=1 j=1 /=1
P ® i —Bru
x (1{u2>1}2 ﬂk"_" + 11,00 and p=oy L= 1}d0)/0 Wt g(u+x)e” M du
[ b e~ ady
- 1{u221}27,(zdnpn> Laso and v=0} , ]g’(w)
L T]:1
2] Np 2~ g
_ Wl}z P04 T2 <1y and ey O 14 )9(0) (1.60)

We first show that lim, 5+ Q,4(t) < 0. To do this, we first claim that for po > 1 and b # 0

u
—pj
Zdnpn vz (Ol}g)ek > 07 (461)
and fora >0and b=0
H2 ~
~ 21 —Pj
do = = ——2_ > 0. 4.62
* = T (a0 (462
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Also, we will show that for 1 < k <wv; and 1 < /£ < ny,

3
N1y Z (Be n_ =7+ L{a>0 and =0y L (= 1ydo > 0. (4.63)

From identities (4.17) and (4.18), we acquire

ul, v (U + oy b 2 _ﬁj = d jPj
Ele*'r] = H o H ~ | = = Luo>13 Z + ]‘{a>0 and b= 0} (4.64)
jf

k=1 w=pi —Pi

We obtain (4.61) by multiplying both sides by u, letting u — oo in (4.64) and using the fact
that po = 372, ¢ + 1. Similarly, (4.62) follows by letting u — oo in (4.64) and using the fact
that puo = Y2, €x. To verify (4.63), we note that differentiating both sides of (4.64) at u = B
for &-times implies

M2 T o~

: dnp =
]E[(Ir)geﬁkb] = 1{u221}(_1)€ Z W 1{a>0 and b:o}l{fzo}do'
This yields (4.63). Using (4.61)-(4.63) and (4.60), we obtain

lim" Qy(t) < (4.65)

t—at

To prove (a), notice that by the assumption in (a), we have lim, .. Qq(x) > 0 and
Qq4(z) € C(a,+00). These togetherswith (4.65) and the intermediate-value theorem, imply that
there exists at least one z* in (a, 00).

To prove (b), we write Q4(z) =g(x)h(z) for x € (a,00), where

h(z)

v Mg j —)\ﬁ j
S3Sty
k=1 j=1 /=1

p > —Kg(u+x) —Bru
x (1{u2>1}2 nbn = +1{a>0 and p=0} 1 {t= 1}d0)/0 u’ We Pt dy

ad() (ZC)
- 1{u2>1}2 (Zdﬂpn> {a>0 and b=0} . ]g(x)

r -~ 2~ -~
Py b*p do
= L1y Z nr (a+ 2n) Ltas0 and b= 0} - (/\ +u +T>]
L —1

Taking account of the equations (4.61)-(4.63) and the conditions ( (;(+)z)> < 0, (9((35)) <0
for any > @ and u > 0, we see that h'(z) > 0 for any « > a@. This implies that there exists
at most one z* € (@, 00) such that h(z*) = 0. Hence, Q4(z) = 0 has at most one solution in
(@, 4+00).

To prove (c), by (a) and (b) we see that there exists only one z* € (a@,00) such that

Qg4(x*) = 0. Furthermore, since lim; 5+ Q4(t) < 0, @ is continuous on (@, c0) and Q4(x) =0
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has an unique solution on (@, o), we have Q,(z) < 0, for x € (@,z*). For = > z*, we have
Qqy(x) = g(z)h(x) and hence Q;(z) = ¢'(x)h(x) + g(x)h’(z). Since each term of the right hand
side is nonnegative, and g(x) and h'(z) are positive, we obtain Qf(x) > 0 for x > 2* and hence

Qg () is increasing on (z*, 00). ]
Combining Theorem 2.7, Theorem 4.3, and Proposition 4.6 gives the following main result.

Theorem 4.7 Assume {X;}i>0 is a jump-diffusion process of the form (3.2) with cx; > 0,
Br >0, and oy > 0 for 1 < k < wy,1 <5 < ng,1 < p < v, Consider a payoff function
g(z) € Ty with Qq(x) given by (4.23). Assume that the following conditions hold:

(a) There exists a > 0 such that limg_,o Qg(x) > a.

(b) (%)/ <0 and(%)’ <0 foranyx>a andu > 0.

Then the optimal stopping time for the optimal stopping problem (1.1) is given by 7* = inf{t >
0: X; > a*} and the value function is given by

V(@) =B 900D = [ @yl m) far (m)dim.
Here o* is the unique solution of the equation Qq(x) =0 in (@, +00) and fu, is given by (4.4).

Remark 4.8 The inspiration of givingthe explicit formula for solutions of the averaging prob-

lem (2.4) comes from the well-known.result—If g € C3(R") then

E, UOOO e~ (r — A)g(Xt)dt] g \E-

Furthermore, observe that

.| [T et - Acciael 2 x.,)|

—E :IE<(T ;A)g(x + M, + Ir)erﬂ

=E :Qg(:c + Mr)]

where

r—A

Q) =5 (A4 1)

In fact, the identity (4.23) follows from expanding the above expression of Qq(x). In addition,

using similar argument, we also obtain

g(z) =E, [/OOO e " (r — A)g(Xt)dt} =E [Pg(x + L«)]

where
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Observe that if vo > 1 (i.e., there are downside jumps for the process X), then the function
1 (iz) is a real analytic function in (0, ) with ¢(0) = 0 and lim,4, 9(iz) = co. Hence, we have

that 0 < —p1 < a.

Definition 4.9 We write g € w1 if the function g : R — R is absolutely continuous on every
compact interval and moreover, for va > 1, there exist A1 > 0,A2 > 0 and 6 € (0,—p1) such
that |g(x)] < Ay + Age %% Yz € R.

For any g € 71, we define P;(x) by the formula

Py(z)
v Ly m ~
S3 3§ ) T

p=1m=1k=1 r(m —k)!
r M1 d'p 0

x (1{#1>1}Z (@ i,]o) +1 {a<0 and b= 0}1{k 1}d0>/ (=)™ Fg(t + z)er dt
L j=1 P J —00
[ V[ ady

+ 1{m>1}2r(zdjpj> Ltaco and v=0} r ]gl(x)
L j=1
_ 1 )

d;p; bp,; do

[ X 20+ T + 1A 2y 4+ )|a(o) (4.66)

L j=1

Remark 4.10 Py(—z) = @@(x) where @g is-given in (4.23) for-g(x) = g(—x) and the process
—X.

In the following, we study some properties-of Py(z):-We/write g € 71 if g € m and g is

non-increasing and g € C!'(—o0,a), where {g > 0} = (—oo,@) for some a > —oc.

Proposition 4.11 Assume {X;}1>0 is a jump-diffusion process of the form (3.2) with ¢y, > 0,
Br >0, and o, >0 for1 < p <wy,1 <m <4, 1 <k <wv. Consider the reward function

g € T with {g > 0} = (—o0,a) and assume P, is given by the formula in (4.66). Then

(a) If there exists B > 0 such that lim,_._o Py(x) > [, then there exists * < @ such that

P,y(a*) = 0.

(b) If (gét(zw ) > 0 and (£ ))) <0 foranyx < aandt < 0, then there exists at most one

g(z
x* € (—o0,a) such that Py(z*) = 0.
)

(¢) If both conditions in (a
Py(x*) = 0. Moreover, Py(x) is decreasing for x < x* and Py(xz) <0 for z* <z < a.

and (b) hold, then there exists a unique x* € (—o0,a) such that

Proof. We first show that lim, ;- Py(t) < 0. To do this, we first verify that for g1 > 1 and
b#0

Zdj =1 ’7 1;2 >0 (4.67)
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and fora < 0and b =0
M1

Pn
dy = =2=L""7 5, (4.68)
[TiL, Bk
Moreover, we will show that 1 <p <wvy and 1 <k <Y,
Pi
1) Z @ i;J + 1,0 and peoy Lk=13d0 > 0. (4.69)

From identities (4.15) and (4.16), we have that

ne M1

25}
o~ UM] H u+ By H dip;
< > (u + pj > L1y Z ; 1{a<0 and b:o}dO- (4.70)
j=

We obtain (4.67) by multiplying both sides by u, letting u — oo in (4.70) and using the fact
that g1 = >_,-, ng + 1. Similarly, (4.68) follows by letting u — oo in (4.70) and using the fact
that pg = Y ;- ng. To verify (4.69), we note that differentiating both sides of (4.70) at u = o,
for &-times implies

M1

dip;

—M,)op] _ e Lt

]Em[(—MT)Ee( ) =Tz 1)£<Z (p _|_Jp;)£+1 + 1{a<0 and bO}l{E—O}dO)'
j=1

This yields (4.69). Using (4.67)-(4.69) and: (4.66), we obtain

lim—Py(t) < 0. (4.71)

t—a—
To prove (a), notice that by the.assumption in (a), we have lim;_, ., Py(z) > 0 and P,(z) €
C(—o00,a). These together with (4:71) and the intermediate-value theorem, imply that there
exists at least one z* in (—o0,a).

To prove (b), we write P,(z) = g(z)h(z) for x € (—oo,a), where

hy(x)
g o)
- Z Z r(mp— k)p!m

p=1m=1k=1

Pj m—kg(t+x) «@
X (1{u1>1}z (a j—,Jo] +1{a<0 and b_o}l{k—l}do)/_ (—t) 9(z) ertdt

ado | g'(x)
+ 1{u1>1}2 (Zdjpj> {a<0 and b=0} r ]g(z)

r b2
djp; b p; do
+ 1{;“21}2 JTJ(CH‘ 2]>+ {a<0 and b=0} . ()“"M'H")}
L _1

Taking account of the equations (4.67)-(4.69) and the conditions (g(gti—&-:r)) > 0, ( ) < 0 for

(@) 9(93)
any x < a and t < 0, we see that h'(x) < 0 for any x < @. This implies that there exists at most
one z* € (—oo,a) such that h(z*) = 0. Hence, P,(z) = 0 has at most one solution in (—o0,a).

