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student : Hui-Wen Chan Advisors : Dr. Song-Sun Lin
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ABSTRACT

The work investigates entropy of 3-dimensional face coloring, but we need to
solve three-dimensional pattern generation problem with edge- coloring by first
useing a special Matrix transfer and self-multiply matrices to establish some
recursive formulas, first.

Now, given admissible set of local patterns then the transition matrix is defined
and the recursive formulas are presented. Finally the entropy is obtained by
computing the maximum eigenvalues of a sequence of connecting operator.
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1 Introduction

Here, we consider the problem of 2 symbols, then will get the set of all patternsz 3
first, give any admissible set B < Zi and denote Z >(B) be Zi which is

restricted in B , secondly, denote I'mxnxk (B) is the quality of, Z >(B) ,and finally,

need to calculate entropy of 3-dimensional face coloring,

h(B)= I|m Iogrmxnxk(B)

m,n,k—w mnk (11)

clearly, how to calculate I'mnxk (B) is the first problem we encountered from the
equation (1.1).In order to solve the problem we face, we must study the problem of
3-dimensional pattern generation of 2 symbols in section 2and find a way to control

the colors of different directions by the matrix,Y?2..

Now, split section 2 into 3 steps as following:
Step 1: findthe recursive formula, Yexnxz, 0f y-direction by Yaxax2, forn>3
Step 2: denote Yaxnxz — Xaxnxz and find the recursive formula.,

Step 3: denote Zminx2= Xmxnxz and we will get Zmxnxk by Zmxnx2

In section 3, we defined Vax2xz;iyas the transition matrix of Yaxexzjiy, forl <iy<4and
find that the main problem will be converted into finding I'm«n<k (B) by Perron-Frrbenius
theorem. Finally, using the result to calculus the entropy of (1.1), where the details

will be presented in theorem 1.



2 Three-Dimensional Pattern Generation
Problems

This section describes three-dimensional pattern generation problem. Here, m, n, k> 2
are fixed and indices for brevity. Let S be a set of p colors, and Zm«nkbe a fixed finite
rectangular sub-lattice of z3, where z*denotes the integer lattice on Rsand (m, n, k)
be a three-tuple of positive integer. Function U : z* — S and Um«nxk: Zmxnxk —S are
called global patterns and locally patterns respectively. The set of all patterns U is
denoted by >" %= s?’, such that " is the set of all patterns with p different colors in
a three-dimensional lattice.

For clarity, two symbols, S = {0, 1} are considered. Let X, y and z coordinate

represent 1st-, 2st- and 3st-coordinates respectively as in Fig.1. Six orderings [w]

ordering are represented as the following:

]+ (1] = [2] > [3]
[y] = 2] = [1] > [3]
[2] = [3] = [1] >~ [2]
[z] : [1] > [3] > [2] (2.0)
(9] - 2] > 3] = [1]
21 8] = 2 - [1]

Figure 1. Three-dimension coordinate system.



On a fixed lattice Zmxnxk, an ordering [w] > [j]- [K] is obtained on Zmxnxk, which
is any one of the above ordering on Zm«n«k. Therefore, the six ordering of Zaxzx2
are presented as Fig.2, where ai = {0, 1}.

z z z
A ] 4
Yo A =7 |
. o, L aéﬁm
EAm -
: a;a > 06 al as LZ:
13 ¥ a7 Y O.i? [
X X )
[x]—ordering [v]- ordering X [z]-ordering
z z z
— T o T .
4 o, |% o, o |% a, o |%
o — ¥ i 5y At Sy
X S X A
[y]-ordering [z]-ordering

[{] —ordering

Figure 2.



2.1 Ordering Matrices
By using the six forms can get six different ordering matrices of Z2x2x2and denote the

order of matrices as equation (2.2)

6
i, =1+> 2% where o; € {01} (2.2)

i=1
Here, we choose [z] as the order for convenience, and we can denote the order of

X, y and z-directions by ix,dyand iz (2.3) respectively, where < ix, iyand i-< 4.

