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Hybrid Design of the \-fold Complete Graph

Student: Qi-Xian Liu Advisor: Hung-Lin Fu

Department of Applied mathematics
National Chiao Tung University

June 28, 2004

Abstract

By a graph-pair of order ¢, we mean two non-isomorphic graphs G and H on
t non-isolated vertices for which G U H = K; for some integer t > 4. Given a
graph-pair (G, H), if the edges of AK,, can be partitioned into s copies of G and ¢
copies of H with A\(5) = s-|E(G)| + t-|E(H)|, Vs,t € NU{0}, then we refer to this
partition as a (G, H)-hybrid decomposition.

In this thesis, we consider the existence of hybrid design of AK,, for the graph-
pairs of order 5 (each has 5 edges). For this graph-pair, we will also consider the
maximum hybrid packings and the minimum hybrid coverings of \K,.
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1 Introduction and Preliminaries

Graph decomposition is one of the most important topic in the study of graph theory
and combinatorial design. There are quite a few results in the literatures which are
concerned with the decomposition of a graph G into isomorphic copies of H, denoted by
H|G. If G = A\K,, then the decomposition is known as a A-fold H-design of order n.
Furthermore, if G = AK,, and H = K}, then the decomposition H|G is also known as a
A-fold balanced incomplete block design (BIBD) of order n with block size k, denoted by
(n, k, \)-design, see [7] for a reference.

In [2], Abueida and Daven started the research of multidesigns, i.e., decomposing K,
into two or more different graphs, especially two non-isomorphic subgraphs H; and H,
of K5 such that H; U Hy = K5. They obtained the decomposition by requiring that each
one of the two subgraphs occur at least once. In this thesis, we extend the study of
multidesign by asking the number of each subgraphs being prescribed, i.e., as long as the
number of edges is correct, AK,, can be decomposed into s copies of G; and t copies of H;
where (G, H;) is a graph pair. We call such a design hybrid in what follows.

Before presenting the main results, we explain the notations and ideas which we use
in the proof.

1.1 Preliminaries

A path is a sequence of distinct vertices <xy, s, ..., x,> such that consecutive vertices
are adjacent, that is, there is an edge from each vertex z; to the next vertex x;,; in the
path sequence. A cycle is a path that ends where it starts, that is, z,, = z;. And we write

X1, T, ...,%,) for the cycle. The path and cycle with n vertices are denoted P, and C,,,
y



respectively. A complete graph is a simple graph whose vertices are pairwise adjacent;
the complete graph with n vertices and n(n-1)/2 edges is denoted by K.

A graph G is bipartite if V(&) is the union of two disjoint (possibly empty) independent
sets called partite sets of G. A complete bipartite graph or bicligue is a bipartite graph
such that two vertices are adjacent if and only if they are in different partite sets. When
the sets have size r and s, the biclique is denoted K, ;.

An isolated vertex is a vertex of degree 0. A subgraph of a graph G is a graph H such
that V(H) C V(G) and E(H) C E(G) and the assignment of endpoints to edges in H is
the same as in G. We then write H C G and say that ”G contains H”. A decomposition
of a graph is a list of subgraphs such that each edge appears in exactly one subgraph
in the list. An isomorphism from a simple graph G to a simple graph H is a bijection
f:V(G) — V(H) such that uv € E(G) if and only if f(u)f(v) € E(H). We say "G is
isomorphic to H”, written G = H, if there is an isomorphism from G to H.

A cut-edge or cut-vertex of a graph is an edge or vertex whose deletion increases the
number of components. We write G — e or G — M for the subgraph of G obtained by
deleting an edge e or set of edges M. We write G —v or G — S for the subgraph obtained
by deleting a vertex v or set of vertices S. An induced subgraph is a subgraph obtained
by deleting a set of vertices. We write G[T] for G — T, where T = V(G) — T this is the
subgraph of G induced by T'. An add-edge of a simple graph G is an edge whose addition
let G have multiple edges. We write G +¢e or G+ M for the new graph obtained by adding
an edge e or set of edges M.

Let S be an n-set. A Latin square of order n based on S is an n X n array with entries

form S such that in each row and each column every element of S occurs exactly once.



The graphs we consider will be simple graphs. Let V(K,,) = Z,, and V (K, ) = Z,,. If
R C Z,, then K,[R)] is the subgraph of K, induced by the vertices in R, and if R, S C Z,,
then K,[R;S] is the bipartite subgraph of K, on the vertices R U S. When r = |R| and
s = ||, it is clear that K,[R] = K, and K,,[R; S| = K, 5. Define [a,b] =t € Z,|a <t <b.
If R =[a,b] and S = [¢, d], then we write K,,[a,b] and K,[a, b; ¢, d] rather than K,,[R] and
K,[R; S].

The A-fold complete graph AK,, is the graph with n vertices in which each pair of
vertices is joined by exactly A edges. A partition of the edges of A\K, into copies of G
is called a G-decomposition or G-design. This situation is denoted by AK,, — G. A
graph-pair of order t consists of two non-isomorphic graphs G' and H on t non-isolated
vertices for which G U H = K, for some integer ¢ > 4. Given a graph-pair (G, H), we
say (G, H) divides \K,, if the edges of AK,, can be partitioned into copies of G and H
with at least one copy of G and at least one copy of H. We will refer to this partition
as a (G, H)-multidecomposition. When AK, does not admit a multidecomposition for a
certain pair of subgraphs, it is natural to ask how closely we may decompose it. With a
maximum multipacking of AK,,, we hope to obtain a leave with as few edges as possible.
For a minimum multicovering, we will introduce a few extra (multiple) edges in order to
cover the original edges of A\K,,; necessarily, we will seek a padding that has as few edges
as possible.

A multidesign is a multidecomposition, a maximum multipacking, or a minimum mul-
ticovering.

A (G, H)—hybrid decomposition of the A-fold complete graph means that if the edges

of AK,, can be partitioned into s copies of G' and ¢ copies of H, where s-e(G)+t-e(H) =



e(AK,), Vs, t € ZT. When MK, does not admit a (G, H)-hybrid decomposition, we instead
find a maximum hybrid packing and a minimum hybrid covering. A hybrid design is a
hybrid decomposition, a maximum hybrid packing, or a minimum hybrid covering.

The composition G = G1[Gs] of graphs G and G5 with disjoint point sets V; and V5
and edge sets X; and X is the graph with point vertex Vj x V5 and w = (uy, uz) adjacent
with v = (v1,v9) whenever u; is adjacent to v; in G or u; = vy and us is adjacent to vy
in G. It is also called the graph lezicographic product. For example, if V(G1) = {u1,v1},

and V(Gy) = {ug, va, wa}, then G1[G3] and G3|G,] are listed below.

ity
(73] ¥ w2
[ ® g
V1
G, G2
(12, 11) (uz, vy)
{1y, 1) (11, va) (1, wa)
(va, 1)) (va, v1)
V1, M2 V1 V2 V1, w2
(v, u2) (v v2) (v, wa) (wa, 1) (w2, v1)
GLE] G2le]

Figure 1: Graph lexicographic product.

The focus of our decomposition will be on the graph-pairs (G;, H;) of order 5. Figure

2 is a table of all possible graph-pairs of order 5.
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Figure 2: Graph-pairs of order 5.

In this thesis, we completely solve the Hybrid design of the A-fold complete graph for

graph-pair (Gs, Hs).

1.2 The Known Results

In [2], Abueida and Daven completely determined the values of n for which K, admits
a (G, H)-multidesign, when (G, H) is a graph-pair of order 5. The results they obtained

may be summarized as follows:

Theorem 1.2.1. [2] There is a (G;, H;)-multidecomposition of K, if and only if
(a) when i € {1,3,4}, n=0,1 (mod 4), n > 5 (except fori =1 and n = 8);
(b) when i =2, n=0,1 (mod 5); and

(c) wheni=>5,n+#6,7.

ot



Theorem 1.2.2. [2] Let L be the leave from a mazimum (G, H)-multipacking, and let P
be the padding from a minimum (G, H)-multicovering of K,. Then, the follows are true:
(a) If (G;, H;) = (G, Hy) and n=2,3 (mod 4) (n >7), then L = P = Ky;
(b) If (G, H;) = (Ga, Hy) and n = 2,4 (mod 5) (n > 7), then L = Ky and e(P) = 4;
(c) If (G;, H;) = (Go, Hy) and n =3 (mod 5) (n > 7), then L = K3 and P = Ky; and

(d) If (Gi, H;) = (G5, Hs), then e(L(Kg) = 2, P(Kg) = L(K7) = P(K;) & K.

Theorem 1.2.3. [3] There is a (Ge, Ho)-multidesign of NK,,. Let 1 < \* < 5. If
n = 2,4 mod 5, then e(L(AK,)) = X\ and e(P(AK,)) =5 — X*. If n = 3 (mod 5), then

e(L(AK,,)) = 3X\* (mod 5) and e(P(AK,)) = 2A* (mod 5).

In order to prove the main result, we also need the followings.

Theorem 1.2.4. [6] For each positive integer n # 1, 2 and 6, there ezists a pair of

orthogonal Latin squares.

Theorem 1.2.5. [4] Go|K,, if and only if n =0 or 1 (mod 5) and n > 6. Hs|K, if and

only if n =0 or 1 (mod 5) and n > 6.

Theorem 1.2.6. [4] K3| K, .. for each positive integer n and K4| Ky pnn for each n # 2

or 6.

Corollary 1.2.7. Let 1 < m < n and n # 2 or 6. Then, K, ,,m can be decomposed

into subgraphs such that each subgraph is either a K3 or a Kj.

Proof. First, by Theorem [L2.6] K4| K, nnn- Then, we delete n —m vertices from one
of the four partite sets. Clearly, if a K, contains a vertex which is deleted, then exactly
one of its four vertices is deleted. This concludes the proof. [
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Now, we are ready for the idea of our proof.

1.3 The Idea of ”Proof”

Keep in mind that we plan to decompose a graph into a combination of s G5’s and t Hy's
for all possible s and ¢t. In what follows, (s,t) is called an admissible (ordered) pair of
AK, if 0 < s,t < 2(3) and 5(s + ¢) = A(3). Therefore, our constructions are not just
only one. So, the strategy is to decompose \K,, into a collection of ¢ subgraphs, L, Lo,
-+« Ly, such that each L; can be decomposed into s; Go’s and t; Hy’s where (s;,t;) is an
admissible pair of L; (hybrid (G, Hy)-decomposition of L;). Now, it is not difficult to see
that by combining the decompositions of the L;’s, we can construct a decomposition of
MK, into s G5’s and t Hy’s for each admissible pair.

Therefore, it remains to prove that each L; mentioned above has a hybrid (G, Hs)-
decomposition. In case that A(}) is not a multiple of 5, then we can delete some edges
from AK,, and then do the same job. So, we need the ingredients and they are constructed
in Chapter 2.

The proof will be by recursive constructions, hence we need a couple of recurrence rela-

tions. ( Let H be the collection of subgraphs which has a hybrid (Gs, Hs)-decomposition.)

Lemma 1.3.1. If K,,, and K,,, p,.... n, have an H-decomposition for 1 < ¢ < h, then K,
h

has an H-decomposition where n = E n;.

i=1

Proof. The proof follows by the fact that (U, K,,,)U Ky, ny... n, = K, and the combi-

)

nation of hybrid decompositions of K,, and Ky, n,.... n,-



Lemma 1.3.2. If K,,,41 and K, ,.... n, have an H-decomposition for 1 < 7 < h, then
h

K, 1 has an H-decomposition where n = (Z n;) + 1.

i=1
Proof. Let V(K,,11) = X;U{oo} such that X;NX; = ¢ and |X;| = n;. Then V(K1) =
(UM, X;)U {oo}. Now, by combining the H-decompositions of K, i for 1 < i < h and

Ky, ny. n, We have the proof. (]

h

Lemma 1.3.3. If (K, ;2 — K3) has an H-decomposition for 1 < i < h and Ky, n,.. n,
h

has an H-decomposition, then (K, — K3) has an H-decomposition where n = (Z n;)+2.
i=1

Proof. Let V(K,,4+2) = X; U {v1,ve} such that X; N X; = ¢ and |X;| = n;. Then
V(K,py2) = (UL, X;)U {v,v2}. Now, by combining the H-decompositions of K, ;o —

Ko, 00y for 1 <4 < h and Ky, p,,... n, We have the proof. ]

Lemma 1.3.4. If (K, 3 — K3) has an H-decomposition for 1 < i < h and K, n,.. n,
h

has an H-decomposition, then (K, — K3) has an H-decomposition where n = (Z n;) + 3.
i=1

Proof. Let V(K,,+3) = X; U S where S = {vy,vs,v3} such that X; N X; = ¢ and
| X;| = n;. Then V(K,,3) = (U, X;)US . Now, by combining the H-decompositions of

Ky 43— Kig for 1 <i < hand K, 5,,.. n, We have the proof. (]

Lemma 1.3.5. If (K,,,4 — K4) has an H-decomposition for 1 < ¢ < h and K,
h

has an H-decomposition, then (K, — K4) has an H-decomposition where n = (Z n;)+4.
i=1

1,102,500y Mh

Proof. Let V(K,,14) = X; US where S = {vy,v2,v3,v4} such that X; N X; = ¢ and
|X;| = n;. Then V(K,44) = (U, X;)US . Now, by combining the H-decompositions of

K44 — Kig for 1 <i < h and K, p,.... n, We have the proof. ]

h



Lemma 1.3.6. If (K,,+4 — K,) has an H-decomposition for 1 < i < h , (K, 114 — K>)

has an H-decomposition and Ky, ,, . », has an H-decomposition, then (K, — K5) has an
h

‘H-decomposition where n = (Z n;) + 4.
i=1

Proof. Let V(K,,14) = X; US where S = {vy,v2,v3,v4} such that X; N X; = ¢ and
|X;| = n;. Then V(K,44) = (U=} X)) US. Now, by combining the H-decompositions of
Kpva — K|S| for 1 <i<h, K, 44 — K|{U3’v4}| and K,y

, we have the proof. ]



2 The Main Results

We adopt a notation similar to that used in [4]. Given the labelling below, we denote

G by [z,y, z;u,v] and Hy by [z, u,y, v; z] throughout of this chapter.

