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Abstract 

This thesis theoretically studies the size effects of quantum dots (QDs) on the fine 

structure properties as well the optical polarization. Known as representative excellent 

quantum light sources, two semiconductor QDs, InAs/GaAs self-assembled QDs and 

hierarchical GaAs/AlGaAs QDs are considered. Excitonic structures of the QDs are computed 

numerically by combining the four-band Luttinger-Kohn k⋅p’s model for valence hole and 

single-band model for conduction electron within the 3D-parabolic potential model of QD. 

Optical polarizations of the single excitons in the dots are calculated by using Fermi’s Golden 

rule. Initial strain in InAs/GaAs self-assembled QDs induced by lattice mismatch is 

formulated as a function of size analytically and numerically calculated using finite-element 

software package, Comsol multiphysics®. Analytical results indicate that the energetic 

competition of the size-dependent short- and long-ranged e-h exchange interactions diminish 

the fine structure splitting of an elongated QD. Moreover, the electronic structures and optical 

polarization properties of GaAs bulk under stress control were studied theoretically, in which 

the corresponding microscopic Bloch wave functions were visualized under applied stress by 

using the Slater Orbital model. 
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ᄔाᄔाᄔाᄔा 
 ҁፕЎЬाа౛ፕБݤ૸ፕЁκਏᔈΠໆηᗺޑᆒಒϰ຋(fine structure splitting)ᆶ

ӀᏢ౦࣬܄(optical anisotropic)ǶЎύ૸ፕٿᅿڀжޑ܄߄ໆηᗺӀྍ: InAs/GaAs Ծಔ

Ԅ(self-assembled)ໆ ηᗺǴаϷ hierchical GaAs/AlGaAs ໆ ηᗺǶЎύ٬Ҕൂૈ஥аϷ

Ѥૈ஥ kǷp ኳࠠ٠མଛΟᆢᙁਁڐη(3-D parabolic model)ኳࠠϩձीᆉᐟη(exciton)

ीᆉӚБӛ(Fermi’s Golden Rule)ࡓۓߎηᆶႝ୏่ᄬǶӀᏢୃਁ೽ϩа຤ԯ໳ႝޑ಍س

ϐวӀமࡋϷ౦࣬܄ǶЎύ૸ፕٿޑᅿໆηᗺύǴInAs/GaAs ԾಔԄໆηᗺӢٿᅿ׷਑

඲਱όϰଛܭໆηᗺϣ೽Ӹӧޑᔈᡂਏᔈёҗှ݋БԄளډໆηᗺύЈᗺޑᔈᡂໆǹԜ

ᔈᡂှ݋ॶҭёᆶ঺း೬ᡏ Comsol multiphysicsⓇКၨǶନѤૈ஥ኳࠠޑኧॶኳᔕаѦǴ

Ўύҭа༾ᘋБԄᙁϯس಍٠ளܰϩှ݋ှޑ݋Ƕҗှှ݋ύёளໆηᗺύޑᆒಒϰ຋

ٿำբҔΚ(long-range interaction)ϷอำբҔΚ(short-range interaction)ߏܭΏҗߏ੃ޑ

 ЇଆǶݾϕᝡ࣬ޑޣ

    ନന୷ҁޑЁκਏᔈ௖૸аѦǴໆηᗺޑᆒಒϰ຋ᆶӀᏢ౦࣬܄ҭёҗѦуᔈΚፓ

௓ǶЎύܭ GaAs༧׷ѦуൂືᔈΚ(uni-axial stress)Ǵ٠௖૸༧׷ӧᔈΚΠૈޑ஥ǵӀ

ᏢୃਁаϷ༾ᢀЁޑࡋ Bloch functionᡂϯǶჹ༧׷ӧᔈΚϐΠޑᡂϯԖ୷ҁᇡࡕޕǴ

 ՜ԿໆηᗺǶۯёஒᔈΚբҔ׳ॺ҂ٰπբך
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Chapter 1 Introduction  

1.1 Introduction 

Following extensive study in recent decades, quantum optics has received 

renewed interest recently owing to its sensational applications. Quantum 

information has especially garnered considerable attention which can further 

extend to the areas such as of single-photon source, and quantum cryptography. 

The most important aspect of quantum optics is the use of quantum information 

in quantum computation and communication, quantum cryptography and 

single-photon source. Quantum information can replace the conventional 

computation signal 0 and 1 by entanglement states, information can also be 

presented by a linear combination of the two states rather than a long chain of 0 

and 1, thus reducing the computational speed and storage space. Semiconductor 

quantum dot is especially noteworthy for its quantum confinement effect and 

atom-like energy level. Achieving the above applications depends on the ability 

to fabricate the quantum entanglement for spin excitons in quantum dots. The 

entanglement can be destroyed by the electron-hole exchange interaction and 

subsequent the fine structure splitting (FSS), which is induced by factors such as 

shape deformation, and build-in strain effect.  

 



 

 

1.2 Motivation 

 Eliminating the fine structure splitting between the bright exciton states is 

priority concern to successful

This study investigates

GaAs/AlGaAs hierarchical QDs. 

 InAs/GaAs self-assembled QDs have 

GaAs lattice mismatching

with a very close lattice constant and strain free in

(b) 

 

Fig. 1.2.1 (a) InAs/GaAs self

and GaAs lattice mismatch. (b) Shape of InAs/GaAs 

hierarchical GaAs/AlGaAs QDs is strain free since the materials near by the 

QDs have similar lattice constant.

   Although the photon

(a) 

2 

Eliminating the fine structure splitting between the bright exciton states is 

successfully generate of entangled photon pair from a QD. 

s two quantum dots InAs/GaAs self-assembled QDs and 

GaAs/AlGaAs hierarchical QDs.  

assembled QDs have a built-in initial strain due to InAs and 

ing[1]. For hierarchical QDs, GaAs is grown on AlGaAs 

very close lattice constant and strain free in-dot[2]. 

 

[21] 

InAs/GaAs self-assembled QDs has initial strain due to InAs 

and GaAs lattice mismatch. (b) Shape of InAs/GaAs self-assembled QDs. (c) 

hierarchical GaAs/AlGaAs QDs is strain free since the materials near by the 

QDs have similar lattice constant. 

gh the photon-pair emission is generated successfully

(c) 

Eliminating the fine structure splitting between the bright exciton states is of 

of entangled photon pair from a QD. 

assembled QDs and 

in initial strain due to InAs and 

ierarchical QDs, GaAs is grown on AlGaAs 

[2] 

assembled QDs has initial strain due to InAs 

assembled QDs. (c) 

hierarchical GaAs/AlGaAs QDs is strain free since the materials near by the 
 

successfully and FSS can be 
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further eliminated by applying a magnetic field, electric field and external stress, 

a preliminary yet detailed understanding of geometrical configuration and 

materials is necessary. Analytical and numerical studies reveal the essential role 

of the optically active light-hole components of an exciton state in the fine 

structures and optical polarization properties of an elongagted dot, which 

introduces additional short-range e-h exchange interactions to the exciton states 

and significantly changes the magnitude of fine structure splitting between 

bright exciton levels. 

 A previous work [6] presented a reduced Hamiltonian and simple analytical 

solution. By further simulating the exciton energy spectrum by a one-band 

four-band model with 3-D parabolic model, this study investigates the size effect 

of fine structure splitting as well as optical polarization. As is well known, 

optical polarization is induced by heavy- and light-hole coupling. The extent of 

heavy- and light-hole coupling is studied as well. 

 To eliminate the FSS value, this study also investigates how stress affects 

GaAs bulk. The quantity and direction of applied stress that works on the 

quantum dot cannot be measured or observed directly. However, stress that is 

induced by an electric field can be transformed by measuring the transition 

energies of bulk and observing the extended direction of polarizations, 

subsequently providing insight into exactly how stress is applied to quantum 

dots during experimentation.[2] Based on the microscopic Bloch function, 

exactly how the stress affects the distribution of electrons can be understood. 
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1.3 Contents 

   This thesis is organized as follows. 

Chapter 2 introduces the fundamental theory of optical anisotropy and the 

fine structure of QD. Numerical computation of the excitonic structures of the 

dots is undertaken by combining the Luttinger-Kohn k⋅p model for the valence 

hole and single-band model for conduction electron within the parabolic 

potential model of QD. Analytical and numerical results indicate the essential 

role of optically active light-hole components of an exciton state in the fine 

structures and optical polarization properties of an elongagted dot, which 

introduces additional short-ranged e-h exchange interactions to the exciton states 

and transforms the magnitude of the fine structure splitting between bright 

exciton levels. This chapter also introduces strain theory. 

Chapter 3 describes how FSS and Pol of GaAs/AlGaAs QDs and 

InAs/GaAs self-assembled QDs vary with size. 

Chapter 4 summarizes the computation results of band structures, 

photoluminescence spectra, optical polarization and microscopic Bloch function 

of GaAs bulk subjected to uni-axial stresses.  

Conclusions are finally drawn in Chapter 5, along with recommendations 

for future research. 
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Chapter 2 Fundamental Theory 

2.1 Theory for Exciton  

Single exciton Hamiltonian 

 An exciton is formed from an electron in conduction band and an empty 

hole in valence band. The electron and hole wave functions are written as 

 , ( ) ( ) ( )
e z e z

e e e
i s i sr g r u rψ =v v v

 (2.1.1) 

 ,
3/ 2, 1/ 2

( ) ( ) ( )
h h z z

z

h h h
i h i j j

j

r g r u r
=± ±

= ∑
v v vψ  (2.1.2) 

where ( )
z

e
su r

v

 and ( )
z

h
ju r
v  denote Bloch functions for describing the microscopic 

observation at Γ -point while , ( )
e z

e
i sg r

v
, and , ( )

h z

h
i jg r

v present envelope functions 

that satisfy the Schrödinger equation. 

The electronic structure in effective mass approximation is carried out by 

single-band model, 

 
, ,( ) ( ) ( )

e z e e z

e e e e e
QD e i s e i i s eH V r g r E g r + = 

v v v   (2.1.3) 

 ( ) ( )
2

2 2 2
*

02
e

x y z c xx yy zz
e

H k k k a
m m

= + + + ε + ε + εh
[4]

 
(2.1.4) 

where ( )e
QD eV r

v denotes the electron confinement potential. *m represents electron 

effective mass. 
e

e
iE refers to the eigenenergy of ei the state. ijε

 is the strain 

tensor, and ca  refers to a specific strain constant for conduction deformation 

potential. 

 The electronic structure of the valence hole is computed by four-band k p⋅

model. [4] 
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 ,3/2 ,3/2

†
,1/2 ,1/2

†
, 1/2 , 1/2

† †

, 3/2 , 3/2

0

0

0

0

h h

h h

h h

h h

h hHH
i iQD
h hLH
i iQD

ihLH h h
QD i i

HH h h
QD i i

g gP Q V S R

g gS P Q V R
E

R P Q V S g g

R S P Q V g g

− −

− −

    + + −
    − − +      =    − +
    + +          

 (2.1.5) 

      

        
k k

k k

P P P Q Q Q

R R R S S S
ε ε

ε ε

= + = +
= + = +  

(2.1.6) 

 ( )
( )

( )
( )

13 3
,3/2 22 2

13 1 2
,1/2 62 2 3

13 1 2
,1/2 62 2 3

13 3
,3/2 22 2

;

;

;

;

h

h

h

h

u X iY

u X iY Z

u X iY Z

u X iY

−

−
−

−
−

= = − + ↑

= = + ↓ + ↑

= = − ↑ + ↓

= = − ↓

 
(2.1.7) 

 along[110],  along [110],   along [001]x y zk k k  

 
2 22 2 2 2 2 2

1 2
2 2 2 2 2 2

0 0

             2
2 2k kP Q
m x y z m x y z

γ γ   ∂ ∂ ∂ ∂ ∂ ∂= − + + = − + −   ∂ ∂ ∂ ∂ ∂ ∂   

h h

 
2 2 2 2

3 22 2
0

2
3

0

3 2 3      
2

3

k

k

R i
m x y x y

S i
m x y z

γ γ

γ

  ∂ ∂ ∂= − − − +  ∂ ∂ ∂ ∂  

 ∂ ∂ ∂= − − ∂ ∂ ∂ 

h

h

 
(2.1.8) 

 along [110] , along  [110],  along [001]xx yy zzε ε ε  

 ( ) ( )           2
2v xx yy zz xx yy zz

b
P a Qε εε ε ε ε ε ε= − + + = − + −

 

( ) ( )3       
2 xx yy xy xy yz

d
R i b S d iε εε ε ε ε ε= − − = − −

    
 

(2.1.9) 

1γ , 2γ and 3γ denote Luttinger-Kohn k p⋅  parameters, and , , va b d  represent 

strain constants for conduction deformation potential. 

Appendix II lists the Hamiltonian elements. 