To prove (c), by (a) and (b) we see that there exists only one z* € (—o0,a) such that

P,(z*) = 0. Furthermore, since lim; - P,(t) < 0, P, is continuous on (—oo,a) and P,(z) =0
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has an unique solution on (—oo,a), we have Py(z) < 0, for z € (z*,@). For z < z*, we have
Py(x) = g(x)h(z) and hence Py(x) = g'(x)h(x) + g(x)h'(x). By means of the facts that g’ <0,
g>0,h" <0andh >0, we have that P;(r) <0 for x < z* and hence Py(z) is decreasing on

(—o0, x*). ]

Theorem 4.12 Assume {X;}i>0 is a jump-diffusion process of the form (3.2) with ¢y > 0,
Br >0, and o, > 0 for 1 < p < 9,1 <m < 4,1 < k < vy, Consider a payoff function
g(x) € 1 with Py(z) given by (4.66). Assume that the following conditions hold:

(a) There exists § > 0 such that lim,_,_ o P,(x) > (.

(b) (%)’ >0 and (“;((Z)))' <0 foranyx<aandt<O.
Then the optimal stopping time for the optimal stopping problem (1.1) is given by 7* = inf{t >

0: Xy < a*} and the value function is given by

V(z) = ]Em(e—rr*g(XT*)) = /x h Py(x + 2) f1,(2)dz.

—00

Here x* is the unique solution of the equation Py(x) =0 in (—oo,a) and f1, is given by (4.1).
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5 Some examples

In the following, we apply our results to some concrete examples. In particular we reproduce
the special results of those discussed, among others, in Kyprianou and Surya [16], Novikov and
Shiryaev [22], and Deligiannidis et al. [10]. In all examples below, we always assume that
{Xi}i>0 is a jump-diffusion process of the form (3.2) with ¢x; > 0, B > 0, and «;, > 0 for
1<k<v,1 <j<ng,l1<p< vy We consider some special functions g and verify that it

satisfies conditions (a)-(b) in Theorem 4.7.

Example 5.1 (Option with power function ).
Consider the optimal stopping problem (1.1) with g(z) = ()7, v > 1. According to (4.23),
Qq(x) is given by the formula

H2 Jnﬁn vi ng J —\ Bk Jckj e} "t _3
et 27 | 220 y—e)/ w e (u ) du

2
<(a+ b;”)x7+ b —yx?~ 1)]

v1 Nk —A Bk ‘]Ck L .
{a>oandb O}T{ZZ G =D J/O Wi le P (u+x)"du

k=1 )7=1
+ AN+ p+r)a’ — a’yxyfl}.
Moreover, we have

lim Qq(z)z™”

T— 00

s v 7 9~
— dnpr —A(Br) cxj b2 o,
_ 1{M>1}z { s~

kl]ll

do
a0 and v=0} = (n+7).

By using the identity that

Y —A(Br)’ ek ) SN A (Br) ’cm (Br)’ cx;
;;(; (Br = Py)*(Br, — 0)3—4+1 0 — pn<;; (Br — 0) (5161?77)') (5.1)

-1
and Remark 4.5, we see thatlim,_,oc Qg(x)z™7 = (g/}j(())) = 1, which implies thatlim, .o Qg (z) =
00. Also, observe that for x >0 and u > 0

(W)/ N <(1 + Z)W)/ =11+ 207 (=5) <0,

g(x
() ==

and
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By Theorem 4.7, there exists a unique x* such that Qq(xz*) =0 and 7* :=inf{t > 0: X, > z*}
is the optimal stopping time for the optimal stopping problem (1.1) with g(x) = (z7)7, v > 1.

Remark 5.2 Assume that g(x) = (z7)", where n € NU{0}. Write Q,(z) = Qq(x). Direct
—1

calculations show that Q(x) satisfies Qo(x) = (¢j‘(0)> =1, %Qn(x) = nQn-1(x) and
E[Qn(MT)] = 0. Hence the functions Qn(z) are just the Appell polynomials for the random
variable M, in [16]. For Appell functions of any order v # 0 and related works, see Novikov
and Shiryaev [22] and Deligiannidis et al. [10].

In the following example, we consider a special jump-diffusion model so that we can obtain

a simple form for the value function.

A
Example 5.3 Consider the case that g(x) = (x7)7 with v > 1, and X; = at + vaztl Yf where

a < 0 and {Yf ci=1,2,...} is a sequence of independent exponentially-distributed random

Az
z+if3

far. (y) = dodo(dy) +dypre P ¥dy, where dy = B=pr o = LL. and —ip1, —ip1} are the solutions
r B B
of r —(z) = 0. Also,we have

and

variables with parameter §. Under these model assumptions, we have ¥ (z) = iaz —

—p1 AB E[SA S
Qg(x)_r<_6—p~1 - kX4 )dy—aW)a

for every x > 0. Hence, for each x < x*, the value function is given by the formula

*

_ Mepm /°° e—P1Y ( —ay’ — ﬂ/\ieﬁy /OO Z»yeﬁzdz> dy.
T Yy

00
V(.’L‘) = ]E(Qg(x + Mr)l{z+Mr>az*}> = dlpl/ e_pl(y_x)Qg(y)dy
x

pr . —p1

Since

/ e(ﬂ—m)y/ z'ye_ﬂzdzdyz L / e—plzzw_e(ﬂ—pl)z*/ e P77 4z ,
T* y 5 —p1 T* T*

we see that
_ —(B=p1)pipm prT | (4 AB = —p12 7Y
Vi = e l( el AR
A8 B-pr)e® [ Bz
Yy L |

Since —ip1 and —ipy are the solutions of r —(z) = 0, we obtain —a — m = 0. This
together with Qq(x*) = 0 yields V(x) = a%%plepl(r_x*)(x*)’y. Furthermore, since 1(0) = 0 and

r—(z) = Pia)(ztffg(’zhﬁl), we have a’jﬁ%’“ = 1. This implies that V(z) = eP*@=2")(z*)7.
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Clearly, V is continuous at the optimal boundary x*. Since V'(x*7) = p1(z*)Y and ¢'(z*) =

y(x*)77L, there is no smooth fit at z* as x* # %. To show x* # pll, we set

Then using the inequality

we observe that
G 1

(—a)B=p1) B-1
=1 and hence Qg ( ) > 0. Consequently, r* <k

F(z) <

. . 2 \3
This implies that F(pl) < CaG=T=—D
Note that {0} is not reqular for the half-line (0,00) for the process {X:}. Our results show
no contradiction with the general results of Theorem 5.1 in Surya [27]. Similar results were

obtained for the case r = 0 by Mordecki and Salminen [20].

Example 5.4 (Perpetual American call option,).
We consider the optimal stopping problem (1.1) with g(z) = (e®* — K)™ and assume p; > 1. By
(4.23), we have for x > In K

H2 Jnﬁn v gl J =1\ ﬁk jckj S it —Beus use
R S P )2 Sy | e~ H)du
n=1

((a + %”1)(& ~K)+ 5’;)1

v, Mg _)\ ﬂk jck‘j o0 W biu ute
Tlias0 and b= O}T ZZ ' w e PR (e — K)du

k=1j=1 (=1
+(/\+u+r)(exK)aex}.

Moreover, observe that

Jim Qg(w)e™®
dyp { AL (B e V25, b2
B n J _ ny 9
{MZ ZZZ - e a5
kl]lélﬁk pn)* (B = 1)7 =4+ 2 2
V1 Nk
) cr;
{a>0andb O}T(ZZ ﬁk—l R R (A+u+r)a).
k=1j5=1

—1
By using (5.1) and Remark 4.5, we see that lim,_.o Q4(z)e™" = <wﬁr(1)) . This along with

1 < py implies that lim,_,oc Qg(x) = co. Also, we have that for x > In K and u > 0

(B2 - A () - B o
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Hence, by Theorem 4.7, we obtain the optimal stopping boundary z* and the pricing formula
in terms of Q4 and fa,. The solution was obtained earlier by Mordecki [18] for general Lévy

process. ]

Remark 5.5 (Perpetual American Call Option). If g(z) = Z%:l Bome?™® with 0 < max{f,, :
1<m< M} <p then

Qq(z) = mzj\j:lhme%x (z/)j(—iem)) _1. (5.2)

(For a proof, see the Appendiz). The result is consistent with [18], [7], and [27]. In particular,
~1

if g(x) = (e* — K)* and p1 > 1, then Q4(z) = €* <wﬁr(1)) — K. Denote by x* the unique

root of Q4(x) = 0. Then x* is the optimal stopping boundary and the value function for x < z*

is given by the formula V(z) = [ Qqg(x +m)far, (m)dm.

xT

]
Remark 5.6 (Perpetual American Put Option). If g(x) = Z%zl B €% where 0, > 0 for
1<m < M, then
M —1
Py(x) = Yo D’ (w;(—iam)) (5.3)
m=1

solves the averaging problem (2.5 ). In particular, if g(z) = (K — e*)*. then Py(z) = K —

-1
e’ <w(—i)) . Denote by z* thewnique root of Py(x).= 0. Then xz* is the optimal stopping

T

boundary and for x > z*, V(z) = ff; Py(u)fr.(u— z)du.

