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q -形變在許多數學及物理的不同領域裡被廣泛討論。然而，所有

已知的討論都是建立在保角變換 x qx 之上。在本篇論文中，我們考慮

另一種形式的形變，稱之為q -形變，它是建立在 qx x 的變換之上。換

言之，這類形變發生在變數 x的次方數上。我們也期待 q -形變最終會是

研究量子群理論的另一途徑。 
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ABSTRACT 

    The -deformation had been wide discussed in many different fields 

of mathematics and physics. However, all the discussions that we know of 
are simply based on the conformal mapping 

q

x qx
q

q

. Throughout the thesis, 
we consider deformation of another kind, says -deformation, which is 

based on the mapping x x . In other words, these kinds of deformations 
appear in the power of variable x . We expect - deformation to be a new 

approach to the studying of Quantum Groups eventually. 

q
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時時出入系主任辦公室接受主任的關心與輔導，從大三開始，一連三個學期都是

如此。高微、代數、複變、微分方程、拓樸、機率統計在同一時間連續轟炸的感

覺，我想很少數學系的學生有我這般得天獨厚的機遇吧，只能如此苦笑地安慰自

己，再往臉上貼金，這是天將降大任於斯人也云云。然而，天不曾降大任於斯人，

成敗與否卻往往操之在己。也許是帶著再當一科鐵定延畢的決心，也許是自己開

始約略懂得唸書的要領，也許是自己同時進行著好幾科更高等深難的課程，許多

人聞之色變的高等微積分，在我身上卻很意外地如魚得水，我只能這麼解釋，微

積分我修過兩次，昨天複變講得更廣，前天拓樸教得更深，當然用功與否才是主

因吧。最終還是順利地如期畢業了，也糊裡糊塗地考上了自己學校的研究所。然
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了，研究所的生活，又是另一個昏天黑地的開始。說來慚愧，連開課老師都不時

好心地向我耳提面命嘮叨幾句，勸我要好好唸書，別再浪費時間，同學也半開玩

笑地提醒我，明天要考試別又睡過頭忘了來上課了，渾渾噩噩之中，第一學期也

就這樣莫名其妙地過去了。寒假四十天，下定決心至少要讓大一以來一直呈現空

白狀態的線性代數從零到有，畢竟一個不懂線性代數的數學系研究生在面子上是

掛不住的，也再次報名了研究所考試做為自我能力的檢測。我很驚訝於我的投入

與專注程度，整整四十天，每天從圖書館開館坐到閉館，一坐下便能馬上全神貫

注，投入程度令我常常中餐不吃，也因此有生以來第一次體會到自己竟然可以和
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線性代數如此親近。也許是自己夠用功，加上考運不錯，沒想到就這樣來到了交

大。踏入交大的校園，是兩種奇妙而矛盾的感覺，畢竟原本只能在網站上才看得
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Chapter 1

Introduction

Almost all functions can be represented explicitly or approximately by a

finite sum or an infinite sum of the simplest algebraic functions xn with some

coefficients. More precisely,
∑

n anx
n. For the nature exponential function,

the simplest transcendental function to our philosophy, one has the expression

from Elementary Calculus:

ex =
∞∑
n=0

xn

n!
.

When the simplest algebraic function comes to the simplest transcentdental

function and take integral from 0 to∞, a fantastic formula comes into being:

n! =

∫ ∞
0

xne−xdx.

1



For complex z except the non-positive integers, the complex generalization

of the factorial is the well-known gamma function

Γ(z) =

∫ ∞
0

tz−1e−tdt

= lim
n→∞

n!nz

z(z + 1)(z + 2)...(z + n)

:= (z − 1)!

Retrospect to the history, it is the intelligence of Euler [1] to wrote down the

two expressions of the factorial function:

1 · 2n

1 + n
· 21−n · 3n

2 + n
· 31−n · 4n

3 + n
· 41−n · 5n

4 + n
...

and ∫ 1

0

(−logt)ndt.

Later, Gauss and Legendre rewrote the product and integral expression in

the modern form, respectively. Although Euler discussed some cases for n

is rational in his formulas and refound the work of Wallis (1616-1703) for

n = 1
2
:

π

2
= (

2 · 2
1 · 3

) · (4 · 4
3 · 5

) · (6 · 6
5 · 7

) · (8 · 8
7 · 9

)...,

he does not appear to be considered in the factorial of a complex number, as

Gauss did first. Nowadays, the gamma function play an important role for

applications in engineering and many applied sciences for special functions,

such as beta function, hypergeometric function, Bessel function, Legendre

function..., are original from the simplest gamma function. In reality, each

2



time when a topic concerning the special functions was discussed, the gamma

function was mentioned. As a result, the gamma function is essential to the

theoretical research of mathematics and physics, and worth studying.

In the world of q (or more formal terminology �q-analogue�), roughly

speaking, a q-analogue of a classical mathematical object (a constant, a vari-

able, a function, an equation, an identity, an algebra, a theorem...) means a

new mathematical object which was deformed from the classical with scales

of functions of variable q in its substructures, and the q-deformation recover

the classical form when q tends to 1−. To our knowledge, the earliest q-

deformation studied in detail is the basic hypergeometric series [2]

ϕ(α, β, γ, q, x) = 1 +
(qα − 1)(qβ − 1)

(q − 1)(qγ − 1)
x

+
(qα − 1)(qα+1 − 1)(qβ − 1)(qβ+1 − 1)

(q − 1)(q2 − 1)(qγ − 1)(qγ+1 − 1)
x2 + ...,

which was first considered by E. Heine in 1846 and is the q-analogue of the

classical hypergeometric series

F (α, β, γ, x) = 1 +
αβ

1 · γ
x+

α(α + 1)β(β + 1)

1 · 2 · γ(γ + 1)
x2 + ...,

From the inspiration of the fact that F (1, k, 1, t
k
) for k = ∞ is et, Heine

constructed two analogues

∞∑
m=0

q1+2+...+(m−1)tm

(q − 1)(q2 − 1)...(qm − 1)

and
∞∑
m=0

tm

(q − 1)(q2 − 1)...(qm − 1)
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by ϕ(1, k, 1, q, t
qk

), ϕ(1, k, 1, q,−t) for k = ∞. In fact, the two series were

discovered by Euler earlier and introduced by F. H. Jackson [3] after Heine

as two q-analogue of ex in 1903: (The notations used differ from Jackson

slightly)

Ex
q =

∞∑
n=0

qn(n−1)/2 xn

[n]q!

and

exq =
∞∑
n=0

xn

[n]q!
,

where

[n]q :=
1− qn

1− q

is the q-analogue of n, and

[n]q! := [1]q[2]q[3]q...[n]q.

The q-gamma function Γq(x) was introduced by J. Thomae [4], a student

of Heine, in 1869 and later by F. H. Jackson [5] in 1904 as the infinite products

(We use the notations nowadays instead of what the original authors used )

Γq(x) =
(q; q)∞
(qx; q)∞

(
1

1− q
)x−1 =

(q; q)x−1

(1− q)x−1
,

where 0 < q < 1 and

(a; q)∞ :=
∞∏
n=0

(1− aqn) = (1− a)(1− qa)(1− q2a) · · · ,

(a; q)x :=
(a; q)∞

(aqx; q)∞
.
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However, the q-integral representation of Γq(x) was not quite right until it

was recosidered by T. H. Koornwinder [6] in 1990:

Γq(x) =

∫ 1
1−q

0

tx−1E−qtq dqt,

where the q-integral is defined by∫ x

0

f(t)dqt =
∞∑
j=0

f(qjx)(qjx− qj+1x).

The q-beta function, first introduce by J. Thomae [4], has a quite similar

result to classical beta function B(x, y) = Γ(x)Γ(y)
Γ(x+y)

=
∫ 1

0
tx−1

(1−t)y−1dqt :

Bq(x, y) =
Γq(x)Γq(y)

Γq(x+ y)
=

∫ 1

0

tx−1 (qt; q)∞
(qyt; q)∞

dqt =

∫ 1

0

tx−1

(qt; q)y−1

dqt,

where x, y > 0. Other q-extensions of beta function B(x, y) =
∫∞

0
tx−1

(1+t)x+y
dt

are original from the famous formula of Ramanujan [7]∫ ∞
0

(1 + aqt)(1 + aq2t)...

(1 + t)(1 + qt)(1 + q2t)...
tx−1dt =

π

sin πx

∞∏
n=1

(1− qn−x)(1− aqn)

(1− qn)(1− aqn−x)
.

Some more details was discussed by R. Askey and G. E. Andrews in [8, 9]:∫ ∞
0

tx−1 (−qx+yt; q)∞
(−t; q)∞

dt :=

∫ ∞
0

tx−1

(−t; q)x+y

dt

=
Γq(y)Γ(x)Γ(1− x)

Γq(x+ y)Γq(1− x)

= (
Γ(x)Γ(1− x)

Γ(1)
)(

Γq(1)

Γq(x)Γq(1− x)
)(

Γq(x)Γq(y)

Γq(x+ y)
)

=
B(x, 1− x)

Bq(x, 1− x)
Bq(x, y)

q→1−−−−→ B(x, y) =

∫ ∞
0

tx−1

(1 + t)x+y
dt,
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∫ ∞
0

tx−1e−tq dt :=

∫ ∞
0

tx−1 1

(−(1− q)t; q)∞
dt

=
Γ(x)Γ(1− x)

Γq(1− x)

= (
Γ(x)Γ(1− x)

Γ(1)
)(

Γq(1)

Γq(x)Γq(1− x)
)Γq(x)

=
B(x, 1− x)

Bq(x, 1− x)
Γq(x)

q→1−−−−→ Γ(x, y),

and ∫ ∞
0

tx−1 (−qx+yt; q)∞
(−t; q)∞

dqt :=

∫ ∞
0

tx−1

(−t; q)x+y

dqt

=
Γq(x)Γq(y)

Γq(x+ y)

(−qx; q)∞(−q1−x; q)∞
(−1; q)∞(−q; q)∞

= Bq(x, y)
(−qx; q)∞(−q1−x; q)∞

(−1; q)∞(−q; q)∞

q→1−−−−→ B(x, y),

where ∫ ∞
−∞

f(t)dqt :=
∞∑

j=−∞

∫ qj

qj+1

f(t)dqt =
∞∑

j=−∞

f(qj)(qj − qj+1).