Exchange interaction for multi-bands theory 

 The whole single exciton Hamiltonian in a quantum dot is  

 ˆ ˆ( , ) ( , ) ( , )X e e e h h h eh e hH H p r H p r V r r= + −v v v v  (2.1.10) 
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ˆ( , )e e eH p r
v ( )ˆ( , )h h hH p r

v
 denotes electron(hole) Hamiltonian, and 

2

0

( , )
4eh e h

e h

e
V r r

r r
=

πε κ −
v v

v v  represents the electron-hole interaction. Notably the 

energy spectrum can be obtained by solving the Schrödinger equation 

 X X X
X n n nH Eψ = ψ  (2.1.11) 

An electron ei  and a hole state hi  form an exciton e hi i , in which the 

exciton state is expressed as 

 
† †

;
{ ; }

h e h e

h e

X
n i i i i

i i

C h c vacψ = ∑  (2.1.12) 

where ;h ei iC are coefficients to be determined and ,e hi i denote electron and hole 

orbitals. The Hamiltonian can be further written as 

 

' ' ' '

† †

, ,

, , , , , , , , , ,, , , ,
, , , , , ,

† † † †      ,

= +

+ −

∑ ∑

∑ ∑

e e e h h h

e z h z

e h h e h z e z e h h e h z e ze z h z e z h z
e h h e e h h e

e h
X i i i j j j

i s j j

eh ehxc
i j k l k j l s i j k l k j l si s j j i s j j

i j k l i j k l

c h c h

H E c c E h h

V h c V h c
 (2.1.13) 

The composite indexes ( )e hi j  denotes the electron (valence hole) orbitals, 

( )z zs j  denotes the electron (hole) orbitals. †

,e zi s
c

 
and ,e zi sc  ( †

,h zj jh
 
and ,h zj jh ) are 

the electron (hole) creation and annihilation operators. 

, , ,e h h e

eh
i j k lV  and , , ,e h h e

ehxc
i j k lV  are electron-hole Coulomb interaction and electron hole 

exchange interaction where 

 
2

3 3 * * * *
, , ,

0

( ) ( ) ( ) ( )
4e h h e e h h e

eh e h h e
i j k l e h i e j h k h l e

b e h

e
V d r d r r r r r

r r
≡

−∫ ∫
v v v v

v vψ ψ ψ ψ
πε ε

 (2.1.14) 

 
2

, 3 3 * *
, , , 1 2 2 2 1 1

0

( ) ( ) ( ) ( )
4e h h e e h h e

eh xc e h h e
i j k l i j k l

b e h

e
V d rd r r r r r

r r
≡

−∫ ∫
v v v v

v vψ ψ ψ ψ
πε ε

 (2.1.15) 
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Model analysis 

 Eigenstates of 4-band k p⋅ Hamiltonian without HH-LH coupling are taken 

as the basis for further expanding the envelope function , ( )
h z

h
i jg r

v
. Where 

/ ( )HH LH
i hf r

v  are defined to be the basis to expand the HH- or LH- envelope 

function as 

 { ; 3/2}
, 3/2

1,2,3...

{ ; 1/2}
, 1/2

1,2,3...

g ( ) ( )

g ( ) ( )

h

h

h

h

ih HH
i h i i h

i

ih LH
i h i i h

i

r a f r

r a f r

±
±

=

±
±

=

=

=

∑

∑

v v

v v  (2.1.16) 

To obtain a simple form, only the first term (i=1) is taken. Thus 

/
1 /( )HH LH

h HH LHf r f=v  and 1 ( )e
h ef r f=v . Moreover, to rearrange the order of the basis 

of Hamiltonian in Eq. (2.1.5). The reduced basis of single exciton e hi i  

becomes  

{ }1/2 3/2 1/2 3/2 1/2 1/2 1/2 1/2{ } ,  ,  ,  e h e h e h e h
z z e HH e HH e LH e LHs j f u f u f u f u f u f u f u f u− + + − + + − −=  

(2.1.17) 

and the exciton Hamiltonian[13-15] can be expressed as 

,(0)
4 4

0 0 1 0 0 1

1 0 0 1 0 0

0 0 1 0 0 1

1 0 0 1 0

0 0 0 exp( )

0 0 exp( ) 0

0 exp( ) 0

exp( ) 0 0

2 1
2( ) ( )

3 3
1 2

2( ) ( )
3 3

2 1 2 1
( ) ( )

33 3 3
1 2 1 2

( ) (
33 3 3

HL HL

HL HLHH
X X

HL HL HL

HL HL HL

i

i
H E I

i

i

ρ φ
ρ φ

ρ φ
ρ φ

δ δ

δ δ

δ δ

δ δ

×

− 
 − ≈ +
 − ∆
 − ∆ 

+ ∆ −∆ − + ∆ ∆

−∆ + ∆ ∆ − + ∆
+

− + ∆ ∆ + ∆ − ∆

∆ − + ∆ − ∆ + 0)

 
 
 
 
 
 
 
 
 
 ∆ 
 

 
(2.1.18) 

Where 



 

 

 ,(0)HH HH
X e HH e QD eh e HHE f f H P Q V V f f≡ + + + −

 ,(0)LH LH
X e LH e QD eh e LHE f f H P Q V V f f≡ + − + −

HLρ  leads to heavy- and light

 
(

exp( )HL HL HL

e HH k e LH

i

f f R R f f

ρ φ ρ− ≡
≡ +

HL∆  denotes the energy separation of heavy hole and light hole

 (
,(0) ,(0)

       =

      2

LH HH
HL X X

LH QD LH HH QD LH

HH QD QD LH

E E

f P Q V f f P Q V f

f Q V V f

∆ ≡ −

− + − + +

= − − −

 Fig. 2.1.1 A diagram illustrates the hole potential and the relative position of 

HH- and LH- states and the 

QDV represents arbitrary confining potential, while

long-range part of e-h exchange interaction.

 
1 1

1 1 2
, 1( ) ( ) ( )

† †
2 1/2 2 2 3/2 2 1 1/2 1 1 1/2 1        ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

cell

i j

N

i j i j r WS R r WS R

e h e e
e HH LH ef r u r f r u r f r u r f r u r

= ≠ ∈ ∈

− + + −

∆ ≈

  
 
  

∑ ∫ ∫

v v v v v v v v

 
1 1

0 1 2
, 1( ) ( ) ( )

† †
2 1/2 2 2 3/2 2 1 3/2 1 1 1/2 1       ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

cell

i j

N

i j i j r WS R r WS R

e h e e
e HH HH ef r u r f r u r f r u r f r u r

= ≠ ∈ ∈

− + + −

∆ ≈

  
 
  

∑ ∫ ∫

v v v v v v v v

9 

( )HH HH
X e HH e QD eh e HHE f f H P Q V V f f≡ + + + −  

( )LH LH
X e LH e QD eh e LHE f f H P Q V V f f≡ + − + −  

and light-hole coupleing. 

)
HL HL HL

e HH k e LHf f R R f fε

ρ φ ρ− ≡
≡ +

%
 

the energy separation of heavy hole and light hole

) ( )
,(0) ,(0)LH HH

HL X X

LH HH
LH QD LH HH QD LH

LH LH
HH QD QD LH

E E

f P Q V f f P Q V f

f Q V V f

− + − + +

= − − −

 

 

2.1.1 A diagram illustrates the hole potential and the relative position of 

states and the HH-LH- splitting. 

trary confining potential, while 1∆ and 

h exchange interaction. 

1 1 2

( ) ( )

2
† †

2 1/2 2 2 3/2 2 1 1/2 1 1 1/2 1
1 2

   

1
        ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

4

i jr WS R r WS R

e h e e
e HH LH e

drdr

e
f r u r f r u r f r u r f r u r

r rπε− + + −

  
 −  

∫ ∫
v v

v v v v v v v v
v v

0 1 2

( ) ( )

2
† †

2 1/2 2 2 3/2 2 1 3/2 1 1 1/2 1
1 2

1
       ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

4

i jr WS R r WS R

e h e e
e HH HH e

drdr

e
f r u r f r u r f r u r f r u r

r rπε− + + −

  
 −  

∫ ∫
v v

v v v v v v v v
v v

(2.1.19) 

(2.1.20) 

(2.1.21) 

the energy separation of heavy hole and light hole 

 (2.1.22) 

2.1.1 A diagram illustrates the hole potential and the relative position of  

and 0∆ denote the 

2 1/2 2 2 3/2 2 1 1/2 1 1 1/2 1        ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )f r u r f r u r f r u r f r u r
  
 
  

v v v v v v v v [16] 
(2.1.23) 

2 1/2 2 2 3/2 2 1 3/2 1 1 1/2 1       ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )f r u r f r u r f r u r f r u r
  
 
  

v v v v v v v v

[16]
 

(2.1.24) 



 

 

 
0 0 BDδ + ∆ ≡ ∆

BD∆  refers to the bright exciton and dark exciton levels (BX

which is induced mainly

0δ  denotes the short-range 

 
1 1

0 1 2
1 ( ) ( )

† †
2 1/2 2 2 3/2 2 1 3/2 1 1 1/2 1      ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

i j
i r WS R r WS R

e h e e
e HH HH e

drdr

f r u r f r u r f r u r f r u r

δ
= ∈ ∈

− + + −

≈

  
 
  

∑ ∫ ∫

v v v v v v v v

iRand jR represent positions of the WS cells.

The eigenenergies are obtained 

of the two lowest eigenvalues

xEπ  or yEπ , as introduce

positioned as the dark exciton state

 Fig. 2.1.2 The zero energy level locates at dark exciton state. The 

bright exciton was

separated due to the exchange interaction.

Asymmetric 3-D parabolic model

 The confining potential of 

10 

the bright exciton and dark exciton levels (BX

mainly by long-range interaction. 

range portion of the e-h exchange interaction. 

0 1 2

( ) ( )

2
† †

2 1/2 2 2 3/2 2 1 3/2 1 1 1/2 1
1 2

1
      ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

4
e h e e

e HH HH e

drdr

e
f r u r f r u r f r u r f r u r

r rπε− + + −

  
 −  

∫ ∫
v v

v v v v v v v v
v v

positions of the WS cells. 

are obtained by diagonalizing the matrix, 

two lowest eigenvalues is defined as X
nE  and X

nE ′ , which correspond to 

introduced later. The zero energy level of the Hamiltonian is 

positioned as the dark exciton state, as shown below.  

Fig. 2.1.2 The zero energy level locates at dark exciton state. The 

was originally a two-fold degenerate level, but

separated due to the exchange interaction. 

D parabolic model 

The confining potential of a quantum dot is described using asymmetric 3

(2.1.25) 

the bright exciton and dark exciton levels (BX-DX) splitting,  

h exchange interaction.  

2 1/2 2 2 3/2 2 1 3/2 1 1 1/2 1      ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )e h e ef r u r f r u r f r u r f r u r− + + −

  
 
  

v v v v v v v v
[16] (2.1.26) 

 and the separation 

which correspond to 

. The zero energy level of the Hamiltonian is 

 

Fig. 2.1.2 The zero energy level locates at dark exciton state. The 

fold degenerate level, but is 

 

is described using asymmetric 3-D 
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parabolic model, and is written into three parts as 

 2 2 2 2 2 21 1 1

2 2 2
e e e e

QD e x e y e zV m x m y m z= ω + ω + ω  (2.1.27) 

 2 2 2 2 2 2
,|| ,|| ,

1 1 1

2 2 2
HH HH HH HH

QD HH x HH y HH zV m x m y m z⊥= ω + ω + ω  (2.1.28) 

 2 2 2 2 2 2
,|| ,|| ,

1 1 1

2 2 2
LH LH LH LH

QD LH x LH y LH zV m x m y m z⊥= ω + ω + ω  (2.1.29) 

Where the effective masses are 

 0 0
,|| ,

1 2 1 2

            
2HH HH

m m
m m ⊥= =

γ + γ γ − γ
 

0 0
,|| ,

1 2 1 2

            
2LH LH

m m
m m ⊥= =

γ − γ γ + γ
 

(2.1. 30) 

Eigenstates /( ) / ( )e HH LH
i e i hf r f r

v v of Hamiltonian (without HH-LH coupling) are 

denotes as the envelope function. The envelope functions of the electron and 

hole orbitals are thus 

 22 2
1 1

( ) exp
3 / 2 2

x y z
f r
e e e e e e e el l l l l l

x y z x y z

              = − + +        π          

v  (2.1. 31) 

 22 2
1 1

( ) exp
3 / 2 2

x y z
f r
HH h HH HH HH HH HH HHl l l l l l

x y z x y z

              = − + +        π          

v
 

(2.1. 32) 

 22 2
1 1

( ) exp
3 / 2 2

x y z
f r
LH h LH LH LH LH LH LHl l l l l l

x y z x y z

              = − + +        π          

v
 

(2.1. 33) 

where 

 
e

e

el
m α

=α ω
h     

,
HH

HH

HHl
m α α

=α ω
h     

,
LH

LH

LHl
m α α

=α ω
h  

1/222       ( , , )l x y z≡ =α α α  
(2.1. 34) 

are the characteristic length as well as the wave function extended.  
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Assume that e HH LHl l l lα α α α= = ≡  and y

x

l

l
′ξ =

 

QDs with electron-hole exchange interaction 

With the wave function of 3D parabolic potential as the basis, the elements of 

Hamiltonian in Eqs. (2.1.14) and (2.1.15) thus become 

 2
23

2
0

1
(1 ) ( ) 3

4 2

      =

HL xx yy xy
y

k
HL HL

d
i b

m l
ε

γρ ξ ε ε ε

ρ ρ

′= − − − +

+

h
%

 (2.1. 35) 

 
2

23
2

0

1
(1 )

4

( ) 3
2

k
HL

y

HL xx yy xy

m l

d
i bε

γρ ξ

ρ ε ε ε

′= −

= − − +

h

 

(2.1. 36) 

(2.1. 37) 

 
( )

2
2

2 2 2
0

1 1 1
2

2 2

      =

HL xx yy zz
z x y

k
HL HL

b
m l l l

ε

γ ε ε ε
 

∆ = − − − + −  
 

∆ + ∆

h

 

(2.1. 38) 

(2.1. 39) 

 

( )

2
2

2 2 2
0

1 1 1
2 2

2

k
HL

z x y

HL xx yy zz

m l l l

bε

γ

ε ε ε

 
∆ = − −  

 

∆ = − + −

h

 
(2.1.40) 

(2.1. 41) 

Notable, according to the thesis of Chang[18], the quantity of HH- LH- splitting 

in a four-band model is over estimated, while the strain effect is involved. 