Example 5.7 Consider the optimal stopping problem (1.1) with g(z) = In(z + 1)1{,>0y. To
check conditions (a)-(b) in Theorem 4.7, we first substitute g(x) = In(x + 1)1 ,>0y into (4.23).
Multiplying both sides of (4.23) by (In(z+1))~* and using Remark 4.5, we see thatlim,_, Qq(z)(In(z+

1)t = (1&;”(0)) = 1, which implies that lim,_,., Q4(x) = co. Next, observe that for x > 0
and u >0

gluta) _(mluto )RR TS
g(SE) ln(x + 1) (ln(x + 1))2 ,
and

< 0.

<g/(:c)>/ —(z+ 1) In(z+1)— (z+1)2
g9(x) (In(z 4 1))—2

By Theorem 4.7, there exists a unique * > 0 such that Qg(z*) = 0 and 7 := inf{t > 0 :
X: > x*} is the optimal stopping time for the optimal stopping problem (1.1) with g(x) =
In(z 4+ 1)1z503-
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6 American compound options

In this section, we consider the pricing problem of the perpetual American compound options.
Compound options are option on options. There are four main type of compound options. The
perpetual American compound option have two strikes prices. For example, the call-on-call
option gives its holder the right to buy at an random time 7 for the strike price K; a call option
with the strike price K5 and the exercise time (, where ( > 7. Also, the put-on-call option
gives its holder the right to sell at an exercise time 7 for the strike price L; a call option with
the strike price K5 and the random time ¢, where { > 7. The rational prices of such perpetual

American options can be formulated by the values of the optimal stopping problems

(call-on-call) Vi(z) = sgp E, -cf”Hfr (XT)_ .
(call-on-put) Va(z) = stip E, :e_”HQJr (XT): .
(put-on-call) Vs(z) = sgp E, :e”H;' (XT): .
(put-on-put) Vi(z) = sup E, :e_’"TH;r (XT): .

Here the reward function Hj;(x), j =1, ...,4, are given by
Hi(x) =W(z) — K1, Ha(x)=Ul(x)— Ky, Hs(@)=Li—W(x), Hy(x)=1L;—U(x)

for all z € R. Also, W(z) and U(z) denote the rational-prices of the perpetual American call
and put options with the strike prices &5 and Lo, respectively and are given by
W(z) = supE, |e (X" — Ky)" | and U(z) = supE, |e "(Ly — eX7)* (6.1)
n n
where the suprema are taken over the stopping times 71 of the process X.
From now on, we assume that {X,};>o takes the forms (3.2) with ny =1, £, = 1, ¢j1 > 0,
Br >0,¢p1 >0and ap >0, for 1 <k < v and 1 < p < vy, For simplicity, we assume that
b # 0. (Our approach also works for the case b = 0.) In this case, p1 =v1 + 1, 2 = v2+ 1 and

all roots are simple and purely imaginary. Also, they satisfy the conditions
l<p<pr<p2<- - <PBu-1<pu (6.2)
and
O0<—pr <o <—p2< - <py1<—Pu,- (6.3)

We assume further that p; > 1 and —p; > 1. Recall that

H1
P () =D dipie 1 ys0
j=1
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and

2

Fr.@) =" dypye P10y
n=1

Hence, we also have

M1

Gy = 3 B

eV
and
H2 T o~ .
dyppni
Y (u) = =) —=-
r ;u—&—lpn
Here,
vl 5_ M1 .
do=T[2Z2 ] 2 for1<k<m (6.4)
j=1 B; =1,k PP TP
and
~ v2 ﬁ —+ g a ﬁ
g —_ U I for 1< < po. 6.5
n H ay H _p77+pm or > > U2 ( )
k=1 m=1,m#£n

Set g1(x) = €® — K5. Then

Quitt) e (U %) (66)

Denote by z} the unique solution of Q,, () = 0 in (In' K5, oo). Then the value function W (x)
in (6.1) is given by the formula

K1 (o—z*
d;: Koeri(@=2c)
Z (:L’) = 1{.’1)21‘:}(61 - KQ) + 1{:c<ac§} E : ; _1

J

Jj=1

(6.7)

By (6.2) and (6.4), we obtain that dj > 0 for all k. Hence, W (x) is a strictly increasing function
with lim, o W(x) =0 and lim, .. W(z) = occ.
On the other hand, set go(x) = La — €. Then

Ppa(@) = Lo - (m—i))_leﬂf. 65)

Denote by xj the unique solution of Py,(z) = 0 in (—oo,In Ly). The value function U(z) in
(6.1) is given by the formula
b2 g LoeP@=)

U(I) = 1{w§m;}(L2 - ex) + 1{w>x;} Z 1— [A)«
n

n=1

(6.9)

By (6.3) and (6.5), glvn < 0 for all » and so U(z) is a strictly decreasing function with
lim,, o U(z) = Ly and lim,_,, U(z) = 0.
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Also, if H is in 7y, we have

v M2
Z npn/\ﬁkcm [—}k;c/ H(y)e Pevdy
k=1n=1 r(Br —
M2 7~ 2~ H2 7 o~ 39717/
dnpr b"py dnpnb” H' ()
—ZT(a—i—T)H(x)—ZT. (6.10)
n=1 n=1
If H is in w1, we have
v2 M1
Z Jleua:Ucpl/ H(t+ z)edt
piim Tt e)
” b2p, K1 d;p;b*H' (x)
+§:%%m+—;ﬂﬂm+§:iiaf—< (6.11)
j=1 j=1

(Call-on-Call Option ). We consider the call-on-call option. The payoff function Hj(x)

is given by

i d; Kqeri(@=2c)

Hy(z) = W(z) — K1 = 1{p>,:y(e" — K1 — Ka) + 1{w<902}< 0 —1
j

KO.@H)

j=1

Clearly, H;(x) is a strictly increasing function with lim,_, o Hi(2) = —K; and lim, o Hi(z) =
1

oo. Note that Hy € mp and Qp, (v) = €* (¢;“(—i)> — Kyp— K for > z. Furthermore, if
there exists 23 such that Qp, (23) = 0, Quy(z)-< 0 for a < z < &5 and Q g, (z) is non-decreasing
on (z3,00) then by Theorem 2.7, we' deduce that @3 is the optimal boundary and the value

function (the rational price) is given by the formula

o0

Vile) =\ Q@ F i) i (). (6.13)

T35/
(Call-on-Put Option). We consider the call-on-put option. Then we have

12 ~ T
—d. LoePn(@—2y)
Hg(l’) — U(Qf) _ Kl = I{ISI;}(LQ — Kl — em) —+ 1{z>x;} <Z 1712_—5
n=1 !

—KO.@M)

Clearly, Ho(x) is a strictly decreasing function with lim,_, oo Ha(x) = Lo—K; and lim, o Ha(x) =
-1

—K;. Note that Hy € m and Pp,(z) = Ly — K3 — e* (Qﬂr_(—i)) for x < x;. Moreover, if
there exists 3 such that Pp,(z3) =0, Py, (z) <0 for 25 < x < @ and P, (z) is non-increasing
on (—oo, z}) then by Theorem 2.10, we conclude that z3 is the optimal boundary and the value

function (the rational price) is given by the formula

Vo(z) = / T P (ot ) fr (2)de (6.15)

—o0
(Put-on-Call Option). We consider the put-on-call option. The payoff function is given
by

i d; Kqeri (=)

J

) (6.16)

Jj=1
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Clearly, Hs(x) is a strictly decreasing function with lim,_, ., Hs(x) = L1 and lim,_, ., Hz(x) =
. —(—ip.))~leriE—eE)

—o0. Note that Hy € m and Pg,(z) = Ly — 5;1 K2 (¥, ( p@_))l Lets for x < at.

Furthermore, if there exists 3 such that Py, (25) = 0, Py, (z) < 0for 25 < x < @ and Py, (z) is

non-increasing on (—oo, z3) then by Theorem 2.10, we conclude that 23 is the optimal boundary

and the value function (the rational price) is given by the formula

Vi(z) = / T Pt o) fr (). (6.17)

—0o0
(Put-on-Put Option). We consider the put-on-put compound option. Then we have

P -
—d, LyePn(z=p)

Hy(z) =Ly —U(x) = l{xgz;}(e”” + L1 — L2) + Nasaz) (Ll - Z 7712— -7
n=1 n

). (6.18)

Clearly, Hy(x) is a strictly increasing function with lim,_, o Hs4(x) = L1—Ls and lim,_, o, Hy(z) =
iy Lo (b (Zipy))~tePn T

L;. Note that Hy € mp and Qpg,(x) = Ly — 2, — . for x > z*. More-
n= 1—py P

over, if there exists x3 such that Qm,(z3) = 0, Qu,(vr) < 0 for @ < x < 23 and Qp,(z) is

non-decreasing on (3, 00) then by Theorem 2.7, we deduce that a3 is the optimal boundary

and the value function (the rational price) is given by the formula

o0

Vi(z) = Qs (w4m)faf (m)dm. (6.19)

«
T3 =T
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7 Numerical results

Example 7.1 (call-on-call option). We consider the strike prices K1 = 10 and Ko = 50. For

the diffusion process, x; = 4.2120, x3 = 4.3943, (d;, dvl) = (1,-1) and (p1,p1) = (3.8577,—0.4977).

For the exponential jump-diffusion process, we acquire that x* = 5.3363, x5 = 5.5186, (d1, da, 071, 672) =
(0.6275,0.3724, —0.8955, —0.1044) and (p1, p2, p1, p2) = (1.2029, 6.9435, —0.2359, —3.4791). For

the mizture-exponential jump-diffusion process, we have that x’; = 4.7666, x5 = 4.9490, (d1, da, ds, c?l, gg, 673)
= (0.4405,0.1445,0.4149, —0.7975, —0.05012, —0.1523) and (p1, p2, p3, P1, P2, P3)

= (1.3605, 3.3113,7.2730, —0.03213, —0.2879, —2.8148).

