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三維面著色的連繫算子 

學生：詹惠雯 指導教授：林松山教授 

國立交通大學應用數學學系﹙研究所﹚碩士班 

摘 要 

這個研究主要是要去計算三維度兩個顏色的熵，但首先必須利用一個特 
殊的矩陣轉移以及矩陣自乘的性質所發展出來的遞迴公式去解決三維 
度兩個顏色下面著色的花樣生成問題。 

接下來，給一個限制集則就可以定義出轉移矩陣而且它的遞迴公式也會 

被表現出來。最後，只需去計算連繫算子的最大特徵值即可計算出熵的 

問題。 
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Connecting operator of 3- dimensional  

Face Coloring 

student：Hui-Wen Chan Advisors：Dr. Song-Sun Lin 

Department﹙Institute﹚of Applied Mathematics 

      National Chiao Tung University 

ABSTRACT 

   The work investigates entropy of 3-dimensional face coloring, but we need to  

solve three-dimensional pattern generation problem with edge- coloring by first  

useing a special Matrix transfer and self-multiply matrices to establish some  

recursive formulas, first. 

Now, given admissible set of local patterns then the transition matrix is defined 

and the recursive formulas are presented. Finally the entropy is obtained by  

computing the maximum eigenvalues of a sequence of connecting operator. 
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1 Introduction 

Here, we consider the problem of 2 symbols, then will get the set of all patterns 3

2 , 

first, give any admissible set B  3

2  and denote (B)3

2  be  3

2 which is 

restricted in B , secondly, denote Γm×n×k (B) is the quality of, (B)3

2  ,and finally, 

need to calculate entropy of 3-dimensional face coloring, 
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 (1.1) 

clearly, how to calculate Γm×n×k (B) is the first problem we encountered from the 

equation (1.1).In order to solve the problem we face, we must study the problem of 

3-dimensional pattern generation of 2 symbols in section 2and find a way to control 

the colors of different directions by the matrix,Y2 . 

  

Now, split section 2 into 3 steps as following: 

         find the recursive formula, Y2×n×2 , of y-direction by Y2×2×2 , for n ≥ 3 

         denote Y2×n×2 → X2×n×2 and find the recursive formula , 

Step 3 :  denote Zm×n×2 ≡ Xm×n×2 and we will get Zm×n×k by Zm×n×2 

Step 1 : 

Step 2 : 

   In section 3, we defined V2×2×2;iy as the transition matrix of Y2×2×2;iy , for1 ≤ i y ≤ 4 and 

find that the main problem will be converted into finding Γm×n×k (B) by Perron-Frrbenius 

theorem. Finally, using the result to calculus the entropy of (1.1), where the details 

will be presented in theorem 1. 
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2 Three-Dimensional Pattern Generation 

Problems 

This section describes three-dimensional pattern generation problem. Here, m, n, k ≥ 2 

are fixed and indices for brevity. Let S be a set of p colors, and Zm×n×k be a fixed finite 

rectangular sub-lattice of 3Z , where 3Z denotes the integer lattice on R3 and (m, n, k) 

be a three-tuple of positive integer. Function U : 3Z  → S and Um×n×k : Zm×n×k →S are 

called global patterns and locally patterns respectively. The set of all patterns U is 

denoted by 
33

p

zs , such that 3

p
 is the set of all patterns with p different colors in 

a three-dimensional lattice.  

For clarity, two symbols, S = {0, 1} are considered. Let x, y and z coordinate 

represent 1st-, 2st- and 3st-coordinates respectively as in Fig.1. Six orderings [w] 

ordering are represented as the following: 

 
 

 

(2.1) 

Figure 1. Three-dimension coordinate system. 
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  On a fixed lattice Zm×n×k , an ordering [w] [j] [k] is obtained on Zm×n×k , which  

is any one of the above ordering on Zm×n×k . Therefore, the six ordering of Z2×2×2  

are presented as Fig.2, where αi = {0, 1}. 