Everytime when a subject of q-series was concerned, the famous Jacobi

Tripe Product Indentity should not be missed:

(1− x)(qx; q)∞(q; q)∞(q/x; q)∞ =
∞∑

n=−∞

(−1)nq
n(n−1)

2 xn.

A simple proof, which conncets two identities of Euler

∞∏
n=0

(1 + qnx) =
∞∑
m=0

q1+2+...+(m−1)xm

(1− q)(1− q2)...(1− qm)
,
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∞∏
n=0

(
1

1− qnx
) =

∞∑
m=0

xm

(1− q)(1− q2)...(1− qm)

with the Jacobi Triple Product, is due to G. E. Andrews [10]. An application

that we know of was given by R. Askey [11], who generalized the well-known

formula

cosπx =
(Γ(1

2
))2

Γ(1
2

+ x)Γ(1
2
− x)

to q-analogue by considering the relations between q-gamma function, Jacobi

Triple Product, properities of Theta functions and then obtained the nice

formula :

(Γq(
1
2
))2

Γq(
1
2

+ x)Γq(
1
2
− x)

= q
−x2

2 cosπx
∞∏
n=1

(
1 + 2r2ncos2πx+ r4n

1 + 2r2n + r4n
),

where r = e
2π2

logq → 0+ as q → 1−. A more general version of Jacobi Triple

Product is the the famous Ramanujan 1Ψ1 summation [8]:

∞∑
n=−∞

(a; q)n
(b; q)n

xn =
(ax; q)∞(q/ax; q)∞(q; q)∞(b/a; q)∞
(x; q)∞(b/ax; q)∞(b; q)∞(q/a; q)∞

,

which is the generalization of the q-binomial theorem

∞∑
n=0

(a; q)n
(q; q)n

xn =
(ax; q)∞
(x; q)∞

.

If we replace a by 1/α, x by αt and set α = b = 0 in the Ramanujan 1Ψ1

summation, the Jacobi Triple Product Indentity appeared.

So far, we have reviewed the history of the development of q-analogues

briefly. A notice, in brief, is that the deformations of the substructures of

the q-formulas above are based on the conformal mapping x 7→ qx. It is a
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q times deformation in scale with variable x. An interesting subject appear

to be open: what are the analogues when the deformations occur in the

�power�of variable x? That is, what are the analogues when qx becomes xq?

This is what we want to discuss throughout this article. For simplicity, we

use the terminology �q̃-analogue�or �q̃-deformation�to describe deformations

of this kind from now on.
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Chapter 2

q̃-Calculus for differentiation

No one would doubt about the formula �

d
dx

(xn) = nxn−1
�, the simplest

differential rule in any Elementary Calculus books. The main objective in

this chapter is to construct a q̃-analgoue of this formula with self-consistence.

Some preknowledge are given in 2.1. The q̃-analogues of n and xn are con-

structed in 2.2. Two q̃-analogues of n-factorial n! and the corresponding

Taylor’s expansions of ex are considered in 2.3.

2.1 q̃-differential operator

First of all, we define the q̃-differential operator [12, 13](or the q̃-derivative)

with respect to coordinate x as follow:

∆̃(x;q)f(x) :=
f(x)− f(xq)

x− xq
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or more generally

∆̃(x;qα,qβ)f(x) :=
f(xq

α
)− f(xq

β
)

xqα − xqβ
,

where the lower index q or (qα, qβ) denotes a parameter and x is a variable

or a function.

It is clear that the q̃-differential operator is a generalization of the classical

derivative and the q-derivative

∆qf(x) :=
f(x)− f(qx)

x− qx
,

∆(qα,qβ)f(x) :=
f(qαx)− f(qβx)

qαx− qβx
.

A simple exercise is to act ∆̃(x;qα,qβ) on the function xn, and one may easily

obtain

∆̃(x;qα,qβ)x
n =

(xq
α
)n − (xq

β
)n

xqα − xqβ
= (

x(qα−1)n − x(qβ−1)n

xqα−1 − xqβ−1
)xn−1

which is a analogue of classical (xn)′ = nxn−1 and q-analogue

∆(qα,qβ)x
n = (

qnα − qnβ

qα − qβ
)xn−1.

For arbitrary ω, we also have the analogue

∆̃(x;qα,qβ)x
ω =

(xq
α
)ω − (xq

β
)ω

xqα − xqβ
= (

x(qα−1)ω − x(qβ−1)ω

xqα−1 − xqβ−1
)xω−1

corresponding to classical and q. It is not surprising that the factor

x(qα−1)n − x(qβ−1)n

xqα−1 − xqβ−1
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or the factor

x(qα−1)ω − x(qβ−1)ω

xqα−1 − xqβ−1

give us some idea to define the q̃-analogue of integer n(or any ω). However,

they are not what we quite expected n or ω of q̃-analogue. In next section,

we find a better expression than this one!

One shall not be curious to know the two differential rules in any Ele-

mentary Calculus books:

(f(x)g(x))′ = f ′(x)g(x) + f(x)g′(x)

and

f(g(x))′ = f ′(g(x))g′(x),

the Product Rule and the Chain Rule. In q̃-Calculus, our analogues to the

Product Rule has the following two kinds:

The first kind is

∆̃(x;qα,qβ)(f(x)g(x)) =
f(xq

α
)g(xq

α
)− f(xq

β
)g(xq

β
)

xqα − xqβ

=
1

xqα − xqβ
{f(xq

α

)g(xq
α

)− f(xq
β

)g(xq
α

)}+

1

xqα − xqβ
{f(xq

β

)g(xq
α

)− f(xq
β

)g(xq
β

)}

= (
f(xq

α
)− f(xq

β)

xqα − xqβ
)g(xq

α

) + f(xq
β

)(
g(xq

α
)− g(xq

β
)

xqα − xqβ
)

= ∆̃(x;qα,qβ)f(x) · g(xq
α

) + f(xq
β

) · ∆̃(x;qα,qβ)g(x).

If we replace the term f(xq
β
)g(xq

α
) by f(xq

α
)g(xq

β
) in the second line of the

11



above formula, we obtain the second kind:

∆̃(x;qα,qβ)(f(x)g(x)) = f(xq
α

) · ∆̃(x;qα,qβ)g(x) + ∆̃(x;qα,qβ)f(x) · g(xq
β

).

A similar argument is to the q̃-quotient rule:

∆̃(x;qα,qβ)

f(x)

g(x)
=

∆̃(x;qα,qβ)f(x) · g(xq
β
)− f(xq

β
) · ∆̃(x;qα,qβ)g(x)

g(xqα)g(xqβ)

and

∆̃(x;qα,qβ)

f(x)

g(x)
=

∆̃(x;qα,qβ)f(x) · g(xq
α
)− f(xq

α
) · ∆̃(x;qα,qβ)g(x)

g(xqα)g(xqβ)
.

For the q̃-chain rule, by computing directly, we have

∆̃(x;qα,qβ)f(g(x)) =
f(g(xq

α
))− f(g(xq

β
))

xqα − xqβ

=
f(g(xq

α
))− f(g(xq

β
))

g(xqα)− g(xqβ)
· g(xq

α
)− g(xq

β
)

xqα − xqβ

=
f(gq

′ω
(x))− f(gq

′µ
(x))

gq′ω(x)− gq′µ(x)
· g(xq

α
)− g(xq

β
)

xqα − xqβ

= ∆̃(g(x);q′ω ,q′µ)f(g(x)) · ∆̃(x;qα,qβ)g(x)

if there are q′, ω, µ such that

gq
′ω

(x) = g(xq
α

)

and

gq
′µ

(x) = g(xq
β

).

This formula, of course, is not regorous! However, it is enough for our argu-

ment in later chapters.
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2.2 xn: A new approach

As we state in the beginning of Chapter 1, most functions are original

from the simple function xn. When we act the q̃-differential operator on xn,

however, there is no more surprising than we expected. Of course, it is also

indifferent to any other functions we were familiar with. This inspired us to

try an absurd way: Why don’t we change these functions? More specifically,

why don’t we change xn?

A simple and conceivable generalization for xn is of the form x1+q+q2+...+qn−1

or more general

xq
(n−1)α+q(n−2)α+β+...+qα+(n−2)β+q(n−1)β

.

For simplicity, we use the notaions [n]q := 1−qn
1−q , [n](qα,qβ) := qnα−qnβ

qα−qα to

rewrite them by x[n]q , x
[n]

(qα,qβ) , respectively. Then we have the following

results when we act q̃-differential operator:

∆̃(x;qα,qβ)x
[n]

(qα,qβ) = ∆̃(x;qα,qβ)x
q(n−1)α+q(n−2)α+β+...+qα+(n−2)β+q(n−1)β

=
xq

nα+q(n−1)α+β+...+qα+(n−1)β − xq(n−1)α+β+...+qα+(n−1)β+qnβ

xqα − xqβ

=
(xq

nα − xqnβ) · x(qα+β)(q(n−2)α+q(n−3)α+β+...+qα+(n−3)β+q(n−2)β)

xqα − xqβ

= (
xq

nα − xqnβ

xqα − xqβ
) · x(qα+β)[n−1]

(qα,qβ)

= JnK(x;qα,qβ) · x
(qα+β)[n−1]

(qα,qβ) ,

where

JnK(x;qα,qβ) :=
xq

nα − xqnβ

xqα − xqβ
=
x(qnα−1) − x(qnβ−1)

x(qα−1) − x(qβ−1)
.
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Take α = 0 and β = 1, it reduces to

∆̃(x;q)x
[n]q = ∆̃(x;q)x

1+q+q2+...+qn−1

= (
1− xqn−1

1− xq−1
)xq(1+q+q2+...+qn−2)

= JnK(x;q)x
q[n−1]q ,

where

JnK(x;q) :=
1− xqn−1

1− xq−1
=

1− (xq−1)[n]q

1− xq−1
.