Therefore, the HH- LH- splitting that effected by strain of six-band model is 

employed in our numerical calculation. The geometry dependence part(k part) 

remains using the 4-band model. 

For the six-band model, k
HL∆  remains Eq. (2.1.40) but 

 2 21
(3 2 9 )

2 so soHL soQ Q Qε ε ε
ε − −∆ + ∆ + ∆ +∆ =  (2.1. 42) 
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 2
2 2

4

1 2 32
0

31 (1 ) 1
44 16 2

z

y

l
lp z

QD
yd xg

e E le erfc llm E

ππ ξ π
πε ξ

 3
 
 

′

′  − 3∆ ≈  
 

h
 (2.1. 43) 

where dε , pE , QD
gE denote static dielectric constant, optical matrix parameter and 

energy gap of QD. The energy gap of QD is determined by  

 QD
g g e HHE E E E= + +

 
(2.1. 44) 

where gE is simply the bulk energy gap, and eE and HHE represent the ground 

state energy with respect to the electron and heavy-hole orbital envelope 

function.  

 ( )
2

2 2 2

2e HH x y z
e

E E l l l
m

− − −= = + +h

 (2.1. 45) 

 ( ) 2* 3 3
0 0 ,bulk

* 3
,bulk

( ) ( )

                      =
8

xc
BD eh B e HH

xc
B eh

x y z

a d r f r f r

a

l l l

+ ∆ ≡ ∆ ≈ ∆ ×

∆
∫

v vδ π

π
[17]

 (2.1. 46) 

with the condition ,  ( = ,  ,  )e HH LHl l l l x y zα α α α= = ≡ α . 

*
Ba  is refer to bulk exciton bohr radius and ,

xc
eh bulk∆  denotes bulk electron-hole 

exchange energy. Moreover, the energy is obtained by Hamiltonian matrix 

diagonalization.  

Simplified exciton two-level system 

A simpler formula is derived to analyze and observe the basic physical picture 

by reducing the 4 4×  to 2 2×  one by using the Löwden perturbation method. 

 2

,(0)
2 2 2

HL
BD eff

HLHH
X X

HL
eff BD

HL

H E I

ρ

ρ
×

 
∆ − ∆ 

∆ ≈ +  
 ∆ ∆ − ∆ 

%
%

%

 (2.1. 47) 



 

 

The basis now are the two bright states

The eigen energies are 

 ,(0)
; ( ( ))HH

X X BD effE E± = + ∆ − ± ∆

Subsequently leading to the splitting between two bright states which is known 

as fine structure splitting 

 

1

1

2
     

      =

effi

eff effe
θ−∆ ≡ ∆

= −∆ + ∆

− ∆ + ∆ + ∆

%

 2

3
HL

HL

ρℜ′∆ = ∆
∆
%

 2

3
HL

HL

ρℑ′′∆ = ∆
∆
%

 
, 12( )x y x yS E Eπ π π π= −∆ + ∆ ≡ −

while corresponds to the polarization along 

 

 Fig. 2.1.3 (a) Optical polarization polarization chart

corresponding energy 

 

(a) 
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two bright states 1/2 3/2 1/2 3/2,  e h e h
e HH e HHf u f u f u f u− + + −

The eigen energies are  
2

( ( ))HL
X X BD eff

HL

ρ
= + ∆ − ± ∆

∆
%

 

to the splitting between two bright states which is known 

fine structure splitting ( ,x ySπ π ). 

2

3

eff

HL
BD

HL

i

ρ= −∆ + ∆
∆

′ ′′− ∆ + ∆ + ∆

%
 

BD∆ = ∆  

BD∆ = ∆
 

, 12( )x y x yS E Eπ π π π′= −∆ + ∆ ≡ −
 

to the polarization along xπ and yπ . 

 

Optical polarization polarization chart, and

corresponding energy spectrum. 

(b) 

1/2 3/2 1/2 3/2
e h e h

e HH e HHf u f u f u f u− + + −  

(2.1.48) 

to the splitting between two bright states which is known 

(2.1. 49) 

(2.1. 50) 

(2.1. 51) 

(2.1. 52) 

 

 

, and (b) the 
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For the initial shear strain 0xyε = , this thesis considers only the 1 ′−∆ + ∆  

portion, which illustrates the splitting of the competition among the two 

components. The greater equality the two components implies a smaller splitting. 

Once the size is determined, the long-range term, 1∆  is also derived. However, 

the ′∆  term can be further tuned via strain effect to achieve small or even zero 

splitting. 

Optical polarization of single exciton in QDs 

 An electron is excited to conduction band, creating a hole in valence band; 

the electron then recombines with a hole and emits light to release energy. This 

process is called spontaneous emission. For the PL polarization emission 

spectrum, the intensity in each angle is manipulated using Fermi’s Golden 

rule.[19] 

 ( )2
( ; ) 0 X X

n fi e n nI e W P Eω ψ δ ω−∝ ∝ −v
v

h  (2.1.53) 

X
nψ denotes the initial state, 0  represents the final state as well the vacuum 

state; and eP
−
v  is refer to the polarization operator which can be performed as 

 ,
,

( )
h e h e

h e

e i i i i
i i

P D e h c− =∑v
v

 (2.1.54)
 

 ( )

( )

,

; ;

; ; ,

ˆ ˆ

ˆ ˆ            

             =

v c h e

h z e z h e

z z

h z e z z z

z z

h e
i i i i

h e h e
i j i s j s

j s

h e
i j i s J S

j s

D e e p

g g u e p u

g g A e

ψ ψ≡ •

≈ •∑∑

∑∑

r

r
 

(2.1.55) 

( ),v ci iD e
r

 represents dipole matrix element, 
hi

h ,
ei

c are hole and electron 

annihilation operators.  
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Equations (2.1.1) and (2.1.2) introduce
 h

h
iψ  and 

e

e
iψ . 

 

 ( ) [ ], ˆ ˆ
z z z z

h e
J S j sA e u e p u≡ •r

 (2.1. 56)
 

Based on (2.1.16) to (2.1.18), the emission intensity is proportional to the dipole 

matrix element, the dipole matrix element 

 ( )2
,( ; )

v cn i iI e D eω ∝ rv

 (2.1. 57)
 

where  

 ( ) 00
2

p

cv

m Ei
p =

r

h  
(2.1. 58)

 

pE denotes the optical matrix element. 

Further use the Lödwen perturbation theory, the two lowest HH-LH-mixed 

wavefunctions are written as 

 
1 1/2 3/2 1/2 1/2

X e h e hHL
n e HH e LH

HL

f u f u f u f u
ρψ = − + − −

′ = −
∆
%

 (2.1. 59)
 

 
2 1/2 3/2 1/2 1/2

X e h e hHL
n e HH e LH

HL

f u f u f u f u
ρψ = + − + +

′ = −
∆
%

 
(2.1. 60)
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By returning the functions back to Eq. (2.1.50) and using Table I, the 

polarization is obtained as 

 
1 2( 0) ( 0)x n nI I Iπ θ θ= == = + =  (2.1. 61)

 

 
1 2( / 2) ( / 2)y n nI I Iπ θ π θ π= == = + =  (2.1. 62) 

 

, 2

2

1
x y

x y
x y

I I
Pol

I I
π π

π π
π π

γ
γ

−
≡ =

+ +
[6] 

(2.1. 63)
 

where 
3

HL

HL

ργ ≡
∆

, and with the condition HL HLρ∆ >> % , Eq. (2.1.59) becomes 

 

,

2
2

3
HL

x y

HL

Polπ π
ργ= =
∆ [6]

 (2.1. 64)
 

Table I. dipole matrix element ( ˆ ˆ ˆsin cos sin sin cose x y zθ φ θ φ θ= + +r )[18] 

zJ  zS  ( ),z zJ SA e
r

 
 

3

2  
1

2  ( ) ( )3/2,1/2

1
0 sin

2
i

cvA e p e φθ −=
rr

 

1

2  
1

2  ( ) ( )1/2,1/2

2
0 cos

3 cvA e p θ= −
rr

 

1

2
−   ( ) ( )1/2,1/2

1
0 sin

6
i

cvA e p eφθ−=
rr

 

3

2
−   ( )3/2,1/2 0A e− =r

 

3

2  
1

2
−  ( )3/2, 1/2 0A e− =r

 

 
1

2
−  ( ) ( )1/2, 1/2

1
0 sin

6
i

cvA e p e φθ −
− =

rr

 

1

2
−   ( ) ( )1/2, 1/2

2
0 cos

3 cvA e p θ− − = −
rr

 

3

2
−   ( ) ( )3/2, 1/2

1
0 sin

2
i

cvA e p eφθ− −

−=
rr

 

1

2

1

2

1

2

1

2
−

1

2
−



 

 

For another definition 

 
Fss X X∆ = −

1if 0′− ∆ + ∆ >  

 
,x y FssSπ π

1if 0′− ∆ + ∆ <  

 
,x y FssSπ π

Note that Fss∆  is always 

Characteristic length 

A wave function described by 

expressed as 

 
2

1
( )

x

f x e
l π

 
=  
 

and also sketched as 

 Fig. 2.1.4  A Gaussian function along 

Assume that the wave function 

boundary L/2. The height at 
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,Pol+ −  and Fss∆  

; ;Fss X XE E+ −∆ = −
 

,

I I
Pol

I I
+ −

+ −
+ −

−=
+  

x y Fssπ π = ∆
 

, ,x yPol Polπ π + −=
 

x y Fssπ π = −∆  , ,x yPol Polπ π + −= −

is always positive. 

 

wave function described by the Gaussian function in x

2

2

1/4

2 x

x

lf x e
π

− 
 
 

 

 

A Gaussian function along x-direction. 

the wave function is reduced to A percent of the peak (

The height at L/2 can be expressed as 

 
(2.1. 65)

 

 

(2.1. 66) 

, ,Pol Pol+ −  (2.1. 67) 

Gaussian function in x-direction can be 

(2.1. 68) 

 

 

percent of the peak (h) at 
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 ( ) (0)
2

L
f A f= ×  (2.1.69) 

Therefore, 

 1/4

2

1
(0)

x

f h
l π
 

= = 
 

 (2.1.70) 

 2

2

1/4 1/42

2
2 2

1 1
( )
2

x

L

l

x x

L
f e A h A

l lπ π

 
 
 −   

= = × = ×   
   

 
(2.1.71) 

from Eq. (2.3.2.4), we obtain the relation between the geometric length and its 

characteristic length can be obtained via the ratio A 

 2

2

1
ln( )

8
x

x

L

l A
=  (2.1. 72) 

or 

 18ln( )x x A
L l=  (2.1. 73) 

 
18ln( )

x
x

A

L
l =  (2.1. 74) 

as in the case for other directions. 

Consider a case of InAs/GaAs cubic shaped quantum dot.  

A 20(nm),  18(nm) and 5(nm)x y zL L L= = =  InAs/GaAs cubic quantum dot wave 

functions are obtained by one-band (six-band) for electron (hole) finite 

difference numerical method which was programmed in the thesis of Ku[12]. 

The initial strains are considered. The strain distributions in and out of dots are 

computed by using finite element software package Comsol multiphysics® .  

 



 

 

(a) 

 Fig.2.1.5 Electron wave function along (a)

20 nm, A = 0.09x xL =

According to Eq. (2.1.68), 

Or 4.39 e
x xL l= , 4.39y xL l= ×

20 

 

(b) 

Fig.2.1.5 Electron wave function along (a) 

20 nm, A = 0.09, (b) z-direction, 5 nm, A = 0.47z zL = .

Eq. (2.1.68), 4.56 (nm)e
xl =  and 4.56 (nm)e

yl ξ= ×

4.39 e
y xL l ξ= × , 2.5z zL l=  

 

 x-direction, 

5 nm, A = 0.47. 

 

4.56 (nm) 2.03 (nm)e
zl = .  
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2.2 Strain effects 

Initial strain in InAs/GaAs self-assembled QDs 

 InAs/GaAs self-assembled QDs have built-in strains due to the lattice 

mismatching of the two materials InAs and GaAs, this effect induces initial 

strains. Here, this induced strain is treated as an initial strain in the analysis[8]. 