Figure 3: A graph-pair (Gy, Hy) of order 5.

2.1 (G2, Hy)-Hybrid Design of K,

Lemma 2.1.1. If K, ,, has a hybrid (G2, Hs)-decomposition, then Ky 44 has a hybrid

(Ga, Hy)-decomposition for a > 0.

Proof. Let G be a graph with vertex set {1,2,--- ,t} and let G®O,, be the lexicographic
product of GG by an independent set of n elements, i.e., a graph with vertex set the disjoint
union of ¢ independent sets X;, where |X;| = n such that two vertices are joined by an
edge if and only if they belong to two different sets X;, X, and {7, j} is an edge in G.

It is easy to see that K arar = Kqa,0 ® O,, which can be decomposed into subgraphs
isomorphic to K3 ® O, (by Theorem [[.2.6]). Since K3 ® O, = K., which by hypothesis

has a hybrid (Gs, Hy)-decomposition, the proof is concluded. ]

10



Lemma 2.1.2. If K,,, has a hybrid (Gs, Hs)-decomposition and K, ,, has a hybrid
(Gq, Hy)-decomposition, then K, ;. prqr has a hybrid (G, Ha)-decomposition for integer

p#2,6,0<qg<p.

Proof. Let G be a graph with vertex set {1,2,--- ,t} and let G®O,, be the lexicographic
product of G' by an independent set of n elements.

It is easy to see that Ky, prprgr = Kpppq®O,, which can be decomposed into subgraphs
isomorphic to K4 ® O, or K3® O, for p # 2,6, 0 < ¢ < p (by Corollary [L2.7]). Since both
K;®0, = K,,, and K, ® O, = K,,,, have a hybrid (G, Hy)-decomposition, the proof

follows. i

Lemma 2.1.3. K555 has a hybrid (G2, Hs)-decomposition.

Proof. Let (s,t) be an admissible pair of K555 and let V(K555) = X = {z;,|i €
Zs,j € Zs}. We start with Go|K555 and Hs| K555 and then make trades from Ga’s to

Hy's.
2
(i) K5,5,5 = 15Go. GQ,(i,l) = [$i+1,1, Ti+1,2, Li40,05 Li+3,1, $i+1,0], GQ,(Z‘,Q) = [Ii+1,2, Li+1,0,
Li+0,15 Li+3,2, $i+1,1], GQ,(i,B) = [$i+1,0, Tit1,1, Ti+0,25 Li43,0, $z’+1,2]7 Vi € Zs.

(ii) Kss5 = 15Hs. Hy 1) = [Tit1,1, Tit0,05 Tit3,15 Tit1,05 Tivo,), Ha o) = [Tiv1,2, Tio1,

Tit+3,2, Ti+1,1; $i+0,2], Hz,(i,?,) = [$i+1,0, Li+0,2) Ti+3,05 Li+1,25 $z’+0,0], Vi € Zs.
(iii) Vi € Zs. We can trade G27(i,1)U Gg@',g)U G27(¢73) for H2,(i,1)U H27(i,2)U H27(i73), Vi € Zs.

(iv) Vi € Zs. Let Hy(;0) = [Tit1,2, Tit0,05 Tits,1, Tit1,05 Tito,1), Has) = [Tit1,2, Tigo,
Ti4+3,25 LTi+1,1; xi-{—0,0]- Then we can trade G2,(i,1)U GQ,(LQ)U GQ,(LS) for G27(7;73)U H27(i74)U
H27(i75) , Vi € Zs.

11



(v)

By (i), (ii), (iii), and (iv), we have {(s,t)|s +t = 15,s,t € NU{0}, t # 1}.

Let G2,4 = [932,1, T2,2, L1,05 3,1, IBO,O], G2,5 = [931,2, T2,1, L2,05 T4,1, IB1,0], G2,6 = [932,2,
T30, T3,1; L0,2, 932,1], G2,7 = [5U2,1, T30, T32; 10,0, 551,1], Hz,s = [350,0, T22, T4,0, L1,2;
1'171]. Then we can trade GQ’(OJ)U 027(171)U GQ’(LS)U G27(273)U GQ’(272) for G2,4U G275U

Ga6U Go7U Has. Hence, (s,t) = (14,1) case is done. ]

The result for K55 55 follows by a similar idea. But, it is more complicate.

Lemma 2.1.4. K555 has a hybrid (G, Hz)-decomposition.

Proof. Let (s,t) be an admissible pair of K5555 and let V(Ks555) = X = {x;;]i €

Zs,j € Ly}

(i)

(i)

(iii)

K5,5,5,5 = 30G>. GQ,(m) = [$i+0,1, Tit+22, Li+2,05 Li+1,3, $z‘+3,1]7 GQ,(z‘z) = [l‘z‘+0,1, Ti+1,3,
Li+1,05 Li43,3, l‘z’+3,0], Gz,(i,:a) = [$i+0,27 Ti42,15 Ti42,35 Ti40,15 xi+1,2]7 G2,(i,4) = [l’z’+1,37
Ti+2,1, Li42,2; LTi433, $i+0,2], GQ,(z‘,s) = [l‘i+1,2, LTi+1,3y Li40,05 Li+2,1, $z‘+1,1]7 G2,(i,6) =

[Ti10.2, Tit1,15 Tit1,0; Tig3,2, Tivool, Vi € Zs

For all © € Zs, let Gz,(m) = [$i+0,1, Ti42,2, Ti42,0; Li+1,3, $i+3,1]7 G2,(i,8) = [xi+0,27
LTit2,15 Li42,3; Tit0,1, $z‘+1,2]7 GQ,(i,Q) = [$i+1,17 Tit+2,3y Li+2,05 Li+1,2, $i+2,1], Gz,(z‘,m) =
[$i+1,3, Tit2.1, Ti422; Tit3.3, $i+0,2], GQ,(i,ll) = [$i+2,2, Ti42.3, Ti+1,0) Ti+3,1, $i+2,o]a
H27(7;712) = [ZL'Z'+472, Ti+1,0, LTi4+4,3, Li4+2,0; Ii+271]- Then for all 7 € Z5, we can trade
Go iU GouU GoanU GoaaU GousU Gaue for GounU Gag)d GaueU

G, 110U Ga,i,11)U Ha (i12).

For all i € Zs, let G2,(i,13) = [Iz‘+o,1, Ti+2,0, Ti+2,2; Ti+3,3; $i+o,2], G27(i,14) = [$i+1,17
Ti+2,3y Li+2,05 Ti+1,2, $i+2,1], G27(i,15) = [$i+1,07 Tit+2,3, Li42,25 Ti+1,3, l‘z’+2,0], G2,(i,16) =

12



(vi)

[$i+0,2, Tit2,1, Ti42,3; Lit0,1, $i+172]> H2,(i,17) = [$i+1,37 Tit3,15 Ti42,0, Ti42,1; $i+2,2]7
Hy (i18) = [Tita2, Tit20, Titas, Tit1,0; Tigsn). Then for all i € Zs, we can trade
Gao,inY Goi2)U Go3)U Ga0U Gao65Y Gaie) for GainU GoainU Gais)U

G2 (i16)U Ha 1)U Ha (i 18)-

For all i € Zs, let GQ,(Z’,IQ) = [$i+0,17 Ti42,05 Li+2,2; Ti4+3,3, Iz‘+0,2], G2,(i,20) = [Ii+0,2;
Tit2,1, Li42,35 Tit+11, Ii+2,0]7 GQ,(i,Ql) = [Ii+1,07 Ti12,35 Lit+2,2; Li41,3, $z‘+2,0], H2,(z‘,22) =
[l‘i+o,1, Ti+23, Tit20, Tit+1,2; $i+2,1], Hz,(i,23) = [$i+1,3, LTit3,1y Tit20, Tit2.1; $z‘+2,2];
H27(i,24) = [$i+472, Ti+2,0) Ti+4,3, LTi+1,0; $i+3’1]. Then for all i S Z5, we can trade
Ga,)Y Ga2)U Ga3)U Go U GoisU Ga e for Goi19)U Ga 200U Ga gi21)U

Hy (5,22)U Hj (23U Ha (; 24).

For all i € Zs, let G325 = [it1,0, Tir23, Tir22} Tits3, Tito.2)s Ga,(i26) = [Tit0,2,
Ti+2,15 Li+2,37 Ti+1,15 $i+2,0], Hz,(m?) = [$i+0,1, Ti+2,05 Li+1,3y Ti+2,2; $i+2,1], H2,(i,28) =
[$i+0,1> Ti42,3, Ti42,0, LTit+1,2; iUz'+2,1], H2,(i,29) = [$i+2,17 Ti+1,3, Ti43,15, Ti42,0; 931'+2,2],
Hy (i30) = [Tita2, Tiv20, Titas, Tit1,0; Tigsn). Then for all i € Zs, we can trade
G i)Y Gai2)U Goi3U GaiaU Ga iU Gaie) for G sU Gai26)J Ha (iom)U

Hyj (i28)U Ha (5,29)J Ha (5 30).-

For all i € Zs, let G2,(i,31) = [$i+1,o, Ti+2,2, Li+2,3; LTit+2,1, Ii+1,2]7 HQ,(i,32) = [Ii+0,1;
Tit1,2, Li+2,0, Li4+2,3; l‘z‘+1,1], HQ,(i,33) = [l‘z‘+0,27 Li+2,2, Li+1,35 Ti4+2,0; iUz‘+1,1], H2,(z;34) =
[$i+2,1, Tit22, Ti433, Tit+1,2; xz’+2,3]7 H2,(i,35) = [$i+2,1, LTit+1,3) Tit31, Ti4+2,0; $z‘+2,2];
H27(i,36) = [25'1'_0_472, Ti+2,0) Ti+4,3, LTi+1,05 .CL’H_3’1]. Then fOI' all ¢ S Z5, we can trade
Gai,nU Goi2)U Gaia)U Go iU GoasU Gaie) for GosnyU Ha 32)U Ha (533U

Hy (5,39 Ha (335U Ha (; 36)-
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(vii) For all i € Zs, let Hy 37y = [Tiy22, Tiy1,0, Tiy23: Tig2,15 Tiv1,2)s Ho(i8) = [Tito,1,
Tit1,2, Tit+2,05 Li+2,35 $i+1,1], H2,(i,39) = [$i+0,1, Tit22, Tit+1,3, Li+2,05 $i+1,1], H2,(i,40) =
[33¢+2,3, Tiy2,2, Ti+3,3, Li4+0,2; iUz'+2,1], H2,(i,41) = [$i+2,1, Tit1,3, Ti+3,1, Lit+2,0; $i+2,2],
H27(i742) = [$i+472, Ti+2,0, Ti+4,3, LTi+1,0; Zlfi+371]. Then for all ¢ c Z5, we can trade
G, i)Y Gaoi,2)U Gai,3)U Ga 50U Go 55U Ga ey for Ho i 3nyU Hy (338)U Ha (3309)U
Hyj (3, 40)U Ha (5,41)U Ha (5 42).

Hence, by (i), (ii), (iii), (iv), (v), (vi), and (vii), we have an admissible pair of

Kss55. n

We also need a couple of special decompositions.

Lemma 2.1.5. Kjy — Kj; has a hybrid (G, Hs)-decomposition.
Proof. Let (s,t) be an admissible pair of K9 — K5 and let V(Kg) = Zyo.

(i) K55 can be decomposed into 5 Hjs
H2,1 - [179737870]7 H2,2 - [278747 77 ]-]7 H2,3 - [377707672}7 H2,4 - [176747573]7
H2’5 = [2, 5,0,9,4]

By assumption (observation), K5 = G + Ho. Hence, ”(1,6)-case” is done.

(i) Let Go1 = [1,2,3;4,0], Hog = [4,0,8,3;1], Hy7 = [2,3,9,1;8]. From (i), we can

trade Go U Hay for HogU Ho 7. Hence, 7 (0, 7)-case” is done.

(ii) Let Hog = [2,4,3,1;0], Goo = [0,1,8;3,4], Go3 = [3,9,1;2,4]. From (i), we can

trade Hy U Hag for GooU Ga 3. Hence, 7(3,4)-case” is done.

(iv) Let Gay = [2,4,3;1,0], Gos = [1,9,3;2,4]. From (i), we can trade Hy;U G4 for
G22U Gy 5. Hence, 7(2,5)-case” is done.
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(v) Let Hyg = [1,4,0,3;2], Gog = [1,3,8;2,7], Gor = [4,7,1;9,3], Gas = [4,8,0;3,2].
From (1), we can trade H279U H271U H272 for G276U G277U 0278- HGHCG, 7 (4, 3)—0&86”

is done.

(vi) K19 — K5 can be decomposed into 7Gy’. Gag = [1,0,7;3,6], G210 = [2,1,6;4, 5],
G2,11 - [57273a076]7 G2,12 — [473797 178]7 G2,13 — [874707571]7 G'2,14 - [772747 173]7

G2’15 = [9, O, 2; 8, 3]

(vii) Let Hoqo = [7,4,1,3;6], Go16 = [1,0,7;2,4]. From (vi), we can trade GaoU G214

for Hy 10U G216. Hence, 7 (6, 1)-case” is done.

(Vlll) Let HQ’ll = [2, 1, 6,4:7 5}7 H2’12 = [1,4, 7, 37 6], G2’17 = [0, 1, 7, 2, 6] From (Vi), we can

trade GQ’QU GQJQU G2’14 for H2’11U H2’12U G2717. Hence, 7 (5, 2)—0&86” is done. |

Lemma 2.1.6. K;; — Kg has a hybrid (G, Hs)-decomposition.