 

 

 

 

 

, 

Figure 2. 
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2.1 Ordering Matrices 

By using the six forms can get six different ordering matrices of Z2×2×2 and denote the 

order of matrices as equation (2.2) 

 


 
6

1

6 1,0 ,21
i

i

i

i wherei 
                   (2.2) 

   Here, we choose [z] as the order for convenience, and we can denote the order of 

x, y and z-directions by ix , iy and iz (2.3) respectively, where≦ix , iy and iz ≤ 4. 

                           

                           















21

21

21

56

34

12







x

y

x

i

i

i

                     (2.3) 

                          
                            
  For convenience again, we have to define the matrix Y2×2×2 (2.4) below which 

present the relation between colors and each directions 

 

 

  















4;2223;222

2;2221;222

22;;222
YY

YY
Y 33ji                        (2.4)           
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   It’s not different to discover that the colors of each direct of Z2×2×2be controlled in 

each layer of Y2×2×2 respectively. It means that Y2×2×2 is divided into three layers by 

matrix partitioning as figure 3 and the colors of y-, x-and z-direction are controlled in 

first, second and the third layer respectively as figure 3 below. 

 

 

 

Figure 3. relation between colors and layers. 
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   The process of investigating the pattern generation problem should be broken 

down in the following steps: 

Step 1. find the recursive formula Y2×2×2 → Y2×3×2 → ... → Y2×n×2 , that is extend on 

the y- direction. 

Step 2. here Y2×n×2 → X2×n×2 by special Matrix transfer, then X2×n×2 will have a good 

order of x-direction .Then we get the recursive formula like  

      X2×n×2 → X3×n×2 → ... → Xm×n×2 that is extend the x-direction byX2×n×2 . 

Step 3. here replaces Zm×n×2 with Xm×n×2 , it means that Xm×n×2 is really to extend the 

z –direction. By using the matrix to self-multiply, we can generate 

Zm×n×2 → Zm×n×3 → ... → Zm×n×k , that is extend the z-direction by Zm×n×2 . 

STEP 1. 

 

232222  
 

 

STEP 2. 
Change the order of matrix Y2×3×2 by a special transfer, then the new matrix X2×3×2  

will have a good nature to make the calculation of  X2×n×2 → X3×n×2 → ... → Xm×n×2  

to be simple. 

And also have Y2×3×2 → Y2×4×2 → ... → Y2×n×2 , that is extend on the y- direction. 

 

STEP 3. 

 

2212224232223222n2 XXXXXXXXX   nmnmnnnnnn   
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STEP 4. 

 
 

 

 

Now, we talk about the details of those steps. First, we will make Y2×3×2 by using the 

properties of Y2×2×2 as the following: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



















4;2323;232

2;2321;232

 
Secondly, we have to define a ＃ transfer, then we will have Y2×n×2 → X2×n×2 

by #

n transfer 
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Definition 2.1. 

A is a 4×4 matrix, then the＃ transfer is mean if 









































4;44;33;43;3

4;24;13;23;1

2;42;31;41;3

2;22;11;21;1

#

4;43;44;33;3

2;41;42;31;3

4;23;24;13;1

2;21;22;11;1

AAAA

AAAA

AAAA

AAAA

 ,

AAAA

AAAA

AAAA

AAAA

A then

      

(2.5) 

Which 4,3,2,1; A ;

#

ji;  jiij  

 

Definition 2.2.  

 M#

1 is a transfer to the matrix ,it contains the following two-step  

1. Cut the matrix to be a
11 22  matrix 

2. do＃-transfer on each block 

i.e.
   