For any ω, it is intuitive to generalize xω to

x[ω]q = x( 1−qω
1−q )

or more generally

x
[ω]

(qα,qβ) = x
( q
ωα−qωβ

qα−qβ
)
,

and

∆̃(x;qα,qβ)x
[ω]

(qα,qβ) = ∆̃(x;qα,qβ)x
( q
ωα−qωβ

qα−qβ
)

=
x
qα( q

ωα−qωβ

qα−qβ
) − xq

β( q
ωα−qωβ

qα−qβ
)

xqα − xqβ

=
x

( q
(ω+1)α−qα+ωβ

qα−qβ
) − x

qωα+β−q(ω+1)β

qα−qβ

xqα − xqβ

=
xq

ωα
x

( q
(ω+1)α−qα+ωβ

qα−qβ
−qωα) − xqωβx( q

ωα+β−q(ω+1)β

qα−qβ
−qωβ)

xqα − xqβ

=
xq

ωα
x

( q
ωα+β−qα+ωβ

qα−qβ
) − xq

ωβ( q
ωα+β−qα+ωβ

qα−qβ
)

xqα − xqβ

= (
xq

ωα − xqωβ

xqα − xqβ
) · xq

α+β( q
(ω−1)α−q(ω−1)β

qα−qβ
)

= JωK(x;qα,qβ) · x
qα+β [ω−1]

(qα,qβ) ,
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where

JωK(x;qα,qβ) :=
xq

ωα − xqωβ

xqα − xqβ
=
x(qωα−1) − x(qωβ−1)

x(qα−1) − x(qβ−1)
.

Similarly,

∆̃(x;q)x
[ω]q = ∆̃(x;q)x

( 1−qω
1−q ) = (

1− xqω−1

1− xq−1
)xq(

1−qω−1

1−q ) = JωK(x;q)x
q[ω−1]q ,

where

JωK(x;q) :=
1− xqω−1

1− xq−1
=

1− (xq−1)[ω]q

1− xq−1
.

Our objective in this section is nearly achieved:

∆̃q(x
[ω]) = JωK · xq[ω−1]. (2.2.1)

The q̃-differential operator ∆̃q is consistent with JωK and x[ω], the q̃-analogue

of ω and xω, respectively. Here we omit all the indices for clearity and use

(2.2.1) to denote the two cases for single q and double qα, qβ. Note also that

the factor JωK is a function of x and q, not a �constant �anymore.

Another interesting attempt is to construct the q̃-analogue of � d
dx

( 1
xn

) =

− 1
xn+1 �. We consider the relation between ∆̃q and ( 1

x
)[n], and use the q̃-chain

rule and (2.2.1) to justify our following argument:

∆̃(x;qα,qβ)(
1

x
)
[n]

(qα,qβ) = ∆̃( 1
x

;qα,qβ)(
1

x
)
qα+β [n]

(qα,qβ) · ∆̃(x;qα,qβ)(
1

x
)

= JnK( 1
x

;qα,qβ) · (
1

x
)
qα+β [n−1]

(qα,qβ) · (
1
xqα
− 1

xq
β

xqα − xqα
)

= (
( 1
x
)q
nα − ( 1

x
)q
nβ

( 1
x
)qα − ( 1

x
)qβ

) ·

(
1

x
)q

(n−1)α+β+...+qα+(n−1)β · (−1)(
1

x
)q
α+qβ
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= (
xq

nβ − xqnα

xqβ − xqα
) · ( 1

x
)q
nα+qnβ−qα−qβ ·

(
1

x
)q

(n−1)α+β+...+qα+(n−1)β · (−1)(
1

x
)q
α+qβ

= −(
xq

nα − xqnβ

xqα − xqβ
) · ( 1

x
)q
nα+q(n−1)α+β+...+qα+(n−1)β+qnβ

= −JnK(x;qα,qβ) · (
1

x
)
[n+1]

(qα,qβ) ,

or another equivalent representation

∆̃(x;qα,qβ)x
−[n]

(qα,qβ) = −JnK(x;qα,qβ) · x
−[n+1]

(qα,qβ) .

For single q case, it is easier to check that

∆̃(x;q)x
−[n]q = −JnK(x;q)x

−[n+1]q

if we take α = 0 and β = 1 in the previous argument. For any ω, we have

∆̃(x;qα,qβ)(
1

x
)
[ω]

(qα,qβ) = ∆̃( 1
x

;qα,qβ)(
1

x
)
[ω]

(qα,qβ) · ∆̃(x;qα,qβ)(
1

x
)

= JωK( 1
x

;qα,qβ) · (
1

x
)
qα+β [ω−1]

(qα,qβ) · (−1)(
1

x
)q
α+qβ

= (
( 1
x
)q
ωα − ( 1

x
)q
ωβ

( 1
x
)qα − ( 1

x
)qα

) · ( 1

x
)
( q
ωα+β−qα+ωβ

qα−qβ
) · (−1)(

1

x
)q
α+qβ

= (
xq

ωα − xqωβ

xqα − xqα
) · ( 1

x
)q
ωα+qωβ−qα−qβ ·

(
1

x
)
( q
ωα+β−qα+ωβ

qα−qβ
) · (−1)(

1

x
)q
α+qβ

= −(
xq

ωα − xqωβ

xqα − xqα
) · ( 1

x
)
qωα++qωβ+( q

ωα+β−qα+ωβ

qα−qβ
)

= −(
xq

ωα − xqωβ

xqα − xqα
) · ( 1

x
)
( q

(ω+1)α−q(ω+1)β

qα−qβ
)

= −JωK(x;qα,qβ) · (
1

x
)
[ω+1]

(qα,qβ) ,
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or another equivalent representaion

∆̃(x;qα,qβ)x
−[ω]

(qα,qβ) = −JωK(x;qα,qβ) · x
−[ω+1]

(qα,qβ) ,

and the single q case is

∆̃(x;q)x
−[ω]q = −JωK(x;q)x

−[ω+1]q .

Now, we obtain another self-consistent relation between ∆̃q, −JωK, and x−[ω]:

∆̃q(x
−[ω]) = −JωK · x−[ω+1] (2.2.2)

Notice also that the algebraic structure of (2.2.2) is quite different from (2.2.1)

in nature since an additional factor �q �appeared in the power of x in right-

hand side of (2.2.1), but it does’t in (2.2.2) instead.

Actually, (2.2.2) inspired us to construct another version of q̃-analogue

of � d
dx

(xω) = ωxω−1
�with no additional �q �in the power of x:

∆̃q(x
−[−ω]) = −J−ωK · x−[−ω+1]. (2.2.3)

This formula seems to be more artifical than (2.2.1) for the first look. How-

ever, they are two reciprocal representaions of classical d
dx

(xω) = ωxω−1 in-

herently. We will give some reasons in 2.3 to convince the readers of our

opinions.
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2.3 Ẽx
q , ε̃xq : Incomplete discussions for Tay-

lor’s expansion approach

As a result of dn

dxn
xn = n! and ∆n

qx
n = [n]q[n− 1]q[n− 2]q...[2]q[1]q = [n]q!,

we have some idea to extend the n-factorial to q̃-analogue. One way, but not

quite right, is that

JnK+
(x;q)! := JnK(x;q)Jn− 1K(xq ;q)Jn− 2K(xq2 ;q)...J2K(xqn−2 ;q)J1K(xqn−1 ;q), (2.3.1)

where

Jn− iK(xq
i ;q) :=

1− xqi(qn−i−1)

1− xqi(q−1)
.

The idea is direct from the consequences:

∆̃(x;q)x
1+q+q2+...+qn−1

= (
1− xqn−1

1− xq−1
)xq(1+q+q2+...+qn−2),

∆̃(xq ;q)x
q(1+q+q2+...+qn−2) = (

1− xq(qn−1−1)

1− xq(q−1)
)xq

2(1+q+q2+...+qn−3),

∆̃(xq2 ;q)x
q2(1+q+q2+...+qn−3) = (

1− xq2(qn−2−1)

1− xq2(q−1)
)xq

3(1+q+q2+...+qn−4),

...

∆̃(xq
i ;q)x

qi(1+q+q2+...+qn−i−1) = (
1− xqi(qn−i−1)

1− xqi(q−1)
)xq

i+1(1+q+q2+...+qn−i−2),

...

It is intuitive to define an ex of q̃-analogue as the Taylor’s expansion

Ẽx
q := 1 +

∞∑
n=1

1

JnK+
(x;q)!

x1+q+q2+...+qn−1

. (2.3.2)
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Then we have the following consequences by the above differential laws and

q̃-product rule of first kind from section 2.1:

∆̃(x;q)Ẽ
x
q = ∆̃(x;q)(1 +

∞∑
n=1

1

JnK+
(x;q)!

x1+q+q2+...+qn−1

)

=
∞∑
n=1

∆̃(x;q)(
1

JnK+
(x;q)!

x1+q+q2+...+qn−1

)

=
∞∑
n=1

(
1

JnK+
(x;q)!

∆̃(x;q)x
1+q+q2+...+qn−1

)

+
∞∑
n=1

(xq(1+q+q2+...+qn−1)∆̃(x;q)
1

JnK+
(x;q)!

)

= 1 +
∞∑
n=2

JnK(x;q)

JnK+
(x;q)!

xq(1+q+q2+...+qn−2)

+
∞∑
n=1

(∆̃(x;q)
1

JnK+
(x;q)!

)xq(1+q+q2+...+qn−1)

= 1 +
∞∑
n=2

1

Jn− 1K+
(xq ;q)!

xq(1+q+q2+...+qn−2)

+
∞∑
n=1

(∆̃(x;q)
1

JnK+
(x;q)!

)xq(1+q+q2+...+qn−1)

= 1 +
∞∑
n=1

1

JnK+
(xq ;q)!

xq(1+q+q2+...+qn−1)

+
∞∑
n=1

(∆̃(x;q)
1

JnK+
(x;q)!

)xq(1+q+q2+...+qn−1)

= Ẽxq

q +
∞∑
n=1

(∆̃(x;q)
1

JnK+
(x;q)!

)xq(1+q+q2+...+qn−1).

Similarly,

∆̃(xq ;q)Ẽ
xq

q = Ẽxq
2

q +
∞∑
n=1

(∆̃(xq ;q)
1

JnK+
(xq ;q)!