L=1+a,+a; x2
i, =1+, + 05 x2 (2.3)
le=14 0 + 05 %2

For convenience again, we have to define the matrix Yzx2«2 (2.4) below which

present the relation between colors and each directions

(eoma0 9990 )

ODO0Mm U090
0 o000
, .| OO0 0000
2x2%2, gg@g gggg
OO Uog0o
o000 5000

\@m@ﬂﬁaﬁq/

Y2><2><2 1 Y2><2x2 2 (24)
Y.

| |

= [Y2><2><2;i;j]23 23 =

Y2><2><2 3 2x2x2;4

I—|



It’s not different to discover that the colors of each direct of Z2x2«2be controlled in
each layer of Yz« respectively. It means that Yz« is divided into three layers by
matrix partitioning as figure 3 and the colors of y-, X-and z-direction are controlled in

first, second and the third layer respectively as figure 3 below.

1 = l = lz lz
X X
i l '
Z z I 1 = 1 -
)V
¥
j | !
R i i
g .
X ! =
7 i 7 1

Figure 3. relation between colors and layers.



The process of investigating the pattern generation problem should be broken
down in the following steps:

Step 1. find the recursive formula Yaxaxe — Yaxsxz — ... — Yaxnx2, that is extend on
the y- direction.
Step 2. here Yaaxz — Xaxnxz by special Matrix transfer, then X2 will have a good

order of x-direction .Then we get the recursive formula like
Xoxnxz — Xaxnxz — ... — Xmxnxz that is extend the x-direction byXa«nxz.
Step 3. here replaces Zmxnx2 With Xmxnx2, it means that Xm«nx2is really to extend the
z —direction. By using the matrix to self-multiply, we can generate
Zmxnz— Zmxxa — ... — Zmxnxk, that is extend the z-direction by Zmxnxz.

STEP 1.
pd U (|

Y2><2><2 - o Y2x3x2

STEP 2.
Change the order of matrix Yaxax2 by a special transfer, then the new matrix Xaxax2

will have a good nature to make the calculation of . Xaoxnx2 — Xz — ... — Xmxnx2
to be simple.

And also have Yzxaxo— Yoz — ... — Yz, that is extend on the y- direction.

STEP 3.

X ® X2><n><2 = X3><n><2 = X2><n><2 ® X3><n><2 = x4><n><2 == x2><n><2 ® xmflxn><2 = X

2xnx2 mxnx2



STEP 4.

,// i " —
Ll =ss ]
mean —

menxk

Now, we talk about the details of those steps. First, we will make Y2xsx2 by using the

properties of Yz« as the following:

i . o ‘ \
Y2><2><2_:1 ® Y2><2><2;1 Y2><2><2;1 ® Y2><2><2;2
+ Y2><2><2;2 ® Y2x2><2;3 + Y2><2><2;2 ® Y2><2><2;4

2x3x2 -
i o

2x2x2;3

+Y,

2x2x2:4

Y2><3><2;1

Y2><3><2;3

Y. Y.

Y2><3><2;2

Y2><3><2;4

g
2x2x2;1 Y2x2><2;3 ® Y2x2x2;2
® Y7-><7-><253 + Y2x2x2;4

2x2x2:4

o

Secondly, we have to define a # transfer, then we will have Yaune — Xoxnxz

by M# transfer



Definition 2.1.
A Is a 4x4 matrix, then the # transfer is mean if

A1;1 A1;2 A2;l A2;2 Al;l A2;l Al;2 A2;2

A — A1;3 A1;4 A2;3 A2;4 ,then A# — AS;l A4;l AS 2 A4;2 (25)
A3;1 A3;2 A4;l A4;2 A1;3 A2;3 Al 4 A2;4
A3;3 A3;4 A4;3 A4;4 A3;3 A4;3 A3;4 A4;4

Which Afj=Aj; Vi;j=1234

Definition 2.2.

M? is a transfer to the matrix ,it contains the following two-step

1. Cut the matrix to be a2' %2 matrix
2. do # -transfer on each block

LS 4

Similarly, defineM? is a transfer to the matrix ,it contains the following two-step

1.Cut the matrix to be a2" x 2" matrix
2.do # -transfer on each block

ie. Mﬁ X [[Miij]#:lZ"XZH

when we Y a«ax2 — Xaxax2 by m?, we find the recursive formula
Yoo — Yoxaxa— ... — Y2,

by Yaxax2 @ Xaxnax2= Yaxmxz VYN €N Which Yaxnxz —Xoxnxz by Mf - Mz - Mi_

2

Thirdly, we cut X, ,,tobea 2™ x2™ matrix, which k is mean the y-direction’s

color. Yk =12,34,then we have

2"t )
[X3><n><2;(k1,k2) ]Z = ;[sznxz;k1 ].a ® [X2><n><2;k2 ]Ib (2.6)

which k; ={1,2,3,4}Vie N, which ki is mean the y-direction’s color of the i-th box

from the front. And [A]} is mean the a-th row and b-th column Va,b={1,2,---,2"*}



Similarly, the recursive formula can be developed by using the properties of X, ..,

as the following:
CUt X, sk, ) tODE@ 27 x 2™ matrix, which ki is mean the y-direction’s

color. vk, =1,2,34, then we have

2" _
[menxz;(kl,kz,---,km,l) ]Z = Z_l:[xm-lxnxz;(kl,m,kmz) ].a ® [X2xnx2:km_1 ]Ib (2'7)