Proof. Let (s,t) be an admissible pair of K;; — K¢ and let V(Ky;) = Zq;.

(i) K56 can be decomposed into 6 Hy's. Hy; = [6,2,7,0;10], Hoo = [8,0,9,3;7],
H273 = [6,3, 10, 1,9], H274 = [1,8,5, 7, 4], H275 = [8,4, 10, 2, 9]7 H2,6 = [6,4,9,5, 10]

By assumption (observation) K5 = Go + Hs. Hence, ”(1,7)-case” is done.

(ii) Let Go1 = [9,10,8;7,6], Ha7 = [0,9,10,8;3], Hys = [3,9,8,7;6]. From (i), we can

trade Hy U, Gy for Hy7U Hyg. Hence, 7 (0, 8)-case” is done.

(iii) Let Hag = [6,10,9,8:7]), G2 [7,8,3:9,0], Hy10 = [6,10,9,8;0]. From (i), we can

trade HyoU Hag for GooU Ha 9. Hence, 7(2,6)-case” is done.
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(iv) Let Go3 = [0,9,8;6,10]. From (i), we can trade HysU Hsg for G32U Ga3. Hence,

”(3,5)-case” is done.

(v) Let Hayy = [7,7,9,10;8], Goa = [0,10,6:2,7], Gos = [7,8,0;9,10], Gag = [8,9,3; 7, 10].
From (i), we can trade HooU Ho U Hayy for G UG5 sU Gag. Hence, 7 (4, 4)-case”

is done.

(vi) K1 — K¢ can be decomposed into 8 Gy’s. Ga7 = [1,9,8;3,10], G253 = [0, 10,9; 4, 8],
G2,9 = [27 8a 107 57 9]7 GQ,IO = [67 107 4) 77 0]7 G(2,11 = [77 1()’ 17 67 5]) G2,12 = [07 87 67 9a 7]7

G153 =[5,8,7:2,6], G214 =[6,7,3;9,2]. Hence, ”(8,0)-case” is done.

(Vll) Let G2’15 = [5, 8, 7, 6, 3}, H2,12 = [7, 3, 9, 2, 6] From (Vi)7 we can trade G2713U G2714

for Go15U Ha 1. Hence, 7 (7,1)-case” is done.

(viii) Let Hy13 = [5,10,8,9;1], Ho14 = (2,10, 3,8;1]. From (vi), we can trade Go7U Ga g

for Hy 13U Hs14. Hence, 7 (6,2)-case” is done.

(IX) Let H2,15 = [4, 8, 10, 9, 1], H2716 = [0, 10, 5, 9, 8] From (Vi), we can trade G2’7U G2’8U

Gg’g for H2’14U H2’15U H2716. Hence, 7’(5, 3)—case” is done. |

Theorem 2.1.7. There exists a hybrid (Go, Hy)-decomposition of K,, forn = 0,1 (mod 5).

Proof. By Theorem [L.2.5] we will consider only the unsolved cases for s,t > 1. Let 'H
be the collection of subgraphs which has a hybrid (G5, Hs)-decomposition. First, we show
that K, has an H-decomposition and also K, p, ... n, has an H-decomposition for some

small values of n;.
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In the Appendix, we list the hybrid (G9, Hy)-decompositions for Ko, K1, K15, Kig,

Ko, K91, Kos, Kog. Therefore, for the remainder of the proof, assume n > 30.

[ J K35

Let (s,t) be an admissible pair of Ks5. Let V(K35) = {z;;|Vi € Zs,j € Z7}, and let

Vi ={z;;-1|i € Zs}, where j =1,2,--- 7.

Since K75y can be partitioned into 7 Ks55's (K| val,val> K il valvsls K valvslivals
Ky wvalivsl, Kpalvalivals Kvalvalivels K val el val)s K35 can be partitioned into 7
(K15 — K5 — K5)'s (K vatva U K Kvvagivel Y Kl Kjvvsgvel U K,
Kyva) valval Y K i, Kjvalval vl Y K vags Kjval vl vel Y Kvaps Kjva vl ve| U Kjvg)) - From
the proof of hybrid (Gs, Hs)-decomposition of K5, (K15 — K5 — K5) has a hybrid

(Ga, Hy)-decomposition. Thus, K35 has a hybrid (Gs, Hy)-decomposition.

[ Kg@

Let (s,t) be an admissible pair of Ksg. Let V(Ks6) = {;;|Vi € Zs, j € Z7}U {00},

and let V; = {x; ;_1|i € Zs}, j=1,2,--- 7.

. .. . ,
Since K7(5) can be partitioned into 7 K575,5 S (K|V1|,|V3|,\V4|7 K|V1|,\V2|,\V6|7 K|V1|,\V5|,|V7\;

Ky valivals Kpval val vals Kivalivslivels B valvelival)s and Kjva va ) va YK vavgeoy s Kpvaval,ivelY

Kivaugoo}s Kl sl ivel Y Kpvauteodls Kivapvalvsl YU Kvaugeods Kl sl ive) YU Kgugeoy

K\V3|,|V5\,|V6\UK|V5U{oo}|7 and K|V4|,\V6|,|V7\UK|V6u{oo}| have a hybrid (Gg, Hg)—decomposition

(from proof of Kig), K35 has a hybrid (G2, H)-decomposition.
o Ky
Let V(K40) = {$17]|Vl - Z5,j - Zg}, and let ‘/J = {xz‘,j—lli - Z5}, j = 1, 2, e ,8.

17



Use a hybrid (G, Hy)-decomposition of K 5 5 as given in Lemma[2.T.3]for each of the
following subgraphs: Kjvajval,val, i walivsls Kpvalvalivals Epvaval vl Kivaval,vals
Ky valvel> Kvalvelvs|- Use a hybrid (Ga, Hy)-decomposition of Kjg for the sub-
graph Kjy,uy- Use a hybrid (Gs, Hy)-decomposition of K9 — K5 as given in
Lemma for each of the following subgraphs: Kv,uvy| — Kjvg|, Kjvsuvs] — Kjvg)s

Kyv,ovs) — Kpvg)y, Kpsovs) — Kyl Kvguvs) — Kve)s Kjvauvg] — K-

o Ky

Let V(Ky) = {z;;|Vi € Zs,j € Zg}U {oo}, and let V; = {x; ;1)1 € Zs}, j =
1,2,--- 8.

Use a hybrid (G, Hy)-decomposition of K 5 5 as given in Lemma[2.T.3]for each of the
following subgraphs: Ky, v jvals Kpvajvalivels Kvapvalivels Kpalvalivals Kjvelvalvals
Ky valvel> Kvalvelvs|- Use a hybrid (Ga, Hy)-decomposition of Ky for the sub-
graph Kjv,uvsufeo}|- Use a hybrid (G, Hy)-decomposition of K1 — K as given

in Lemma for each of the following subgraphs: Kj,uvsu{ec}] — Kjvsuiso}|s
Kvsuvsutoo}l — B vaufoods Kivauvsutool — K vaugoods Kjvsuvsuioot — K vautoo}s Kiveurvsufoo}—

Kvsuioods Kivauvsu{oo] — K vsugool -

® Kg5

By Theorem with r = 5, p = 5, q = 4, K25725725720 has a hybl'ld (GQ,HQ)—
decomposition. Since Koy, and Koy have a hybrid (G, Hy)-decomposition, by The-

orem [[L3T], Ko5 has a hybrid (G2, Hs)-decomposition.

[ ] Kgﬁ
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By Theorem 2.1.2l with r = 5, p = 5, ¢ = 4, Ks5952520 has a hybrid (Gq, Hs)-
decomposition. Since Ky, and Ko have a hybrid (G, Hs)-decomposition, by The-

orem [[.3.2] Kgg has a hybrid (G, Hs)-decomposition.

o Koo

By Theorem with r = 5, p = q = 5, K25’25’25?25 has a hybI'ld (GQ,HQ)—
decomposition. Since Kss has a hybrid (G, Hy)-decomposition, by Theorem [L31]

K00 has a hybrid (G2, Hy)-decomposition.

° Kl()l = SG2 + tHQ, where s - €(G2) +1- €(H2> = €<K101), Vs,t eNU {0}

By Theorem 2.1.2 with r = 5, p = ¢ = 5, Kas2525925 has a hybrid (Gq, Hs)-
decomposition. Since Ko has a hybrid (Gs, Hy)-decomposition, by Theorem [[.3.2]

Ko7 has a hybrid (Ga, Hy)-decomposition.

Now, we are ready for the proof. As mentioned above, it suffices to decompose K, into
a collection of subgraphs which have a hybrid (Gs, Hy)-decomposition, and this can be
done recursively.
Case 1. n =0 (mod 5)

Let n = 0,5, 10,15, 20, 25 (mod 30). Therefore n = 30t, 30t + 5, 30t 4 10, 30t + 15, 30t +
20, and 30t + 25 respectively. Since 30t = 3 - (10t) and 30t + 15 = 3 - (10t + 5), K,, can
be decomposed into three copies of Ko (respectively Kiors) and Koz 10100 (respectively
Kioi4510t45,100+5). Hence, by the fact that both Kjp and K555 have a hybrid (Go, Hs)-
decomposition, we have a hybrid (G, Hs)-decomposition of Ko and K3p:415 respectively.
Now, if n = 30t+5 (the other cases are similar), then K30, 5 can be decomposed into three
Kiot’s, one K5 and Kyor10t,10t,5- Again, each of them has a hybrid (G, H2)-decomposition,
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the proof of this case follows. (Note that Ko 10t10t5 can be decomposed into Ks555's
and K555’s as long as ¢ # 1 and 3. But, the cases K35 and Kgs; have been treated as
special cases earlier.)
Case 2. n=1 (mod 5)

Let n = 30t + 1,30t + 6,30t + 11,30t + 16,30t 4+ 21, and 30t + 26. For the case
n = 30t + 1 and n = 30t + 16, we can decompose K3p11 (respectively Kspi16) into
Kioi41's (respectively Kigrye's) with one vertex in common and a Kiogior100 (respec-
tively Kioi+510t45,1004+5). Lhen, the proof follows by combining the hybrid (Ga, Hs)-
decompositions of these subgraphs together. Now, consider n = 30t + 6 and the other
cases are similar. Clearly, K3016 can be decomposed into three Kjg1’s and one Ky (in
which they have one vertex in common), and one Ko 1ot10t5- Since each of them has a
hybrid (G2, Hs)-decomposition, the proof of this case follows. Again, Kjo 101005 can be
decomposed into Kj5555's and K555’s only if ¢ # 1 or 3. Hence we have to deal with

n = 36 and n = 96 independently, and then the ”proof” follows. [

2.2 Maximum (G, Hy)-Hybrid Packing of K,, and Minimum (G5, Hs)-
Hybrid Covering of K,

In this section, we consider the cases n = 2,3,4 (mod 5) in which there are no (G, Hs)-
Hybrid designs of order n. Therefore, the best we can get is the maximum (G, Hs)-
Hybrid packing, i.e., by removing the minimum leave L, K, — L has a (Gq, Hy)-Hybrid
decomposition.

Lemma 2.2.1. K7 — K has a hybrid (G2, Hs)-decomposition.

Proof. Let (s,t) be an admissible pair of (K7 — Ks). Let V(K7) = Zs.
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(i) Use the following copies of Ga:
Gy = [27 9,1 47 0]’ [27 4, 6; 3, 1]7 [3a 47 9; 0, 2]7 [17 6,0; 3, 2]-

What remains is the edge {5,6}. Hence, ”(4,0)-case” is done.

(ii) Use the following copies of G5 and Hs:
Gy = [0,1,6;5,4], [2,4,6;3,1], [2,5,1;4,0]; Hy = [2,0,5, 3;4].

What remains is the edge {0,3}. Hence, ”(3,1)-case” is done.

(iii) Use the following copies of G5 and Hs:
G2 = [2,5,1;4,0], [2,6,4;3,0]; H> = [0,1,3,6;5], [0,2,3, 5;4].

What remains is the edge {1,6}. Hence, ”(2,2)-case” is done.

(iv) Use the following copies of Gy and Hy:
G2 = [2,5,1;4,0); H» = [0,1,3,6;4], [2,4,5,6;1], [2,0,5,3;4].

What remains is the edge {0,3}. Hence, 7 (1, 3)-case” is done.

(v) Use the following copies of Ho:
Hy, = [1,5,6,0;3], [1,3,4,6;2], [1,2,5,4;0], [2,0,5, 3; 6.

What remains is the edge {0, 3}.Hence, ”(0,4)-case” is done. ]

Lemma 2.2.2. K5 — K7 has a hybrid (G9, Hy)-decomposition.

Proof. Let (s,t) be an admissible pair of (K5 — K7). Let V(Kj3) = Zj9, and let Vi =
{0,1,2,3,4}, Vo = {5,6,7,8,9}, Vs = {10,11}.
(i) Use the following copies of Hy on Ky, jvs):
Hyy = [8,0,6,1;9], Hoo = [7,1,5,2;8], Hoz = [6,2,9,3;7], Hya = [5,3,8,4;6],
Hy5 =19,4,7,0;5]. And by Lemma 22.T], we have {(s,t)-case|s +t =9,s < 4}.
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(ii) Let Ga1 = 0,8,6;1,9], Gao = 8,9,11;5,6], Gog = [7,9,10;8, 1], Goy = [7,11,6;9, 5],
G5 = [6,10,5;8,7]. From (i), we can trade Ho ;U (KV2UV3 —{10,11}) for G5 ;U G2 oU

G23U Go4U Gy 5. Hence, 7 (5,4)-case” is done.

(111) Let G276 = [8,9, 11,572], G277 = [1,5,7, 2,8] From (1), we can trade HQJU HQ’QU

(K

VouVy

—{10,11}) for G5 1U Go3U G 4U Go5U GagU Ga7. Hence, ”(6,3)-case” is

done.