    













#

2;2

#

2;1

#

1;2

#

1;1#

1
MM

MM
M  

Similarly, define #

nM  is a transfer to the matrix ,it contains the following two-step 

     1.Cut the matrix to be a
nn 22  matrix 

     2.do＃-transfer on each block 

        i.e.    nnn 22

#

ji;

# MM


  

 

when we Y2×3×2 →X2×3×2 by
#

1
M , we find the recursive formula  

Y2×2×2 → Y2×3×2 → ... → Y2×n×2, 

by Y2×2×2 ⊗ X2×n-1×2 = Y2×n×2 n  which Y2×n×2 →X2×n×2 by 
#

2-n

#

2

#

1
MMM    

 

Thirdly, we cut kn ;22X  to be a 
1-n1-n 22   matrix, which k is mean the y-direction’s 

color. 4,3,2,1k , then we have 

     


 

-1n

2121

2

1i

 

 k;22

 

 ;22

a 

b )k,;(23 XXX
i

bn

a

iknkn

 

              (2.6) 

which    i 1,2,3,4k i , which ki  is mean the y-direction’s color of the i-th box 

from the front. And  abA is mean the a-th row and b-th column   ,21,2,ba, 1-n  
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Similarly, the recursive formula can be developed by using the properties of kn ;22X   
as the following:  

cut ),,(;21-m 21
X

 mkkn  to be a 
1-n1-n 22   matrix, which ki is mean the y-direction’s 

color. 4,3,2,1 ik , then we have 

     


 


1-n

1-m21121

2

1i

 

 k;22

 

 ),,(;21-m

a 

b ),,k,(;2m XXX
i

bn

a

ikknkkn mm 

      
(2.7) 

We denoted    4,3,2,1,XX ),,);(,,k,;(2m),,k,;(2m 11121121


  illkknkkn l
nmm  , which il  is 

be taken by Z-shaped like the following figure. 

 
Finally, denote ),,);(,,k,;(2m 11121 

nm llkkn  = ),,);(,,k,;(2m 11121
X

 nm llkkn  ,and we have 

Zm×n×2 → Zm×n×3by Matrix multiplication 

),,();,,(;2m),,();,,(;2m )2(
1

)2(
1

)2(
1

(2)
1

)1(
1

)1(
1

)1(
1

(1)
1

 
 


nmnm llkknllkkn 

            (2.8) 

In the same way, 

denote    4,3,2,1,),);(,,);(,,k,;(2m),,);(,,k,;(3m 211112111121


  ittllkknllkkn t
nmnm   which it  

is be taken by Z-shaped, which ti is mean the Z-direction’s color. 

2.2 Show Y2×2×2 → Z3×3×3 
Now , we show the case Y2×2×2 → Z3×3×3 

First, we will make Y2×3×2 by using the properties of Y2×2×2 as the following: 
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then 

 
Now, We only consider the case Y2×3×2;1 = Y2×2×2;1⊗ Y2×2×2;1 + Y2×2×2;2 ⊗ Y2×2×2;3, 

then the other cases will be the same 

Step 2. Change the order of matrix Y2×3×2;1 by


1
M transfer, then we will have a new 

matrix X2×3×2;1 

i.e. 1;2321;232 X

#
1

 
M

,by the definition of
#

1
M transfer, it contains the following 

two-step. 

1. Cut Y2×3×2;1 to be a
11 22  matrix, i.e. 




















1;4;2321;3;232

1;2;2321;1;232

1;232  

2. Do＃-transfer on every Y2×3×2;1;I,i.e.   ,X
# 

1;i;2321;i;232    4,3,2,1i  

Now, we only consider   ,X
# 

1;1;2321;1;232    

  1;1;232  
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11 

Then  # 

1;1;2321;1;232X   =  

 

We observe this figure, then we will find the rows and columns of 1;1;232X  is 

sequential. When boxes in the same block which is cut by green line, then the 

X-direction’s color of boxes is the same. As shown below 

 
Similarly, repeat the same steps to get  ,4,3,2,X 1;i;232  i   

then we have 















1;4;2321;3;232

1;2;2321;1;232

1;232
XX

XX
X  



 

 

Similarly, we find the rows and columns of Y2×3×2;1 is sequential like fig4. 