We denoted X o ik o = X, et o 47l € 234}, which 1 is
be taken by Z-shaped like the following figure.

y
o+ \

Lz

Li

\ y

Finally, denote. Z. ..ot kv il ) = Reiixnezitk k, -k (o okgy»@Nd We have
Zmax2 — Zmxxay Matrix multiplication

(2.8)

mxinx2; (kD ok i (1D - 1Y) menxz;(k{2>.--~,k§n{>1);(|1<2>,---,|§E})
In the same way,
denOte Z .k, ky ik (sl — lzmxnxz;(kl,kz,--~,km,1);(|1,~--,Inﬁl)xtl.tz)Wti e{L.2.34} which t
is be taken by Z-shaped, which ti is mean the Z-direction’s color.
2.2 Show Yax2x2 — Z3x3x3

Now , we show the case Yazxax2 — Z3x3x3
First, we will make Y2x3x2 by using the properties of Y2x2x2as the following:

A ™
/OO0 90900
OO0 O00 0
00 G050
y . | OO0 0000
22 COE0 9060
Lo U0DG0O
o080 0060
o0 U000 |



then

~ @ @
Lol ] \
Yz,; -1 ® Y;.; 21 qu»:;l ® Yzwz-z.z
Y000 ® Yoo+ Yo © Yoo
Y=
EF £
Yoz, 3 Y, 21 le‘ Y.
3 Y.‘.(z,-b ® Yz x2:3 i szzfz;a ® Y_t.’rZ:J
R —

Now, We only consider the case Yooei = Yoe21® Yoo + Yooer ® Yoo,
then the other cases will'be the same

Step 2. Change the order of matrix Yaxs«21by m transfer, then we will have a new

matrix Xaxaxz;1
My —8
i, Y, a0 = X, 00,0y the definition of w; transfer, it contains the following

two-step.
Y2><3><2;1;1 Y2><3><2;1;2j|

1. Cut Yz to be a25x 2" matrix, i.6. Vo=
Y2><3x2;1;3 Y2><3><2;1;4

2. Do -transfer.on every Yzszini.e. X0 =[Yasori)'» Vi={1,234)

Now, we only consider X, ;5. = [Y2><3x2;1;1]#1

Y2x3x2;1;1:[[{l11@ e &5 & e &
{@‘[—_-5 o | O |0
@@‘ﬁ@ Y (e &7 |45 M
5=t O[5 =1 S o= v= 4 o= =1 =
&9 T &5 @Yo o5 o

(I

0



Thenx23211 [Y232 11

]

Hd

il I_I
i II

TEE R
A an

il

-m

We observe this figure, then we will find the rows and columns of X, , .., is

sequential. When boxes in the same block which is cut by green line, then the

X-direction’s color of boxes is the same. As.shown below

.00 01 5
({’*" o | |y m | E5 00| 00 &)
00 |EB8@|ferE CBdD|AD 2
) D Y (T | &S0 &2
Ol oD | O =
i | O 15D oI D)
Similarly, repeat the same steps to get X, 4,4, Vi = {2,34}

X2x3><2;1;1 X2x3><2;1;2:|

then we have X, ;.. =[
o X2><3><2‘1'3 X2><3><2'1'4

11



Similarly, we find the rows and columns of Ya«sx2:1 is sequential like fig4.
= 00 01 10 11

X
00

X.’\‘f\l:l:l XJ\R\J:I:Z
01
10

Xl.\}xl:{:} nggxl_l:,;
1

Figure 4

x2><3><2;1 X2><3><2;2
In the same way, repeat the same steps to get X, , =

X2><3><2;3 X2><3><2;4
Step 3. Xoxaxe — Xaxaez
CUt Xy, tobea 2™ x2™ matrix,

2’ ,
[X3><3x2;(k1,k2)]: = Z[>(2><3><2;k1:|?1 ® [>(2><3><2;k2 ]Ib )
=L

k, = {1,2,3,4} ¥i = {1,2}, which ki-is mean the y-direction’s color of the i-th box from
the front. And whenk,, k, = {1,4} is mean the y-direction’s color of the box was same

color.