)xq
2(1+q+q2+...+qn−1),
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∆̃(xq2 ;q)Ẽ
xq

2

q = Ẽxq
3

q +
∞∑
n=1

(∆̃(xq2 ;q)

1

JnK+

(xq2 ;q)
!
)xq

3(1+q+q2+...+qn−1),

...

∆̃(xqi ;q)Ẽ
xq
i

q = Ẽxq
i+1

q +
∞∑
n=1

(∆̃(xqi ;q)

1

JnK+

(xqi ;q)
!
)xq

i+1(1+q+q2+...+qn−1),

...

Another n! of q̃-analogue is from the consequences of (2.2.3):

∆̃(x;q)(x
−[−n]q) = −J−nK(x;q) · x−[−n+1]q

∆̃(x;q)(x
−[−n+1]q) = −J−n+ 1K(x;q) · x−[−n+2]q

...

∆̃(x;q)(x
−[−n+i]q) = −J−n+ iK(x;q) · x−[−n+(i+1)]q

...

and we define

JnK−(x;q)! := (−1)nJ−nK(x;q)J−(n− 1)K(x;q)J−(n− 2)K(x;q)...J−2K(x;q)J−1K(x;q).

(2.3.3)

Then the corresponding Taylor’s expansion for ex of q̃-analogue is

ε̃xq := 1 +
∞∑
n=1

1

JnK−(x;q)!
x−[−n](x;q) = 1 +

∞∑
n=1

1

JnK−(x;q)!
x

1
q

+ 1
q2

+...+ 1
qn , (2.3.4)

where

−[−n]q = −(
1− q−n

1− q
) =

1

qn
(
1− qn

1− q
) =

1

q
+

1

q2
+ ...+

1

qn
.
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The relation between the q̃-differential operator and (2.3.4) is

∆̃(x;q)ε̃
x
q = ∆̃(x;q)(1 +

∞∑
n=1

1

JnK−(x;q)!
x

1
q

+ 1
q2

+...+ 1
qn )

=
∞∑
n=1

∆̃(x;q)(
1

JnK−(x;q)!
x

1
q

+ 1
q2

+...+ 1
qn )

=
∞∑
n=1

(
1

JnK−(x;q)!
· ∆̃(x;q)x

1
q

+ 1
q2

+...+ 1
qn )

+
∞∑
n=1

(x
q( 1
q

+ 1
q2

+...+ 1
qn

) · ∆̃(x;q)
1

JnK−(x;q)!
)

= 1 +
∞∑
n=2

−J−nK(x;q)

JnK−(x;q)!
x

1
q

+ 1
q2

+...+ 1
qn−1

+
∞∑
n=1

(∆̃(x;q)
1

JnK−(x;q)!
)x

1+ 1
q

+ 1
q2

+...+ 1
qn−1

= 1 +
∞∑
n=2

1

Jn− 1K−(x;q)!
x

1
q

+ 1
q2

+...+ 1
qn−1

+
∞∑
n=1

(∆̃(x;q)
1

JnK−(x;q)!
)x

1+ 1
q

+ 1
q2

+...+ 1
qn−1

= 1 +
∞∑
n=1

1

JnK−(x;q)!
x

1
q

+ 1
q2

+...+ 1
qn

+
∞∑
n=1

+(∆̃(x;q)
1

JnK−(x;q)!
)x

1+ 1
q

+ 1
q2

+...+ 1
qn−1

= ε̃xq +
∞∑
n=1

(∆̃(x;q)
1

JnK−(x;q)!
)x

1+ 1
q

+ 1
q2

+...+ 1
qn−1 .

Now, we obtain two different relations between Ẽx
q , ε̃

x
q , and ∆̃(x,q):

∆̃(x;q)Ẽ
x
q ≈ Ẽxq

q (2.3.5)
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and

∆̃(x;q)ε̃
x
q ≈ εxq (2.3.6)

if we ignore the mixed terms. Indeed, the analogues of �

d
dx

(ex) = ex�in q̃-

Calculus is not completely made attempt on since the terms ∆̃(xqi ,q)
1

JnK+
(xq

i
,q)

!

for Ẽx
q , and the terms ∆̃(x,q)

1
JnK−

(x,q)
!

for ε̃xq are still preserved. However, the

corresponding terms in classical and q-Calculus would be cancelled for that

n, [n]q are constant and ( 1
n!

)′ = 0, ∆q
1

[n]q !
= 0. As a result, these expressions

are not nice enough to our philosophy. We will discuss two nicer forms in

3.2.
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Chapter 3

q̃-infinite products and

q̃-infinite sums

ex, the simplest and well-known transcendental function, is given by the

following two products (1 + x
n
)n and 1

(1− x
n

)n
when n tends to infinity. When

we consider the q-analogue, the corresponding infinite products of Ex
q and

exq are
∏∞

n=0(1 + qnx
[n]

) and
∏∞

n=0
1

(1− qnx
[n]

)
, respectively. An immediate attempt

made is to find the corresponding q̃-infinite products for ex of q̃-analogue .

A short review, related q-infinite products to q-infinite sums for Ex
q and exq ,

is given in 3.1. Ẽx
q , ẽxq , infinite product representations for ex of q̃-analogue,

and the coresponding nice properties are discussed in 3.2. Two recurrences

for �sum part �of Ẽx
q and ẽxq with some incomplete discussions are considered

in 3.3. Unsolved problems are listed in 3.4.
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3.1 Ex
q , e

x
q : A rough review

First of all, we introduce two identities from [14], the Gauss’s binomial

formula
n−1∏
j=0

(1 + qjx) =
n∑
j=0

[
n
j

]
q1+2+...+(n−1)xj,

where [
n
j

]
:=

[n]!

[j]![n− j]!
,

and the Heine’s binomial formula

n−1∏
j=0

1

(1− qjx)
= 1 +

∞∑
j=1

[n][n+ 1]...[n+ j − 1]

[j]!
xj,

which is the q-analogue of Taylor’s expansion of 1
(1−x)n

in elementary Calcu-

lus.

It is not difficult to verify that the Gauss’s and Heine’s binomial formulas

become two different q-analogue of ex when replacing x by x/[n] and letting

n→∞:

n−1∏
j=0

(1 + qj
x

[n]
) =

n∑
j=0

[
n
j

]
q1+2+...+(n−1)(

x

[n]
)j

=
n∑
j=0

1

[j]!

[n][n− 1]...[n− j + 1]

[n]j
q1+2+...+(n−1)xj

=
n∑
j=0

1

[j]!
{( [n− 1]

[n]
)(

[n− 2]

[n]
)...(

[n− j + 1]

[n]
)}q1+2+...+(n−1)xj,

which implies that

∞∏
n=0

(1 + (1− q)qnx) =
∞∑
j=0

1

[j]!
q1+2+...+(n−1)xj := Ex

q , (3.1.1)
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and

n−1∏
j=0

1

(1− qj x
[n]

)
= 1 +

∞∑
j=1

[n][n+ 1]...[n+ j − 1]

[j]!
(
x

[n]
)j

= 1 +
∞∑
j=1

1

[j]!
{( [n+ 1]

[n]
)(

[n+ 2]

[n]
)...(

[n+ j − 1]

[n]
)}xj,

which implies that

∞∏
n=0

1

(1− (1− q)qnx)
=
∞∑
j=0

1

[j]!
xj := exq . (3.1.2)

On the other hand, Ex
q , exq also appear when we replace x by (1− q)x in

the two identities of Euler

∞∏
n=0

(1 + qnx) =
∞∑
m=0

q1+2+...+(m−1) xm

(1− q)(1− q2)...(1− qm)
,

∞∏
n=0

(
1

1− qnx
) =

∞∑
m=0

xm

(1− q)(1− q2)...(1− qm)
.

Interestingly, the two identities, relate infinite products to infinite sums, were

discovered by Euler who lived before Gauss and Heine. However, they would

be derivated from Gauss’s and Heine’s binomial formulas when n tends to

infinity.

A simple extension of Euler’s identities is to find the infinite sums corre-

sponding to
∏∞

n=0(1 + xq
n
) and

∏∞
n=0( 1

1−xqn ). Computing the first product

finite times, one shall obtain a formula of the form:

n−1∏
j=0

(1 + xq
j

) = 1 +
n∑
j=1

s
n
j

{

(x,q)

x1+q+q2+...+qj−1

,
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where the �coefficients �

s
n
j

{

(x,q)

are functions of variable x with parameter

q and satisfy the q̃-Pascal rule, manely,
s
n
j

{

(x,q)

= xq
n−1−qj−1

s
n− 1
j − 1

{

(x,q)

+

s
n− 1
j

{

(x,q)

,

and

s
n
0

{

(x,q)

:= 1. However, it seems hard to express

s
n
j

{

(x,q)

by an

explicit formula like the classical

(
n
j

)
= n!

j!(n−j)! . For this reason, our

destination, finding a q̃-analogue of Gauss’s (or Heine’s) binomial formula

and then letting n tends to infinite to obtain a q̃-analogue of Euler identity, is

failed due to our poor knowledge. In other words, to find the ex of q̃-analogues

seems to be impossible if we just rely on the wisdom of the predecessors.

3.2 Ẽx
q , ẽ

x
q : Infinite product approach

The product representations for ex of q̃-analogue that we found are of the

following two forms:

Ẽx
q :=

∞∏
n=0

(1 + (1− xqn(q−1))xq
n

) (3.2.1)

and

ẽxq :=
∞∏
n=0

1

(1− (1− xqn(q−1))xqn)
. (3.2.2)

It is clear that (3.2.1) and (3.2.2) are q̃-generalizations of �product part�

corresponding to (3.1.1) and (3.1.2), respectively. For convenience, we use

the following equivalent representaions from now on:

Ẽx
q = (1 + (x− xq))(1 + (xq − xq2))(1 + (xq

2 − xq3))..., (3.2.3)
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ẽxq =
1

(1− (x− xq))(1− (xq − xq2))(1− (xq2 − xq3))...
. (3.2.4)

It is easy to check that Ẽx
q and ẽxq inherit the nice differential property of

classical, that is, (ex)′ = ex:

∆̃(x;q)Ẽ
x
q

=
(1 + (x− xq))(1 + (xq − xq2))...− (1 + (xq − xq2))(1 + (xq

2 − xq3))...
x− xq

=
(1 + (x− xq)− 1)

x− xq
{(1 + (xq − xq2))(1 + (xq

2 − xq3))(1 + (xq
3 − xq4))...}

= (1 + (xq − xq2))(1 + (xq
2 − xq3))(1 + (xq

3 − xq4))...