 
    Figure 4  

In the same way, repeat the same steps to get 















;4232;3232

;22321;232

232
XX

XX
X  

Step 3. X2×3×2 → X3×3×2 

cut 
ik;232X  to be a 

1-n1-n 22   matrix, 

     


 

2

2121

2

1i

 

 k;232

 

 ;232

a 

b )k,(;233 XXX
i

b

a

ikk , 

   2,1i 1,2,3,4k i  , which ki  is mean the y-direction’s color of the i-th box from 

the front. And when   1,4k,k 21  is mean the y-direction’s color of the box was same 

color. 

Now, we consider a,b=1  

Ex:      


 

2

2121

2

1i

 

1 k;232

1 

 ;232

1 

1 )k,(;233

i

ikk ,as shown below 
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Then we have   )k,(;233 21k   

 
We denoted )k,(;233 21k by take Z-shaped twice, which is like fig5. 

 
Figure 5 

 

i.e.
 

 ),();k,(;233)k,(;233 212121 llkk   ,which il  is be taken by Z-shaped and is also 

mean the x-direction’s color of the i-th box from the right.  

And when   1,4l,l 21  is mean the x-direction’s color of the box was same color. 
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Step 4. 

Finally, we also find the rows and columns of ),();,(;233 2121 llkk is sequential 

 
 

So we denote ),();,(;233 2121 llkk = ),();,(;233 2121 llkk ,and we have Z3×3×2 → Z3×3×3  

By 
),();,(;233),();,(;233 (2)

2
(2)
1

(2)
2

(2)
1

(1)
2

(1)
1

(1)
2

(1)
1

 
llkkllkk 

  
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3 Transition Matrices and Connecting Operator 
3.1 Transition Matrices 
Based on the process of the ordering matrix, we have to define transition matrix as 

the following : 

1. Given an admissible set B ⊆ 
3Z

222  

2.Define, 













jiji

jiji

if

if

,;222,;222

,;222,;222

  ,0V

  ,1V
 

3. The recursive formula for y-direction is as following: 



























































4;2224;222

2;2223;222

3;2224;222

1;2223;222

4;2222;222

2;2221;222

3;2222;222

1;2221;222

232

VV

VV

VV

VV

VV

VV

VV

VV

V
 

we get V2×3×2 →H2×3×2 by
#

1
M , we find the recursive formula  

V2×2×2 → V2×3×2 → ... → V2×n×2, by V2×2×2 ⊗ H2×n-1×2 = V2×n×2 n   

which V2×n×2 →H2×n×2 by #

2-n

#

2

#

1
MMM    

5. we cut kn ;22H  to be a 
1-n1-n 22   matrix, which k is mean the y-direction’s color. 

Then we have      


 

1-n

2121

2

1i

 

 k;22

 

 ;22

a 

b )k,;(23 HHH
i

bn

a

iknkn  

Similarly, the recursive formula can be developed by using the properties 

of kn ;22V 
 as the following:  

cut ),,(;21-m 21
H

 mkkn  to be a 
1-n1-n 22   matrix, which ki is mean the y-direction’s 

color. 4,3,2,1 ik  

Then we have      


 


1-n

1-m21121

2

1i

 

 k;22

 

 ),,(;21-m

a 

b ),,k,(;2m HHH
i

bn

a

ikknkkn mm   

6. We denoted    4,3,2,1,HH ),,();,,k,(;2m),,k,(;2m 11121121


  illkknkkn l
nmm   

which il  is be taken by Z-shaped 

Finally, denote ),,();,,(;2m),,();,,(;2m 11111111
HS

  
nmnm llkknllkkn   
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Theorem 3.1.  

Given B ⊆ 
3Z

222 ,Let  4,1 ik and  4,1 il ,Then, for any m,n,k≧1, 

 
knm

Bh
k

n
k

nn llkknllkknllkkn


  

1)-(1)-(

SSSlog
)(

),,);(,,;(2m),,);(,,;(2m),,);(,,;(2m )(
1

)(
1

(k)
1-m

(k)
1

)2(
1

)2(
1

(2)
1-m

(2)
1

)1(
1

)1(
1

(1)
1-m

(1)
1 



 
Proof: 