Example 7.2 (call-on-put option). We consider the strike prices K1 = 20 and Lo = 50. For the

diffusion process, x; = 2.8103, x5 = 2.2995, (dl,gl) = (1,-1) and (p1,p1) = (3.8577,—0.4977).

For the exponential jump-diffusion process, we acquire that x; = 2.5340, x5 = 2.0232, (d1, da, El, 672) =
(0.6275,0.3724, —0.8955, —0.1044) and (p1, p2, p1, p2) = (1.2029, 6.9435, —0.2359, —3.4791). For

the mizture-exponential jump-diffusion process, we have that xy, = 2.0042, x5 = 1.4934, (d1,ds, ds, Jl, 672, cﬂi;)
= (0.4405,0.1445,0.4149, —0.7975, —0.05012, —0.1523) and (p1, p2, P3, P1, P2, P3)

= (1.3605, 3.3113, 7.2730, —0.03213, —0.2879, —2.8148).

Example 7.3 (put-on-call option). We. consider-the strike prices Ly = 300 and Ko = 50.

For the diffusion process, we have that'x! = 4.21204 x5 =+4.7562, (dl,cﬂ) = (1,-1) and

(p1,p1) = (3.8577,—0.4977). For the exponential jump-diffusion process, we acquire that x} =

5.3363, a3 = 4.6442, (dy,da, dy, dy)= (0.6275,0.3724, <0.8955, =0.1044) and (py, pa, p1, p2) =

(1.2029, 6.9435, —0.2359, —3.4791). For the mizture-exponential jump-diffusion process, we have

that x* = 4.7666, 25 = 4.3958, (d1, d3,ds, dy,da, ds) = (0.4405,0.1445,0.4149, —0.7975, —0.0501, —0.1523)
and (p1, p2, p3, P1, P2, p3) = (1.3605, 3.3113:7.2730, —0.0321,=0.2879, —2.8148).

Example 7.4 (put-on-put option). We consider the strike prices L1 = 45 and Lo = 50. For the
diffusion process, x, = 2.8103, x5 = 1.9094, (d1, Eivl) =(1,-1) and (p1,p1) = (3.8577,—0.4977).

For the exponential jump-diffusion process, we acquire that x;, = 2.5340, x5 = 2.4091, (dy,da, 671, Jg) =
(0.6275,0.3724, —0.8955, —0.1044) and (p1, p2, p1, p2) = (1.2029, 6.9435, —0.2359, —3.4791). For

the mizture-exponential jump-diffusion process, we acquire that x, = 2.0042, x5 = 2.0176,
(dy,ds, ds, dy,dy, ds) = (0.4405,0.1445,0.4149, —0.7975, —0.0501, —0.1523) and (p1, p2, p3, P1. Pa: P3) =
(1.3605, 3.3113, 7.2730, —0.0321, —0.2879, —2.8148).

40



200

150+

100+

50
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3.0 3.5 4.0 4.5 5.0

Optimal boundary for jump-diffusion process with vl=v2=1
® Optimal boundary for diffusion process
Value function for jump-diffusion process with vi=v2=1
Reward function for jump-diffusion process with vl=v2=1
----- Value function for diffusion process
----- Reward function for diffusion process

5.5

Figure 1: call-on-call options for jump-diffusion process with vl=v2=1 and diffusion process.
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T T T T T
3.0 3.5 4.0 4.5 5.0
X

Optimal boundary for jump-diffusion process v1=v2=2
®  Optimal boundary for jump-diffusion process v1=v2=1
Value function for jump-diffusion process with v1=v2=2
Reward function for jump-diffusion process for v1=v2=2
----- Value function for jump-diffusion process with vl=v2=1
----- Reward function for jump-diffusion process with vi=v2=1

Figure 2: call-on-call options for jump-diffusion process with vl=v2=1 and vl=v2=2.
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Optimal boundary for jump-diffusion process with vl=v2=1
e  Optimal boundary for diffusion process
Value function for jump-diffusion process with vl=v2=1
— Reward function for jump-diffusion process with vl=v2=1
----- Value function for diffusion process
----- Reward function for diffusion process

Figure 3: call-on-put options for jump-diffusionsprocess with . w1=v2=1 and diffusion process.
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0 T ® T T ...I 1
0 1 2 3 4 5 6
X

®  Optimal boundary for jump-diffusion process with vl=v2=1
Optimal boundary for jump-diffusion process with v1=v2=2
----- Value function for jump-diffusion process with vi=v2=1
----- Reward function for jump-diffusion process with vi=v2=1
— Value function for jump-diffusion process with v1=v2=2
Reward function for jump-diffusion process with v1=v2=2

Figure 4: call-on-put options for jump-diffusion process with vl=v2=1 and vl=v2=2.
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Optimal boundary for jump-diffusion process with vl=v2=1
® Optimal boundary for diffusion process
Value function for jump-diffusion process with vl=v2=1
Reward function for jump-diffusion process with v1=v2=1
----- Value function for diffusion process
----- Reward function for diffusion process

Figure 5: put-on-call options for jump-diffusion proeess with vl=v2=1 and diffusion process.
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Optimal boundary for jump-diffusion process with v1=v2=2
® Optimal boundary for jump-diffusion process with vl=v2=1
Value function for jump-diffusion process with v1=v2=2
Reward function for jump-diffusion process with v1=v2=2
""" Value function for jump-diffusion process with vl=v2=1
----- Reward function for jump-diffusion process with v1=v2=1

Figure 6: put-on-call options for jump-diffusion process with vl=v2=1 and vl=v2=2.
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Optimal boundary for jump-diffusion process with v1=v2=1
® Optimal boundary for diffusion process
Value function for jump-diffusion process with vl=v2=1
Reward function for jump-diffusion process with vl=v2=1
----- Value function for diffusion process
----- Reward function for diffusion process

Figure 7: put-on-put options for jump-diffusion-process with vl=v2=1 and diffusion process.
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® Optimal boundary for jump-diffusion process with vl=v2=1
Optimal boundary for jump-diffusion process with v1=v2=2
----- Value function for jump-diffusion process with vl=v2=1
----- Reward function for jump-diffusion process with v1=v2=1
Value function for jump-diffusion process with v1=v2=2
Reward function for jump-diffusion process with v1=v2=2

Figure 8: put-on-put options for jump-diffusion process with vl=v2=1 and vl=v2=2.
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Table 1: Parameters for Jump-Diffusion Processes

Diffusion Process Exponent Jump Diffusion Process Mixture Exponent Jump Diffusion Process
-0.105 -0.105 -0.105
0.25 0.25 0.25
- 0.3 0.3
m - 0.3 0.3
B - 2.5 2
ay - 1.428571429 0.1333333333
B2 - - 4
asg - - 0.4166666667
c11 - 1 0.5
co1 - - 0.5
C11 - 1 0.5
Ca21 - - 0.5

Table 2: Compound options

Diffusion Process

Exponent Jump/Diffusion Process Mixture Exponent Jump Diffusion Process

call-on-call

Ky 10 10 10
K> 50 50 50
x 4.212076578 5.336364625 4.766693426
x5 4.394398135 5.518686182 4.949014981

call-on-put

Ky 20 20 20
Lo 50 50 50
z; 2.810341610 2.534084694 2.004288173
x5 2.299515986 2.023259069 1.493462547

put-on-call

Ly 300 300 300
Ky 50 50 50
) 4.212076578 5.336364625 4.766693426
x5 4.756251761 4.644257544 4.395873979
put-on-put
Ly 45 45 45
Lo 50 50 50
m; 2.810341610 2.534084694 2.004288173
x5 1.909491485 2.409138962 2.017624207
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8 Verification of optimality

From now on, we consider the process

N} NF
Xt :at+bWt+Z}/¢*ZZJ
i=1 j=1

Here {Yf ci=1,2,..} and {Z¢ : j = 1,2,...} are sequences of independent exponentially
distributed random variables with parameters § and «, respectively. First, recall that g;(z) =

e* — Ky and W(x) = 1{_%21:}(67” — Ks) + 1{I<$§}(7Zi§i epr(@—wo) 4 —‘;z{{i e”2(w’wz)). Here e%c =

T LoePn@==5)
Wi (—1) K. In addition, ga(z) = Lo—e® and U(x) = 1{z<as} (La—€")+1(r50) <22 “) .

n=1 1-py

Here e®» = 1, (—i)Lo.