= Ẽxq

q

and

∆̃(x;q)ẽ
x
q

=

1

(1−(x−xq))(1−(xq−xq2 ))(1−(xq2−xq3 ))...
− 1

(1−(xq−xq2 ))(1−(xq2−xq3 ))(1−(xq3−xq4 ))...

x− xq

= (

1
1−(x−xq) − 1

x− xq
){ 1

(1− (xq − xq2))(1− (xq2 − xq3))(1− (xq3 − xq4))...
}

=
1

(1− (x− xq))(1− (xq − xq2))(1− (xq2 − xq3))...
= ẽxq .

For the q̃-analogue of e−x, we define by the following:

1

ẽxq
: =

∞∏
n=0

(1− (1− xqn(q−1))xq
n

)

= (1− (x− xq))(1− (xq − xq2))(1− (xq
2 − xq3))...
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and

1

Ẽx
q

: =
∞∏
n=0

1

(1 + (1− xqn(q−1))xqn)

=
1

(1 + (x− xq))(1 + (xq − xq2))(1 + (xq2 − xq3))...
.

Then the similar arguments are that:

∆̃(x;q)
1

ẽxq
= − 1

ẽxqq
, ∆̃(x;q)

1

Ẽx
q

= − 1

Ẽx
q

.

It is intuitive to define the q̃-analogue of sinhx and cosh x by the following:

S̃inhqx :=
1

2
(Ẽx

q −
1

ẽxq
), C̃oshqx :=

1

2
(Ẽx

q +
1

ẽxq
),

s̃inhqx :=
1

2
(ẽxq −

1

Ẽx
q

), c̃oshqx :=
1

2
(ẽxq +

1

Ẽx
q

).

Then we have similar arguments as classical by applying the q̃-differential

rules above:

∆̃(x;q)S̃inhqx = C̃oshqx
q, ∆̃(x;q)C̃oshqx = S̃inhqx

q,

∆̃(x;q)s̃inhqx = c̃oshqx, ∆̃(x;q)c̃oshqx = s̃inhqx.

A nice formula also be found by direct computation,

(C̃oshqx)(c̃oshqx)− (S̃inhqx)(s̃inhqx) = 1.

For sinx and cos x, unfortunately, we have no nice formulas like sinh x

and cosh x. More precisely, the representaions

S̃inqx :=
1

2i
(Ẽix

q −
1

ẽixq
), C̃osqx :=

1

2
(Ẽix

q +
1

ẽixq
),
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s̃inqx :=
1

2i
(ẽixq −

1

Ẽix
q

), c̃osqx :=
1

2
(ẽixq +

1

Ẽix
q

)

seem to have no nice properties that we have is last paragraph. We use

another way to define q̃-analogue of sinx and cos x as follow:

S̃inqx :=
1

2i
{
∞∏
n=0

(1 + i(1− xqn(q−1))xq
n

)−
∞∏
n=0

(1− i(1− xqn(q−1))xq
n

)},

C̃osqx :=
1

2
{
∞∏
n=0

(1 + i(1− xqn(q−1))xq
n

) +
∞∏
n=0

(1− i(1− xqn(q−1))xq
n

)},

s̃inqx :=
1

2i
{
∞∏
n=0

1

(1− i(1− xqn(q−1))xqn)
−
∞∏
n=0

1

(1 + i(1− xqn(q−1))xqn)
},

c̃osqx :=
1

2
{
∞∏
n=0

1

(1− i(1− xqn(q−1))xqn)
+
∞∏
n=0

1

(1 + i(1− xqn(q−1))xqn)
}.

It is easy to verify that

∆̃(x;q)

∞∏
n=0

(1 + i(1− xqn(q−1))xq
n

) = i
∞∏
n=1

(1 + i(1− xqn(q−1))xq
n

),

∆̃(x;q)

∞∏
n=0

(1− i(1− xqn(q−1))xq
n

) = −i
∞∏
n=1

(1− i(1− xqn(q−1))xq
n

),

∆̃(x;q)

∞∏
n=0

(
1

1− i(1− xqn(q−1))xqn
) = i

∞∏
n=0

(
1

1− i(1− xqn(q−1))xqn
),

∆̃(x;q)

∞∏
n=0

(
1

1 + i(1− xqn(q−1))xqn
) = −i

∞∏
n=0

(
1

1 + i(1− xqn(q−1))xqn
),

and then the properties satisfy:

∆̃(x;q)S̃inqx = C̃osqx
q, ∆̃(x;q)C̃osqx = −S̃inqxq,
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∆̃(x;q)s̃inqx = c̃osqx, ∆̃(x;q)c̃osqx = −s̃inqx.

A nice formula also be found by direct computation,

(C̃osqx)(c̃osqx) + (S̃inqx)(s̃inqx) = 1.

3.3 Ẽx
q , ẽ

x
q : Incomplete discussions for infinite

sum approach

An interesting problem which proceeds with 3.2 is to find the infinite sums

of Ẽx
q , ẽxq . It appears that there are some relations between (3.2.1), (3.2.2)

and (2.3.2), (2.3.4) since they are inherent in some algebric structures for

similarity. More precisely,

∆̃(x;q)Ẽ
x
q = Ẽxq

q , ∆̃(x;q)Ẽ
x
q ≈ Ẽxq

q ,

and

∆̃(x;q)ẽ
x
q = ẽxq , ∆̃(x;q)ε̃

x
q ≈ εxq .

For this reason, an irregular attempt is to set

Ẽx
q = (1 + (x− xq))(1 + (xq − xq2))(1 + (xq

2 − xq3))...

= 1 +
∞∑
m=1

am(x; q)x1+q+q2+...+qm−1

, (3.3.1)
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and a0(x; q) := 1, and then to find the recurrence between the coefficients

am(x; q). Our argument is the following:

Ẽx
q = (1 + (x− xq))Ẽxq

q

= (1 + (x− xq)){1 +
∞∑
m=1

am(xq; q)xq+q
2+...+qm}

= 1 +
∞∑
m=1

am(xq; q)xq+q
2+...+qm

+ (1− xq−1){x+
∞∑
m=1

am(xq; q)x1+q+q2+...+qm}

= 1 +
∞∑
m=1

{am(xq; q)xq
m−1}x1+q+...+qm−1

+ (1− xq−1){x+
∞∑
m=2

am−1(xq; q)x1+q+...+qm−1}

= 1 +
∞∑
m=1

{am(xq; q)xq
m−1}x1+q+...+qm−1

+ (1− xq−1)
∞∑
m=1

am−1(xq; q)x1+q+...+qm−1

= 1 +
∞∑
m=1

{am(xq; q)xq
m−1 + (1− xq−1)am−1(xq; q)}x1+q+...+qm−1

Comparing with (3.3.1), we obtain a recurrence

am(x; q) =

{
am(xq; q)xq

m−1 + (1− xq−1)am−1(xq; q), m ≥ 1
1, m = 0

(3.3.2)

A similar attempt is to set

ẽxq =
1

(1− (x− xq))(1− (xq − xq2))(1− (xq2 − xq3))...

= 1 +
∞∑
m=1

cm(x; q)x
1
q

+ 1
q2

+...+ 1
qm , (3.3.3)
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and c0(x; q) := 1. Then

ẽx
q

q = (1− (x− xq))ẽxq

= (1− x+ xq){1 +
∞∑
m=1

cm(x; q)x
1
q

+ 1
q2

+...+ 1
qm }

= 1 +
∞∑
m=1

cm(x; q)x
1
q

+ 1
q2

+...+ 1
qm

− (1− xq−1){x+
∞∑
m=1

cm(x; q)x
1+ 1

q
+ 1
q2

+...+ 1
qm }

= 1 +
∞∑
m=1

{cm(x; q)x
1
qm
−1}x1+ 1

q
+ 1
q2

+...+ 1
qm−1

− (1− xq−1){x+
∞∑
m=2

cm−1(x; q)x
1+ 1

q
+...+ 1

qm−1 }

= 1 +
∞∑
m=1

{cm(x; q)xq
−m−1}x1+ 1

q
+...+ 1

qm−1

− (1− xq−1){
∞∑
m=1

cm−1(x; q)x
1+ 1

q
+...+ 1

qm−1 }

= 1 +
∞∑
m=1

{cm(x; q)xq
−m−1 − (1− xq−1)cm−1(x; q)}x1+ 1

q
+...+ 1

qm−1

Also,

ẽx
q

q = 1 +
∞∑
m=1

cm(xq; q)x
1+ 1

q
+ 1
q2

+...+ 1
qm−1

from (3.3.3), we obtain a recurrence

cm(xq; q) =

{
cm(x; q)xq

−m−1 − (1− xq−1)cm−1(x; q), m ≥ 1
1, m = 0

(3.3.4)

Though we have obtained two recurrences of the coefficients am(x; q) and

cm(x; q), unfortunately, we still have no idea to express am(x, q) and cm(x, q)
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by explicit formulas. An illogic and ambiguous view is to omit some q from

am(xq; q) in (3.3.2) and cm(xq; q) in (3.3.4), then we rewrite the two recur-

rences by the following:

a
′

m(x; q) =

{
a
′
m(x; q)xq

m−1 + (1− xq−1)a
′
m−1(xq; q), m ≥ 1

1, m = 0

c
′

m(x; q) =

{
c
′
m(x; q)xq

−m−1 − (1− xq−1)c
′
m−1(x; q), m ≥ 1

1, m = 0

Apparently, the two recurrences are solvable though they arise form two

unreasonalbe process. To solve these recurrences, we obtain the following

consequences directly:

a
′

m(x; q) = (
1− xq−1

1− xqm−1
) · ( 1− xq(q−1)

1− xq(qm−1−1)
)...(

1− xqm−2(q−1)

1− xqm−2(q2−1)
) · (1− xqm−1(q−1)

1− xqm−1(q−1)
)

=
1

JmK(x;q)

· 1

Jm− 1K(xq ;q)

...
1

J2K(xq
m−2 ;q)

· 1

J1K(xq
m−1 ;q)

=
1

JmK+
(x;q)!

and

c
′

m(x; q) = (−1)m(
1− xq−1

1− xq−m−1
) · ( 1− xq−1

1− xq−(m−1)−1
)...(

1− xq−1

1− xq−2−1
) · ( 1− xq−1

1− xq−1−1
)

= (−1)m · 1

J−mK(x;q)

· 1

J−(m− 1)K(x;q)

...
1

J−2K(x;q)

· 1

J−1K(x;q)

=
1

JmK−(x;q)!
.