1

),,();,,(;2m )S(
1111



 
 t

llkkntknm nm 

 

is implies to
qp

t

llkkntkqnpm nm




 
 1

),,();,,(;2m )S(
1111   

Then 

 

sknm

)S(log
lim        

skqnpm

)S(log
lim        

skqnpm

log
lim)h(

1

),,);(,,;(2m

s

1

),,);(,,;(2m

sq,p,

sq,p,

1111

1111

































t

llkkn

qp
t

llkkn

tkqnpm

nm

nm




 

 

 

By Perron-Forbenius Theorem, 

 
,

1)-(1)-(

SSSlog
)(

),,);(,,;(2m),,);(,,;(2m),,);(,,;(2m )(
1

)(
1

(k)
1-m

(k)
1

)2(
1

)2(
1

(2)
1-m

(2)
1

)1(
1

)1(
1

(1)
1-m

(1)
1

knm
Bh

k
n

k
nn llkknllkknllkkn


   


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3.2 Computation of 
2nm;Z 

  and entropy 

 

Let a forbidden set c = 

 

Then 
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H k2;32


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

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

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





k

 

when k;232H  to be a 
22 22  matrix,then 

     


 

2

2121

2

1i

 

 k;232

 

 ;232

a 

b )k,;(233 HHH
i

b

a

ikk  

We find the matrix    4,3,2,1,,H
 

 ;233 1
 ba

a

bk  is the same for any  4,1, 21 kk , 

since    4,3,2,1,,H
 

 ;232  ba
a

bk is the same for any  4,1k
 

Now, We denoted    4,1,HH ),();k,(;233)k,(;233 212121
  illkk l which il  is be taken by 

Z-shaped 
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so 
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
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
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Finally, denote ),,();,,(;2m),,();,,(;2m 11111111
HS

  
nmnm llkknllkkn   

So we can calculate the maximum eigenvalue of  4,1l,l,k,kS 2121)l,);(lk,2;(k33 2121
 by 

using matlab, then the answer is 109.6656 and log109.6656=2.04 

Hence, 0.51
122

2.04
)h( 


  

 

19 



 

 

 

References 

[1] J.C. Ban and S.S. Lin, Patterns generation and transition matrices in multi- 

    dimensional lattice models, Discrete Contin. Dyn. Syst. 13 (2005), no. 3, 

    637–658. 

[2] J.C. Ban, W.G. Hu, S.S. Lin and Y.H. Lin, Zeta functions for two- 

    dimensional shifts of finite type , preprint (2008). 

[3] J.C. Ban, S.S. Lin and Y.H. Lin, Patterns generation and spatial entropy in 

    two dimensional lattice models, Asian J. Math. 11 (2007), 497–534. 

[4] R. Berger, The undecidability of the domino problem, Memoirs Amer. 

    Math. Soc., 66 (1966). 

[5] K. Culik II, An aperiodic set of 13 Wang tiles, Discrete Mathematics, 160 

    (1996), 245–251. 

[6] B. Grunbaum and G. C. Shephard, Tilings and Patterns, New York: W.  ̈

    H. Freeman, (1986). 

[7] J. Kari, A small aperiodic set of Wang tiles, Discrete Mathematics, 160 

    (1996), 259–264. 

[8] A. Lagae and P. Dutr  ́, An alternative for Wang tiles: colored edges versuse 

    colores corners, ACM Trans. Graphics, 25 (2006), no. 4, 1442–1459. 

[9] A. Lagae , J. Kari and P. Dutr  ́, Aperiodic sets of square tiles with col-e 

    ored corners, Report CW 460, Department of Computer Science, K.U. 

    Leuven, Leuven, Belgium. Aug 2006. 

[10] R. Penrose, Bull. Inst. Math. Appl. 10 (1974), 266. 

[11] R.M. Robinson, Undecidability and nonperiodicity for tilings of the plane, 

     Inventiones Mathematicae, 12 (1971), 177–209. 

[12] H. Wang, Proving theorems by pattern recognition-II, Bell System Tech. 

     Journal, 40 (1961), 1–41. 

20 