The in-plane mismatch is defined as 

 
GaAs InAs

0
InAs

= 6.69%xx yy

a a

a
ε ε ε−= = = −

[4]
 (2.2.1) 

 12
0

11

2
7.27%zz

c

c
ε ε= − =

[4] 
(2.2.2) 

InAs 6.055Aa =
o

( GaAs 5.65Aa =
o

) denotes the lattice constant of InAs(GaAs). 0ε

represents the lattice mismatching percentage. The negative sign refers to the 

compression in the x and y directions, in which the compression of xy-plane 

results the tension in z-direction. 

This case involves a very large and thin plate, explaining why a general 

formalism that changes with size is derived here. Refrences [10] and [11] 

provide the general formulae. Prof. Cheng derived the following application 

analysis formulae. Notably, the strain elements are precisely at the center of 

cubic shaped quantum dots of isotropic material. For an isotropic crystal, the 

elastic matrix iso
ijc  is set to be: 



 

 

 11 12 12

12 11 12

12 12 11iso
ij

c c c 0 0 0

c c c 0 0 0

c c c 0 0 0
c

0 0 0 c 0 0

0 0 0 0 c 0

0 0 0 0 0 c

 
 
 
 

=  
 
 
 
 

 iso
44 11 12

1
c (c c )

2
= −

Analytical solution for initial strain

Symmetry dots 

 Fig. 2.2.1 shows a cubic shaped quantum dot 

 

  

2 2 2
0                     = + +x y zL L L L

 

  

12 12

11 11 12

s c

s c c
υ = − = =

+

 0(1 )
=

(1 )

ε υ
π υ

+Λ
−  

 

  

(0,0,0) 8 arctan= Λ −xxε ε

 

  
(0,0,0) 8 arctan= Λ −yyε ε

 (0,0,0) 8 arctan= Λ −zzε ε

22 

11 12 12

12 11 12

12 12 11
iso
44

iso
44

iso
44

c c c 0 0 0

c c c 0 0 0

c c c 0 0 0

0 0 0 c 0 0

0 0 0 0 c 0

0 0 0 0 0 c

 
 
 
 
 
 
 
 
  [7]

 

44 11 12c (c c )

Analytical solution for initial strain  

 

cubic shaped quantum dot and its corresponding length.

                     

12 12

11 11 12

Poisson's Ratio         
s c c

= − = =
+ [7]

 

0
0

(0,0,0) 8 arctan
 

= Λ − 
 

y z

x

L L

L L
ε ε  

0
0

(0,0,0) 8 arctan
 

= Λ − 
  

x z

y

L L

L L
ε ε  

0
0

(0,0,0) 8 arctan
 

= Λ − 
 

x y

z

L L

L L
ε ε  

(2.2.3) 

(2.2.4) 

corresponding length.  

(2.2.5) 

(2.2.6) 

(2.2.7) 

(2.2.8) 

(2.2.9) 

(2.2.10) 
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  (0,0,0) (0,0,0) (0,0,0)= =xy xz yzε ε ε  (2.2.11) 

The following section summarizes those results and compare them with the 

results of the finite element software package Comsol multiphysics. 

Software comsol manipulation of the initial strain in self-assembled 

InAs/GaAs cubic shaped quantum dot 

Symmetry cubic QDs 

 

(a) (b) 

  

Symmetry 
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(c) (d) 

 
 

 Fig. 2.2.2  Strain quantities of symmetry cubic QDs (a) ,  xx yyε ε ,(b) zzε , (c) 

2xx yy zzε ε ε+ −  , (d) xx yy zzε ε ε+ +  from 10 ~ 100 nmxL = , 2 nmzL = . 

 

When the plate is extremely large as 100 nmx yL L= = , xxε and yyε  approach 

0 6.69%ε = − , zzε is close to 7.27%. For a symmetry QD, xx yyε ε= . Shear strain 

tensors are zero in the simulation of comsol, which consists of the analytical 

solution. As is well known, the reason that xx yyε ε>  is very similar to that for 

rubber bands, in which longer the bands, more easier to extended the bands. 

Therefore, the strain tensors decrease as the cubits become diminish in size. 
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Asymmetric cubic QDs 

 
(a) (b) 

  

(c) (d) 

  

(e) 

 

Asymmetry 
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 Fig. 2.2.3 Strain quantities of asymmetry quantum dots are equivalent. 

Asymmetrize / 0.85y xL Lξ = = , 2 nmzh L= =  (a)
 

,  xx yyε ε ,(b) zzε , (c) 

2xx yy zzε ε ε+ −  (d) xx yyε ε−   , (e) xx yy zzε ε ε+ +  from 10 ~100 nmxL = . 

 

Obviously, xxε  and yyε  are unequal in Fig. 2.2.3 (a). Since xL is longer thanyL , 

like rubber bands, the longer side is easily extended; thus, the length variation in 

x-direction is greater than that in y-direction. Still, the shear strain tensors are 

zero as in the symmetric case. 

The strain quantities related to Hamiltonian are introduced as follows. 

 Q = ( 2 )
2 xx yy zz

b
ε ε ε ε− + −  

 ( )  3
2 xx yy xy

d
R i bε ε ε ε= − −   

 ( )v xx yy zzP aε ε ε ε= + +
 

 

Applied stress induced strain 

A force acts on a body might cause a displacement in shape. Stress resembles 

force, and the displacement resembles strain. However, in this study, strain is not 

a specific length of displacement but the ratio of displacement compared with 

the original length. 

Definition of strain 

Origin point O is fixed in the end of string, and a point P moves on the string 

that moves at a distance u  to P′ , O P x= and O P x u′ = + .  

Consider two close points P and iQ , in which distance between P and 
iQ

denoted as 
1 1 2 2  ... ( , )i ix P Q x P Q x P Q∆ = ∆ = ∆ = . After deformation,  



 

 

 

i i

P P

Q Q

′→

′→
 

Next, 1 1PQ P Q′′→ , PQ P Q

sum of two vectors x u∆ + ∆

The normal strain tensor is given by

 1
11

1

u
e

x

∆=
∆

 

 Fig. 2.2.4  The displacement along the parallel direction and perpendicular 

direction relative to its original lattice length.

For the angle 

 2

1 1

tan
u

x u
θ ∆=

∆ + ∆

Since we restrict the discussion to small displacements, 

than the displacements 

small as well. Thus, the Eq.(2.1.5) 

 2
21

1

u
e

x
θ ∆= =

∆
 

Similarly  

 i
ii

i

u
e

x

∆=
∆
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2 2PQ P Q′′→ , such that i iPQ P Q′′→ . 

i ix u∆ + ∆ . 

The normal strain tensor is given by 

 

Fig. 2.2.4  The displacement along the parallel direction and perpendicular 

direction relative to its original lattice length. 

2

1 1

u

x u∆ + ∆
 

Since we restrict the discussion to small displacements, x∆

than the displacements 1u∆  and 2u∆ ( )1 1 2,  x u u∆ >> ∆ ∆ t

the Eq.(2.1.5) is 

(2.2.12) 

iP Q′′ represents the 

(2.2.13) 

 

Fig. 2.2.4  The displacement along the parallel direction and perpendicular  

(2.2.14) 

1x∆  is much greater 

thus the angleθ is 

(2.2.15) 

(2.2.16) 
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and 

 
i

ij
j

u
e

x
θ∆= =

∆
 (2.2.17) 

Next, the symmetrical part of ije  is further defined as ijε . That is, 

 ii iieε =  (2.2.18) 

and 

 
1

( )    ( , 1,  2)
2ij ij jie e i jε = + =  (2.2.19) 

i iε is purely the displacement in length and so called normal strain, ijε is the 

shear strain and as well the change in angle. The definition of three-dimensional 

strain resembles the two-dimensional strain. The strain tensor can be presented 

as: 

 
  ( , 1,  2, 3)i

ij
j

u
e i j

x

∆= =
∆

 (2.2.20) 

Similar to the symmetrical property in two-dimensional form, the stress tensor 

of the symmetrical part of ije  is represented as ijε . 

 ( )1
+   ( , 1,  2, 3)

2ij ij jie e i jε = =  (2.2.21) 

For the symmetrical strain tensor, 

 
ij jiε ε=  (2.2.22) 

Hooke’s Law states that 

 cσ ε=  (2.2.23) 

 sε σ=  (2.2.24) 
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s represents the elastic compliance constant. The compliance is related to the 

elastic stiffness constant, c. c is known as Young’s Modulus. Also, stress σ  is 

applied homogeneously to a crystal results a strain ε  respectively. The 

relationship between stress and strain in tensor form is given by 

     ( , , , 1,2,3)ij ijkl kls i j k lε σ= =  (2.2.25) 

the Einstein notation is used here. 

Stress induced strain in any reference frame 

Hooke’s law can be written in tensor form as 

 
ij ijkl klsε σ=

 
(2.2.26) 

The strain tensor is expanded as 

 11 1111 11 1112 12 1113 13

1121 21 1122 22 1123 23

1131 31 1132 32 1133 33

       

       

s s s

s s s

s s s

ε σ σ σ
σ σ σ
σ σ σ

= + + +
+ + +
+ +

 
23 2311 11 2312 12 2313 13

2321 21 2322 22 2323 23

2331 31 2332 32 2333 33

       

       

s s s

s s s

s s s

ε σ σ σ
σ σ σ
σ σ σ

= + + +
+ + +
+ +  

M  

(2.2.27) 

Tensor into matrix form is followed by the notation rule. 

                                           yy       zz      yz,zy      zx,xz    xy,yx

tensor notation (ij)      11       22       33     23,32     31,13   12,21

matrix notation (m)      1         2   

xx

      3         4            5          6  
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For strain, from tensor notation to matrix notation 

1

2

     when 

   when 

ij m

ij m

i j

i j

ε ε

ε ε

= =

= ≠
 

  

1

2

1

4

From tensor notation to matrix notation

 when m and n are 1, 2, 3

s  when either m and n are 4,5 or 6

 when both m and n are 4, 5, or 6

ijkl mn

ijkl mn

ijkl mn

s s

s

s s

=

=

=

 

For stress 

    for any i and jij mσ σ=   

The stress induced strain thus becomes 

 

1 1
1 11 1 16 6 15 52 2

1 1
16 6 12 2 14 42 2

1 1
15 5 14 4 13 32 2

       

       

s s s

s s s

s s s

ε σ σ σ

σ σ σ

σ σ σ

= + + +

+ + +

+ +
 

1 1 1
4 41 1 46 6 45 52 4 4

1 1 1
46 6 42 2 44 44 2 4

1 1 1
45 5 44 4 43 34 4 2

       

       

s s s

s s s

s s s

ε σ σ σ

σ σ σ

σ σ σ

= + + +

+ + +

+ +
 

 

(2.2.28) 

 

 

 

1 11 1 12 2 13 3s s sε σ σ σ= + +

 
1 1 1 1

4 44 4 44 4 44 42 4 4 2
s s sε σ σ σ= + =

 M  

(2.2.29) 
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Furthermore, the matrix notation is transformed into Cartesian notation.  

 

xx xx1 11 12 13 14 15 16

yy2 21 22 23 24 25 26

zz3 31 32 33 34 35 36

yz4 41 42 43 44 45 46

xz5 51 52 53 54 55 56

xy6 61 62 63 64 65 66

s s s s s s

s s s s s s

s s s s s s

2 s s s s s s

2 s s s s s s

2 s s s s s s

ε σε     
    εε
    

εε     
= =    εε     

ε ε   
    εε    

yy

zz

yz

xz

xy

 
 σ
 
σ 
 σ
 
σ 
 σ 

 

(2.2.30) 

For the cubic crystal in which the main axis is along [100], the compliance can 

be obtained from the elastic stiffness constant, c.[7] 

The compliance matrix is precisely for cubic crystal along [100][7]: 

 

[100] [100] [100]

[100] [100] [100] [100]

[100] [100] [100]

11 12
11 22 33 2 2

11 11 12 12

12
12 21 13 31 2 2

11 11 12 12

44 55 66
44

2

2

1
 

else 0

c c
s s s

c c c c

c
s s s s

c c c c

s s s
c

+= = =
+ −

−= = = =
+ −

= = =

=

 
(2.2.31) 

 

[100] [100] [100]
11 12 12
[100] [100] [100]
12 11 12
[100] [100] [100]

[100] 12 12 11
ij [100]

44
[100]
44
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While for the main reference frame along [110]-direction, the compliance 

becomes 
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As a result 
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(2.2.34) 

Stress Transformation 

Although the stress in Eqs. (2.2.30) is referenced on the main reference 

frame, stress may occasionally occur that misaligns the main axes.  