Interestingly, Ẽx
q and ε̃xq in (2.3.2) and (2.3.4) are refound by two artificial

recurrences since the coefficients a
′
m and c

′
m are the reciprocal of (2.3.1) and

(2.3.3) unexpectedly. Is it just a coincidence? No, it is just lack of a logical
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explanation for these �coincidence�to our philosophy. It seems to be some

deep relations between Ẽx
q , ẽxq and Ẽx

q , ε̃
x
q and there must be a simple and

concise rule behind the algebraic structures which dictate Ẽx
q , ẽxq and Ẽx

q , ε̃
x
q

in our belief.

3.4 Problems, still problems

A numerous mathematical structures of self-consistence were established

in the world of q-analgoue. For instances, the Jacobi Triple Prodcut was

constructed simply by two identities of Euler which are the original versions

for Ex
q and exq . The q-gamma function has a elegant self-consistent structure

with q-integral and q-infinite product. The similar nice structure is inherited

by the q-beta function and the q-hypergeometric function as well. Much more

than these, the Jacobi Triple Product, the q-gamma function, together with

theta functions [15, 16] were unified successfully into a nice formula [11]

(cos πx)q =
(Γq(

1
2
))2

Γq(
1
2

+ x)Γq(
1
2
− x)

= q
−x2

2 cosπx
∞∏
n=1

(
1 + 2r2ncos2πx+ r4n

1 + 2r2n + r4n
)

(3.4.1)

with r = e
2π2

logq → 0+ as q → 1−, which is the q-analogue of the classical

formula

cos πx =
Γ(1

2
)2

Γ(1
2

+ x)Γ(1
2
− x)

.

An immediate attempt made is to find the q-analogue of another formula

sin πx

π
=

1

Γ(x)Γ(1− x)
.
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As a result of π = Γ(1
2
)2, it is intuitive to set πq = Γq(

1
2
)2 and then the result

is quite similar to Askey’s: (Here we leave all the details in the Appendix.)

(sin πx)q =
(Γq(

1
2
))2

Γq(x)Γq(1− x)
= q

−1
2

(x− 1
2

)2sinπx

∞∏
n=1

(
1− 2r2ncos2πx+ r4n

1 + 2r2n + r4n
)

(3.4.2)

with r = e
2π2

logq → 0+ as q → 1−. Interestingly, (3.4.2) also appeares when we

replace x by x− 1
2

or 1
2
− x in (3.4.1). More precisely,

(sin πx)q = (cosπ(x− 1

2
))q = (cosπ(

1

2
− x))q,

which preserves the properities of the classical trigonometric functions:

sin πx = cos(
π

2
− πx) = cos(−(

π

2
− πx)).

Unfortunately, to find the q̃-analogue of (3.4.1) and (3.4.2) is still a chal-

lenge to our poor knowledge. A suitable defination of q̃-integral for the Γ̃q(x)

is still unknown to us even though a candidate of the integrand

t[x−1](x;q) · 1

etqq
(3.4.3)

was given before. The two identities of Euler could not be extended to

q̃-analogues to this day and a complete Jacobi Triple Product Identity of

q̃-analogue is still an imagination. In addition, to construct a self-consistent

theory for the Theta functions of q̃-analogue would be another important

problem.
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A weak version for Jacobi Triple Product of q̃-analogue is to replace x by

xq−1 in the origial formula

∞∑
n=−∞

(−1)nq
n(n−1)

2 xn = (1− x)(qx; q)∞(q; q)∞(q/x; q)∞.

Then we obtain

∞∑
n=−∞

(−1)nx
n(n−1)

2
q−n(n−3)

2 = (1− x)(xq;xq−1)∞(xq−1;xq−1)∞(xq−2;xq−1)∞,

(3.4.4)

where n(n−1)
2

q − n(n−2)
2
≈ n for q ≈ 1. In reality, it is not appropriate to

involve the terminology �q̃-analogue�with (3.4.4) since it is not beyond the

structures of q-series eventually, of course, helpless to our destination. An

constructive formula to our expectation is at least of the form

∞∑
n=−∞

(−1)nx1+q+q2+...+qn−1

which would be equal to some products involving

(1− t)(1− tq)(1− tq2)(1− tq3)...,

or whatever.

In conclusion, we have discussed �sum part �and �product part �of q̃-

infinite sums and q̃-infinite products independently throughout this chapter.

However, we still have no idea to find a transformation formula which con-

nected q̃-sums with q̃-products simultaneously. More precisely, a explicit

formula (or a weak version) for q̃-binomial theorem. This problem is des-

perate for settling and seems to be more fundamental than all of the above.

Eventually, problems are still problems.
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Chapter 4

Γ(x), Euler Constant γ, and

ζ(2): A new approach

Many different expressions can be given for the Euler constant

γ = lim
n→∞

(1 +
1

2
+

1

3
+ · · ·+ 1

n
− log n).

One way to obtain the magic constant is to evaluate the value of the loga-

rithmic derivative for the reciprocal of Gamma function at x = 1 [17]. More

precisely,

d

dx
log

1

Γ(x)
|x=1= −Γ

′
(1)

Γ(1)
= γ.

Differentiating log 1
Γ(x)

twice, the result is also worth studying:

Γ
′′
(x)

Γ(x)
= (

Γ
′
(x)

Γ(x)
)2 +

∞∑
n=0

1

(n+ x)2
= (

Γ
′
(x)

Γ(x)
)2 + ζ(2, x)

and then

Γ
′′
(1)

Γ(1)
= γ2 +

∞∑
n=1

1

n2
= γ2 +

π2

6
.
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In this Chapter, we desired to generalize the Euler Constant γ and Rie-

mann zeta 2 function ζ(2) of classical to q- and q̃- analogue.

4.1 γq and ζq(2)

For q-gamma function, one has the infinite product

Γq(x) =
(q; q)∞
(qx; q)∞

(
1

1− q
)x−1,

or another equivalent representaion

Γq(x) = lim
n→∞

[1][2]...[n]

[x+ 1][x+ 2]...[x+ n]
[n]x,

where we use the notation [·] to omit the lower index q of [·]q for simplicity.

Our propositon are the following two identities:

−
Γ′q(1)

Γq(1)
= lim

n→∞
(

1

〈1〉
+

1

〈2〉
+

1

〈3〉
+ ...+

1

〈n〉
− log[n]) := γq (4.1.1)

and
Γ′′q(1)

Γq(1)
= γ2

q +
∞∑
n=1

1

qn〈n〉2
, (4.1.2)

where

1

〈n〉
:= qn log(

1

q
)

1
1−q

1

[n]
.

Note that the factor

(
1

q
)

1
1−q

38



is a q-analogue of nature exponential e since it tends to e as q tends to 1−

and hence
∞∑
n=1

1

qn〈n〉2

is a q-analogue of

ζ(2) =
∞∑
n=1

1

n2
.

To verify the proposition is not difficult, the only pre-knowledge is just

the Elementary Calculus.

γ(n)
q :=

1

〈1〉
+

1

〈2〉
+ ...+

1

〈n〉
− log[n]

=⇒ [n]−x = e−x log[n] = e−x( 1
〈1〉

1
〈2〉+...+

1
〈n〉−γ

(n)
q ) = e

−x
〈1〉 e

−x
〈2〉 ...e

−x
〈n〉 exγ

(n)
q

=⇒ 1

Γq(x)
= lim

n→∞
[x](

[x+ 1]

[1]

[x+ 2]

[2]
...

[x+ n]

[n]
)[n]−x

= [x] lim
n→∞

eγ
(n)
q x(

[x+ 1]

[1]
e
−x
〈1〉

[x+ 2]

[2]
e
−x
〈2〉 ...

[x+ n]

[n]
e
−x
〈n〉 )

= [x]eγqx
∞∏
n=1

(
[x+ n]

[n]
e
−x
〈n〉 )

=⇒ log
1

Γq(x)
= log[x] + γqx+

∞∑
n=1

(log[x+ n]− log[n]− x

〈n〉
)

∵
d

dx
log[x] = qx log(

1

q
)

1
1−q

1

[x]
=

1

〈x〉
,

d

dx
log[x+ n] = qn+x log(

1

q
)

1
1−q

1

[x+ n]
=

1

〈x+ n〉

=⇒ d

dx
log

1

Γq(x)
= −

Γ′q(x)

Γq(x)
= γq +

1

〈x〉
+
∞∑
n=1

(
1

〈x+ n〉
− 1

〈n〉
)
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=⇒ −
Γ′q(1)

Γq(1)
= γq +

1

〈1〉
+
∞∑
n=1

(
1

〈n+ 1〉
− 1

〈n〉
)

= γq + lim
n→∞

1

〈n+ 1〉
= γq.

and

d2

dx2
log

1

Γq(x)
=

d

dx
{γq +

1

〈x〉
+
∞∑
n=1

(
1

〈x+ n〉
− 1

〈n〉
)}

=
d

dx
(
∞∑
n=0

1

〈x+ n〉
)

=
∞∑
n=0

d

dx
(qn+x log(

1

q
)

1
1−q

1

[x+ n]
)

= −
∞∑
n=0

1

qn+x
(
qn+x log(1

q
)

1
1−q

[x+ n]
)2

= −
∞∑
n=0

1

qn+x〈x+ n〉2

Since

d2

dx2
log

1

Γq(x)
= −(

Γq(x)Γ′′q(x)− Γ′q(x)2

Γ2
q(x)

),

Γ′′q(x)

Γq(x)
= (

Γ′q(x)

Γq(x)
)2 − d2

dx2
log

1

Γq(x)
= (

Γ′q(x)

Γq(x)
)2 +

∞∑
n=0

1

qn+x〈x+ n〉2
.