Now, we consider a,b=1
22
1 1 i
Ex: [X3x3><2;(k1,k2)]1 = Z[X2x3x2;kl]i ® [X2x3x2;k2 , »@s shown below
i=1

= 01 10 11
00
01
10
11

12



Then we have X554 ,) =

@ o0 01 10 11

00 (
01

|
|
10
LR Y | y

We denoted X, 5.5 k,) DY take Z-shaped twice, whichiis like fig5.

@ 00 01 10 11

00 (
01
10

\

L1 1,2

13 14

3,1 32
11 N
Figure 5

ie. nggxz;(kl,kz) = lX3x3x2;(k1’k2);(|l’|2) J,Which . is be taken by Z-shaped and is also

mean the x-direction’s color of the i-th box from the right.
And when 1,1, = {1,4} is mean the x-direction’s color of the box was same color.

13



Step 4.
Finally, we also find the rows and columns of X5 5. «,).,) IS Sequential

@ 00 01 10 11 0o 01 10 11 00 01 10 1n 00 01 100 11

/ 00 00 00. 00 01 01 o1 O 10 10 10 10 11 11 11 11 \

00
00

01
00
10
00

13
00

00
01

01
01

10
01

11
01

00
10
01
10

10
10

11
10

00
11

01
11
10
11

11
11

SO we denote Z3><3><2;(k1,k2);(|1,|2) = X3><3X2;(k1,k2);(|1,|2) ,and we ha.ve Z3X3X2_) Z3>(3>(3

By Z V4

3x3x2; (kM kM), (1189 T3x3%2; (k{2 k§2)): (112,1$2))

14



3 Transition Matrices and Connecting Operator

3.1 Transition Matrices
Based on the process of the ordering matrix, we have to define transition matrix as

the following :
1. Given an admissible set B< ) 5%,
2.Define,

VZXMM =1 if Y221 €B
V2><2><2;i,j = O' If Y2><2><2;i,j & B

3. The recursive formula for y-direction is as following:
V2><2><2;1 ® V2><2><2;1 V2><2><2;1 ® V2><2><2;2

+ V2><2><2;2 ® V2><2><2;3 < V2><2><2;2 ® V2><2><2;4
V2><3><2 E
V2><2><2;3 ® V2><2><2;1 V2><2><2;3 ® V2><2><2;2

_+ V2><2><2;4 ® V2><2><2;3 + V2><2><2;4 ® V2><2><2;4 h

we get Vaxa2 —Haxax2by m; , We find the recursive formula

Vox2x2 — V2x3x2 — ... — V2xnx2, by Vax2x2 @ Haxn-1x2 = Vaxnx2 YneN

; # # #
Which Waxnxz —Haxnx2 by M, >M, 5 5M_,

5.we cut H, etobea 2% x2™ matrix, which k is mean the y-direction’s color.

2"t :
Then we have [H ' N9 ]Z p Z[H 22k, ]T ® [H 2k ]Ib
i=1

Similarly, the recursive formula can be developed by using the properties
of ;... as the following:

cut Ho o« tobea 2" % 2™ matrix, which ki is mean the y-direction’s
color. Vk; =1,2,34

2n-1

a a i

Then we have [H mxnx2;(Ky Ky, K1) ]b = Z[H m-1xnx2;(Ky -+ Kp_o) ]i ® [H 2xnx2;Km.1 ]b
i=1

6. We denoted H o0,k = [Hmozitsor e it )70 € 1234}
which |, is be taken by Z-shaped
Finally, denote S .. .k, 1ttty 1) = M,k il o)

15



Theorem 3.1.
GivenB <Y 7%, LetVk, = {L4}and VI, € {L4},Then, for any m,nk=1,

log plS s S )
gp mxnx2;(k{ - k) 1) mnx2; (k3 k(182 183 mxnx2; (k- k 8 ) (1890 18K )

h(B) >
®) (m-1)-(n-1)-k
Proof:

t-1] o ; t-1|Pd
1_‘m><n><tk 2 ‘(SmanZ;(kl,---,km,l);(ll,---,ln,l)) ‘ IS Implles tO 1_‘pm><qn><tk 2 ‘(Smxnxz;(kl,-~,km,1);(ll,---,ln71)) ‘
Then