For a second-rank stress tensor that works misaligned with the main axes, 

the stress is transformed by two transformation matrixes and the vector 

component in the main reference frame is obtained. Here, the double-prime label 

represents the frame of applied stress, and the raw label states its component in 

the reference frame.[7] 

 
mn om pn opa aσ σ ′′=  (2.2.35) 

The angles are redefined here, in which the stress is assumed to be misaligned 

with the main axes with an angle σφ to x , Appendix I describes the choice and 

settlement of the rotation matrix. 
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For stress applied on the xy-plane, 0σθ = , 
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(2.2.38) 

For a set of bi-axial stresses 11σ ′′  and 22σ ′′ that lie on the xy-plane and 

perpendicular to each other: 
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2 2
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a a a a
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M  

(2.2.39) 

With the same method, all of the stress tensor elements are obtained. Finally, the 

stress becomes: 
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M
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σ φ σ φ σ
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σ φ φ σ φ φ σ

The stress components in the reference frame can be obtained via the 

second-rank tensor method and 

 2 2
1

2 2
2

3

4

5

6

cos sin

sin cos
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sin cos sin cos

    
    
    
    

= × + ×    
    
    
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          σ σ σ σ

σ
σ
σ
σ
σ
σ φ φ φ φ

This equation is universally used for 

with an angle σφ to the reference frame

(a) 

 Fig. 2.2.5 (a) stresses in given coordinate system. (b) stress applied 

with an angle σφ

For the following usage, the matrix notations 

notation, subsequently allowing for additional discussion via direct observation.
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The stress components in the reference frame can be obtained via the 

rank tensor method and represented as 

2 2
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φ φ
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This equation is universally used for stress that is misaligned with the main axes 

to the reference framex .  

(b) 

 

Fig. 2.2.5 (a) stresses in given coordinate system. (b) stress applied 

to the main reference coordinate. 

For the following usage, the matrix notations are presented 

allowing for additional discussion via direct observation.

(2.2.40) 

The stress components in the reference frame can be obtained via the 

(2.2.41) 

misaligned with the main axes 

 

Fig. 2.2.5 (a) stresses in given coordinate system. (b) stress applied  

are presented as the Cartesian 

allowing for additional discussion via direct observation. 
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 (2.2.42) 

Also, insert Eq. (2.2.42) into Eq. (2.2.30). 

The strain induced by a set of bi-axial stress and applied with an angleσφ to x 

and y axes for any reference frame is shown below: 
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2σ×  (2.2.43) 

Thus, for the main reference frame along [110], the stress induced strain can be 

written as 
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Chapter 3 Size Effects

Based on the above

be constructed; the fine structure splitting and degree of linear polarization in 

QDs can be determined as well

determined by the shape

effect.  

Due to the summation and cancellation of dipole

y direction, the state of low energy used to emit along 

energy state emits along y

, 0x ySπ π < . However, the

( , 0x ySπ π > ), the following is the discussion of this observation. As the optical 

polarization, the total polarization of high and low energy states is along 

x-direction which corresponds to the elongation of QDs.

, 0x ySπ π <

(a) 
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Size Effects 

Based on the above theory and equations, the Hamiltonian for exciton

the fine structure splitting and degree of linear polarization in 

can be determined as well. All of the elements in Hamiltonian are 

shape of QDs, parameters of material and

Due to the summation and cancellation of dipole-dipole interaction in

f low energy used to emit along x-direction, while the high 

energy state emits along y-direction as shown in the figure below

However, the abnormal phenomenon is observed in InAs/GaAs QDs 

), the following is the discussion of this observation. As the optical 

polarization, the total polarization of high and low energy states is along 

direction which corresponds to the elongation of QDs. 

0<  ,x ySπ π

 

(b) 

theory and equations, the Hamiltonian for exciton can 

the fine structure splitting and degree of linear polarization in 

the elements in Hamiltonian are 

and, finally, the strain 

dipole interaction in x and 

direction, while the high 

direction as shown in the figure below in which the 

phenomenon is observed in InAs/GaAs QDs 

), the following is the discussion of this observation. As the optical 

polarization, the total polarization of high and low energy states is along 

0x y >  
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 Fig. 3.1 (a) The normal distribution that shows low energy state and 

polarization along x-direction. (b) The abnormal situation that shows low 

energy state emits along y-direction. 

 

Most of the physical quantities like HH- LH- coupling term HLρ , HH- LH- 

energy separation HL∆  and long-range interaction 1∆  closely resemble each 

other in terms of the two materials InAs/GaAs and GaAs/AlGaAs. Notably, two 

materials most obviously differ in the term of BD∆ , the energy separation 

between bright and dark exciton based on Eq. (2.1.46) 

 
2 1

BD ,

* 3

 xc
eh bul x

B
k zl

a
l

ξ
− −∆ ∝ ∆ ×  

 

The Bohr radius of InAs is 34nm, while that of GaAs is 11nm. The energy from 

dark to bright exciton is directly proportional to the third power of Bohr radius, 

subsequently leading to a very large adjustment of the energy from dark to 

bright exciton of InAs.  

 

 Fig. 3.2  Energy difference from dark to bright exciton BD∆  of InAs and 

GaAs. 

 

The very large BD∆  promotes the low energy state, xπ  higher and eventually 
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leads to the yπ  state. 

The band gap of bulk InAs is 0.413eV, and 1.518eV. One is very wide and 

the other is narrow. Effective mass of each material can be determined based on 

the energy gap, and the Bohr radius is further related to the effective mass. 

 0

1 /e
p g

m
m

E E
∗ =

+
  

 *
*
b

B B
e

a a
m

ε= ×   

Consequently, the Bohr radius of InAs is 34nm and while that of GaAs is 11nm. 

3.1 Hierarchical GaAs QDs 

 Hierarchical GaAs QDs are stress free QDs. Only the size effects on GaAs 

QDs are considered here. The numerical results of FSS are obtained by 

diagonalizing the Hamiltonian in Eq. (2.1.18). 

 

  

(a) (b) 
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 Fig. 3.1.1 (a) HLρ and HL∆  (b) HL

HL

ρ
∆

 (c) ,x yPolπ π  with both numerical and 

analytical result. (d) QD
gE (e)

 BD∆  (f) ,x ySπ π , 1∆ and ′∆ of GaAs strain free 

QDs vary with size. 2 nmzl =  and / 0.8y xl lξ ′ = =  

 

 

 

 

 

 

 

 

 

 

(c) (d) 

(e) (f) 
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3  nmxl =  3.25  nmxl =  3.5  nmxl =  3.75  nmxl =  

   

5  nmxl =  6  nmxl =  7  nmxl =  8  nmxl =  

 
  

 Fig. 3.1.2 GaAs QDs without strain. PL polarization and energy spectrum of QDs 

vary with characteristic length of (a) 3nm (b) 3.25nm (c) 3.5nm (d) 3.75nm (e) 5nm 

(f)6nm (g) 7nm (h) 8nm. 2 nmzl =
 and / 0.8y xl lξ ′ = =  

 

 

 

From Eqs . (2.1.36), (2.1.40), (2.1.43), (2.1.44) 

(a) (b) (c) (d) 

(e) (f) (g) (h) 
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eh bulk x z

z x y
B l l

l l l
a

ρ ξ
ξ

−

− −  −′∆ ∆ ∝ ∆ × − −    ∆    
 (3.1.6) 

According to Eqs. (3.1.3) and (3.1.4), kHLρ decreases as the size of QDs grows; 

in addition, k
HL∆ increases as the size grows. These analysis correlate with the 

analytical results shown in Fig 3.1(a). More, according to Eq. (3.1.5), the ratio 

HL
k

k
HL

ρ
∆

decreases with an increasing size, implying a reduction of HH- LH- 

coupling. According to Eq. (2.1. 61) this ratio is directly related to the linear 

polarization. Thus in Fig 3.1(b), the value of Pol decreases with an increasing 

size. Figure 3.2 also reveals that the Pol sketches are increasingly round with a 

decreasing size of QDs. 

According to Eqs. (3.1.1) and (3.1.2), both 1∆ and BD∆ increase with a 

decreasing size. Also, according to the power of each, the trend of 1∆  is flatter 

than BD∆ . However, with the factor of HH- LH- coupling , ′∆ increases faster 
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than 1∆  with a diminishing size. Therefore, the long range interaction 1∆

cancels the short range interaction ′∆  at the crossing point, then further short 

range dominates the long range interaction1∆  at small size region. 
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3.2 InAs/GaAs self-assembled QDs 

 A preliminary observation is made of the InAs/GaAs QDs without 

considering initial stress. 

  

  

  

 

Fig. 3.2.1 (a)
 HLρ and HL∆  (b) HL

HL

ρ
∆

 (c) ,x yPolπ π  with both numerical and 

analytical result. (d) QD
gE (e) BD∆  (f) ,x ySπ π , 1∆ and ′∆ of InAs strain free QDs 

vary with size. 2 nmzl =  and / 0.8y xl lξ ′ = =  

 

(a) (b) 

(c) (d) 

(e) (f) 
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 InAs/GaAs self-assembled QDs have built-in strains due to lattice 

mismatching. The strain tensors vary with size, as shown in Ch2.  

 
 

  

  

(a) (b) 

(c) (d) 

(e) (f) 
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Fig. 3.2.2 InAs/GaAs with initial strain. (a) strain tensors of xxε , yyε and zzε , (b) 

1∆ , (c) HLρ , k
HLρ and HL

ερ , (d)
k
HL

HL

ρ
ρ

and HL

HL

ερ
ρ

, (e) HL∆ , k
HL∆ and HL

ε∆ , (f)
k
HL

HL

∆
∆

and HL

HL

ε∆
∆

, (g) HL

HL

ρ
∆

, (h) ,x yPolπ π , (I) BD∆ ,and 1∆  (J) ,x ySπ π , 1∆  and ′∆  

against size with 2 nmzl =  and / 0.8y xl lξ ′ = =  

 

(a)   3.5  nmxl =  (b)  3.75  nmxl =  (c)  4  nmxl =  (d)  4.25  nmxl =  

    

(g) (h) 

(I) (J) 
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According to Eqs. (2.1. 37) and (2.1. 41) 

 ( ) 3
2HL xx yy xy

d
i bερ ε ε ε= − − +  

 

 ( )2HL xx yy zzbε ε ε ε∆ = − + −   

In this cubic model, 0xyε = . xx yyε ε−  and 2xx yy zzε ε ε+ −  vary with size as 

shown in Figure 3.2.2(b). Fig. 3.2.2(c) and 3.2.2(e) reveals an increase in both 

HLρ and HL∆  relative to k
HLρ  and k

HL∆ due to the initial strain. For the 

commonly observed size around 10~20nm width self-assembled QDs whose 

corresponding characteristic length is about 3~5nm. In this region, HL
ε∆ ( k

HL∆ ) is 

approximately 65% (35%) in the wholeHL∆ . Additionally, HL
ερ ( k

HLρ ) is around 

40% (60%) in HLρ . This finding suggests that the initial strain’s significantly 

(e)  4.5  nmxl =  (f)  5  nmxl =  (g)   6  nmxl =  (h)   7  nmxl =  

    

 

Fig. 3.2.3  Polar plots and PL spectra of InAs/GaAs QD varies with 

characteristic length of (a) 3.5nm, (b) 3.75nm, (c)4nm, (d) 4.25nm, (e) 4.5nm 

(f) 5nm (g) 6nm (h) 7nm. 
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increases HL∆ , and decreases the ratio HL

HL

ρ
∆ . The Pol simply follows the trend of 

HL

HL

ρ
∆ , which increases with an decreasing size. According to Fig. 3.2.2, the polar 

plots are tend to be asymmetric with the an decreasing size which agrees with 

the analysis results. 

In the case of InAs/GaAs QDs, the energy of BD∆ is much greater than1∆ , 

which indicates that short range interaction is much more active than in 

GaAs/AlGaAs QDs since InAs’s Bohr radius is very wide due to its Energy its 

narrow gap.  

 
BD ,

*
2

3

 x Bc
eh bulk xl

a

ξ
−∆ ∝ ∆ ×  (3.1.2) 

For GaAs * 11 nmBa = , for InAs * 34 nmBa = , this term makes BD∆ of InAs 27 

times greater than that of GaAs. In the small size region, BD∆ is extremely large, 

subsequently making 1∆  and ′∆ compatible with each other. Again, according 

to the power, 1∆ increases faster thanBD∆  with an decreasing of size, the ratio 

HL

HL

ρ
∆  causes ′∆ to increase faster than1∆ . Thus a crossing occurs at around 

3.6 nmxl = . By the region 3.6 nmxl < ; 1′∆ > ∆ , thus 1Fss ′= −∆ + ∆ are positive, 

that is x yE Eπ π> . While 3.6 nmxl > , 1′∆ < ∆ , and 1Fss ′= −∆ + ∆ become 

negative. According to the results, the intensity of high energy emits along the 
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y-direction. 

The crossing occurs with or without the initial strain. Thus, the FSS of 

InAs/GaAs self-assembled without intial strain varies from negative to positive 

and cross to zero at a large size rather than GaAs is largely owing to the very 

large Bohr radius. Further, the initial strains reduce heavy- and light-hole 

coupling. Without the initial strain, '∆ can be slightly higher in energy; the 

cross point occurs at a largerxl . Compare above two cases of GaAs/AlGaAs and 

InAs/GaAs QDs, the crossing point of FSS occurs at small size. 
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Chapter 4 Strain effects on semiconductor bulk 

4.1 Fundamental bulk theory 

This chapter demonstrates that physical observables of semiconductor bulk 

under stress are varied, including the electron and valence-band structure, as 

well the energy gap, microscopic Bloch function and ultimately the PL 

polarization. 