(Call-on-Call Option). Note that H(z) = W(z)—K; = Liz>ay (€= K1—Ka)+1p<qr) (iiKi epr(@—wo) 4

02Kz epa(a—s) _ K1> and
p2—1

_(dipy AB o AB N s [ i
Qo) =( B0 2T B AT e [T penay

 [dip
T

do
(a+ ) )+ -( 5

We show that the rational price of the call-on-call. option is the rational price of the perpetual

2~ 2~ 2 ~ ,
b P1 @4 b P2 ):| Hl('r) - |:12)r(d1;51 +d2;62):| Hl(x) (81)

American call option with the strike price K1+ Ko..That is Vj(z) = 1{r215}(e$ — K1 — Ks) +
La<az) (dl(K1+1K"‘) er (@=ws) A—d“ﬁji@)em(m—m%)) Hete, e =4t (—i)(K; + K,). (Note that

i
Case 1: ¢%c — K, — Ko < 0. It follows from Hf(a:) = (e* 4 Ky — K3)" that the result above
holds.
Case 2: ¢%c — K| — Ky > 0. Since Hj(x) is increasing, we get {H; > 0} = (@, o0), for some
a <z} Fora <z <z, we have
. [ _ oz d1 Ko da Ko V(DK K
e /m Hi(y)e™dy =ePe) ((m DB DB B B)
di KyePr(z=22) doKqeP2(@=22) [,
=D =B) (2= Dlp2—B) B
Plugging this into (8.1) gives
dipr —A daps =M
Q. () :< - 'ﬂ—ga = 'ﬂ%)
y [eﬁ(w—w2)< A1 Ky . do Ko RS K2>
(p1 =1)(p1 = B)  (p2—1)(p2 = B) p—1 B
dy KoeP1(x=22) dy KoeP2(@=2c) K,
=D =0 (p2—Dlp2—0) ﬁ}

7~ 2~ 1= 27
_ |:d1p1 . (a/+ b pl) + d2p2 . (a+ b p2):| (( d1K2 epl(mf:ﬂ:) + %epg(mfm:)) Kl)

r 2 r 2 p1—1 p2— 1
b2 ~ ~ dlleQ * d2,02K2 *
_ d d pr(z—=) pa(z—my) | 92
[%( 101+ gpz)](pl_le P (8.2)
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Notice that

di1 Ko i do Ko d);r(—l)Kg B ﬁ
(pr=1D(p1—=B)  (p2—1)(p2—B) g—1 B
_ d1 Ky n dr K> . K> dip1 dap2 - K,
(pr=D(p1—=0B) (p2—D(p2—0) B—-1"p1—1 pr—1 B
Ky dip1 dap2 '\
_6(5—1)<p1—5+p2—5> =0 (®3)

Also, using the Wiener-Hofp factorization, we have that

r r(8—2)(a+2)

r—ip(—iz) {b

_ ppo(ﬁ - Z) 2 Jkﬁk
~ Blpr — 2)(p2 — 2) I;z—ﬁk (8.4)

Observe that evaluating both sides of (8.4) at z = 3 implies that

2
dipr — B)(p2 — B)
Z B — Pk —Aplpz ' (8:5)

Also, by multiplying both sides of (8.4) by z% and lefting z — oo, we see that

Z dppr = (8.6)

2 ppo

Moreover, it follows from (a) and (e¢) in Lemma 4.1 that

r “ 2 r & 2

67151 b%p1 672,52 b%po 1 < /\67151 /\672,52 )
o+ 22y 4 B2 | 306 Y/ <Rl ) 8.7
( ) ( ) B—p1  B—p2 ®.7)

Taking account (8.2)-(8.7) we have that for @<z <%,

Q. () =er =) D2 {_ Bloa=8) | _ B=p)B=p2) _ 5]
h p1—1 p1p2 P1P2 P2
L epa(a—y) B2K [_ Blor=F)  _ B=p)(B=p2) _ 5} K
p2—1 p1p2 p1p2 p1

= - K.

Because Hi(z) = e” — K1 — K5 for z > a7, we have Qp, (z) = Qp, () for z > 27 > In(K1 + K>),
where H;(z) = e® — K1 — Ky. By (5.2), Qp, () = e®(y; (—i)) ™ —

an unique z3 > 7 such that Qu, (23) = Qg (23) =0, Qn, (z) = QHl( x) < 0on (z},x3) and
Qu, (v) = Qp, (2) is increasing on (z3,00). By Theorem 2.7, 23 is the optimal boundary and

— K5. Hence, there is

oo

Vi(z) = Qum, (z +m) far, (m)dm

*
Iz —x

. di(K1+ K. S do(K1 + K I
1) (67 — K1 — Ko) + 1(peas) (Mew—m N Mepgu—az)),

p1—1 p2—1

This complete the proof. [
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n=1 1-py

(Call-on-Put option). Note that Hy(z) = U(z) =K1 = L{z<usy (La—K1—€")+1 {5500y ( 52

K1> and

dipy  —pa o depy  —po | /w
Py, (2) = : : ar [ H,(y)e™vd
H, (T) ( ra+p + Tt e . 2(y)e™dy

d b2 d b? b?
+[ 1Tp1 s oy e pz)}HﬂxH{

5 r B) g(dlpl +d2p2):| H2(.T) (88)
We show that the rational price of the call-on-put option is the rational price of the perpetual

American put option with the strike price Lo — K. That is Va(z) = 1{x§z;}(L2 — Ky —€*)+

—d _ pn(x—x3) * . * *
1{m>z;}(2§_1 Tulla—Kypem — = ) Here e = ¢, (—i)(Ls — K1). (Note that a3 < 27.)

Case 1: Ly — K < e%». It follows from H2Jr (z) = (La — K1 — %) that the result above holds.
Case 2: Ly — K, > ¢®. Since Hy is decreasing, we observe {H, > 0} = (—00,4), for some

a > xy. For x; < x <@, we first observe that

e~ /“’ Hy(u)e*du —e—(z—zy) { CLLQ JQLQ & _ "
o (a+p)A=p1)  (a+p)(l—p2) o a+l
ye @ —Ohla ey —dele K1
(P ) =p1) (a+p)(l-p2) «
(8.9)

—1 . N | #
Also, since Ly — <1/)T(—i)) e*» =0 and ¢ (—i) = f—i%l; + 112_-%, we have
glLQ + (;Z/QLQ i 2 _ ex;
(a+p1)(1 = pp)\ Natp2)(l=ps) /la a+1
—L dip dap:
P T G R
ala+ 1) \a+p1  ‘a+py

This together with (8.8) and (8.9) yields that for z; <z < a,

P, () =(d”’1 e depr | —pa ) [—Jlee‘ﬁl(xi-ﬂ | Lo —Kl]
2 r  a+pr r a+p /)| (a+p1)1—p1) (a+ p2)(1 = p2) o

dip1 b?p1,  dapo b2 py | [—diLoe P1@o=®)  _dyLye P2 —2)
. . _K
+{T (a+—=)+ (@a+-—7) 1- 5 + 1—po !
b2 —671,51[/267’31("”;7‘/”) _(52,52[/267;32(:6;*1’)
—(d d . 8.10
+ {27,( 11+ 2P2)}{ -7 + -5 (8.10)
In addition, applying similar arguments as in (8.5)-(8.7), we obtain that
d d P p:
1 TP r(pt O‘Z(’f ) (8.11)
a+pr  a+ps —HP1P2
2 ro
Y dipi= (8.12)
j=1 3 P1P2
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and

b2 2 b2 2
dq(apr + ﬁ) +d2(ap2 + ﬁ) = T+M(

; 5 (8.13)

Plugging (8.11)-(8.13) into (8.10), we obtain that for x; <z <@

dip1 n dap2
a+pr a+p2)

—d LoePr(z—z3) > 3 >
R
1—p P1P2 p1p2 P2
_JL /72(1*90;) - + s + - +
T e
1—po P1P2 P1P2 P1
=—-Kj.

Because Hy(z) = Ly — K1 —e” for < x, we have Py, () = Pg_(z) for z <z, <In(L2 — K1),
where Hy = Ly — K1 — ¢*. By (5.3), Py (z) = Ly — Ky — e®(1, (—i))~1. Hence, there is an
unique z3 < x, such that Ppy,(z3) = Py (23) = 0, Pu,(z) = Py, (¥) < 0 on (z3,7;) and

Py, (z) = Py, () is decreasing on (—o0, z3). By Theorem 2.10, 23 is the optimal boundary and

Va() :/%ﬂ P, (x + 2) f1,(2)dz

3 =Lz - K1>ew-w%>>

s

=lio<ayy (Lo — K1 —€”) + 1{x>m;}<

n=1

We complete the proof. n

(Put-on-Call option). Note that Hz(x) = Li—~W(z) = Ip>ag (L1 +Ko—e®) T +1pcpey (L1 —

K2(pfilep1(:c—x:) + 7p2dilep2($—$2)))+ and

dipr  —pa | dope mpa .
P = . . [e%4 H ayd
Hj (x) ( r a+ o1 + r - +,02 € 3(y)e Yy

—00
2

d b? d b b ,
+ { 1:’1 (a+ 2/)1) + 2TP2 (a+ 2/’2)}H3(x) + [%(dlpl +d2p2)]H3(aj). (8.14)

Case 1: Ly + Ky —e® < 0. On {H; > 0}, we have H3(z) = Ly — KQ(%CPI(I_Iz) N
2 Ko, (<ipy)) e "0
j=1 )

%692@’12)). It follows from (5.3) that Pp,(x) = L1 — <Z
Hence, there exists unique z3 < x} such that Py, (23) = 0. By Theorem 2.10, we deduce that
x5 is the optimal boundary and

Vi(z) = / T P+ 2) fi(2)dz, (8.15)

— 00

where f,(2) = Z?:l gjﬁje—ﬁjq{z<0}-
Case 2: L; + Ky — e® > 0. Since Hj is decreasing, we have {Hz > 0} = (—o0,a), for some

x} < a. For x} <z <@, direct calculation gives

67‘“/ Hs(u)e*"du

L, + Ky

_—ole—al) ( _ di Ky _ dr K < dyp1 n oy ) K> Kz) e
(m—1(pr+a) (p2—1)(p2+a) pp—1 pp—1/a+1l « a+1
Koe @@=22) — dip, dap2 ) e’ L+ K,

ala+1) © p+a pata’ a+l !