(lV) Let G278 = [2,9,6;3,7], G279 = [6,11,7;8,5], G2710 = [6, 10,5,9,3] From (1), we

can trade H271U HQQU H273U (K — {10, 11}) for G271U G273U GQﬁU G277U G278U

VaUVs

G20U Ga10. Hence, 7(7,2)-case” is done.

(V) Let G2711 = [6,11,7,8,4], G2712 = [3, 7,6,2,9], G2713 = [3,8,5,4,6] From (1), we
can trade H2,1U HQ’QU H2,3U H2’4U (szuv3 — {10, 11}) for GQJU G2,3U GQ’GU G2’7U

GQJOU G2711U G2,12U G2,13. Hence, ? (8, 1)-C&S€” is done.

(Vl) Let G(2,14 = [77 97 1()’ 87 0]7 G(2,15 = [67 1()’ 5a 47 7]7 G2,16 = [07 5a 9a 47 6]7 G?,l? - [17 87 67 07 7]a
G2718 = [5, 8, 3; 9, 1] From (1), we can trade H271U HQQU H273U H274U H275U
(KVQUVS — {10, 11}) for GQ,GU G2,7U GngU G2711U G2714U G2715U GQJ_GU G2717U G2718.

Hence, 7 (9,0)-case” is done. ]

Now, we are ready to consider the case n = 2 (mod 5).

Theorem 2.2.3. Ifn =2 (mod 5), then there exists a mazimum (G, Ha)-hybrid packing
of K,, with leave L = K, and a minimum (G, Hs)-hybrid covering of K, with padding

P having 4 edges.
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Proof. By Theorem [.2.5] we will consider only the unsolved cases for s,t > 1. Let 'H
be the collection of subgraphs which has a hybrid (G, Hy)-decomposition. First, we show

that K,,, has an H-decomposition and also K, n, has an H-decomposition for some

1 7n27..‘ b
small values of n;.

In the Appendix, we list the maximum (G5, Hs)-hybrid packing for K7, Kio, K7, Koo,

and Ky7. Therefore, for the remainder of the proof, assume n > 30.

[ ] K37

Let V(K37) = {$17J|VZ S Z5,j € Z7}U {’Ul,’UQ}, and let ‘/} = {xi,j—1|i € Z5} where

j:1727"' 777 and‘/é:{Uh’U?}-

Since K7(s) can be partitioned into 7 K555’ (Kvy| valvals Kvalvalvels Kvalval,vals

Ky valivsls Kvalvalvals Kpval sl vals K val vel,va|)s K7 can be partitioned into Kjv;) vy jva U

(Kivaovs) = Kiwp)s Kpvapval vl U (Kvaovs) = Kpva))s Kvagsvel U (Keow| — Kl
Ko vl jvs Y (B vaovs = Kjv))s Kval 1vs v U (K vsovs) = Kiva ), K vsi,vel U (K vsovs —
Kyve)s K velivel Y (Kjvsuve) — Kjwg)), and Ky, . Each of the above has a decompo-
sition into K555 and Ko — K7. (except Kjy;|) Use a hybrid (G, Hs)-decomposition
of K555 as given in Lemma[2.T.3]and a hybrid (G, Hz)-decomposition of K5 — Ky
as given in Lemma for each of the above subgraphs. What remains is Kj.

Cover this edge by using a copy of G5, or Hs, then we have the proof.

o Ky
Let V(Ky2) = {x;;|Vi € Zs,j € Zg}U {v1,ve}, and let V; = {x; ;_1]i € Zs} where
j=1,2,--- .8 and Vo = {vy,vs}.
Use a hybrid (G, Hy)-decomposition K555 as given in Lemma for each of the
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following subgraphs: K|y, | v, vals EKvilvalvels Evilvslivals B valvalvsls B val,val,vals
K sl Vel FJval, vel.val -

Use a hybrid (Gg, Hy)-decomposition of K15 — K7 as given in Lemma[2.2.2] for each of
the following subgraphs: Kjv,uvsuve| — Kjvsuve|, Kpsuvsuve] — Kjvsuve), Kpvauvsuve| —
K\vguvg\, K|V5UV8UV9| - K\vsuvg\, K|V6UV3UV9| - K|V8UV9|7 K\v7uvsuvg| - K|V8uv9|- Use
a maximum (Gsg, Hs)-hybrid packing of Kj, for the subgraph Kv,uvsuve-  What
remains is Ky. Cover this edge by using a copy of G, or Hs, then we have the

proof.

o Ky7
By Theorem with 7 = 5, p = 5, ¢ = 4, Ka59592520 has a hybrid (G, Hy)-
decomposition. Since Ky — Ky, and Ko7 — K5 have a hybrid (G, Hy)-decomposition,
by Theorem [[3.3, Ko7 — K3 has a hybrid (G, Hs)-decomposition. What remains

is K5y. Cover this edge by using a copy of G, or Hy, then we have the proof.

o Kin

By Theorem with r = 5, P = q = 57 K25725725725 has a hybI‘ld (GQ,HQ)—
decomposition. Since Ks; — Ky has a hybrid (Gs, Hy)-decomposition, by Theo-
rem [[L3.3 Ko — K3 has a hybrid (Gs, Hy)-decomposition. What remains is Ko.

Cover this edge by using a copy of Gy, or Hs, then we have the proof.

Now, we are ready for the proof. As mentioned above, it suffices to decompose K, — K>
into a collection of subgraphs which have a hybrid (Gg, H2)-decomposition, and this can
be done recursively.

24



Let n = 30t + 2,30t + 7,30t + 12,30t + 17,30t 4+ 22, and 30t + 27. For the case
n = 30t + 2 and n = 30t + 17, we can decompose K3pio (respectively Kspi17) into
Kioi12's (respectively Kyoi7's) with two vertices in common and a Ky 101,106 (respectively
Kiot4510t4510t45)- Since Kyoo (respectively Kio7) exists a maximum (Ga, Ho)-hybrid
packing with leave L = K, (or a minimum (Gj, Hy)-hybrid covering with padding P
having 4 edges), and Kjor10t100 (respectively Kioprs10e+510045) has a hybrid (G, Ha)-
decomposition, by Lemma [[.3.3] we have a maximum (Gs9, Hs)-hybrid packing of Ksg;i0
(respectively Ksg117) with leave L & Ky, and a minimum (Gy, Hs)-hybrid covering of
Ksp440 (respectively Ksg117) with padding P having 4 edges. Now, consider n = 30t + 7
and the other cases are similar. Clearly, K3p;17 can be decomposed into three Kipiio's
and one K7 (in which they have two vertices in common), and one Kio10t10t5- Since
Kiot42 — K5 has a hybrid (Gy, Hs)-decomposition, and K7 exists a maximum (Gq, Hs)-
hybrid packing with leave L = K, (or a minimum (G, Hs)-hybrid covering with padding
P having 4 edges), the proof of this case follows. Again, Ko 1011065 can be decomposed
into Ks555’s and K555's only if t # 1 or 3. Hence we have to deal with n = 37 and

n = 97 independently as above, and then the proof follows. [

Next, we consider the case n = 3 (mod 5).
Lemma 2.2.4. Kg— K3 has a hybrid (G2, Hs)-decomposition.
Proof. Let (s,t) be an admissible pair of (Kg — K3). Let V(Kg) = Zs.
(i) Use the following copies of Ga:

Gy = 10,7,5;6,1], [3,7,6;0,4], [1,5,4;6,2], [2,5,3;1,7], [2,7,4;3,0].
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(i)

(iii)

What remains is the complete graph Ky, where V; = {0,1,2}. Hence, ”(5,0)-case”

is done.

Use the following copies of G5 and Hj:
Gy = [6,7,3;4,5], [1,6,4;0,5], [1,3,5;2,6], [4,7,2;3,0]; Hy = [0,6,5,7;1].
What remains is the complete graph Ky,| where Vi = {0,1,2}. Hence, ”(4,1)-case”

is done.

Use the following copies of G5 and Ho:
Gy = 16,7,3;4,5], [1,6,4;7,2], [1,3,5;2,6]; Hy = [0,6,5,7;1], [3,2,4,0;5].
What remains is the complete graph Ky, where V; = {0,1,2}. Hence, ”(3, 2)-case”

is done.

Use the following copies of G5 and Hj:
Gy = [6,7,3;4,5], [3,5,1;6,0]; Hy = [0,4,1,7;5], [2,7,4,6;5], [3,0,5,2;4].
What remains is the complete graph Ky,| where Vi = {0,1,2}. Hence, ”(2, 3)-case”

is done.

Use the following copies of G5 and Ho:
Gy = [5,7,3;6,0]; Hy = [0,4,1,7;6], [2,7,4,6;5], [3,0,5,2;4], [3,4,5, 1;6].
What remains is the complete graph Ky, where V; = {0,1,2}. Hence, ”(1,4)-case”

is done.

Use the following copies of Ho:
H2 = [07 47 17 7; 6]7 [27 77 57 6; 0]7 [37 07 57 2; 4]7 {37 47 57 1; 6]7 [67 47 77 3; 5]

What remains is the complete graph Ky,| where Vi = {0,1,2}. Hence, ”(0, 5)-case”
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is done. (]

Lemma 2.2.5. K3 — Kg has a hybrid (G, Hs)-decomposition.

Proof. Let (s,t) be an admissible pair of (K3 — Kg). Let V(K13) = Z3, and let V} =

{0,1,2,3,4}, Vo = {5,6,7,8,9}, V5 = {10, 11, 12}.

(i) Use the following copies of Hy on Ky, jvs):
H2,1 = [6a0787175]7 HQ,Z - [7a1797276]7 H2,3 = [872757377}7 H2,4 = [973767478]7

Hy5 =15,4,7,0;9]. And by Lemma 2.2.4] we have {(s,t)-case |s +t =10,s < 5}.

(i) Let Goq =[1,5,8;0,6], Gos = [5,6,12:9,7], Gas = [5,10,9;6,1], Goy = [5,7,11:9, 8],
G2’5 = [8, 11, 6, 7, 10}, GQ’G = [7, 12, 8, 10, 6] From (1), we can trade HQJU (K|V2UV3| —

Kyy)) for Go1U Ga2U Go3U GaaU GosU Gag. Hence, 7 (6, 4)-case” is done.

(iii) Let Go7 =19, 10,5;6,0], Gog = [5,7,1;8,10], Gog = [6,9,2;7,11], Go19 = [6, 10, 7; 8, 0],
Gan = [6,11,8;9,1], Ga12 = [8,12,5;11,9], Go13 = [7,9,12;6, 1]. From (i), we can
trade HQJU H272U (K\VQUV3\ — K‘V3|) for G277U G278U G279U GQJOU G2’11U G2712U

(G5 15. Hence, 7 (7. 3)-case” is done.
2,13 ) )

(IV) Let G2’14 = [5, 10, 6, 7, 3], G2715 = [6, 11,8,9, 10], G2’16 = [9, 11,5,2,8], G2’17 =
[5,8,12;6,0], Go,1s = [5,7,1;8,0], Ga 19 = [7,12,9; 1, 6], Goo0 = [7,10,8; 3,5], G =
6,9,2;7,11]. From (i), we can trade Hy1U Hs U Hs3U (Kjv,uvs| — Kjg) for Ga 14U

G2’15U G2716U G2717U G2718U G2719U G2720U G2721. Hence, K (8, 2)—0&86” is done.

(V) Let GQ’QQ = [2, 87 5; 3, 7], G2723 = [8, 11, 6; 1, 9], G2’24 = [5, 11, 9; 3, 6], G2725 = [6, 7, 10, 87 3],
Gao6 = [8,9,4;6,0], Goor = [5,6,12;8,7], Gaos = [7,12,9;10,5]. From (i), we can
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trade H271U HQyQU HngU HQAU (K‘V2Uv3‘ — K|V3|) for G2718U G2721U G2722U G2723U

G2724U G2725U GQQGU G2y27U G2728. Hence, ”(9, 1)-C&S€” is done.

(Vl) Let G2729 = [7, 8, 0, 9, 3], G2730 = [5, 7, 1, 8, 2], G2731 = [5, 9, 11, 7, 2], G2732 = [3, 6, 5, 2, 7],
G2733 = [8, 9,4, 5, O], G2734 = [2, 9, 6, 4, 7] From (1), we can trade HQJU H272U H273U
Hy4U HysU (Kjyuvy| — Kjuy)) for G170 GaosU GaosU GaasU Ga a9 Ga 30U Ga 31U

Gi2.39U Gl 33U Ga34. Hence, (10, 0)-case” is done. ]

Theorem 2.2.6. Ifn =3 (mod 5), then there exists a mazimum (Ga, Ha)-hybrid packing
of K, with leave L = Kj, and a minimum (Gs, Hs)-hybrid covering of K, with padding

P having 2 edges.

Proof. By Theorem [.2.5] we will consider only the unsolved cases for s,t > 1. Let 'H
be the collection of subgraphs which has a hybrid (G, Hy)-decomposition. First, we show

that K, has an H-decomposition and also k&, n, has an H-decomposition for some

1 7n27.'. b
small values of n;.

In the Appendix, we list the maximum (G», Hy)-hybrid packing for Kg, K13, Kis, Ko,

and Ksg. Therefore, for the remainder of the proof, assume n > 30.
o K35
Let V(Kss) = {x;j|Vi € Zs,j € Z7}U {v1,v9,v3}, and let V; = {z; ;_1|i € Z5} where
j=1,2,--- .7 Vg ={vy,v9,03}.
Since K75 can be partitioned into 7 K555’ (Kjvy), sl val> EKvilvalvels K vil,vsl,vals
Kvapval vals BKival wal vl Kival 1va1vels Kva jvelve1); Ksg can be partitioned into Ky, vz vy U

(Kvaovsl — Kpgp)s K el vel Y (Kpvaovs) — Kiwap)s Kpwapvanive U (Kprovs) — Kpg))s
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Ko vl jvs V(B viovs = B )s vl va jve U (K vaovs = Kivi ) Kivalvs L ivel U S vsove —
Kyve)s K el ivel Y (Kjvsuve) — Kjwg)), and Ky, . Each of the above has a decompo-
sition into K555 and K3 — Kg. (except Kjy;|) Use a hybrid (G, Hy)-decomposition
of K555 as given in Lemma [2.T.3] and a hybrid (G, H2)-decomposition of K3 — Ky
as given in Lemma for each of the above subgraphs. What remains is Kj.