Hence,
Γ′′q(1)

Γq(1)
= γ2

q +
∞∑
n=1

1

qn〈n〉2
.

4.2 γ̃(t,q) and ζ̃(t,q)(2)

A simple q̃-extension of Gamma function is of the form:

Γ̃(t,q)(x) := lim
n→∞

J1KJ2K...JnK
JxKJx+ 1K...Jx+ nK

JnKx,
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where

JwK := JwK(t,q) =
1− tqω−1

1− tq−1
.

And it is easy to check Γ̃(q,t)(x) satisfies the functional equation:

Γ̃(t,q)(x+ 1) = lim
n→∞

J1KJ2K...JnK
Jx+ 1KJx+ 2K...Jx+ n+ 1K

JnKx+1

= JxK lim
n→∞

J1KJ2K...JnK
JxKJx+ 1K...Jx+ nK

JnKx(
JnK

Jx+ n+ 1K
)

= JxKΓ̃(t,q)(x) lim
n→∞

JnK
Jx+ n+ 1K

= JxKΓ̃(t,q)(x),

which is an analogue of Γ(x+ 1) = x!.

Our propositon are the following two identities:

−
Γ̃′(t,q)(1)

Γ̃(t,q)(1)
= lim

n→∞
(

1

〈〈1〉〉
+

1

〈〈2〉〉
+

1

〈〈3〉〉
+...+

1

〈〈n〉〉
−logJnK) := γ̃(t,q) (4.2.1)

and
Γ̃′′(t,q)(1)

Γ̃(t,q)(1)
= γ̃2

(t,q) +
∞∑
n=1

1

〈〈n〉〉2
+ ξ(t, q), (4.2.2)

where

1

〈〈n〉〉
:= (qn log(

1

q
)

1
1−q )(tq

n−1 log(
1

tq−1
)

1
1−tq−1 )

1

JnK
,

and the error term ξ(t, q) is a function of variables t, q with contribution 0

when q tends to 1. Note that the factor

(
1

tq−1
)

1
1−tq−1

is a q̃-analogue of nature exponential e since it tends to e as q tends to 1 and

hence
∞∑
n=1

1

〈〈n〉〉2
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is a q̃-analogue of

ζ(2) =
∞∑
n=1

1

n2
.

The argument is quite similar to section 4.1 (but more complicated):

γ̃
(n)
(t,q) :=

1

〈〈1〉〉
+

1

〈〈2〉〉
+ ...+

1

〈〈n〉〉
− logJnK

=⇒ JnK−x = e−x logJnK = e−x( 1
〈〈1〉〉

1
〈〈2〉〉+...+

1
〈〈n〉〉−γ̃

(n)
(t,q)

) = e
−x
〈〈1〉〉 e

−x
〈〈2〉〉 ...e

−x
〈〈n〉〉 exγ̃

(n)
(t,q)

=⇒ 1

Γ̃(t,q)(x)
= lim

n→∞
JxK(

Jx+ 1K
J1K

Jx+ 2K
J2K

...
Jx+ nK

JnK
)JnK−x

= JxK lim
n→∞

eγ̃
(n)
(t,q)

x(
Jx+ 1K

J1K
e
−x
〈〈1〉〉

Jx+ 2K
J2K

e
−x
〈〈2〉〉 ...

Jx+ nK
JnK

e
−x
〈〈n〉〉 )

= JxKeγ̃(t,q)x
∞∏
n=1

(
Jx+ nK

JnK
e
−x
〈〈n〉〉 )

=⇒ log
1

Γ̃(t,q)(x)
= logJxK + γ̃(t,q)x+

∞∑
n=1

(logJx+ nK− logJnK− x

〈〈n〉〉
)

∵
d

dx
logJxK = (qx log(

1

q
)

1
1−q )((tq−1)[x] log(

1

tq−1
)

1
1−tq−1 )JxK =

1

〈〈x〉〉
,

d

dx
logJx+ nK = (qn+x log(

1

q
)

1
1−q )((tq−1)[x+n] log(

1

tq−1
)

1
1−tq−1 )

1

Jx+ nK

=
1

〈〈x+ n〉〉

=⇒ d

dx
log

1

Γ̃(t,q)(x)
= −

Γ̃′(t,q)(x)

Γ̃(t,q)(x)
= γ̃(t,q) +

1

〈〈x〉〉
+
∞∑
n=1

(
1

〈〈x+ n〉〉
− 1

〈〈n〉〉
)
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=⇒ −
Γ̃′(t,q)(1)

Γ̃(t,q)(1)
= γ̃(t,q) +

1

〈〈1〉〉
+
∞∑
n=1

(
1

〈〈n+ 1〉〉
− 1

〈〈n〉〉
)

= γ̃(t,q) + lim
n→∞

1

〈〈n+ 1〉〉
= γ̃(t,q).

and

d2

dx2
log

1

Γ̃(t,q)(x)

=
d

dx
{γ̃(t,q) +

1

〈〈x〉〉
+
∞∑
n=1

(
1

〈〈x+ n〉〉
− 1

〈〈n〉〉
)}

=
d

dx
(
∞∑
n=0

1

〈〈x+ n〉〉
)

=
∞∑
n=0

d

dx
{(qn+x log(

1

q
)

1
1−q )(t(q

x+n−1) log(
1

tq−1
)

1
1−tq−1 )

1

Jx+ nK
}

= −
∞∑
n=0

{(qn+x log(
1

q
)

1
1−q )(t(q

x+n−1) log(
1

tq−1
)

1
1−tq−1 )

1

Jx+ nK
}2 − ξ(t, q)

= −
∞∑
n=0

1

〈〈x+ n〉〉2
− ξ(t, q),

where

ξ(t, q) =
∞∑
n=0

1− t(qx+n−1)

Jx+ nK2
· {(qx+n log(

1

q
)

1
1−q )

(t(q
x+n−1) log(

1

tq−1
)

1
1−tq−1 )(log(

1

qtq−1
)

1
1−tq−1 )}

with contribution 0 as q tends to 1 since the factor

1− t(qx+n−1)

tends to 0 and the factor

(qx+n log(
1

q
)

1
1−q )(t(q

x+n−1) log(
1

tq−1
)

1
1−tq−1 )(log(

1

qtq−1
)

1
1−tq−1 )
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tends to (log e)(log e)(log e) =1 as q tends to 1. Using the fact that

d2

dx2
log

1

Γ̃(t,q)(x)
= −(

Γ̃(t,q)(x)Γ̃′′(t,q)(x)− Γ̃′(t,q)(x)2

Γ̃2
(t,q)(x)

),

we have

Γ̃′′(t,q)(x)

Γ̃(t,q)(x)
= (

Γ̃′(t,q)(x)

Γ̃(t,q)(x)
)2 − d2

dx2
log

1

Γ̃(t,q)(x)

= (
Γ̃′(t,q)(x)

Γ̃(t,q)(x)
)2 +

∞∑
n=0

1

〈〈x+ n〉〉2
+ ξ(t, q)

and then
Γ̃′′(t,q)(1)

Γ̃(t,q)(1)
= γ̃2

(t,q) +
∞∑
n=1

1

〈〈n〉〉2
+ ξ(t, q).
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Chapter 5

Applications to Quantum

Groups SUq(2)

In mathematics and theoretical physics, the term �quantum groups�denotes

various kinds of noncommutative algebra with additional structure and the

corresponding representaion theory satisfies the Yang-Baxter equation. Math-

ematically, quantum groups is some special kind of Hopf algebra. However,

the same term is sometimes considered as the �quantization�or �quantum

deformation�of classical Lie groups or Lie algebras as well. In reality, there

is no single, all-encompassing definition, but instead a family of broadly sim-

ilar objects for Quantum Groups. Retrospect to the history, these objects

first appeared in the theory of quantum integrable systems [18], and was then

formalized by V. Drinfel’d [24] and M. Jimbo [25] as a �quantized�universal

enveloping algebra of a semisimple Lie algebra or, more generally, a Kac-

Moody algebra, in the category of Hopf algebras.
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Nevertheless, our present knowlege to Quantum Groups is much less than

that we just mentioned all above. We desire to skip all the terminologies and

backgrounds of mathematics here and just consider Quantum Groups con-

cretely as q-deformation of classical Lie Algebras and Lie Groups like the

preceding chapters. Incomplete discussions and generalizations are consid-

ered in 5.1. Here we discuss different types of q-deformation of classical Lie

Group SU(2) with the corresponding Casimir operators and generalize the

deformation of q, q−1 to any qα, qβ.

Additional works that we hope to achieve in later sections is to find the

corresponding R-matrix together with Yang-Baxter equation and then to

realize the structure of Quantum Groups.

5.1 Reviews and some extensions

The Lie Algebra of Lie Group SU(2) is

[jx, jy] = jxjy − jyjx = ijz

[jy, jz] = jyjz − jzjy = ijx

[jz, jx] = jzjx − jxjz = ijy,

or equivalently, for jx = j++j−√
2

, jy = −i (j+−j−)√
2

, jz = j0,

[j0, j+] = j0j+ − j+j0 = j+

[j+, j−] = j+j− − j−j+ = j0

[j−, j0] = j−j0 − j0j− = j−,
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where [ , ] denotes the Lie commutator. The corresponding Casimir operator,

which commutes with all generators, is

C = j2
x + j2

y + j2
z

= j+j− + j−j+ + j2
0 = 2j+j− + j0(j0 − 1) = 2j−j+ + j0(j0 + 1).

The first quantum deformation of SU(2), given by P. P. Kulish and N.

Yu. Reshetikhin [18], is

[J0, J+] = J0J+ − J+J0 = J+

[J+, J−] = J+J− − J−J+ =
sinh 2~J0

2 sinh ~
=

1

2
· [2J0]q (5.1.1)

[J−, J0] = J−J0 − J0J− = J−,

where

[X]q :=
qX − q−X

q − q−1
−→ X

as q → 1, or following the historical development q = e~ → 1 as ~→ 0. Other

q-deformations of SU(2) are constructed by S. L. Woronowicz, E. Witten, and

D. B. Fairlie: (We use the notations of T. L. Curtright and C. K. Zachos [19])

(i) Witten’s 1st deformation [20]:

[E0, E+]p = pE0E+ −
1

p
E+E0 = E+

[E+, E−] = E+E− − E−E+ = E0 − (p− 1

p
)E2

0

[E−, E0]p = pE−E0 −
1

p
E0E− = E−
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with Casimir operator

Cp =
1

p
E+E− + pE−E+ + E2

0 .