(8.16)
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In addition, by the similar approach as in (8.5)-(8.7), we have that

dipy n dap2 r(p1 + @) (p2 + a)

= AL , (8.17)
a+pr a+tp2 —HpP1P2
2 ro
D dipj = s (8.18)
j=1 3 P1P2
and
b2 p? b2 p3 dip1 dap2
dy(apy + —2) + dy(aps + —=2) =7 + ( > 8.19
apr + —=) + d2(apz + —=) ot Tatn (8.19)

Therefore, taking account of (8.14) and (8.16)-(8.19), we have that for z} < z < @,

_[(dipr  —pa dapa  —po Kye o@=zc) dip1 dap2 e’ Li + K>
P () =( D21 KO B - -y
r  a+p T a+po ala+1) pp+a pta a+1 a
[ W dip1 dap2 b? }
+ |14+ = + Li+ Ky —e€*)— | —(dip1 +d e
i r(a—i—pl a—l—pz)}( 1 2 ) {27”( 1P1 2/02)

_ b dip1 n dap2 Qe—a(x—x:)
rla+1)\a+p  a+pe
[ % < dipy dap2 ) b?

+|{—-1- — —(dip1 +d e+ L1 + Ks. 8.20
rla+1)\a+p1  a+p2 2r( 11 2p2)] ! 2 (8:20)

=

From the identity above, we see that Py, () is decreasing on (z%,a) and

2
. /~LK2 dlﬂl dzpz )
1 Py, =L+ Ky +
xﬂl(g)Jr Hs(x) ! 2 r(a—l—l) <a+p1 &+ p2

K dip1 dap2 b? ] *
— |14+ 3 +—(d +d ee.
{ rla+1) <a+pl a+pz) g (o1 + dop2)

Next, we verify that Py, () is decreasing on (—c0,z5). By Remark 5.6, we have that for x < a7,

Py, () = —dy Kpe?r(==72) {f“(fl L) ] — dy el ) [f‘(f"’ —A1)(o2 — fa) } + L.
p1p2(p1 — 1)1 +a) p1p2(p2 — 1)(p2 + )
(8.21)
Because the coefficients of Py, (z) in (8.21) are both negative, we conclude that Pp,(x) is
decreasing on (—oo,z}). Notice that lim,_,_o Pp,(x) = L; and lim,_4 Py, (z) < 0. Hence,

there is an unique x5 < @ such that Py, (z3) = 0. (Note that if lim,_, )+ Pp,(x) < 0, then

* .,
c)

x% < x¥; otherwise, x5 > x%.) By Theorem 2.10, we deduce that z3 is the optimal boundary

and the value function is given as in (8.15). [

(Put-on-Put option). Note that Hy(x) = Ly —U(x) = l{wgw;}(ex +Ly—Lo)+ La>as) (L1 —

—d. L Py (z—xp)
o, B g
n= —Pn

(b A8 dapp AB e [ »
QH4 (x) _( r /8 _ 51 + r ﬂ _ 52)6 /z H4(y)€ ydy
B {Jlﬁl at 5251)

dva b2~ b2 ~ ~ ’
(et =)+ 2P -(a+;2)}H4(w)— {%(d1p1+d2p2):|H4($)-

(8.22)
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2 _Janeﬁ"(z—z;)

n=1 1—pn It

Case 1: ¢“ + L1 — Ly < 0. On {H4 > 0}, we have Hy(x) = L1 — Y,
2 —dyLa(u (—ipy) et
n=1 1—py

)
follows from (5.2) that Qpu,(z) = L1 —>_ . Therefore, there exists
unique x5 > w such that Qp,(23) = 0. By Theorem 2.7, we deduce that x5 is the optimal

boundary and

o0

Va(z) = Qm, (x +m) far, (m)dm, (8.23)

T3 —T
2 p
where far, (m) =325 djpje " Lm0
Case 2: e" + L — Ly > 0. Since H, is increasing, we get {H, > 0} = (@, c0), for some @ < .

For @ < x < xj,, we have

o0

eﬁl/ Hy(y)e PYdy
_ e (€7 Lo —di Ly —da Ly > e Li—L
=eflemmy + 24 B e + 2 +

(1—5 B A=p)pr—B) (L=p2)(p2—p)) 1-8 3

LoeP@=2y) (67151 @52) e Ly — Lo

— - - + . 8.24
BB—1) \B—p1 ' B-po (8.24)

-5 B
Plugging (8.24) into (8.22)and using (8.7) gives for @ < x < xj,

dipy  —AB  dapo Aﬂ){Lzeﬂ(m_z;)<_&ﬁl Ez;ﬁz> er Ly — Ly
: + + ~7

QHAL(l’)(r R TR 7 4 RS VRN T R Y A e A

XN/ dipr dops s -~
1+ — = = T4 Ly = Lo ) — | ==(d d *
NIERE (=lslsyN e
_ ALy <d1€1 n dle2>26,6(zz;)
rB-D\B—p B—pa
A dipi o dapo PRl L
1 — — | — —(d d T4+ Ly — Lo. 8.25
+[+T(1—5)<ﬁ—p1+ﬂ—p2 27’( 1p1Adap2) | €” + Ly 2 ( )
By using (8.5), (8.6) and the fact that Bp1pa > Bp1'+ Bp2 — 5, we obtain that
A ( i da s ) ¥ Bp1+ Bp2 — B — pip2
r=B\B—p  B-—p2) 2r p1p2(B —1)
This together with (8.25) leads to the facts that Qp, () is increasing on (@, ;) and

> 0.

1+ (dvpy + dapa) =1 —

. ALy <_Jlﬁl —Cfivzﬁz>2
lim J(x) = — + e~
xe(w;)*QH() r(B-1)\B—p1 B—p2
A dip1 dapa Vo~ *
1 - — Tp + L — Lo.
+[ +T(1ﬂ)(ﬂﬁ1+ﬂﬁz> oy (d1p1 +d2p2) e + Ly — Ly

(8.26)

It remains to verify that Qp, () is increasing on (z;,00). By Remark 5.5, we have that for

*
£E>$p

(—d1)LaB(p1 — p1)(p2 — p1)e” =" (=d3)LafB(p1 — pa)(p2 — pa)e?*@=2)
p1p2(1 —p1)(p1 — ) p1p2(1 — p2)(p2 — B)

QH4(£L') = + L.

(8.27)
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Moreover, because the coefficients of Qg,(z) in (8.27) are both negative, we conclude that
Qu, () is increasing on (x}, 00). Also, notice that lim, ... Qpu,(z) = L1 and lim, 5 Qp, (z) <
0. Hence, there exists an unique 3 > @ such that Qp, (z3) = 0. (Note that if lim, (,x) Qu, (z) <
0, x5 > x,; otherwise, z3 < ac;) By Theorem 2.7, we see that x3 is the optimal boundary and

the value function is given in (8.23). |

Next, we consider the compound options for diffusion processes and assume that X; =

at + bW,. In this case, d; = 1, 671 = —1 and p; < 0 < p; are the solutions of r — az — b2222 =0.
Recall that gi(z) = e* — Ky and W(z) = 1(z>,+)(e® — K2) + 1{I<wz}ﬁ1[_(’i’epl(mfx2). Here

Qg (7) = (¢, (—1)) ™! — K> and z is the unique solution of Qg (z) =0, i.e.,

Ko
p—1

*
ewC =

(8.28)

In addition, g2(z) = Lz — €” and U(z) = l{z<zzy (L2 — €7) + 1{I>$Z}%W' Here

Py, (x) = Ly — e*(¢p; (—1))~" and z is the unique solution of Py, (x) =0, i.e.,
«  —p L
N (8.29)
=01

(Call-on-Call option). Notice that Hy(z) = Lzs ey (€®— Ky~ Ko)+1 <00y <Z1[_<§ epr(@=c)

K1> and
b231ﬁ1 /
— H,(x). (8.30)

2r !

dip b2 5
Quy(2) = — = Aok

)2 ERC5)

First, notice that if e®s — K; — K5 < 0, then the rational price of the call-on-call option is
the rational price of the perpetual American call option with the strike price K; + K5. Next,
consider the case e*c — K — Ky > 0 and write {H; > 0} = (@,00), for some @ < z%. By
using the facts that d; = 1, dq = —1, @(a—i— I’Q%) = —1 and —g—iﬁlpl =1, , we see that for
a<z<xl

Jlﬁl b2,51 d1K2 p1(z—z*) b2 o~ d1p1K2 ¥
=_ . — = r=we) K ) — —(d 2APL7R2 opi(z—x))
Qu, (x) (et —=) P 1) = 5, (dip) 1€

=K.

For x > af, Qm,(x) = e* — K1 — Ko — :’;—: Therefore, it is easy to see that there is an unique
x3 > x¥ such that Qm, (z3) = 0 and Qp, (z) is increasing on (x3,00). By Theorem 2.7, x5 is
the optimal boundary and

o0

Vi(z) = Qu,(x +m)far, (m)dm. (8.31)

*
£E2 —T
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Observe that e = Zi—f_ff and emg(plp—:l) = K, + K. Therefore, we have

K "
- ;’11711 + €. (8.32)

o
Lo

Plugging the identities Qm, (x) = (%)e’“ — K1 — Ky and fp, (x) = p1e””* into (8.31), we
get that for x < 23

& —1 x x
V(x) :/ <p1p1 ettm _ K, — K2>p16_p1mdm _ <612 ~ K — K2>e_p1(ggz_g;)
T5—T

_ 9 i) (8.33)
P1

(The last identity follows from Qg (x5) = 0). Moreover, for z > 25, V(z) =e* — K1 — Ko. =
4y Ly

(Call-on-Put option). Notice that Ha(x) = 1{y<qs} (L2 — K1 —€")+1{z500) (151 -

K1> and

b2d1l71
2r

b*p1

_dipr, 01
2

Py () = 2 (0 +

VHy(z) + HY(2). (8.34)

First, notice that if Ly — K1 — e®» < Q then the rational price of the call-on-put option is
the rational price of the perpetual American put option with.the strike price Ly — K7. Next,
consider the case in which Ly — K; =e®r >0-and write {Hy >0} = (—00,a), for some @ > .
Taking account of the facts that di.= 1, d—lTﬂ(a + E;&) = land —‘1157;,’71 =1, we have that for
T, <w<a,

LoePt(z=%p) 1 ﬁiLzeﬁﬂI*wp

— > =K.
(=p1) A= !