Cover this edge by using a copy of GG, then we have the proof.

Ky

Let V(Ky3) = {x;j|Vi € Zs, j € Zg}U {v1,v9,v3}, and let V; = {x; ;_1|i € Z5} where

j=1,2,---,8 Vo ={vy,v9,v3}.

Use a hybrid (G, Hy)-decomposition of K 5 5 as given in Lemma[2.T.3]for each of the
following subgraphs: Kjvavs|jvals LKvalvalvls Kvalvslvals Kpval vl vsls Fval val vals
Ky valvel, Kvalveljvsl-  Use a hybrid (Gg, Hy)-decomposition of K3 — Ky as
given in Lemma for each of the following subgraphs: Kjv,uvsuve| — Kjvguels
Kyvauvsuvel — Kpvsuvels Kpvsuvsuvel — Kjveuvels Kvauvsuve] — Kivguve), Kvsuvsuve| —
Kivauve|, Kivguvsuvel — Kjvsuve], Kjvsuvsuve] — Kjguve|- What remains is K. Cover

this edge by using a copy of G5, then we have the proof.

KQS

By Theorem with r = 5, p = 5, q = 4, K25725725720 has a hybl'ld (GQ,HQ)—
decomposition. Since Ko3— K3, and Kyg— K3 have a hybrid (G, Hy)-decomposition,
by Theorem [[34] Kos — K3 has a hybrid (G, Hy)-decomposition. What remains

is K3. Cover this edge by using a copy of G, then we have the proof.
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o Kio3

By Theorem with r = 5, p = ¢ = 5, Ka5252595 has a hybrid (Gq, Hs)-
decomposition. Since Kss — K3 has a hybrid (Gs, Hy)-decomposition, by Theo-
rem [[.3.4] K3 has hybrid (G, Hs)-decomposition. What remains is K3. Cover

this edge by using a copy of GG9, then we have the proof.

Now, we are ready for the proof. As mentioned above, it suffices to decompose K, — K3
into a collection of subgraphs which have a hybrid (G, Hy)-decomposition, and this can
be done recursively.

Let n = 30t + 3,30t + 8,30t + 13,30t + 18,30t + 23, and 30t + 28. For the case
n = 30t + 3 and n = 30t + 18, we can decompose K343 (respectively Ksppy1g) into
Kioi43’s (respectively Kiopiis’s) with three vertices in common and a Ko 10t10¢ (respec-
tively Kiois10t+510t45)- Since Kigps (respectively Kigiis) exists a maximum (G, Ha)-
hybrid packing with leave L = K33 (or a minimum (Gy, Hy)-hybrid covering with padding
P having 2 edges), and Koz 10t10¢ (respectively Kioes10e45100+5) has a hybrid (Ga, Hs)-
decomposition, by Lemma [[13.3] we have a maximum (Gs, Hy)-hybrid packing of Kspi3
(respectively Kzopi41s) with leave L = K3, and a minimum (Gy, Hy)-hybrid covering of
K3o113 (respectively Ksppy1s) with padding P having 2 edges. Now, consider n = 30t + 8
and the other cases are similar. Clearly, K3p;18 can be decomposed into three Kjg;i3’s
and one Kg (in which they have three vertices in common), and one Kyo10t10t5- Since
Kioi+3 — K3 has a hybrid (Gg, Hz)-decomposition, and Ky exists a maximum (Ga, Hs)-
hybrid packing with leave L = K3 (or a minimum (G3, Hy)-hybrid covering with padding

P having 2 edges), the proof of this case follows. Again, K 101065 can be decomposed
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into Ks555’s and K555's only if t # 1 or 3. Hence we have to deal with n = 38 and

n = 98 independently as above, and then the proof follows. [

Finally, we consider the case n = 4 (mod 5).

Lemma 2.2.7. There exists a hybrid (Gg, Hs)-decomposition of K¢ — Kj.

Proof. Let (s,t) be an admissible pair of (Ky — K,) and let V(Ky) = Zs.

(i)

(iii)

(iv)

Use the following copies of G:
Gs = [0,3,6;2,1], [0,2,5;1,6], [1,3,8;4,6], [3,5,4;2,8], [4,7,1;0,8], [2,3,7;0,4].

Hence, 7 (6,0)-case” is done.

Use the following copies of G5 and Ho:
G = [3,6,0;2,1],[1,3,8;4,6], [3,5,4;2,8], [4,7,1;0,8], [2,3,7;0,4]; Hy =2 [1,6,2,5;0].

Hence, 7 (5, 1)-case” is done.
b )

Use the following copies of G5 and Hj:
Gs =11,5,4;2,3],[6,7,1;3,5], [5,8,7;3,4], [3,6,8;4,7]; H, =[6,0,7,2;5], [4,6,5,0; 3.

Hence, 7 (4, 2)-case” is done.

Use the following copies of G5 and Ho:
Gs = [4,5,1;3,0],[7,8,3;2,4], [1,7,6;3,5]; Hy =[0,7,2,6;8], [0,5,6,4; 3], [7,4,8,5;2].

Hence, 7 (3, 3)-case” is done.
b )

Use the following copies of G5 and Hj:
G = [7 8 37 17 5] [17 77 6; 374] H2 [6 2 7 0; 3] [27 37 574; 1]7 [77 47 87 5; 2]7 [47 Oa 57 6; 8]

Hence, 7 (2,4)-case” is done.
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(vi) Use the following copies of G and Hs:
Gy =16,7,1;5,2]; H, = 1[6,2,7,0;3],[0,5,6,4;3], [2,3,5,4; 1], [4,7,5,8; 3], [6,8,7,3; 1].

Hence, " (1,5)-case” is done.

(vii) Use the following copies of Hy:
H, =210,6,2,7;8], [4,8,5,7;1], [1,6,8,3;4], [4,1,5,2;3], [3,6,4,0;5], [3,7,6,5;4].

Hence, 7 (0, 6)-case” is done. ]

Lemma 2.2.8. There exists a hybrid (Gq, Hy)-decomposition of K, — K, for n = 4

(mod 5).

Proof. By Theorem [[L. 2.5 we will consider only the unsolved cases for s,t > 1. Let ‘H
be the collection of subgraphs which has a hybrid (G, Hy)-decomposition. First, we show
that K, has an H-decomposition and also K, p,.... n, has an H-decomposition for some
small values of n;.

In the Appendix, we list the hybrid (G, Hy)-decompositions for Ko — Ky, K14 — Ky,
K9 — Ky, Koy — K4, and Ky9 — K. Therefore, for the remainder of the proof, assume
n > 30.

o K39 — Ky

Let V(Ks9) = {xi;|Vi € Zs,j € Z7}U {1, 22, 3,24}, and let V; = {z; j_1|i € Zs}
where j =1,2,--- .7, and Vg = {x1, 29, 3, 24}

Since K75 can be partitioned into 7 K555’ (Kjvy), sl vals EK vl valvels K vil,vsl,vals
Kot vavals Kl valivels Kl vl vels Kyl vl ivel), Kso — Kq can be partitioned

into Ky va)val Y (Kviovs) — Kjwep)s Kpapwalivel Y (Kjvaovs) — Kpval)s Kjvayva) v U
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(Kivzovs) = Kiwp)s Kl val vl U (Kvaovsl = Kpva))s Kjvag st vel U (Ko — K,
Ky valivel Y (K vsuvs] — Kjw))s K vl ivel Y (K vguvs] — Kjig))- Each of the above
has a decomposition into K55 and K¢ — K. Use a hybrid (G, Hz)-decomposition
of K555 as given in Lemma and a hybrid (Gs, Hy)-decomposition of Ky — K,

as given in Lemma 2.2.7 for each of the above subgraphs.

Ky — Ky

Let V(K1) = {xi;|Vi € Zs,j € Zg}J {1, 22, 23,24}, and let V; = {z; ;_1|i € Zs}
where j =1,2,--- .8, and Vo = {x1, 29, 3, 24}

Use a hybrid (G, Hy)-decomposition of K 5 5 as given in Lemma 2T 3] for each of the

following subgraphs: K\, | jva|vals K il valvsls K ivalvels Kvanivslivals BKpval velval
K\V6|,|V7\,|V1\a K|V7\,|Vs|,|V2|: KIVgI,\Vﬂ,\VgI- Use a hybrid (GQ, Hg)—decomposition Of K14 —

K, for each of the following subgraphs: Kv,uvsuve] — Kjve|, Kpeuvsuve| — Kl

K‘VgUV7UVg| - K|V9|7 K|V4UV8UV9‘ - K‘V9|'

Kgg — K4

By Theorem with r = 5, p = 5, q = 4, K25725’25’20 has a hybI'ld (G27H2)—
decomposition. Since Koy — Ky, and Kq9— K, have a hybrid (G, Hy)-decomposition,
by Theorem [[L35] Kog is a hybrid (G, Ha)-decomposition.

Koy — Ky

By Theorem with r = 5, p = ¢ = 5, Kas252595 has a hybrid (Gq, Hs)-
decomposition. Since Ksg — K, has a hybrid (Gs, Hy)-decomposition, by Theo-

rem [[L3.5] Kjp4 is a hybrid (G, Hs)-decomposition.
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Now, we are ready for the proof. As mentioned above, it suffices to decompose K, — K4
into a collection of subgraphs which have a hybrid (Gs, Hs)-decomposition, and this can
be done recursively.

Let n = 30t + 4,30t + 9,30t + 14,30t + 19,30t 4+ 24, and 30t + 29. For the case
n = 30t+4 and n = 30t+19, we can decompose K3g;44— Ky (respectively Ksp119—Ky) into
Kior4a — Ky's (vespectively Kygp9 — K4's) with four vertices in common and a Ko 10¢,10¢
(respectively Kioi+510645,10t45). Then, the proof follows by combining the hybrid (Gq, Hs)-
decompositions of these subgraphs together. Now, consider n = 30t4+9 and the other cases
are similar. Clearly, K309 can be decomposed into three Kjp4q4 — K4's and one K9 — K,
(in which they have four vertices in common), and one Kjgt 10105 Since each of them
has a hybrid (Gs, Hy)-decomposition, the proof of this case follows. Again, Kiot10r10t5
can be decomposed into Kj5555's and K555’s only if ¢t # 1 or 3. Hence we have to deal

with n = 39 and n = 99 independently as above, and then we have proof. [

Theorem 2.2.9. Ifn =4 (mod 5), then there exists a mazimum (G, Ha)-hybrid packing
of K,, with leave L = Ky, and a minimum (G, Hs)-hybrid covering of K, with padding

P having 4 edges.

Proof. By Theorem [[.2.5] we will consider only the unsolved cases for s,t > 1. Let H
be the collection of subgraphs which has a hybrid (G5, Hy)-decomposition. First, we show
that K, has an H-decomposition and also K, p, ... n, has an H-decomposition for some
small values of n;.

In the Appendix, we list the maximum (G5, Hs)-hybrid packing for Ky, K14, K9, Koy,
and Ksg. Therefore for the remainder of the proof, assume n > 30.
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o K39

Let V(Kgg) = {IZ’J|\V/Z < Z5,j & Z7}U {I1,$2,$3,$4}, and let ‘/; = {IL‘Z'7]‘_1|Z. € Z5}

where j =1,2,--- .7, and Vg = {x1, 29, x3, 24}

Use a hybrid (G2, Hy)-decomposition of Kj 55 as given in Lemma 213 for each of

the following subgraphs:
Ky walival, K valivels Kpvalivslivals Kvapivalivals K velivalvals Kvelvalivels K val, vl va -

Use a hybrid (G4, Hy)-decomposition of Kq— K, as given in Lemma 227 for each of
the following subgraphs: K|v,uvs| — Kjva|s Kjvsuvs] — Kvels Kjvauvs| — Kjva|s Kjvuve| —

Kl Kvsovsl — Kjvgls Kvaove) — Kjvg)-

Use a maximum (Gs, H)-hybrid packing of Ky for Kjy,uy,. What remains is a
single edge which we may cover it by using a copy of G5 or Hs, then we have the

proof.

® K44

Let V(K1) = {xi;|Vi € Zs,j € Zg}J {1, 22, 23,24}, and let V; = {z; ;_1|i € Zs}
where j =1,2,--- .8, and Vo = {x1, 29, 3, 24}

Use a hybrid (G, Hz)-decomposition of K 5 5 as given in Lemma 2T 3]for each of the
following subgraphs: Kjvi|va|Jvsls K\valvalvals Kivalvalvals Kl vslvals Fval ival vals
Kyl valvals Kpvalvalvsls Kvel,valvsl- Use a hybrid (G, Hz)-decomposition of K4 —
K, for each of the following subgraphs: K,uvsuve] — Kjve|, Kpsuvsuve] — Kl
Kyv,uvsuve| — Kjvg)- Use a maximum (G, Hy)-hybrid packing of K4 for Kjv,uvsuve|-
What remains is a single edge which we may cover it by using a copy of G5 or Hs,
then we have the proof.
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[ ] Kgg

By Theorem with 7 = 5, p = 5, ¢ = 4, Kos5252520 has a hybrid (Go, Hs)-
decomposition. Since Kyy has a maximum (Gy, Hs)-hybrid packing with leave Ko,
and Ky — K4 has a hybrid (G, Hs)-decomposition, by Theorem [[L3.6] Ko9 has a

maximum (Gs, Hy)-hybrid packing with leave L = K,, then we have the proof.

o Kin

By Theorem 2.1.2 with r = 5, p = ¢ = 5, Kys2595925 has a hybrid (Gq, Hs)-
decomposition. Since K9 has a maximum (Gy, Hs)-hybrid packing with leave Ko,
and Ky — K4 has a hybrid (Gs, Hy)-decomposition, by Theorem [[.3.6] K4 has a

maximum (Gs, Hy)-hybrid packing with leave L = K5, then we have the proof.