(ii) Witten’s 2nd deformation [20]:

[W0,W+]r = rW0W+ −
1

r
W+W0 = W+

[W+,W−] 1
r2

=
1

r2
W+W− − r2W−W+ = W0

[W−,W0]r = rW−W0 −
1

r
W0W− = W−.

(iii) Woronowicz’s deformation [21]:

[V0, V+]s2 = s2V0V+ −
1

s2
V+V0 = V+

[V+, V−] 1
s

=
1

s
V+V− − sV−V+ = V0

[V−, V0]s2 = s2V−V0 −
1

s2
V0V− = V−.

In reality, deformation (ii) and (iii) are special limits of a two-parameter

generalization of Fairlie.

(iv) Fairlie’s generalization [22]:

[I0, I+]r = rI0I+ −
1

r
I+I0 = I+

[I+, I−] 1
s

=
1

s
I+I− − sI−I+ = I0

[I−, I0]r = rI−I0 −
1

r
I0I− = I−.
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(v) The cyclically symmetric deformation [22]: (Fairlie)

[X, Y ]q = qXY − 1

q
Y X = Z

[Y, Z]q = qY Z − 1

q
ZY = X

[Z,X]q = qZX − 1

q
XZ = Y

with Casimir operator

Cq = (q3+
2

q
)(XY Z+Y ZX+ZXY )−(

1

q3
+2q)(XZY +ZY X+Y XZ).

Our simple generalization is to extend the factors q, q−1 of the preceding

algebras to arbitrary qα, qβ. For Witten’s 1st form, we have

[E0, E+](qα,qβ) = qαE0E+ − qβE+E0 = E+

[E+, E−] = E+E− − E−E+ = E0 − (qα − qβ)E2
0

[E−, E0](qα,qβ) = qαE−E0 − qβE0E− = E−

with Casimir operator

C(qα,qβ) = qβE+E− + qαE−E+ + qα+βE2
0 .

For Fairlie’s form, we have

[X, Y ](qα,qβ) = qαXY − qβY X = Z

[Y, Z](qα,qβ) = qαY Z − qβZY = X

[Z,X](qα,qβ) = qαZX − qβXZ = Y
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with Casimir operator

C(qα,qβ) = (qα−β +
1

qα−β
)(X2 + Y 2 + Z2)

+{X(qβY Z − qαZY ) + Y (qβZX − qαXZ) + Z(qβXY − qαY X)}

= (q2α−β + qβ)(XY Z + Y ZX + ZXY )

−(qα + q−α+2β)(XZY + ZY X + Y XZ).

Note that the geometric interpretation of C(qα,qβ) is interesting. The tangent

plane of the first equality is of three spheres: Two concentric inversion S2

with factor qα−β of degree 1 and −1, respectively. One distorted sphere S2
q

with degree 0. In fact, the distorted one would return to normal sphere when

q tends to 1 since Y Z − ZY = X, ZX −XZ = Y , and XY − Y X = Z in

classical SU(2). The specific expression with irregular notations is that

C(qα,qβ) = (qα−β)1S2 + (qα−β)0S2
q + (qα−β)−1S2.

The factors (qα−β)1, (qα−β)0, (qα−β)−1 are meaningful in some sense. For

Woronowicz’s and Witten’s 2nd form, we desire to find the Casimir operator

C(qα,qβ ,qγ ,qδ) of the algebra

[W0,W+](qα,qβ) = qαW0W+ − qβW+W0 = W+

[W+,W−](qγ ,qδ) = qγW+W− − qδW−W+ = W0

[W−,W0](qα,qβ) = qαW−W0 − qβW0W− = W−.
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Chapter 6

Conclusion and future works

Nearly three decades, characterized by thousands of investigators from

different approachs of physics and mathematics during their careers, the fea-

ture of Quantum Groups was visualized gradually nowadays. Two different

approachs to our superficial study are the followings. One, which relates the

representations of Quantum Groups with q-special functions, is in [23]. This

approach is the primary motivation for our studying in Chapter 1 to Chap-

ter 4. However, the aims were not completely achieved eventually. Another

approach, which starts with the construction of quantum linear problem,

is considered by Kulish in [18]. As Algebra (5.1.1) corresponding to Sine-

Gordon equation in Kulish’s works. A direct question is that what happens

when we consider a quantum linear problem for differential equations other

than Sine-Gordon equation?

For this reason, we desire to construct a quantum linear problem for the
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�Liouville equations �

utt ± uxx = ±e±u

and hope to find the representation together with the Casimir operator of

the corresponding �expected�quantum algebra SUq(2) or whatever. Further

works are to find the corresponding R-matrix together with Yang-Baxter

equation and finally to visualize the structures of Quantum Groups under

quantum linear problem of this kind. We hope to generalize the Liouville

equation to q- and q̃-analogue and to visualize the evolutions between differ-

ent structures of Quantum Groups.
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Appendix A

Γ2
q(

1
2
)

Γq(x)Γq(1− x)
=

(qx; q)∞(q1−x; q)∞

(q
1
2 ; q)∞(q

1
2 ; q)∞

=

∑∞
n=−∞(−1)nq

1
2

(n2+2n(x− 1
2

))∑∞
n=−∞(−1)nq

1
2
n2

(A.0.1)

= q−
1
2

(x− 1
2

)2

∑∞
n=−∞(−1)nr(n+ 1

2
)2(−i)ei(2n+1)πx∑∞

n=−∞ r
(n+ 1

2
)2

(A.0.2)

= q−
1
2

(x− 1
2

)2
∑∞

n=0(−1)nr(n+ 1
2

)2 sin(2n+ 1)πx∑∞
n=0 r

(n+ 1
2

)2
(A.0.3)

= q−
1
2

(x− 1
2

)2 sin πx
∞∏
n=1

(
1− 2r2n cos 2πx+ r4n

1 + 2r2n + r4n
). (A.0.4)

(A.0.1) is direct from the results of Jacobi Triple Product

(1− t)(qt; q)∞(q; q)∞(
q

t
; q)∞ =

∞∑
n=−∞

(−1)nq
n(n−1)

2 tn

for t = qx and t = q
1
2 , that is,

(qx; q)∞(q; q)∞(q1−x; q)∞ =
∞∑

n=−∞

(−1)nq
1
2

(n2+2n(x− 1
2

))

and

(q
1
2 ; q)∞(q; q)∞(q

1
2 ; q)∞ =

∞∑
n=−∞

(−1)nq
1
2
n2

.
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(A.0.2) is from the Poisson’s Theta Transformation Formula [15]

∞∑
n=−∞

e−πt(n+z)2 =
1√
t

∞∑
n=−∞

e−
πn2

t
+2πinz

with the substitutions q = e−2πt, r = e
−π
t , z = (x − 1

2
) + i

2t
. The remainder

details are the following:

∞∑
n=−∞

e−πt(n+z)2 =
∞∑

n=−∞

e−πt(n+(x− 1
2

)+ i
2t

)2

=
∞∑

n=−∞

e−πt(n
2+2n(x− 1

2
)+ni

t
+(x− 1

2
)2+ i

t
(x− 1

2
)− 1

4t2
)

=
∞∑

n=−∞

e−πt(n
2+2n(x− 1

2
)) · (e−πi)n · e−πt(x−

1
2

)2 · e−πi(x−
1
2

) · e
π
4t

=
∞∑

n=−∞

q
1
2

(n2+2n(x− 1
2

)) · (−1)n · q
1
2

(x− 1
2

)2 · e−πi(x−
1
2

) · r
−1
4 ,

1√
t

∞∑
n=−∞

e
−π
t
n2+2πinz =

1√
t

∞∑
n=−∞

rn
2 · e2πin(x− 1

2
+ i

2t
)

=
1√
t

∞∑
n=−∞

rn
2+n · e2πin(x− 1

2
),

and hence

∞∑
n=−∞

(−1)nq
1
2

(n2+2n(x− 1
2

)) = q−
1
2

(x− 1
2

)2 1√
t

∞∑
n=−∞

r(n+ 1
2

)2 · eπi(2n+1)(x− 1
2

)

= q−
1
2

(x− 1
2

)2 1√
t

∞∑
n=−∞

(−1)nr(n+ 1
2

)2 · (−ieπi(2n+1)x)

= q−
1
2

(x− 1
2

)2 1√
t
· (2

∞∑
n=0

(−1)nr(n+ 1
2

)2 sin(2n+ 1)πx),
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∞∑
n=−∞

(−1)nq
1
2
n2

=
1√
t
· (2

∞∑
n=0

(−1)nr(n+ 1
2

)2)

for the substitution x = 1
2

in last identity. Then (A.0.3) satisfies. Finally,

(A.0.4) is from the fact [16] that

θ1(z; r) = 2
∞∑
n=0

(−1)nr(n+ 1
2

)2 sin(2n+ 1)z

= 2r
1
4 (r2; r2)∞ sin z

∞∏
n=1

(1− 2r2n cos 2z + r4n)

with z = πx and

θ2(z; r) = 2
∞∑
n=0

r(n+ 1
2

)2 cos(2n+ 1)z

= 2r
1
4 (r2; r2)∞ cos z

∞∏
n=1

(1 + 2r2n cos 2z + r4n)

with z = 0. Then the proof is accomplished.

The slight differences from Askey’s proof [11] are the substitutions t =

q
1
2

+x, t = q
1
2 in the Jacobi Triple Product, the substitutions q = e−2πt,

r = e
−π
t , z = x+ i

2t
in the Poisson’s Theta Transformation Formula and the

use of

θ2(z; r) = 2
∞∑
n=0

r(n+ 1
2

)2 cos(2n+ 1)z

= 2r
1
4 (r2; r2)∞ cos z

∞∏
n=1

(1 + 2r2n cos 2z + r4n)

with z = πx and z = 0 respectively.
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