The zero energy level is set at the top of degeneracy valance-band enegy at 

Γ -point with stress. Equation (2.1.4) thus becomes 

 
2

2 2 2
*

0

( ) ( ) ( )
2n g x y z c xx yy zz

e

E k E k k k a
m m

ε ε ε= + + + + + +h
 (4.1.1) 

gE , energy gap between conduction-band and valance-band. The valence-band 

structures of HH- and LH- are given by four-band Luttinger Hamiltonian in  

Eq. (2.1.5). 

The band structures are obtained by the diagonalization of the Hamiltonian.  

 

 Fig. 4.1.1 An electron in the initial excited state spontaneously emit radiation, two 

states are probable for the emission process. 
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Numerical results indicate a variation of band-edge energies at Γ -point. 

The valence band edge energies of stressed bulk are obtained from the 

Hamiltonian at k=0. Since xzε and yzε  are neglected, the S term in the 

Hamiltonian is neglected. The band edge energy and its corresponding 

eigenvector thus become. 

High energy band 

 2 2
1E +   P Q Rε ε ε= − +  

( )2
1 3/2 1/2

1

1
, 0,  +h h

ij
v

v k R u Q Q R u
N ε ε ε εε  = = − − +  

r
 

(4.1.2) 

Low energy band 

 

( )
2 2

2

2
2 3/2 1/2

2

E    

1
, 0,  +h h

ij
v

P Q R

v k R u Q Q R u
N

ε ε ε

ε ε ε εε

= − − +

 = = − + +
  

r  (4.1.3) 

1vN and 2vN represent normalized constants. 

Based on those eigenvectors, the Bloch function is composed at Γ -point. 

The PL polarization of bulk with applied stress also adheres to the Fermi’s 

Golden rule. 

Fermi’s Golden rule states that 
 

 ( )
( )

2

2

ˆ ˆ

ˆ ˆ      , 0, , 0,

i f i f

n ij ij T

I f e p i E E E

v k e p c k E E

δ

ε ε δ

→ ∝ ⋅ − +

∝ = ⋅ ↑ = −
r r  (4.1.4)

 

TE indicates the transition energy between conduction- and valance-bands.
 

 , 0, iji c k ε= ↑ =
r

 (4.1.5)
 

and the final state is represented as 
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 , 0,n ijf v k ε= =
r

 (4.1.6)
 

From Chang [18](Appendix A) and Eqs. (4.1.1) to (4.1.3), the transition energies 

of the bands are derived below: 

Low transition (black to red)
 

 2 2
,1E ( + )  T gE P Q Rε ε ε= − − +  (4.1.7) 

 
( )

( ) 2
2 2

1
2

1
    

2 6
i i

v

Q Q RR
I e e

N

ε ε εθ θεθ −
− − +

∝ −  (4.1.8) 

High transition (black to blue) 

 2 2
,2E ( )T gE P Q Rε ε ε= − − − +  (4.1.9) 

 
( )

( ) 2
2 2

2
2

1
    

2 6
i i

v

Q Q RR
I e e

N

ε ε εθ θεθ −
− − +

∝ −

 

(4.1.10) 

,ET i are transition energy, θ is the angle of 360opolar plot. 

Moreover, the above equations are transformed in terms of stress by applying 

the results of stress transformation to those of strain. 

 ( ) ( ) ( )[110] [110] [110]

11 12 13 1 2 =v xx yy zz vP a a s s sε ε ε ε σ σ= − + + − + + +  (4.1.11) 

 ( ) ( ) ( )[110] [110] [110 ]

11 12 13 1 22 2
2 2xx yy zz

b b
Q s s sε ε ε ε σ σ= − + − = − + − +  (4.1.12) 

 ( )

( ) ( ) ( )[110 ] [110] [110]

11 12 1 2 66 1 2

3
2

1
   cos 2 3 sin 2

2 4

xx yy xy

d
R i b

d
s s i b s

ε

σ σ

ε ε ε

φ σ σ φ σ σ

= − −

= − − − × −
 (4.1.13) 

 



 

 

4.2 Numerical results of bulk with applied stress

This subsection discussed the

energy band structure, microscopic 

band-edge energy variation. 

Uni-axial along [110] 

Compressive 

 

(a) 

 
Fig. 4.2.1  GaAs bulk energy bands with stress (a) 

stress applied along 
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4.2 Numerical results of bulk with applied stress 

This subsection discussed the results of a stressed GaAs bulk, including the bulk 

energy band structure, microscopic Bloch function, PL polarization and the 

edge energy variation.  

 

 

Stress free 

 

(b) (c) 

  

Fig. 4.2.1  GaAs bulk energy bands with stress (a) -2GPa (b) zero (c) 2GPa 

 [110]. 

, including the bulk 

loch function, PL polarization and the 

Tensil 

 

 

2GPa (b) zero (c) 2GPa 
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Compression Stress free Tensile 

(a) (b) (c) 

   

(d) (e) (f) 

   

 

Fig. 4.2.2  PL polarization (first row) and energy spectrum (second row)of GaAs 

bulk with applied stess (a) -2GPa (b) zero (c) 2GPa (d) -2GPa (e) zero (f) 2GPa. 

Red lines denotes the low transition energy, blue line denotes the high transition. 

Stress applied along [110] 

 

 



 

54 

 

Compression Zero stress Tensil 

(a) (b) (c) 

   

(d) (e) (f) 

   

 Fig. 4.2.3  Microscopic Bloch function. First row are low energy states(a) -2GPa  

(b) zero (c) 2GPa . While second row are the Bloch function of the high energy states 

(d) -2GPa (e) zero (f) 2GPa. Stress applied along [110] 
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(a) (b) 

 
 

(c) (d) 

  

 Fig. 4.2.4 (a) The chart reveals the band-edge energies at Γ -point. (b) The chart 

reveals the low transition and high transition energies. (c) Band-edge energies of 

three bands atΓ -point. (d) Transition energies, the energy difference from the 

conduction band to the two hole-states. Stress applied along [110] direction 

 



 

 

Uni-axial stress along 

Compression 

 

(a) 

 
Fig. 4.2.5 GaAs bulk energy bands with stress

applied along [100]. 

 

(a) 
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 [100] 

Stress free 

 

(b) (c) 

 
 

Fig. 4.2.5 GaAs bulk energy bands with stress (a) -2GPa (b) zero (c) 2GPa. Stress 

 

(b) (c) 

  

Tensil 

 

 

2GPa (b) zero (c) 2GPa. Stress 
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(d) (e) (f) 

   

 Fig. 4.2.6  PL polarization (first row) and energy spectrum (second row)of GaAs 

bulk with stess (a) -2GPa (b) zero (c) 2GPa (d) -2GPa (e) zero (f) 2GPa. Red lines 

denotes the low transition energy one, blue denotes the high transition. Stress 

applied along [100] 

 

 

(a) (b) (c) 

   

(d) (e) (f) 

   

 Fig. 4.2.7  Microscopic Bloch function. First row are the high energy states (a) 

-2GPa  (b) zero (c) 2GPa . While second row are the Bloch function for the low 

energy hole state(d) -2GPa (e) zero (f) 2GPa. Stress applied along [100] 

 



 

 

(a) 

 Fig. 4.2.8 Stress applied alon

bands.(b) Transition energies, the energy difference from the conduction band to 

the two hole-states. Stress applied alon

 

An applied-stress works on the 

distance between atoms which distort the microscopic Bloch function. The 

microscopic Bloch functions reveal the charge density around nucleus and as 

well as the electron cloud.

 Fig. 4.2.9 “Distortion of 

(Hecht)[20] 

“Distortion of the electron cloud in response to an applied E

The distortion of Bloch function indicates the existence of a built

field. More, “The polarization 

of the applied optical field.
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(b) 

 

Fig. 4.2.8 Stress applied along [100] (a) band-edge energies at Γ

bands.(b) Transition energies, the energy difference from the conduction band to 

states. Stress applied along [100] direction. 

stress works on the semiconductor bulk causes the slightly change of 

distance between atoms which distort the microscopic Bloch function. The 

microscopic Bloch functions reveal the charge density around nucleus and as 

well as the electron cloud. 

 

Fig. 4.2.9 “Distortion of the electron cloud in response of an applied E

Distortion of the electron cloud in response to an applied E-

The distortion of Bloch function indicates the existence of a built

The polarization ( )P t
v

of a system depends upon the strength 

of the applied optical field.”(Boyd)[21]  

 

Γ -point of three 

bands.(b) Transition energies, the energy difference from the conduction band to 

 

the slightly change of 

distance between atoms which distort the microscopic Bloch function. The 

microscopic Bloch functions reveal the charge density around nucleus and as 

 

the electron cloud in response of an applied E-field.”  

-field” (Hecht)[20]. 

The distortion of Bloch function indicates the existence of a built-in electric 

ystem depends upon the strength ( )E t
v
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 ( ) ( )P t E tχ=
v v

 (4.2.1) 

where the constant χ is refer to susceptibility. The shape elongation of Bloch 

function denotes the direction of build-in electric field, therefore, the optical 

polarization is along the elongation of Bloch function. 



 

60 

 

Chapter 5   Conclusion 

This study investigates the FSS and Pol of InAs/GaAs QDs self-assembled 

QDs and hierarchical GaAs QDs with a series of size variation. InAs/GaAs QDs 

have an initial strain due to lattice mismatching, in which tunes HH-LH-splitting 

energy 1.5 times higher than the strain free QDs, subsequently reducing the Pol. 

Meanwhile, FSS of GaAs/AlGaAs and InAs/GaAs QD were originally negative 

then comes crossing to zero, then again increases positively with a decreasing 

size. Fine structure splitting is the competition between short- and long- range, 

since the Bohr radius of InAs is extremely large, subsequently exacerbating the 

situation in which the short-range effect cancels out the long-range effect when 

the QD size is small. 

Furthermore, the energy band of bulk InAs is constructed with an applied 

stress. The optical polarization, emission energy and the Bloch function under 

applied stress are manipulated. Analytical results indicate that the band gap 

decays with an increasing compressive stress. Correspondingly, the band gap 

rises with an increasing tensile stress. Moreover, the light emission of low 

energy is along the compressed direction and as well the microscopic Bloch 

function. Furthermore, the Bloch function is twisted due to the built-in 

electronic field caused by the stress.  

As for future work, we recommend that future research further apply the 

stress on both InAs/GaAs QDs and GaAs QDs. By selecting an appropriate size, 

the FSS of InAs/GaAs can be tuned to zero. Moreover, the ground state 

wavefunction of 3D parabolic well is taken as basis in current study, a full 
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numerical computation with a large amount of basis considered which can 

evaluate the FSS and Pol more precisely. 
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Appendix I Rotation 

Rather than a specific matrix

process. The rotation matrices

the z-axis with an angle

 

cos sin 0

( ) sin cos 0

0 0 1
zR

 
 = − 
  

φ φ
φ φ φ

A component in the new frame 

quantities. Also, following

θ , the individual matrices are as:

 

1 0 0

( ) 0 cos sin

0 sin cos
xR

 
 =  
 − 

ψ ψ ψ

 

cos 0 sin

( ) 0 1 0

sin 0 cos
yR

 
 =  
  

θ θ
θ

θ θ

For the process that rotate

x-axis rotates around φ θ ψ
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Rotation Matrix  

a specific matrix, the rotation matrix is composed

he rotation matrices are defined first. If the xy-plane

axis with an angleφ , the rotation matrix is: 

cos sin 0

( ) sin cos 0

0 0 1

 
 
 
  

φ φ
φ φ φ  

component in the new frame can be presented simplily in terms of the old 

following rotation around x-axis and y-axis with angles 

the individual matrices are as: 

1 0 0

( ) 0 cos sin

0 sin cos

 
 
 
 − 

ψ ψ ψ
ψ ψ

 

cos 0 sin

( ) 0 1 0

sin 0 cos

− 
 
 
  

θ θ

θ θ
 

For the process that rotates around z-axis and then the y-axis and finally

,  and φ θ ψ , the entire process can be written as a rotation 

the rotation matrix is composed by the rotation 

plane is rotated around 

 

(I.1) 

in terms of the old 

axis with angles ψ and 

 

(I.2) 

 

(I.3) 

axis and finally the 

process can be written as a rotation 
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matrix:  

 ( ,  ,  ) ( ) ( ) ( )x y za R R R=ψ θ φ ψ θ φ  (I.4) 

Similarly, for the order of rotated axis comes by 

 1. rotate about z with angle  

2. rotate about y with angle 

3. rotate about new z with angle 

φ
θ

γ
 

 

The rotation matrix becomes 

 ( ) ( ) ( )z y za R R R= γ θ φ  (I.6) 

The frames needed can be reached by rotating the axis no more than three times. 

For our two main purposes, first to transform the reference frame of compliance 

to [110] as well as transforming the reference frame of Hamiltonian. Therefore, 

only ( )zR φ
 is needed to form the rotation matrix. In tensor form: 

 cos sin 0

( ) sin cos 0

0 0 1
ij za R

 
 = = − 
  

φ φ
φ φ φ  (I.7) 
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Appendix II  Reference frame transformation of kinetic 

part 

Consider the Hamiltonian and its basis. Here, notations and definitions in Ref. [7] 

are adopted. 