Now, we are ready for the proof. As mentioned above, it suffices to decompose K, — K>
into a collection of subgraphs which have a hybrid (G, Hy)-decomposition, and this can
be done recursively.

Let n = 30t + 4,30t + 9,30t + 14,30t 4+ 19,30t + 24, and 30t + 29. For the case
n = 30t + 4 and n = 30t 4+ 19, we can decompose Kz 14 (respectively Kspii19) into
three copies of K14 (respectively Kioii9) with four vertices in common and a Kot 10t10t
(respectively Kioiis 10t45.10645). Since Kigrra — Ky (respectively Kigr9 — K4) has a hybrid
(Ga, Hy)-decomposition, and Kjo4 (respectively Kjgiyg) exists a maximum (Gg, Hs)-
hybrid packing with leave L = K5 (or a minimum (G5, Hy)-hybrid covering with padding
P having 4 edges), and Koz 10t10¢ (respectively Kioeisi0t+5100+45) has a hybrid (Ga, Hs)-
decomposition, by Lemma [[L3.6] we have a maximum (G», Hy)-hybrid packing of K3p;14

(respectively Ksgi419) with leave L & K5, and a minimum (Gy, Hy)-hybrid covering of
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K014 (respectively Ksgppi19) with padding P having 4 edges. Now, consider n = 30t 4+ 9
and the other cases are similar. Clearly, K3p;19 can be decomposed into three Kipii4's
and one Ky (in which they have four vertices in common), and one Kjgi01005- Since
Kiot44 — K4 has a hybrid (G, Hs)-decomposition, and Ky exists a maximum (Go, Hs)-
hybrid packing with leave L = K5 (or a minimum (G, Hs)-hybrid covering with padding
P having 4 edges), the proof of this case follows. Again, Ko 1011065 can be decomposed
into Ks555’s and K555's only if t # 1 or 3. Hence we have to deal with n = 39 and

n = 99 independently as above, and then we have the proof. [

2.3 (G, Hy)-Hybrid Decomposition of MK,

We start with several lemmas.

Theorem 2.3.1. There is a (Go, Hy)-hybrid decomposition of NK,, for all X > 1 and

n=0,1 (mod 5).

Proof. By Theorem 2.1.7] there is an exact (G2, Hz)-hybrid decomposition for n = 0, 1
(mod 5) on K,, n > 5. So there is a hybrid decomposition for any AK,, for those same

values of n. 1

For n = 2,4 (mod 5), we have the following:

Theorem 2.3.2. Ifn = 2,4 (mod 5), then YA > 1, there is a mazimum (G, Hy)-hybrid
packing of AK,, with e(L(AK,)) = X, and a minimum (G, Hy)-hybrid covering of K,

with e(P(AK,)) =5 — X where 1 <X <5 and N = X\ (mod 5).
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Proof. Since e(G2) = 5 and e((Hs)) = 5, it suffices to consider 1 < X < 5 where ' = A
(mod 5).

By Theorems and [2.2.9) it was shown that a (G5, Hy)-hybrid packing of K, with
leave L = K,. Since each K, can be packed independently, we may assume the leave
be {1,2}, {2,0}, {1,0}, {0,3} and {3,4} respectively for different K, or {1,2}, {2, 3},
{3,0}, {0,1} and {0,4} as the case may be. Then, as X' = 5, we have an extra Gy or Hy

and MK, can be decomposed completely with G5 and H,. Thus, the proof follows. [

For n = 3 mod 5, we have the following:

Theorem 2.3.3. Let 1 < \* < 5. Ifn =3 (mod 5), then YA > 1 and A = \* (mod 5),
there is a mazimum (Ga, Ha)-hybrid packing of NK,, with e(L(AK,)) = 3\*, and a mini-

mum (Ga, H)-hybrid covering of AK,, with e(P(AK,)) = 2)\*.

Proof. Since e(Gy) = 5 and e((Hz)) = 5, it suffices to consider 1 < \* < 5 where
A* =\ (mod 5).

By Theorems 22,6, it was shown that a (G, Hy)-hybrid packing of K, with leave
L = Kj. Since each K, can be packed independently, we may assume the leave be
Kio,1.2)), Kiq1,343) K014, K(2,3.4y and K\ 2.3y respectively for different K,,. Then, as
N =5, we have three extra GGy and AK,, can be decomposed completely with G5 and Hs.

Thus, the proof follows. [
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Conclusion

As can be seen from Chapter 2, it takes a lot of effort to obtain a hybrid decomposition,
since there are too many cases to consider. But, indeed, we believe that for each graph
pair of order 5, similar results can be obtained as we have done in this thesis. It is more
complicate due to the reason that we have to trade 3G for 2H; if it is possible, so are the
other graph pairs not considered here. We do expect that the other hybrid decompositions

can be obtained in the near future.
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Appendix

1. Hybrid (Ge, Hs)-decomposition of K
Let (s,t) be an admissible pair of K.
(i) By Theorem [L23] ”(9,0)-case”, and " (0,9)-case” hold.
(ii) By Lemma ZTI5, Ky — K5 has a hybrid (Ga, Hy)-decomposition. And K5 =
1G4y + 1H; (observation), we have ”{(s, t)-case |s,t > 1}".
2. Hybrid (G3, Hy)-decomposition of Ki;
Let (s,t) be an admissible pair of Kj;.
(i) By Theorem [L2.5] ”(11,0)-case”, and " (0, 11)-case” hold.

(i) By Lemma [ZTI.6, Ki; — K¢ has a hybrid (Gs, Hy)-decomposition. And Ky =

2G2 + 1H2 == 1G2 + 2H2 = SGQI

1G9 2H,

Figure 4: Hybrid (G2, Hy)-decomposition of Kg

Hence, "{(s,t)-case |s +t = 11,s,t € N}” hold.

3. Hybrid (Ga, Hy)-decomposition of K5

Let (s,t) be an admissible pair of Ky5. Let V(Ky5) = {z;;|Vi € Zs,j € Z3}, and let
Vi=Awijli € Zs}, j = 1,2,3.
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(i)

(i)

(iii)

By Lemma 213 and K5 = 1G2+ 1H, (observation), "{(s,t)|s+t = 21,s,t >

3}” hold.

Let K555 = 15Ga, Gaginy = [Tit1,1, Tit1,2: Tit0,05 Tits1, Tit10), Goa2) =
[$i+1,2, Ti41,05 Tit0,15 Li43,2, $z‘+1,1]> GQ,(i,S) = [$i+170, Tit+1,1y Li40,25 Li+3,0, $i+1,2]7
Vi € Zs. Let G2,4 = [$1,1, T1,2, 20,0, L2,0, $4,0]7 G2,5 = [xo,o, T31, 1,05 L4,0, $3,0]a
G2,6 = [951,07 T2,0, 3,05 L0,0, $4,0], G277 = [$1,2, Z1,0, Lo,15 2.1, $4,1]7 G2,8 = [900,17
T3,2, 1,15 T4,1, $3,1], G2,9 = [5101,1, T21, 3,15 Lo,1, 9U4,1], G2,10 = [$1,o, T1,1, 20,25
T2.2, $4,2]7 G2,11 = [$0,2, T30, 1,25 L4,2, 373,2], G2,12 = [$1,2, X22, T32; L0,2, $4,2]'
We can trade Gy 1)U Ky, for Gy 4U GosU Gag. Hence, ” (19, 2)-case” is done.
From (ii), we can trade G 02)U Kjvy for Go7U GagU Gag. Hence, 7(20, 1)-

case” is done.

From (iii), we can trade Gy 93U K|y, for Ga,10U G211U Ga12. Hence, 7(21,0)-

case” is done.

Let K555 = 15Hs. Hy1y = [Tit1,1, Tit0,0, Tit31, Tit1,05 Tivon), Hago) =
[$i+1,2, Ti40,15 Li4+3,25 Lit+1,15 $i+0,2], H2,(¢,3) = [5171'+1707 Ti40,25 Li4+3,05 Li4+1,2; 931'+0,0],
Vi € Zs. Let H2,4 = [1'070, 31, L2,1, L1,1; 93170], H2,5 = [551,0, Lo,1, L4,1, T31;5 551,1]7
H2,6 = [351,1, T41, 2,1, L0,1; $3,1], H2,7 = [1'0,1, T32, 22, L1,2; 351,1]7 Hz,s = [931,1,
Lo,2, L4,2, T32; 551,2], H2,9 = [551,2, Ty2, 2,2, T0,2; $3,2], H2,10 = [960,2, L3,0, 12,0,
Z1,0; 93172]7 H2,11 = [$1,2, L0,0, L4,0, L3,05 iUl,o], H2712 = [93170, L4,0, 2,0, L0,05 553,0]-
We can trade Hy 1)U Ky, for Hy4U Hy5U Hyg. Hence, 7 (2,19)-case” is done.
From (v), we can trade Hy o 2)U Kjy,| for Hy7U HygU Hyy. Hence, "(1,20)-

case” is done.
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(vii) From (vi)., we can trade Hy 93U Ky, for Hy 10U Ha 11U Ha15. Hence, 7(0,21)-

case” is done.

4. Hybrid (G9, Hs)-decomposition of K4

Let (s,t) be an admissible pair of Kyg. Let V(Kq6) = {;;|Vi € Zs, j € Z3}U {0},

and let V; = {x; 1]t € Zs}, j = 1,2,3.

(i) Since K555 has a hybrid (Go, H)-decomposition (by Lemma 2.1.3]) and K¢ =
2G5+ 1Hy = 1Gy+2Hy = 3Go. By Theorem [L3.2 7 {(s,t)|s+t = 21,s > 3}”

are done.

(ii) Let K555 = 15Hy. Hig1y = [Tiv11, Tir0,0s Tits,1, Tir1,05 Tito), Hao) =
[$i+1,2, Lit+0,1y Li43,2, Li+1,15 $1;+0,2]7 H2,(i,3) = [Ii+1,07 Li4+0,2y Li43,05 Li+1,2; l’z‘+0,0];
Vi € Zs. Let Gog = [x11, T21, T31; Ta1, Ton| (< Kv,), Hop = [To0, T31, T21,
T1,1; xl,o], H2,6 = [Il,o, Zo1, L4,1, L3115 xl,l], G2,7 = [131,2, L2292, T32; T42, 1’0,2]
(S KVS); Hz,s = [xo,l, T32, T22, T12; Il,l], H2,9 = [351,1, Lo2, T42, T32; $1,2];
G2,10 = [ILO, T20, T30, 4,0, $o,o] (S Kvl), H2,11 = [l’o,27 T30, 2,0, T1,0; $1,2];
H2,12 = [ZELQ, 20,0, L4,0, L3,0; $170]. We can trade H27(071)U G2’4 for H2,5U H276.

Hence, 7 (2, 22)-case” is done.

(iii) From (ii), We can trade Hy 92U Ga7 for HysU Hyg. Hence, ”(1,23)-case” is

done.

(iv) From (iii), We can trade Hj 93U Ga19 for Hs 11U Hy12. Hence, 7 (0, 24)-case”

is done.

5. Hybrid (Gs, Hs)-decomposition of Ko
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Let (s,t) be an admissible pair of Kyy. Let V(Ky) = {z;;|Vi € Zs,j € Z4},

and let V; = {z; ;1] € Zs}, j = 1,2,3,4. Use a hybrid (G, Hz)-decomposition

of K555 as given in Lemma [2.1.3 for the subgraph: K| v 15 Use a hybrid

(G2, Hy)-decomposition of Ky for the subgraph: Kjy,uy,. Use a hybrid (Gq, Hy)-

decomposition of Kp— K5 as given in Lemma 2.1.5for the subgraph: Ky, v, — K\,

and K,y — K. Hence, "{(s,t)-case |s +t = 38}” are done.

. Hybrid (G2, Hs)-decomposition of Ka;

Let (s,t) be an admissible pair of K. Let V(K1) = {x;;|Vi € Zs, j € Zs}U {00},

and let V; = {x; 1|t € Zs}, j = 1,2,3,4.

(i)

(iii)

Use a hybrid (G2, Hs)-decomposition of Ks555 as given in Lemma 2.1.4] for
the subgraph: K\V1|7\V2|,|V3\,|V4|-
And Kyviuise)| Kvaugoo}s Kvsufeoy)s and Kjy,uiec)| be a subgraph isomorphic to

Kg. Then by Lemma [[.3.2] we have {(s,t)|s +t = 42,s > 3}.

Let Ky, valvalval = 30Ha. Ha1) = [@ig11, Tivo0, Tits1, Tit1,05 Tivonls
H2,(i,2) = [$i+1,2, Ti+0,1, Ti+3,2, Tit1,1; $i+0,2], H2,(i,3) = [$i+1,37 Ti+0,2, Ti+3,3,
Tit1,2; $i+0,3], H2,(i,4) = [$i+1,07 Li+0,3; Li4+3,0, Li+1,3; $i+0,o], HZ,(i,S) = [$¢+1,07
Li40,2, Li+3,05 Li+1,2; $i+0,0], HQ,(i,G) = [Ii+1,17 Li40,35 Li+3,15 Li4+1,3; $i+0,1] Vi € Zs.
Then from the proof of K6, we can trade Hj (o,1)JU K)v, = 1G2 + 2H, for 4H,.