- logl,

h(B)= lim —o b
pas>=PpMx gn x sk
t-1|Pd
> lim Iog|(Smxnx2;(k1,m,km_1);(|1,-~~,|H)) ‘
P pmxqn xsk
t-1
i log‘(smxnxz;(k1,~~-,km,1);(|1,...,|n,1)) ‘
S—o0 m-n-sk

By Perron-Forbenius Theorem,

log plS S S )
9 PO 2l A ) D (R D 1) 1 ez (-0 1)

(m-1)-(n-1)-k

h(B) >

16



and entropy

;Mxnx2

3.2 Computation of 4,

Let a forbidden set B®

01010101

11111111

01010101

11111111

01010101

11111111

01010101
1 1 QIR hes==T

Then V,,.,

- L
AN AN AN AN N AN AN N &N &N N &N &N N N N
O N O N O NN O N O N O N O AN O N
AN AN NN &N AN AN AN N AN AN N AN &N AN N N
O N O N O N O N O N O N O N O N
O O O O N N N &N O ©O O O N NN N N
O O O O O N O N O O O O O N O«
O O O O N N AN N O O O O N NN N N
O O O O O N O N O O O O O N O«
AN AN &N &N &N &N &N &N N AN N N &N N N N
O N O N O N O N O N O AN O N O«
AN AN AN AN &N &N AN N &N &N N &N &N N N N
O N O NN O N O N O N O N O N O N
O O O O N N NN N O O O O N N N N
O O O O O N O NN O O O O O N O N
O O O O N AN AN N O O O O N N N N
_O O O O O N O N O O o o o NN o 2_

Il

x

=

&

&

>

vk = {1,4}

17



0 0020002000200 0 2
0 0220022002200 2 2
0202022025020 2¢0 220 2
2 2 2 2 2 2 2 2 2 2 2 2 2 2 22
0 00200O020002°000O0 2
0 0220022002 2¢0°0 2 2
0 2020202020220 20 2
2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2
0 00200.0250002¢000 2
0 0220022400220 0 2 2
0 2202 020202020220 2

AN N

AN O

AN O

AN O

AN AN

N O

AN O

AN O

AN N

AN O

N O

N O

AN N

AN O

AN O

AN O

H 2x3x2:k

b

&My, |

,va,be {1,234} is the same for anyk,,k, {14},

,va,b e {1,2,3 4}is the same for anyk < {1,4}

[H 2x3x2;ky ]

1
18

2

22

M0 ) 71 € L4}which I, is be taken by

a
b

a
b

[H 3x3x2:(Ky Ky ) ]

a
b

Now, We denoted Hz.,. «,)

Z-shaped

0002 2002 2002200 2 2
002 0202 0202020 20 2
2.2 2 2 2 2 2 2 2 2 2 2.2 2 2 2

whenH,_; ,. to be a 2% x 22 matrix.then

We find the matrix [H 3><3x2;k1]

vk = {14}
since [H 2Bk ]



SO

H 3x3x2;(kq1,k, )13, 15) =

Hence, h(B)>

O O O 00O O O 0O © o o

o

0

OO O O OO0 ©O OO0 o o o

0

OOOOOOOOOOOOO

16

0 16 O

116 16 16
vk, Ky, 1,1, =114}
Finally, denote Sy, .o:k, .-k ity g) = Flmmeithorak -1 1)
So we can calculate the maximum eigenvalue of S, iy VK Ko by 1, = {L4fby
using matlab, then the answer is 109.6656 and 10g109.6656=2.04

2.04

2x2x1

=0.51

)OO O O OO O O ©Oo o o o

6
16
16
16

O O O OO O o o

-
o o ohf o o o

(S5
(2]

=
© O o0 © © 0 0o 0o oo o o o

[EEN
(o)

16

19

0O O O Oo ©o o o

° 5

© 5

= =
o ° o

16
16

16
16
16

o O o o
'_\OOOO

00
0 0
00
0 0
0 0 O 16
0 0 16 16
0 16 0 16
16 16 16 16

o O O o
'_\OOOO

0 0
00
00
00
0 0 0 16
0 0 16 16
0 16 0 16
16 16 16 16

= = = =
5N © o of 0o o of o oof oo o

o O

o

16

16

16

16

16

16

16

16
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16
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