Also, for < xy, we have Py, (z) = (=1 + ﬁ—ll)em + Ly — K. Therefore, it is easy to see that
there exists an unique x3 < x such that Py,(z3) = 0 and Pp, () is decreasing on (—o0, x3).

By Theorem 2.10, we conclude that x5 is the optimal boundary and

Va(z) = / T Pt o) 1 (). (8.35)

—0o0

By using the facts that e*r = (715_1%52 and (%)e“’ + Ly — K1 = 0, we obtain

x5 ﬁlKl z*
s B 8.36
=7 (8.36)

Plugging the identities Py, (z) = (1%—1'51)6'” — K1 + Ly and f;,(x) = —p1e~P'* into (8.35), we

have that for x > x5,

z5—x 1-5% B B
‘/2(58) :/ <(~p1)ew+z _ Kl -}-Lz) (_pl)efﬂlzdz

—o0 P1
_ ), (8.37)
—P1
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Furthermore, for < a3, Vo(x) = Ly — K; — €°. n

(Put-on-Call option). Note that H3(x) = 1{p>4+) (L1+K2—e®)+11p<qy (L1~ 1K§ ePr(@=))

and

2 2 ,
WL (a4 TP Hy(o) + - (dapn) Hi (). (8.39)

PH;() r 9

First, notice that if L1 + Ky < e®, then on {Hz > 0}, we have Hg( )=1L; — dli}(iepl(xfx*)

It follows from (5.3) that Py, (x) = Ly — @820l 117" Therefore, there exists an

unique x5 < ¥ such that Pgy,(z3) = 0. By Theorem 2.10, we deduce that x3 is the optimal

boundary and

x5—x

Vao) = [T Pue+ )i (), (8.39)
—0o0

where f; (z) = Jlﬁle_ﬁlzl{xo}.

Next, consider the case L + K, > e®. Since Hs is decreasing, we have {Hs > 0} = (—00,a)

for some a > z%. Plugging Hs(z) = L1 + Ky — €® into (8.38) and using the facts d; = 1,

%(a—l—bm)—land M—l,wegetthatformz§w<a,
d b2 dqp1b® 1
Pi,(¢) = 2P (a+ =) {Ll + Ky em} SO L+ Ko + (=Dt (840)

On the other hand, for z < x,

Koer1(z—T2) 1 Kserr(z—z7)
Prr, () =Ly — == = < Y/ 3 )
p1—1 (=p1) p—1
Koepr(z=zl)
i A/ ( —1+ ﬂl) + Li. (8.41)
p1—1 p1

It follows from (8.40) and (8.41) that Pp,(z) is a decreasing function on (—oo,@). By (8.28) ,

we obtain that

— Pl o p1— p1
lim P, L1+ Ky + efe =L — (N)K. 8.42
o—(zy)t (@) = Lo+ K ( p1 ) Y\ -1 (8.42)
If L, < (p(pll))KQ, then there is only one z3 < z¥ such that Pp,(z5) = 0. Also, by (8.28),
we have

Llﬁlple(Plfl)x:

epll’; — -
P1L—pP1

(8.43)

Therefore, by Theorem 2.10, we deduce that x5 is the optimal boundary and for x > x5,
x5 ) KoePl (u—z}) B
z) =/ P, (u) f1,(u — )du = / {26 ( -1+ ’f) + Ll] (—p)e =Dy
-0 —00 p1—1 P1

—p1(z;—23) _
:651(w—w§) (Kéelpl(z + L1> — (_;)ewz .epl(w—wg) .eﬁl(wg—wz)
— P P1

54



(The last identity comes form the relation %ﬁq:) < -1+ gi) +L; =0 and (8.28)). Also,

for x < a3,

dy KyeP1(@=22)

Vs(z) = L1 — 1

(8.44)

On the other hand, if L; > 515(1,;_1&11) Ky, then there is only one 23 > z} such that Py, (z3) =0,
which leads to the fact that

pos — Pilla + Ka)

= 8.45
51 (8.45)
By Theorem 2.10, we deduce that x% is the optimal boundary and the value function is given
as follows.
z; 3
Vy(a) = / Prr(u) fir, (u — @)du + / Prr(u) fr, (u — 2)du
- . . K. =~ * .
_pi(e—a?) (ezc N Pl?) L pra—) <L1 K, - ez2>
L=p1
:eﬁl(w—ié)ﬁ (8.46)

=
(The last identity comes from (8.28) and (8.45).) Also, for = < x,
dy KoeP1@=ag)
p1—1
and for 2 < x < a3, V3(z) = L1 +K5 —e®. |

(Put-on-Put option). Notice thatefly(z) = Lig<ample®+L1—L2)+1 (55011 (Ll—‘w>

and
2~ ~
LA . (8.48)

2r 4

dipn bpy
Qn,(2) = —— = (a+ =5 )Hi(z)
First, notice that if e*» + L; — Ly < 0, then on {H,; > 0}, we have Hy(z) = Lazanp (L1 —
(7&1)1126/31(1*%:)
1—p1
0. By Theorem 2.7, 3 is the optimal boundary and

). It follows from (5.2) that there exists an unique x3 > z; such that Qg, (3) =

o0

Vi= Qu,(x +m)fu, (m)dm, (8.49)

*
Z2 —T

where fas, (m) = dip1e”"*™ 11,50y Next, consider the case in which e”» + Ly — Ly > 0. Since

H, is increasing, we get {Hy > 0} = (@, 00), for some @ < . By using the facts that d; = 1,

dy = -1, @ (a+ lﬁ%) = —1 and —gﬁlpl =1, we see that for @ < z <},
e’ 1
Qu,(x) ="+ L1 — Lo+ ——— = (1 — —)e® + Ly — Ly (8.50)
(=p1) p1

and for z > T,

LoeP (@=2) 5 [oepr(@=a}) [ ePi(z—ay) p
2€ P1i2€ _ = (—1+&)+L1~ (8.51)

x)=11— — — = —
Qi () ! I—m p1(1—p1) L—p1 p1
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It follows from (8.50) and (8.51) that Qg, () is an increasing function on (@, o). By (8.29), we
see that

lim  Qu(x) = (21

. (P1 — p1)Lo
o + [ — Lo = ~———"=+L7. 8.52
e—(z5) " p1 ) LT - p) ' (8:52)
If % + Ly < 0 then there exists only one 23 > 7 such that Qu,(z3) = 0. By (8.29), we
obtain

ey _ Lipipre”®s (8.53)
(P1 — p1)e™
By Theorem 2.7, we see that 3 is the optimal boundary and for z < z3,

Vi(x) :/;0 Qu,(w)far.(u—z)du = /;o [I’Q(ﬁl_pl) pa(

— e U—I;) +L1 ple_pl(u_l)du
(I—p1)pm

5
2

) (s ey _—P1L2 i) a3 ) €7 (8.54)
p1(1—p1) p1
1 p (.n—.n;)
(The last equality follows from (8.29)). Also, for z > x5, Vy(x) = L, — %. On the
other hand, if w + Ly > 0 then there is only one 3 < x¥ such that Qg,(«3) = 0. In this
p1(1—p1) 2 P a2
case, we have

G2 L2 — Loy

< \ 8.55
iy (8.55)
By Theorem 2.7, x5 is the optimal‘boundary and for z'< x5,

Vo) = [ Q) fon (0~ | Qu () o, (u — )

—err(@=ay) (elz + Ls ~ I LZN ) + gPlESE) (e”‘; + L — Lz)
= P1

o €72
—er(@—z5) €7

P1

(8.56)
The last identity comes from (8.29) and (8.55). Also, we have for x > a3,
—d) LoePr(@=z3)
Vi(z) = l{x;SISm;}ez —Li—La+ 1{m>m;}L1 - ( 1)1 2_ o1 . (8.57)
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9 Connections between Q,(x) and o,(z)

In this section, we establish a relation between @}, and o,. Here, we assume that the pro-
cess {X;}i>0 is a jump-diffusion process with positive matrix-exponential jumps (there is no
downside jumps). Also, it follows from (4.20) and (4.7) that if X is not a subordinator (i.e.,
p > 1),

1 1231 )d p . .
,r.<1{a<0 and v=03d0(—=P1) + 1, >1y Z “)6 ply=z) g <0,

=1 Pj — P1
GT‘(Iay) =
M1
1 jpj)epj(yz), y—ax>0;
(ten L P2
(9.1)
otherwise,
1
Gr(z,y) = 1{y—z>0};fM(y —x). (9-2)

We write g € 13 if g and g’ are in my. Note that if g € 7o, then Q] () exists almost everywhere.

For g € ma, we define

- ( P1Qg(x) + Q;(z)>, if X is not a subordinator,
P
oy (z) = (9.3)
rQq(x), if X7 is'a subordinator.
Theorem 9.1 Assume that g € mo-and Q,(z*) =0 for some'z* &R. SetV fm G (z,y)o (y)dy

for all x. Then we have

(a) For every = > z*,V(z) = g(z).