Hence, 7 (2,40)-case” is done.

From (ii), we can trade Hy 92U K, = 1G2 + 2H, for 4H,. Hence, ”(1,41)-

case” is done.
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(iv) From (ii), we can trade Hy 03U Ky, = 1Gy + 2H, for 4H,. Hence, ”(0,42)-

case” is done.

. Hybrid (Gs, Hs)-decomposition of Ko

Let (s,t) be an admissible pair of Kss. Let V(Kss) = {x;;|Vi € Zs,j € Zs5}, and
let V; = {x;;_1|i € Zs}, j = 1,2,---,5. Use a hybrid (G2, Hs)-decomposition of
Ks555 as given in Lemma 2.1.4] for the subgraph: Kjv,| vy, jvs),)va- Use a hybrid
(G2, Hy)-decomposition of Ko for the subgraph: Kjy,uv;. Use a hybrid (Go, Hy)-
decomposition of Ky — K5 as given in Lemma for each of the following sub-
graphs: Kjv,uvs| — Kjvs)s Kpsuvs| — Kjvy), and Kjy,uvs) — Ky, Hence, 7{(s, t)-case

|s +t=60}" are done.

. Hybrid (G2, Hy)-decomposition of Ky

Let (s,t) be an admissible pair of Ko Let V(Kq) = {2;;|Vi € Zs,j € Z5}U
{oo}, and let V; = {z;;.4]i € Zs}, j = 1,2,---,5. Use a hybrid (Gs, Hs)-
decomposition of K555 5 as given in Lemma 2.1.4] for the subgraph: Ky, | vy, vs),val-
Use a hybrid (G, Hz)-decomposition of Ky for the subgraph: K, uvsuqey. Use
a hybrid (Gs, Hs)-decomposition of K3 — Kg as given in Lemma for each
of the following subgraphs: K\jv,uvsufec}l — Kjvsugoods EKvauvsuiee}l — Kjvsufoo}|, and

Kv,uvsuiec] — Kjvsugooy)- Hence, "{(s,t)-case |s 4+t = 65}" are done.

. Maximum (Gs, Hs)-hybrid packing of K

By Lemma 2271 K7 — K> has a hybrid (Gs, Hs)-decomposition. What remains is

K5. Cover this edge by using a copy of G or Hs.
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10.

11.

12.

Maximum (G, H)-hybrid packing of K9

Let V(Kis) = Zag, and let Vi = {0,1,2,3,4}, Vo = {5,6,7,8,9}, V5 = {10,11}.
Since K12 = KV1UV3+ (KV1UV2UV3_ KV1UV3)7 by Lemmas m and m Klg =
sGy + tHy where s +t = 13, Vs, t € NU{0}. What remains is K. Cover this edge

by using a copy of G5 or Hj.

Maximum (Gsg, Hs)-hybrid packing of K7

Let V(Ki7) = Zy7. Let Vi ={0,1,2,3,4}, Vo = {5,6,7,8,9}, V3 = {10, 11, 12,13, 14, },
V, = {15,16}.

Then Ki7 = Ky vait Kviovi+ (Kpaove — Ky + (Kvsuva) — Kjvay)- Use
a hybrid (Gq, Hy)-decomposition of K555 on Kjv,| v, v and a hybrid (G, Hy)-
decomposition of (K7 — K3) on (Kjv,uvy| — Kjvy))s (Kjvsuv, — Kvy)). Use a maximum
(G2, Hy)-hybrid packing of K7 on Ky uy,|- What remains is K. Cover this edge by

using a copy of Ga, or Hs.

Maximum (Gs, Hs)-hybrid packing of Ko

Let V(Ka2) = {x;,|Vi € Zs,j € Z4}U {v1,v2}, and let V; = {x; ;1|0 € Z5} where
j=1,2,3,4, and V5 = {vy, v2}.

Use a hybrid (G, Hs)-decomposition of K5 5 5 5 as given in Lemma 2T for K\v,| vu|,|val,val-
Use a hybrid (Ga, Hy)-decomposition of (K7 — K5) as given in Lemma 2:2.7] for each

of the following subgraphs:

(Kjveuvs) = Kpap), (Kpaovs) = Kjw)); (Kvauvs) — Kjpg)). Use a maximum (G, Ha)-
hybrid packing of K7 for Kjy,uy;. What remains is K. Cover this edge by using a
copy of Gy, or Hj.
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13.

14.

15.

16.

Maximum (Gsq, Hs)-hybrid packing of Ky;

Let V(Ka7) = {x;;|Vi € Zs,j € Z5}U {v1,ve}, and let V; = {x; ;_1]i € Z5} where
j=1,2,--- .5 and Vg = {v1,v2}.

Use a hybrid (G, Hs)-decomposition of K5 5 5 5 as given in Lemma 2. T4l for Kjv,| jvs),|va |, val-
Use a hybrid (Gg, Hs)-decomposition of (K7 — K3) as given in Lemma 2.2.T] for each

of the following subgraphs:

(Kpvauvsl — Kivel), (Kjveuvsl — Kvi)), (Kvauvs) — Kjvg))- Use a maximum (Go, Hs)-
hybrid packing of K3 for Ky uvsuys|- What remains is K. Cover this edge by using

a copy of Gy, or Hs.

Maximum (G, Hs)-hybrid packing of Ky

By Lemma 2.2.4] Kg — K3 has a hybrid (Gs, Hy)-decomposition. What remains is

Kj3. Cover this edge by using a copy of Gs.

Maximum (Gsg, Hs)-hybrid packing of K3

Let V(Ky3) = Zys, and let Vi = {0,1,2,3,4}, Vs = {5,6,7,8,9}, V5 = {10, 11,12}.
Use a hybrid (Gy, Hy)-decomposition of (Kg — K3) as given in Lemma [2.2.4] for
(Kv,uvs| — Kjig)). Use a hybrid (G, Ha)-decomposition of (K3 — Ks) as given in
Lemma, for (Kjviuveuvs— Kjviuvg)). What remains is K3. Cover this edge by

using a copy of Gs.

Maximum (Gs, Hs)-hybrid packing of Kig

Let V(K1s) = Zis. Let V4 ={0,1,2,3,4}, Vo = {5,6,7,8,9}, V3 = {10,11,12, 13, 14, },
Vi = {15,16,17}.

47



17.

18.

19.

Then Kis = K vavalt KEpaovi+ (Kpyaova) — Kpva)+ (Kjyauva — Kpgp). Use
a hybrid (Gq, Hy)-decomposition of K555 on Kjv,| v, v and a hybrid (G, Hy)-
decomposition of (KS_K3) on (K|V1UV21| _K|V21\)7 (K|V2UV4| _K|V4|)7 (K|V3UV21\ _K|VZL\)

What remains is K3. Cover this edge by using a copy of Gbs.

Maximum (Gs, Hs)-hybrid packing of Ko

Let V(Ka3) = {;;|Vi € Zs,j € Zy}U {v1, 09,03}, and let V; = {x; ;_1|i € Z5} where
j=1,2,3,4, and V5 = {vy, va,v3}.

Use a hybrid (G, Hs)-decomposition of K5 5 5 5 as given in LemmaZ T for K\v,| jvs|,|val,val-
Use a hybrid (Ga, Hy)-decomposition of (Kg — K3) as given in Lemma 2:2.4] for each

of the following subgraphs:

(K\V1UV5\ - K|V5\)7 (K|V2UV5| - K|V5\)7 (K|V3UV5| - K\V5|)> (K|V4UV5| - K\V5|)' What

remains is K3. Cover this edge by using a copy of Gs.

Maximum (G, H)-hybrid packing of Kog

Let V(Kag) = {; j|Vi € Zs,j € Zs}U {v1,v9,v3}, and let V; = {x; ;_1|i € Z5} where
j=1,2,--- .5 and Vg = {vy,vq,v3}.

Use a hybrid (G, Hz)-decomposition of K55 5 5 as given in Lemma T4 for K, | jvs, vy, jval-
Use a hybrid (G3, Hy)-decomposition of (Kg — K3) as given in Lemma 2:2.4] for each

of the following subgraphs:

(K‘VlUVG‘ - K|V6‘)7 (K|V2UV6| - K|V6‘>7 (K|V3UV6| - K‘V6|)7 (K|V4UV6| - K‘V6|) What

remains is K3. Cover this edge by using a copy of Gs.

Hybrid (Ge, Hy)-decomposition of K4 — Ky

48



Let (s,t) be an admissible pair of K14 — K. Let V(K14) = Zy4, and let V; =

{0,1,2,3,4}, Vo = {5,6,7,8,9}, V5 = {10, 11, 12}.

(i)

(iii)

Use a hybrid (Gy, Hy)-decomposition of Kg — K for each of the following
subgraphs: Kjv,uvy| — Kpvg|s Kjvpuvy| — Kpg. For Ky vy, use the following
copies of Hy: Hyy =1[6,0,8,1;5], Hyo =[7,1,9,2;6], Hy3 =[8,2,5,3;7], Hyy =
9,3,6,4;8], Hy5 = [5,4,7,0;9]. Hence, {(s,t)-case |s +¢ = 17,5 < 12} are

done.

Let Gay = [5,6,1:8,0], Gap = [9,10,5:11,7], Gas = [8,11,6;7,10], Goy =
[5,12,8;9,11], Ga5 = [7,9,12:6,0], Gag = [6,9,13;5,7], Gor = [7,13,8;10,6].
Then we trade H2’1U (KVQUVS_ KVg) for G271U GZQU G273U G274U G2’5U G276U

Gla7. Hence, 7(13,4)-case” is done.

Let G278 = [7, 13,8; 10,5], Ggyg = [6,11,8;9,5], Gg,lo = [7, 10,6; 1,9], G2711 =
[578a 127670]7 G2,12 = [576a 1379a 10]a G2,13 = [5777 178a0]7 G(2,14 = [6a972a 77 11]7
G2715 = [7, 12,9; 11,5] Then we trade H271U HQQU (Kv2uv3— KV3) for G278U

G279U G2710U G2711U G2712U G2713U G2,14U G2,15. Hence, ”(14, 3)—0&88” is done.

Let G2716 = [9, 11, 5; 3, 7], G2717 = [6, 7, 10, 8, 3], G2718 = [7, 12, 9; 10, 5], Gg’lg =
[5,6,13;9,8], Gooo = [8,11,6;1,9], Goo1 = [7,13,8;2,5]. Then we trade Hy U
HyoU Hy3U (Kyuw— Kyy) for Go1iU Gai3U Ga1aU Gai6U Gai7U Go 15U

G2.10U Go20U Ga91. Hence, (15, 2)-case” is done.

Let G2’22 = [8,9,4, 6,3], G2723 = [5,6, 13,9,3] Then we trade H2,1U HQ’QU
Hy3U HygU (Kv,uvs— Kyy) for GoiU Goi3U GoaU GoigU Go7U G U

GQ’QOU G2’21U G2722U G2723. Hence, ”(16, 1)—case” is done.
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(Vi) Let Gany = [3,6,4;7,0], Gaos = [8,9,4;5,0], Gons = [1,4,13;0,9], Gaor =
[3,12,0;2,11], Gzs = [4,10,0; 1, 12], Gang = [3,11,1;2, 10], Go30 = [2, 12, 4; 11, 0],
Ga31 = [2,13,3; 10, 1]. Then we trade Hy ;U HyoU Ho 3U Hy 4U Ho 5U (K, i1 —
Ky)U (Kvyuvs— Kyy) for Go1iU Ga13U Ga 14U Ga 16U Ga 17U G 18U Ga 20U
Ga21U G223U Go24U Gao5U G 96U GaorU GaosU G 29U G 30U Giaz1. Hence,

7(17,0)-case” is done.

20. Hybrid (G3, Hy)-decomposition of K9 — K
Let V(Kyg) = {zij|i € Zs,j € Z3}U {1, 2,23, 24}. Let V; = {x; ;1|0 € Zs} where
j=1,2,3, and Vj = {x1, 9, x3, 24}.
Use a hybrid (G2, Hs)-decomposition of K555 as given in Lemma 2.1.3] for the sub-
graph: K| || v5)- Use a hybrid (Gg, Hy)-decomposition of Ky — K, as given in
Lemma [2.2.7] for each of the following subgraphs: Kjv,uv,| — Kjvy)s Kjveuva) — Ky

Kvgova) — Kjvy).-

21. Hybrid (Gs, Hy)-decomposition of Koy — Ky

Let V(Ko) = {z |t € Zs,j € Zy}U {1, 22,23, 24}. Let V; = {x; ;1|0 € Zs} where
j=1,2,3,4, and V5 = {x1, 29, x3, 24}

Use a hybrid (Gs, Hy)-decomposition of K5555 as given in Lemma 2.T.4] for the
subgraph: Ky, | va|,jvs),jva|- Use a hybrid (Gq, Hs)-decomposition of Ky — K, as given
in Lemma [2.2.7 for each of the following subgraphs: Kv,uvs| — Kjvs|, Kjvsuvs) — Kvy)s

Kyvauvs) — Ky, Kpvaovs) — Kyl

22. Hybrid (Gy, Hs)-decomposition of Kog — Ky
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23.

Let V(Kag) = {wi;|i € Zs,j € Zs}U {x1,x2, w3, 24}. Let V; = {x; ;1|0 € Z5} where
j=1,2,--- .5 and Vg = {x1, x0, 23, 24 }.

Use a hybrid (G, Hy)-decomposition of K 5 5 as given in Lemma[2.T.3]for each of the
following subgraphs: Kjv,| v/, vs|> Kvi|,jval,|vs|- Use a hybrid (G, Hy)-decomposition
of K554 (by Appendix 29.) for each of the following subgraphs: Ky, v,/ vl
Ky vl vs-  Use a hybrid (G, Hs)-decomposition of Ky for each of the follow-
ing subgraphs: Kjy,uvs|, Kjvzuv,|- Use a hybrid (G, Hy)-decomposition of Kq — K,

as given in Lemma [2.2.7 for the subgraph: Kjv,uvy| — K-

Maximum (G, Hs)-hybrid packing of Ky

Let (s,t) be an admissible pair of Ko. Let V (Kyg) = Zg.