 

 

The basis of Hamiltonian [4] 

 ( )

( )

( )

( )

3 3 1
,

2 2 2

3 1 1 2
,

2 2 36

3 1 1 2
,

2 2 36

3 3 1
,

2 2 2

X iY

X iY Z

X iY Z

X iY

= − + ↑

−= + ↓ + ↑

− = − ↑ + ↓

− = − ↓

 (II.3) 

The simple basis forms a convenient k p⋅ Hamiltonian relative to the basis 

,  ,  X Y Z  [23] 

 ( ) ( )

( ) ( )

2 2
2 2 2 2 2 21 2

0 0

2 2
2 2 3

2 3
0 0

                           2
2 2

3 3
2     S

2

k x y z k x y z

k x y x y k x y z

P k k k Q k k k
m m

R k k i k k k ik k
m m

= + + = + −

 = − − + = − 

h h

h h

γ γ

γγ γ
 (II.1) 

†

†

† †

0 3 / 2, 3 / 2

0 3 / 2, 1/ 2

0 3 / 2, 1/ 2

0 3 / 2, 3 / 2

k k k k z

k k k k zLK
k

k k k k z

k k k k z

P Q S R J J

S P Q R J J
H

R P Q S J J

R S P Q J J

+ − = = 
 − − = = = −
 − = = −
 + = = − 

 (II.2) 
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2 2 2

2 2 2

2 2 2

( )

( ) ( )

( )

x y z x y x y

XYZ x y y x z y z

z x x y z x y

Lk M k k Nk k Nk k X

D k Nk k Lk M k k Nk k Y

Nk k Nk k Lk M k k Z

 + +
 = − + + 
 + + 

 (II.4) 

where 

 
2

1 2
0

2

1 2
0

2

1
0

( 4 )
2

( 2 )
2

6
2

L
m

M
m

N
m

= γ + γ

= γ − γ

= γ

h

h

h

 (II.5) 

Three steps to transfer the Hamiltonian to reach || [110], xk′  || [110],yk′   || [001]zk′ . 

 1. Basis   XYZ X Y ZD D ′ ′ ′′⇒  

2. ( )  ( )XYZ X Y ZD k D k′ ′ ′′ ′⇒  

3. Re-compose { }( ) , ,LK kH X Y Z′ ′ ′′  

The first step transfers the matrix XYZD . The matrix is defined here as a 

second-rank tensor 

 ( )      XYZ klD k D⇒  

( )     X Y Z ijD k D′ ′ ′′ ′⇒  
(II.6) 

Similar to the method in which stress is treated, a second-ranked tensor can be 

transformed via two rotation matrixes. 

 
ij ik jl klD a a D′ =  (II.7) 

4
= πφ , the rotation matrix becomes 
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 1 1 0
1

1 1 0
2

0 0 2

ija

 
 = − 
 
 

 

11

1

2
a =    12

1

2
a =    13 0  a = L 

(II.8) 

 
ij ik jl klD a a D′ =  

3

11 1 1
, 1

11 11 11 11 12 12 11 13 13

12 11 21 12 12 22 12 13 23

13 11 31 13 12 32 13 13 33

3

12 1 2
, 1

:

            =

              

              

                 

k l kl
k l

k l kl
k l

Ex

D a a D

a a D a a D a a D

a a a a a a D

a a D a a D a a D

D a a D

=

=

′ =

+ + +
′′ ′′+ + +

+ +

′ =

∑

∑

M

σ σ
 

(II.9) 

 

3

11 1 1
, 1

11 11 11 11 12 12 11 13 13

12 11 21 12 12 22 12 13 23

13 11 31 13 12 32 13 13 33

11 11 11 11 12 12 12 11 21 12 12

            =

              

              

           =

k l kl
k l

D a a D

a a D a a D a a D

a a D a a D a a D

a a D a a D a a D

a a D a a D a a D a a D

=

′ =

+ + +
+ + +
+ +

+ + +

∑

( )

22

2 2 2 2

2

2

2

2

2 2 2

1 1
           = ( ) ( )

2 2
1

           = )
2

                                

( ) ( 2 2

       

x y

x y z x

x y z x

y y z

y

xL

L k k

k M k k Nk k Lk

M k k k Nk

M k k   − + +

+ +

− − + +  

+



+− +

M

 (II.10) 

By following this method, the k p⋅ Hamiltonian can be obtained with new basis 

of ,  ,  X Y Z′ ′ ′   
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X Y Z

2 2 2 2 2

2 2

2 2 2 2 2

2 2

2 2 2

D (k)=

( ) ( 2
( )( ) 2 ( )

2

( ) ( 21
( )( ) 2 ( )

2

2 ( ) 2 (

)

) 2

)

2

)( ) (

x y x y z

x y x y z

x y

x y x y z

x y x y z

x y

x y z x y z z x y

L k k M k k k
M L k k N k k k

Nk k

L k k M k k k
M L k k N k k k

k k

N k k k N k k k L k k k

N

M

′ ′ ′′

+ + + +
− − +

+

+ + + +
− − − − −

 + −

 
 
 
 
 
 −


− + +


 

 


 



v

 
(II.11) 

Recall that the k terms here are still along the original reference frame. The final 

step must be performed to orientate around z-axis to match

|| [110], || [110],  || [001]x y zk k k′ ′ ′ . Where k is a first-ranked tensor, in which a 

rotation matrix is simply applied. Notably, the k value is represented in terms of 

k′  

    (i, j=1~3)i ji jk a k′=
 

( )

( )

1

2
1

2

x x y

y x y

z z

k k k

k k k

k k

′ ′= −

′ ′= +

′=
 

(II.12) 

Incorporating (II.12) into X Y ZD (k)′ ′ ′′
v

 leads to X Y ZD (k )′ ′ ′′ ′
uv

 

X Y Z

2 2 2

2

2 2

2

2 2

( )
2 ( )

( ) 2

( ) Y
2 ( )

( ) 2

D (k )=

2

Z2 ( ) 2 ( )

( )

1
2( )

2

2 ( ) ( )

x

x y x z

y z

x

x y y z

y z

x z

y

zy z x y

L M

L M

L k M k

k L M N Xk k N k k
k L M N Mk

k L M N
k k N k k

k L M N Mk

N k k N k k k

′ ′ ′

′ + + ′′ ′ ′ ′ 
′ ′+ + − + 

 ′ + −

′ ′

−

− −

′

′ ′ ′ ′ ′
 ′ ′+ + + +
 

′ ′ ′ ′ ′ ′ + + ′
 
 
 

uv

 
(II.13) 

 
X Y ZD (k ) Dij′ ′ ′′ ′ ′≡

uv
(II.14) 

Finally, the 4-band k p⋅ Hamiltonian is recomposed with the basis of Slater 

orbital. The basis of Hamiltonian H ′  in the new reference frame of [110] now 
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becomes 

 ( )

( )

( )

( )

1 3/ 2

2 1/2

3 1/2

4 3/2

3 3 1
,

2 2 2

3 1 1 2
,

2 2 36

3 1 1 2
,

2 2 36

3 3 1
,

2 2 2

u u X iY

u u X iY Z

u u X iY Z

u u X iY

−

−

′ ′ ′ ′≡ = = − + ↑

−′ ′ ′ ′ ′≡ = = + ↓ + ↑

−′ ′ ′ ′ ′≡ = = − ↑ + ↓

−′ ′ ′ ′≡ = = − ↓

 (II.15) 

 

( ) ( )

( )

( )

[ ]

[ ]

11 1 1

11 21 12 22

2 2 2

2

:

3 3 3 3 1
, ,

2 2 2 2 2

1
  

2( )

2

   
2
1 1

     
2 2
1 1

      = ( ) ( ) 2

(

4 4
1 1

       (
4 4

)

ij i j

x y z x

x x

H u u

Ex

H u u X iY X iY

X X Y X X Y Y Y

D D D D

k L M N k L M N Mk k k

k k k L

L M

L M

′ ′ ′=

′ ′ ′ ′ ′= = = − ↑ + ↑

′ ′ ′ ′ ′ ′ ′ ′= − + +

− ′ ′ ′ ′= × − + +

− −′ ′ ′ ′ ′ + + + + − + − 

− −′ ′ ′+ +

−

− 2 2

2 2 2

) ( ) 2

1
      = ( ) ( ) 2       

2

y z

x y z k k

M N k L M N Mk

k L M k L M Mk P Q

′ ′ + − + + + + 

′ ′ ′ ′ ′ − + + + + = − − 

 

(II.16) 

 

( ) ( )

( )

( )

( )

22 2 2

11 21 12 22 3

2 2 2

3

3 1 3 1
, ,

2 2 2 2

1 2 1 2
      =

3 36 6

1 2
     

6

1
( 5 ) ( 5 ) 2 (2 )

6
 

3
1 2

      =
6 3

      =

    =

x y z

H u u

X iY Z X iY Z

X X i Y X i X Y Y Y Z Z

D iD

k L M k L M k

D

L M

iD D

P

′ = =

   − −′ ′ ′ ′ ′ ′− ↓ − ↑ + ↓ − ↑      
   

′ ′ ′ ′ ′ ′ ′ ′ ′ ′= − + + +

′ ′

′ ′ ′+ + + +

′ ′ ′−

− +

+ + +

′− k Q′+

 

(II.17) 
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12 1 2

3 3 3 1
, ,

2 2 2 2

1
      = ( )

3
      =

x y z

H u u

k ik k N

S

′ = =

′ ′ ′− ×

′

(II.18) 

 

( )( )
13 1 3

2 2

3 3 3 1
, ,

2 2 2 2

1
      2 ( )

     
3

 
2

x y x y

H u u

k k N ik k L M

R

−′ = =

= − − + −

′= −

(II.19) 

Based on Eqs. (II.16) and (II.17), kP′ and kQ′  are obtained 

 
11 22

11 22

1
( )

2
1

( ) 
2

k

k

P H H

Q H H

′ ′ ′= − +

′ ′ ′= − −
 (II.20) 

Then, inserting , ,  L M N  into Eqs. (I.16-I.19) yields the final results.  

 
†

†

† †

0 3 / 2, 3 / 2

0 3 / 2, 1 / 2

0 3 / 2, 1 / 2

0 3 / 2, 3 / 2

k k k k z

k k k k zLK
k

k k k k z

k k k k z

P Q S R J J

S P Q R J J
H

R P Q S J J

R S P Q J J

′ ′ ′ ′+ − = = 
 ′ ′ ′ ′− − = = ′ = −

′ ′ ′ ′ − = = −
 ′ ′ ′ ′+ = = − 

 (II.21) 

 ( ) ( )

( ) ( )

2 2
2 2 2 2 2 21 2

0 0

22
2 2 3

0
2

0
3

                           2
2 2

33
2       

2

k x y z k x y z

k x y x y k x y z

P k k k Q k k k
m m

R k k i k k S k ik k
m m

γ γ

γ γ

γ

′ ′ ′ ′ ′ ′ ′ ′= + + = + −

 ′ ′ ′ ′ ′ ′ ′ ′ ′= − − + = − 

h h

hh

 

(II.22) 

For simplicity, the Hamiltonian is written in which x along [110], y along [110], 

z run along [001]. Therefore, the Hamiltonian can be presented as 

 
†

,[110] †

† †

0 3 / 2, 3 / 2

0 3 / 2, 1 / 2

0 3 / 2, 1 / 2

0 3 / 2, 3 / 2

k k k k z

k k k k zLH
k

k k k k z

k k k k z

P Q S R J J

S P Q R J J
H

R P Q S J J

R S P Q J J

+ − = = 
 − − = =
 = −

− = = − 
 + = = − 

 (II.23) 
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 ( ) ( )

( ) ( )

2 2
2 2 2 2 2 21 2

0 0

22
2 2 3

0 0
3 2

                           2
2 2

33
2       

2

k x y z k x y z

k x y x y k x y z

P k k k Q k k k
m m

R k k i k k S k ik k
m m

γ γ

γγ γ

= + + = + −

 = − − + = − 

h h

hh

 

(II.24) 

Where || [110], || [110],  || [001]x y zk k k  
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Appendix III  Reference frame transformation of strain part 

Orientation for the Hamiltonian in the strain part is approximately the same 

method with k part, the process is described. This method differs from the k part 

mainly in that the strain tensor is a second-ranked tensor. Some can be 

performed to transform it back onto the matrix form. 

 
†

†

† †

0 3 / 2, 3 / 2

0 3 / 2, 1/ 2

0 3 / 2, 1/ 2

0 3 / 2, 3 / 2

z

zLK

z

z

P Q S R J J

S P Q R J J
H

R P Q S J J

R S P Q J J

ε ε ε ε

ε ε ε ε
ε

ε ε ε ε

ε ε ε ε

+ − = = 
 − − = = = −
 − = = −
 + = = − 

 (III.1) 

 

( )

( )             Q = ( 2 )
2

3
( )       S

2

v xx yy zz xx yy zz

xx yy xy xz yz

b
P a

R b i d d i

ε ε

ε ε

ε ε ε ε ε ε

ε ε ε ε ε

= − + + − + −

= − − = − −
 

(III.2) 

The k p⋅ Hamiltonian relative to the basis ,  ,  X Y Z [23] is composed. 