(b) For any x < z*,V(z) = E Qq(M, + z); M,z >a*| and lim,_, V(z) = 0.

(c) If Qq(x) < 0 for x < z*, then we obtain V(z) > g(z) and in addition, if Qg(x) is non-

decreasing for x > x* then ‘N/(x) is the value function for the optimal stopping problem (1.1).

Proof. (a) We consider first that X T is not a subordinator. Using integration by parts, we have

for x > z*
xe*ﬁl(y*m)gf( Vdy = _ Qqy(x) — ePr@=27) (z*) (9.4)
o g y)ay = ﬁl g g : :
On the other hand, notice that for u; > 1, g € mo implies that
lim Qg(z)e”"* =0. (9.5)

This along with integration by parts yields that for 1 <1 < puq,

T

[ e == <@+ =) [T e, ma). (00

f1

o7



It follows from (9.4), (9.6), and (9.1) that

/ "G, ()0 (9)dy

*

Pj p1(z—x™ *
= < {a<0 and b= o}dO + 1 >1y Z %t ) (Qy(x) — el )Qg(x ))

1 Pi -1
9.7)
and
/ G ()0 (y)dy
= 1{u1>1}z Jpj (—Qg(x) + (pj —51)/ ep"(yw)Qg(y)dy)
(9.8)
Therefore, for z > x*,
/ Go(z,9)0',(y)dy = / G, (z, )0 (y)dy + / Gy, y)0, () dy
M1 %)
1{a<0 and b=0}d0Qg(x) + 1 >1 Z/w djpjefpj(yfw)Qg(y)dy
/ Qg(y)fM(y—w)dyZE{Qg(MHrw)} _ g(a). (0.9)

Now we consider the case that X *.is a_subordinator. It follows from (9.3) and (9.2) that for

x>k,
/ G (z, )0 gy = / GrE T ) g~ / Gy (2,9), () dy

/z N Qo) fuly — 2)dy =B [Qg(Mr + x)} = g(2). (9.10)

(b) Assume X is not a subordinator. For p; > 1, we see by (9.5) and integration by parts
that

[ e 0@y widy =i [ e IQ, )y
This together with oy (z) = - ( - pQy(z) + Qy (m)) implies

/ e gt (y)dy = (=) (p *ﬁl)/* e mDQq(y)dy. (9-11)

* P1
Taking account of (9.11) and (9.1), we obtain that for < z*

/Gwy (y)dy

= 1{u1>1}zd3pj/ € pj(y_x)Qg(y)dy

Jj=1

/* Qu(y)fu(y — z)dy = E{Qg(Mr +x); M, + x> z*
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Next we assume X T is a subordinator. It follows from (9.3) and (9.2) that for z < z*
V@ = [ Gy
— [T @l - Dy =E| Q01 + )i, 2 0.
In both cases, since Re (p;) > 0 for 1 < j < pq, we see that
o0
lim e P10 Q, (y)dy = 0. (9.12)
r——00 T*

This implies lim,_,_ 17(36) =0.

(c) It follows from (b) and @), is a solution of the averaging problem that
V) = E {QQ(MT +a); M, +x > x*}
= g(x)—-E {QQ(MT +z); M, +x< x*} . (9.13)

This along with Qg(z) < 0, for any & < z* yields V(z) > g(z). Additionally, if Qq(z) is non-
decreasing for x > x*, then using Theorem 2.7, we obtain that ‘7(95) is the value function for

the optimal stopping problem (1.1). ]
Example 9.2 (Ezample 5.3 continued). We-have

_=n AB v, —B(y—z)
T) = = e d ax”
Qy() = — < T B Y

and

—p \3? N A

Q’g(x) _ " ( _ 6~ / ywefﬁ(y*z)dy ¥ ﬂ~ Y — a’yx'Yl).
5 —P1 Je P1

Therefore, we have

m@) = (- n) + QW)

- —)\ﬁeﬂx/ yTe Py + (ﬁ)\ﬂ

-/

+ aﬁl> Y —ayx? L

z+if3 -
This implies that r + X = apy + % and oy (r) = —ABePT [ e Pvdy + (r+ N)aY — aya? L.

Note that —ip1 is a solution of the equation r — 9 (z) = 0, where (z) = iaz + )\( 18 1).
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10 Appendix

Proof of Lemma 2.3. We quote below the proof of Lemma 9.1 in [15]. The definition of V*
implies that

sup E.(e7"g(X;)) > V*(x)
TeT

for all € R. On the other hand, property (ii) together with Doob’s Optional Stopping Theorem
imply that for allt >0,z € Rand 0 € 7,

v* (:L') > Ex(efr(t/\(r)v*(Xt/\U»
and hence by property (i), Fatou’s Lemma, the non-negativity of g and assumption (2.3)

V()

Y

lim inf E, (e ") g(Xips))
tToo

V

E, (lim tinf eiT(tAg)g(Xt/\a))

Too

= Eu(e7"9(X,))-
As o € T is arbitrary, it follows that for all z € R

Ve (x) > sup By (eirTg(XT))'
TeT

In conclusion it must hold that

Vi(z) = sup Ez(e=""g(X-))

for all z € R. [}

Proof of (4.32).

epsm/ e(ﬁk*Ps)’U«/ (y 7u)j7£g(y)eiﬁkydydu

j—0+1

_ (=0
B ; G—E+1— OB —po)E
[eps(ﬂc—Z)eﬁkz /Oo(y _ Z)j—€+1—£g<y)e—6kydy _ Pz (/Oo(y _ x)j—£+1—£g(y)e—ﬂkydy>]
(j = Ol

(Br — pa)i 1 /x 9(y)e vdy. (10.1)

First, observe that the condition(2) of Definition 4.2, implies that the last term in (10.1)
will converge, as z — oo. So, it suffices to verify the first term converges to zero. Indeed, we

have
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o0
eps(m—Z)eﬁkZ/ (y— Z)j—é+1—£g(y)e—/3kydy‘
z

o0
= eps(m*z)/ W g (u + 2)e Pridu
0

< Jepsta=2) / W g+ 2) e | du

0

< 6p5(zfz)

/ W T (A 4 Apef ()Y | e By,
0

Taking account of the fact 0 < 8 < p; < Bk, we see that the last term above converges to zero,

as z — oo. This yields

lim
Z— 00

eps(r*Z)eﬁw/ (y — Z)jflJrlfég(y)efﬁkydy = 0.

The proof is complete. L]

Proof of Theorem 2.11. We quote below the preof.of Theorem 3.1 in [20]. Since V is an r-
excessive function (for details, see [14] Proposition 7.6'p.501) and, from condition (c) and (d),
a major of g, it follows by Dynkin’s characterization of the value function as the least excessive

majorant, that

Vi(x) > Slelg)—]E(e_rTg(XT)). (10.2)

In order to conclude the proof, we establish the equality in equation (10.2). Consider for each
n > 1 the stopping time

1
o = inf{t >0 X & (=nyz" — E)}

for w € {7* < oo} define 7 = lim,,_, o, 7, We have
<7< ST T

For n large enough, X, > x* — %, and, as the process is quasi-left continuous, lim, . X;, =
X+, and, hence X7 > z*. This gives us that 7 = 7 a.s.

As V' is r-excessive, the sequence {e "™V (X, )} is a non-negative supermartingale, and
consequently, it converges a.s. to a random variable. Because X, — X, a.s., and V is
continuous, we identify the limit as e """ V(X ). From assumption (a) and (b) it follows that

Cy = sup V(z) < o0.

r<x*
Furthermore, as
eirTnV(XTT,,) = eirTnV(Xn)l{Tn<T*} + eirT*g(XT*)]‘{Tn:T*} < CV + sup eirtg(Xt)

t>0
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we obtain, in view of condition (2.8), using the Lebesgue dominated convergence theorem
E(e™" ™V (X,)) | E(e™" V(X)) as n— oco.

Furthermore, as the representing measure o does not change the open set (—oo, x*), the function
V is harmonic on the set, and, as 7, are exit times from the open sets (—n, 2* — % =), we conclude
that

V(z) =E(e "™ V(Xy,)) L Ee " V(X))

and the proof is complete.

Proof of (5.2). By (4.23), we have

Qy(2)
' vi ng J 0
th{l{“2>1}z - [ZZZ G Y3 JJ% 0! / e
e — P _

k=1j=1 ¢=1

b"py Omx Omb® O
((a—|—2 Je +72 e

V1 Nk

/\(ﬂk ]ij — G=1 —fBru 9m,(u+ac)d
{a>oandb0}r ZZ G-1)!_J B\ € u

k=1 j=1

+(A + ot e aﬁmegmx}}.

Also, by using the fact that 0 < max{f,, : 1!'Sm < M} < p; <min{Re () : 1 <k < v} and
applying integration by parts, we have

< =)
w0 BRIug, — (G
/ 5

kT gm)j—é-i-l ’

This together with the fact

e [ —A(Br) crj _ - —AG) jcka (Br) cx;
ZZ(E (B = Pn)* (ﬁk—é’m)j“’“) —%(ZZ Ok = Om) (5k—5n)j>

k=1j5=1

M B2 s 1 Nk i

. 1 p; —A(Br)? Ck A(Br)? c;
S e {1{#22%29 B [($535 A, ;
m=1 n=1

_'077 k=1j=1 (ﬂk_p'fl)

0. 12 b2 B
< g tat 2?7)(9”‘/)")}

v Mg )\ ij—aem-i-()\-i-/,l,-’—'f') )
ﬂk_gm

{a>0 and b=0} . (
k=1 j=1

It follows from Remark 4.5 that

M -1
T) = mz::l B e?m® <¢+(—iem)) .
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