(i) Use the following copies of Gs:
Ga 2 [1,2,0:8,6], [2,8,7:0,6], [1,5,4;2,3], [0, 3,4;8,5], [1,7,6;3,5], [2,5,6:4,7],
1,8,3;7,5].
What remains is the edge {0,5}. Hence, ”(7,0)-case” is done.

(ii) Use the following copies of G5 and Hs:
G2 =11,2,0;8,6],[0,3,4;6,5], [1,7,6;3,5], [1,5,4;2,3], [2,5,84,7], [1,8,3; 7, 5];
Hy 2 [0,6,2,7:8].
What remains is the edge {0,5}. Hence, " (6, 1)-case” is done.

(iii) Use the following copies of G5 and Hs:
Gs = [1,2,0;8,6], [1,5,4;2,3], [2,5,8;4,7], [1,7,6;3,5], [1,8,3;7,5]; Hy =
[0,6,2,7:8], [0,5,6,4; 3].
What remains is the edge {0,3}. Hence, (5, 2)-case” is done.
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(iv) Use the following copies of G and Hs:
Gy = [67771;270]’ [27578;4’7]7 [1a574§273]> [17&35775]; Hy = [0767277§8]7
[0,5,6,4; 3], [3,6,8,0; 1.

What remains is the edge {3,5}. Hence, 7 (4, 3)-case” is done.

(v) Use the following copies of G5 and Hs:
G2 = [67 771727 0]’ [27 57 874’ 7]7 [1’87 3’ 77 5]’ H2 = [07 672’7’ 8]’ [07 57 674’3]7
3,6,8,0:1], [2,3,5,4; 1].

What remains is the edge {1,5}. Hence, ”(3,4)-case” is done.

(vi) Use the following copies of Gy and Ho:
G2 = [67 77 1; 27 0]7 [17 37 8; 27 5]; H2 = [07 67 27 7; 8]7 [07 57 67 4; 3]7 [37 67 87 O§ 1]7
[2,3,5,4;1], [4,8,5,7;3].

What remains is the edge {1,5}. Hence, ”(2,5)-case” is done.

(vii) Use the following copies of G5 and Ha:
Gy = [6,7,1;2,0]; Hy = [0,6,2,7;8], [0,5,6,4;3], [3,6,8,0;1], [2,3,5,4;1],
[4,8,5,7:3], [5,2,8,1; 3].
What remains is the edge {3,8}. Hence, ”(1,6)-case” is done.

(viii) Use the following copies of Ho:
H, =1[6,0,7,2;1], [4,0,5,6;3], [3,0,8,7;6], [1,6,8,3;4], [1,0,2,4;5], [5,1,8,2; 3],
[7,4,8,5;3].

What remains is the edge {1,7}. Hence, 7 (0, 7)-case” is done.

24. Maximum (Gsq, Hs)-hybrid packing of K4

Let (s,t) be an admissible pair of Ky4. Let V(K14) = Zy4, and let V; = {0, 1,2, 3,4},
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Vo = {5,6,7,8,9}, V3 = {10,11,12}.

(i)

(iii)

Use a maximum (Gq, Hy)-hybrid packing of Ky for the subgraph: Kjy,uvy).
What remains is a single edge. We may assume L is the edge {3,4}.

Use a hybrid (Gq, Hy)-decomposition of Koy — Ky for the subgraph: Kjy,uv; —
Kjvy). For Kjy,| v/, use the following copies of Hy: Hy1 = [6,0,8,1;5], Hyp =
7,1,9,2;6], Hoy = [8,2.5,3;7), Hou = [9,3,6,4;8], Hos = [5,4,7,0;9]. Hence,

{(s,t)-case |s +t = 18,s < 13} are done.

Let Gay = [5,6,1:8,0], Gap = [9,10,5:11,7], Gas = [8,11,6;7,10], Goy =
[5,12,8;9,11], Ga5 = [7,9,12:6,0], Gag = [6,9,13;5,7], Gor = [7,13,8;10,6].
Then we trade H271U (K\VQUV3\_ K|V3|> for GQJU GQ’QU G273U G274U G275U G276U

Gla7. Hence, 7(14, 4)-case” is done.

Let Gog = [7,13,8;10,5], Gog = [6,11,8;9,5], G310 = [7,10,6;1,9], Go11 =
[5,8,12;6,0], G212 = [5,6,13;9,10], G213 = [5,7,1;8,0], G214 = [6,9,2;7,11],
G5 = [7,12,9;11,5]. Then we trade Hy1U HyoU (Kjyuvy— Kjg)) for GagU
Ga0U Go10U G211U G212U Ga13U Ga14U G 5. Hence, 7 (15, 3)-case” is done.
Let Gai6 = [9,11,5;3,7], Goa7r = [6,7,10;8,3], Gos = [7,12,9;10,5], G219 =
[5,6,13;9,8], Gooo = [8,11,6;1,9], Goo1 = [7,13,8;2,5]. Then we trade Hy U
HyoU Hj3U (Kjyvyuvy — Kpg)) for Go iU Gai3U G 14U Ga 16U Ga7U Ga18U

G2.10U Gao20U Ga91. Hence, (16, 2)-case” is done.

Let G2’22 = [8,9,4, 6,3], G2723 = [5,6, 13,9,3] Then we trade H2,1U HQ’QU
Hjy3U Hy4U (K\vguv3|— K|V3\) for G 11U Ga13U Go 14U G 16U Go17U G 1gU

GQ’QOU G2’21U G2722U G2723. Hence, ”(17, 1)—case” is done.
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25.

26.

(Vl) Let G2724 = [3, 6, 4; 7, O}, G2725 = [8, 9, 4; 5, O] Then we trade H271U HQ,QU H273U
Hy U Hy5U (Kyuvy— KU {3,4} for Go1iU G130 Go1aU G 16U Go7U
G2718U G2720U G2721U G2723U G2724U G2725U {O, 9} Hence, 7 (18, O)—Case” is done,

and L = {0,9}. Cover this edge using a copy of Gy or H,.

Maximum (Gs, Hs)-hybrid packing of Kig

Let V(Kig) = {zijli € Zs,j € Z3}U {x1, 29,23, 24}. Let V; = {x; ;4|0 € Zs},
j=1,2,3 and Vj = {x1, x9, x3, 24}.

Use a hybrid (Gq, Hs)-decomposition of K555 as given in Lemma 2.T.3) for the sub-
graph: K| || v5)- Use a hybrid (Gg, Hy)-decomposition of Ky — K, as given in
Lemma [2.2.7] for each of the following subgraphs: Kjv,uv,| — Kjvy)s Kjvauva| — Kjvy)-
Use a maximum (Gq, Hy)-hybrid packing of Ky for the subgraph Kj,uy,. What

remains is a single edge, which we may cover using a copy of Gy or Hs.

Maximum (Gs, Hs)-hybrid packing Koy

Let V(Ko) = {zijli € Zs,j € Zs}U {x1,29,23,24}. Let V; = {x; ;4|0 € Zs},
J=1,2,34, and V5 = {z1, 29, x3, x4}

Use a hybrid (Gs, Hy)-decomposition of K5555 as given in Lemma 2.1.4] for the
subgraph: Ky, | va|,jvs),jva|- Use a hybrid (G, Hs)-decomposition of Ky — K, as given
in Lemma [2.2.7 for each of the following subgraphs: Ky,uvs| — Kjvs), Kvsuvs) — Kjvy)s
Ky,uvs) — K- Use a maximum (G, Hs)-hybrid packing of Ky for the subgraph
Kjv,uv5)- What remains is a single edge, which we may cover using a copy of G, or

Hs.

27. Maximum (G9, Hs)-hybrid packing of Ky
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28.

Let V(Ka) = {zijli € Zs,j € Z5}U {x1,29,23,24}. Let V; = {x; ;1|0 € Zs},
j=1,2,--- .5 and Vg = {x1, x0, 23, 24 }.

Use a hybrid (G, Hy)-decomposition of K 5 5 as given in Lemma[2.T.3]for each of the
following subgraphs: Kjv,| v/, vs|> Kvi|,jval,|vs|- Use a hybrid (G, Hy)-decomposition
of K554 for each of the following subgraphs: Ky, vy, vs|s Kvs),vs),|vs|- Use a hybrid
(G2, Hy)-decomposition of K7 for each of the following subgraphs: Kv,uvs|, Kjvsuvy)-
Use a maximum (Gs, Hy)-hybrid packing of Ky for the subgraph Ky, y,. What

remains is a single edge, which we may cover using a copy of Gy or Hs.
Hybrid (G2, Ha)-decomposition of K5 4.
Let (s,t) be an admissible pair of K554. Let Vi = {0,1,2,3,4}, Vo = {5,6,7,8,9},

Vi = {10,11,12,13}.

(i) Let Hy = [6,0,8,1;5], H, = [7,1,9,2;6], Hy = [8,2,5,3;7], Hy = [9,3,6,4:8],
Hs =1[5,4,7,0:9], Hs = [0,11,5,10; 7], H; = [1,11,6,10; 2], Hs = [3,10,8,11:2],
Hy = [4,10,9,11; 7], Hyo = [0,13,5,12: 7], Hy; = [1,13,6,12;2], Hy» = [3,12,8,13; 7],

Hy3 = [4,12,9,12;2]. Hence, " (0, 13)-case” is done.

(i) Let Gy = [3,7,13;8,12], H14 = [5,2,8,3;12]. Then we can trade H3U H, for

G1U Hiy. Hence, ”(1,12)-case” is done.

(i) Let Gy = [3,7,13;8,2], G3 = [8,12,3;5,2]. Then we can trade H3U His for

GoU G3. Hence, (2, 11)-case” is done.

(iv) Let G4 = [2,8,13;4,12], G5 = [3,7,13;9,12]. Then we can trade H3U HisU

Hi3 for G3U G4U G5. Hence, 7(3,10)-case” is done.
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(v)

(vii)

(viii)

(xi)

(xii)

Let G¢ = [9,13,4;6,3], Gy = [2,13,8;4,12], Gs = [7,13,3;9, 12]. Then we can

trade HsU HqyoU Hy3U Hy for G3U GgU G7U Gs. Hence, ”(4,9)-case” is done.

Let Gy = [9,12,3:8,11], G1o = [4,12,8;10,3], G11 = [8,13,2:5,3], Go =
[7,13,3;11,2]. Then we can trade H3U Hi2U Hy3U HyU Hg for GgU GoU G1oU

G11U G12. Hence, 7 (5, 8)-case” is done.

Let Gis = [3,12,9;1,7], Giu = [3,13,7;2,6], Gi5 = [3,8,11;2,9]. Then we
can trade HgU H12U H13U H4U HgU H2 for GGU G10U GHU G13U G14U G15.

Hence, " (6, 7)-case” is done.

Let Gig = [3,12,9;2,6], Gi17r = [3,13,7;1,9], Gis = [3,8,11;4,10], G19 =
[2, 7, 11, 9, 10] Then we can trade H3U H12U H13U H4U HgU HQU Hg for G6U

G10U G11U GgU Gh7U GigU Ghg. Hence, 7 (7,6)-case” is done.

Let Gao = [4,9,13:1,12], Gor = [3,12,9:2,5], Gos = [2,8,13:6,4], Gay =
[2,12,6;3,5]. Then we can trade H3U Hy,U Hi3U H,U HgU HoU HoU Hyy for
G10U G17U G1sU GioU GaoU Go1U GooU Gaz. Hence, 7 (8, 5)-case” is done.
Let Gy = [4,9,13;0,12], Gos = [3,7,13;1,9], Gog = [1,7,12;5,13]. Then we
can trade HsU H,U HsU H,U HgU HyU HoU Hy U Hyg for G1oU G1gU GgU
G21U GaoU GazU GoyU GosU Gag. Hence, 7 (9,4)-case” is done.

Let Gor = [4,13,9;1,5], Gag = [8,12,4;6,0], Gag = [3,7,13;0,12], G3y =
[2,13,8;10,3], G3; = [6,13,1;8,0]. Then we can trade H3U HisU Hy3U HyU
HgU HsU HoU Hy1U HygU Hy for GigU GigU Go1U GasU GogU GorU GagU
Ga9U G30U Gi31. Hence, 7 (10, 3)-case” is done.

Let Ga = [9,12,3:5,2], Gay = [2,13,8;10,1], Guy = [3,6,10:2,9], G5 =
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(xiii)

(xiv)

[2,12,6;11,1]. Then we can trade H3U HoU Hi3U HyU HsU HoU HoU HpjyU
H10U H1U H7 for G18U G19U GQGU G27U GQSU GQQU Gglu G32U G33U G34U

G35. Hence, 7(11,2)-case” is done.

Let Gy = [3,13,7:10,0], Gar = [2,13,8;0,11], Gas = [1,6,13;0,12], Gag =
[1,8,10;5,11]. Then we can trade H3U Hy,U Hi3U Hy,U HgU HoU HoU HypjU
HyzU HiU H;U Hg for GisU GroU GagU GorU GagU Gi3oU GyU GssU GiggU
G37U G3sU Gg9. Hence, 7 (12, 1)-case” is done.

Let Gy = [3,13,7;4,5], Gy = [2,13,8;0,9], Gy = [2,12,6;11,0], Gu3 =
[1,8,10;7,0], G44 = [0,10,5;11,1]. Then we can trade H3U HisU Hy3U HyU
HgU HyU HyU Hy1U HygU HU H;U HgU Hy for GigU GgU GogU GarU GaogU

G32U G34U G38U G40U G41U G42U G43U G44. Hence, ”(13, ())—CESLSQ’7 is done.
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