 ( )

( )

( )

s xx s yy zz s yx s xz
str
XYZ s yx s yy s xx zz s yz

s zx s zy s zz s xx yy

l m n n X

D n l m n Y

n n l m Z

ε ε ε ε ε
ε ε ε ε ε
ε ε ε ε ε

 + +
 = + + 
 + + 

 (III.3) 

According to Ref. [23], parameter a is defined in opposition to that of the text 

book of Chuang [4]which is refer to be the main reference of this thesis. 

Therefore, the sign is changed in front of a to adapt to the textbook of Chang. 

 2

3

s

s

s

l a b

m a b

n d

= +
= −

=

+
+  (III.4) 

Three steps to transfer the Hamiltonian to reach || [110], xxε ′  || [110],yyε ′   || [001]zzε ′ . 

 1. Basis transformation ( )  ( )str
XYZ X Y ZD D ′ ′ ′′ε ⇒ ε  

2. ( )  ( )str
XYZ X Y ZD D ′ ′ ′′ ′ε ⇒ ε  
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3. Re-compose { , , }LKH X Y Z′ε′ ′ ′ ′  

The first and third steps are the same as those in k part of in Appendix II 

 str str
XYZ ijD D=  (III.5) 

 str str
ij ik jl klD a a D′ =

 
(III.6) 

The convenient Hamiltonian becomes 

( ) ( 2
( )( ) 2 ( )

                 2

( )

)

)

              

( ) ( 21
= ( )( ) 2 ( )

2

2 ( ) 2 ( ) 2

   2

xx yy xx yy zz

xx yy xz yz
xy

xx yy xx yy zz

xx yy xz yz
xy

xz yz xz

X Y Z
str str

i

y

j

z

l m
m l n

n

l m
m

D D

l n

n

n

n l

′ ′ ′

ε + ε + ε + ε + ε
− ε + ε ε + ε

+ ε

ε + ε + ε + ε + ε
− ε + ε − ε − ε

ε

ε + ε − ε − ε

′ ′= ε

−

ε ( )zz xx yy

X

Y

Zm

  ′
 
 
  ′
 
 
  ′  + ε + ε
 
 

 

 

(III.7) 

Notably, the second part requires one more procedure to transfer the 

second-ranked strain tensor into strain matrix form. The strain tensor in the old 

reference frame is presented in terms of the new one 

 
kl ik jl ija aε ε ′=  (III.8) 

                                                    ,        ,     ,

tensor notation         11       22       33     23,32     31,13   12,21

matrix notation          1         2         3

xx yy zz yz z xz xz xy yx

         4            5          6 
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Tensor form              matrix form          Cartesian notation 

11 11 12 22

22 11 12 22

33 3

23 13 23

13 13 23

12 11 22

1
( 2 )

2
1

( 2 )
2

1
( )

2
1

( )
2

1
( )

2

ε ε ε ε

ε ε ε ε

ε ε

ε ε ε

ε ε ε

ε ε ε

′ ′ ′= − +

′ ′ ′= + +

′

′ ′= +

′ ′= −

′ ′= −

=
         

1 6 2

2 1 6 2

3 3

4

1

5 4

5 5 4

6 1 2

1
( )

2
1

( )
2

1
( )

2
1

( )
2

1 1
( )

2 2

ε ε ε ε

ε ε ε ε

ε ε

ε ε ε

ε ε ε

ε ε ε

′ ′ ′= − +

′ ′ ′= + +

′

′ ′= +

′ ′= −

′ ′= −

=
        

1
( )

2
1

( )
2

1
2 ( )

2
1

2 ( )
2

2 ( )

xx xx xy yy

yy xx xy yy

zz zz

yz xz yz

xz xz yz

xy xx yy

ε ε ε ε

ε ε ε ε

ε ε

ε ε ε

ε ε ε

ε ε ε

′ ′ ′= − +

′ ′ ′= + +

′

′ ′= +

′ ′= −

′ ′= −

=  

Inserting the result above into ( )X Y Z
strD ′ ′ ′′ ε  leads to ( )X Y Z

strD ′ ′ ′′ ′ε . 

3 ( ) ( 2 )
3

( )

3 ( ) ( 2 )1
6 ( )

2 ( )

2 ( 2 )
3 6 ( )

( )=

3 2

3

2 (
2

xx yy xx yy zz
xy xz

xx yy zz

xx yy xx yy zz
yx xz yz

xx yy zz

xx yy zz

z

str
X Y Z

x zx zy
x

d b
d

a

d b
d

a

b
d d

a

D

b

b

′ ′ ′

′ ′ ′ ′ ′ε − ε + ε + ε − ε
′ ′ε ε

′ ′ ′+ ε + ε + ε

′ ′ ′ ′ ′−ε + ε + ε + ε − ε
′ ′ ′ε −ε + ε

′ ′ ′+ ε + ε + ε
′ ′ ′− ε + ε − ε +

′ ′ ′ε −ε + ε

′ε

′ε

′

)x yy zz

X

Y

Z

  ′
 
 
 

′ 
 
 

′ 
 
  

′ ′+ ε + ε  

(III.9) 

 Finally, recompose again the 4 4 .k p× Hamiltonian { , , }LKH X Y Z′ε′ ′ ′ ′ .  

 
†

†

† †

0 3 / 2, 3 / 2

0 3 / 2, 1 / 2

3 / 2, 1 / 20
3 / 2, 3 / 2

0

z

zLK

z

z

P Q S R J J

S P Q R J J
H

J JR P Q S
J J

R S P Q

ε ε ε ε

ε ε ε ε
ε

ε ε ε ε

ε ε ε ε

 ′ ′ ′ ′+ − = = 
′ ′ ′ ′ − − = =

′ = −  
= = −′ ′ ′ ′ −

  = = −′ ′ ′ ′ + 
 

(III.10) 

 ( )           Q ( 2 )
2

( ) 3       

  

S  
2

xx yy zz xxv

xx

yy zz

xyy xy z yz

b
P a

d
R i b d i

ε ε

ε ε

ε ε ε ε ε ε

ε ε εε ε

′ ′′ ′ ′= − + = − −

′ ′ ′ ′ ′  = − −

′

= −

′ ′+ +

′− ′
 (III.11) 

To sum up and simplify, a Luttinger Kohn Hamiltonian of strain part can be 

presented as 
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†

,[110] †

† †

0 3 / 2, 3 / 2

0 3 / 2, 1/ 2

0 3 / 2, 1 / 2

0 3 / 2, 3 / 2

z

zLK

z

z

P Q S R J J

S P Q R J J
H

R P Q S J J

R S P Q J J

ε ε ε ε

ε ε ε ε
ε

ε ε ε ε

ε ε ε ε

+ − = = 
 − − = =
 = −

− = = − 
 + = = −   

(III.12) 

 ( )         Q ( 2 )
2

( ) 3      

    

 S  
2

v

xx yy

xx yy zz xx yy zz

xz yx zy

b
P a

d
R i b d i

ε ε

ε ε

ε ε ε ε ε ε

ε εε ε ε

= − + = −+ −

 = −

+

− = − − 

 (III.13) 

Where  || [110], xxε  || [110],yyε   || [001]zzε . 
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Appendix IV Strain modification by six-band model 

 The master’s thesis of Chang [4] mentioned that while the strain effect is 

taken into consideration, the effect of split off should be considered: 

[18] 

 Fig. IV.1 shows the LH-potential is underestimated in the 4-band model which 

leads to the overestimation of HL
ε∆ , therefore the 6 band model of strain part is 

used throughout this thesis. 

 

A six-band Hamiltonian without R and S terms is given by 
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0 0 0 0 0

0 0 0 2 0

0 0 0 0 2
( 0)

0 0 0 0 0

0 2 0 0 0

0 0 2 0 0

HH HH LH LH SO SO

P Q

P Q Q

P Q Q
H k

P Q

Q P

Q P

ε ε

ε ε ε

ε ε ε

ε ε

ε ε

ε ε

 +
 

− − 
 − = =
 +
 

− + ∆ 
 + ∆ 

[4] 

(IV.1) 

To simplify and solve the Hamiltonian, the basis are rearranged 

                                                       

0 0 0 0 0

0 0 0 0 0

0 0 0 0 2
( 0)

0 0 0 2 0

0 0 0 2 0

0 0 2 0 0

HH HH LH LH SO SO

P Q

P Q

P Q Q
H k

P Q Q

Q P

Q P

ε ε

ε ε

ε ε ε

ε ε ε

ε ε

ε ε

 +
 + 
 −
 = =
 − −
 

− + ∆ 
 + ∆ 

 
(IV.2) 

The eigen energy of heavy-hole is directly obtained 

Further consider the rest energies of light hole and split off are set to beλ , 

The eigenenergies λ is obtained via the following steps: 

 0 0 2

0 2 0
det 0

0 2 0

2 0 0

P Q Q

P Q Q

Q P

Q P

ε ε

ε ε

ε

ε

λ
λ

λ
λ

− −

− − −
=

− + ∆ −

+ ∆ −

 (IV.3) 

then reduce the matrix to 3 3× matrices  

2 0 0 2

( ) 2 0 2 0 2 0

0 0 2 0 0

P Q Q P Q Q

P Q Q P Q Q P

P Q

ε ε ε ε

ε ε ε ε

ε

λ λ
λ λ λ

λ

− − − − − −

− − − + ∆ − − − + ∆ − =
+ ∆ −

 
(IV.4) 

again, reduce to 2 2× matrices 

2 2
( )( ) 2 ( 2 ) 0

2 2

P Q Q P Q Q
P Q P Q Q

Q P Q P

ε ε ε ε
ε ε ε

ε ε

λ λ
λ λ

λ λ

− − − − − −
− − + ∆ − + − =

− + ∆ − − + ∆ −
 (IV.5) 

Finally obtain the equation and lead to the result: 

 2 2[ (2 ) ( )] 0P Q P QP Qλ λ− − + ∆ + ∆ − − ∆ =  (IV.6) 
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2 2(2 ) 2 9

2

P Q Q Q
λ

− + ∆ ± ∆ + ∆ +
=  (IV.7) 

Thus the eigenenergies corresponding to the basis are: 

 (0)HHE P Qε ε= +  (IV.8) 

 2 21
(0) ( 2 9 )

2LHE P Q Q Q Qε ε ε ε ε= − + + ∆ − ∆ + ∆ +  (IV.9) 

 2 21
(0) ( 2 9 )

2SOE P Q Q Q Qε ε ε ε ε= − + + ∆ + ∆ + ∆ +  (IV.10) 

 

2 21
(3      2 9 )

2

HL

so so so

LH HH

Q Q

E E

Qε

ε ε

ε

ε

ε

∆ = −

= − − ∆ + ∆ + ∆ +  
(IV.11) 
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Parameters 

 

 

Quantity Label Unit InAs GaAs Ref. 

Lattice constant a  nm 0.6055 0.565 [4] 

Bohr radius *
Ba  nm 34 11 [4] 

Energy gap gE  eV 0.413 1.518 [426] 

Optical matrix parameter pE
 

eV 21.5 28.8 [26] 

Spin-orbit coupling energy ∆  eV 0.38 0.34 [4] 

Static dielectric constatn dε  0ε  15.2 12.5 [26] 

CB effective mass *m  0m  0.05 0.0665 [4] 

Bulk exchange splitting  ,
xc
eh bulk∆  eVµ  2.5 20 [27] 

Luttinger parameter 1γ   19.7 6.85 [4] 

Luttinger parameter 2γ   8.4 2.1 [4] 

Luttinger parameter 3γ   9.3 2.9 [4] 

CB hydrostatic def. pot ca  eV -5.08 -8.013 [4] 

VB hydrostatic def. pot va  eV 1.00 1.16 [4] 

VB shear def. pot. [100] b  eV -1.8 -1.824 [4] 

VB shear def. pot. [111] d  eV -3.6 -5.062 [4] 

Young’s Modulus[100] E GPa 51.4 85.9 [24] 

Poisson’s ratio[100] ν   0.35 0.31 [24] 

Elastic stiffness constant[100] 11C  GPa 83.3 118.8 [4] 

Elastic stiffness constant[100] 12C  GPa 45.3 53.8 [4] 

Elastic stiffness constant[100] 44C  GPa 39.6 59.4 [4] 

Elastic compliance constant[100] [100]
11S  GPa-1 0.0195 0.0117  

Elastic compliance constant[100] [100]
12S  GPa-1 -0.0069 -0.0037  

Elastic compliance constant[100] [100]
44S  GPa-1 0.0253 0.0168  

Elastic compliance constant[110] [110]
11S  GPa-1 0.0126 0.0082  

Elastic compliance constant[110] [110]
12S  GPa-1 -0.000025 -0.002  

Elastic compliance constant[110] [110]
44S  GPa-1 0.0253 0.0168  

Elastic compliance constant[110] [110]
66S  GPa-1 0.0528 0.0308  


