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Abstract

Mathematic teachers often encounter.theproblem that lots of the content cannot be
learned by students in an ocular way.-Nowadays; computers and network can be used as
the supplement to the traditional learning environment and solve the problem.

The study will discuss:the”van'Hiele five-phase learning model”, the correlation
between learning theory and CAL , and the €xamples of using computer software in
mathematical learning. Teaching material for mathematics is developed from these
theories. Then the feasibility and instances of mathematical instruction are discussed
according to the software used.

In chapter 3, we explore the problem of “M-configuration in the triangle”, Cabri
Geometry and Cabri Java are adopted. Dynamic geometry can be easily presented on
the website and guided learning can be correlated through appropriate hyperlinks. In
chapter 4, we show how Euclidean Geometries and Non-Euclidean Geometries (The
Upper Half-Plane Model and Spherical Geometry) are connected by the use of Cabri
Geometry, Cabri Java and Cabri3D. Learners can enter the domain of Non-Euclidean
Geometries from Euclidean Geometries through the presentation of related hyperlinks.
All results of study are presented on http://163.19.108.5/~liang/.
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ok 3.1 SR E Fuﬂ '*H“‘AHET BV B\Fls— e I F| i = EIF} IREfFE

32 M 10 e SR PR G SR
?ﬁ'EﬁFV )i SRR E‘V@{EEFEE frﬁ EHPAREAS I IE & R Wi e FHJEE
e RIS T 85 PR A P o ekl R » SRS AT B 1
JETH AR I"r‘iﬁﬁllfkff )< J}%F’T FIFF I R R F”Fu'igij:kﬂlj‘rf |k
27k 33K 3. 47313' ?ﬁ}{j Myakishev i S|4 TE Kimberling &35 = F |79
e B o FEZ%' » I T EIREES (A T ﬂq&?"?ﬁfg, J AR
] O -
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3.1 O

M-configuration

FHACAABC 1 7 TiB_Cf?VP%ﬁ’ AB
M QH AC FIVRE i

BO=0P=PR=RC » 515 Efl1 > W

g0 M > [ B-Q-P-R-C i~ 7%
M-configuration

(A.Myakishev (2003), “The M-Configuration of a
Triangle”, Forum Geometricorum, Volume 3,
ppl35-144.)

ﬁ%‘[[ 3- 1 M-configuration

311 A

(1)Trilinear coordinates of a point 1= fE¢a/fE]

Define :
PR Fu- Rl |1 PSS AABC S e

S SRS D-E~F > PD=ka »PE=kB >

PF = ky > |l P iV Trilinear coordinate %}

P(G’B’Y)Egﬂ?‘;“ Ry P=0:B:y ° P(PD.PE PF) is

trilinear coodinate

P{0.66 cm,1.60 cm,0.87 cm)

Theorm

P=q:By » B IEAY Trilinear "FEER koukBky o F]l
k =26/ (aotbB+cy)H [[1 6 £ AABC VA o
(Kimberling,1998)

ﬁ%‘[[ 3- 2 Trilinear coordinates
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H3-1 2 By

NEg el 3

[*|'> incenter

EI .4 centroid

cscA : eseB : escC

J} & circumcenter

o:f:y=cosA : cosB :

A-excenter £} (¥

cosC

= . orthocenter a:f:y =secA : secB :
secC

sly.o excenter ' a:fry=-1:1:1

tu

33 2 Py

(2)Homogeneous Barycentric Coordinates

Define :

PRLT i B [ P 5 AABORSMLL,,

Homogeneous Barycentric Coordmat?s L E!V%j'
(oByy) Effta: By —APBC AP@A APAB

Homogeneous barycentric coordinates
of P respect to ABC:
xy z=PBC:PCA:PAB

ﬁ%ﬂ' 3- 4 Homogeneous Barycentric

Coordinates

[%

= "= ~HY Homogeneous Barycentric

Coordinates

% 3-2 = #PY= -~ fY Homogeneous

Barycentric Coordinates

[*|'~ incenter (a:b:c)
E1-= centroid (1:1:1)

J} & circumcenter

B+ —d?) :
b*(c* +a*-b*) -
c*(a>+b* —c?)

19



3.1.2  Conjugates

(1) Isogonal conjugate ¢ H

Define :
AABC= |1 51380 F PV B

Y FRUPHI i AP~ BP ~ CP et

YSRGS T R Fil- &#TP’ » 7 Ehisogonal

conjugate °

',
AL

Q%‘[[ 3- S5Isogonal conjugate

ik )

F 3-3 = F|7fiv-~ Isogonal conjugate

= E PR Isogonal conjugate
Jf & circumcenter =i orthocenter
[*]~ incenter [/~ incenter o
~ . TS| —=" S < H
E1-= centroid V€ = symmdian 7

i

qéﬁ' 3- 6 Jf-== .o Isogonal conjugate

Locus of isogonal conjugate :
1 ~ QELAABCY} F[EY - EHF
2~ PELOQ b By

3~ P %} AABC =57 H g i Pgﬁ}{ﬁj P’%FQ
TV locus (EAUR ) o

qéﬁ' 3- 7 Locus of isogonal conjugate

20



(2)Isotomic conjugate

Define :
IV AABC f[1= E%EIUHI%#[‘MI M2~ M3 KT

ERSEEA e Hal) 4 T AP
BP ~ CP% = 34 Q1 ~Q2~ Q3 53l QI »
Q2 Q3 ¥ M1 M2+ M3 ~5#H Q' ~ Q2 -

Q3+ QL ~ BO2' ~ CO3' » = st ht- By - /01' i \ ¢

P’ » 75 £} Isotomic conjugate °

] -
Gergonne #[I Nagel points *' £% Isotomic

conjugate °

qiaﬂ' 3- 9 Gergonne #[I Nagel Isotomic

conjugate

Locus of isotomic conjugate :

I~ QELAABCY| B i

2~ PELOQ F- B

3P EfAABC ¥V isotomic conjugate 1 P'E
S P QW locus -

qﬁﬂﬂ 3- 10 Locus of isotomic conjugate
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(3)Harmonic conjugates

Define :
WX Y Z PR

Y

7-fi7}

ﬁ‘ CHFE Y S Z (WS Xy
E#[‘ Harmonic conjugates °
W~Y‘X§%ﬁi,'\§§i’>‘j‘\2%#ﬁ§[fﬁ Y-Z{*&W-

X Exj%#[‘ Harmonic conjugates ©

I E?VT?}?&LJ—EIU XE#,‘ XY X'W o

X'X -
2~ X'Y (20— %!,‘W”iﬁ_lXW' S WwW R
X'W~X'XKY 27 -

3 Y'Z e WX Z B

qﬁﬂﬂ 3- 11 Harmonic conjugates

(4)Ceva conjugate

Define :

Cevian triangle of a point

L~ PEET ¥ AABC 3 i~ Bl AP - BP ~

CPL =3 A ~B ~C -

2 ~ AAB’CHitl AABC ¥} P Y Cevian

triangle °

q%ﬁ' 3- 12 Ceva conjugate

22



Define :

Anticevian triangle of a point

1P ¥L7 7 AABC 3% i~ Bl AP - BP ~

CPL =3 A B ~C -

2 PEA-A [y Eﬁ,‘f‘ﬁ Harmonic conjugates
A” 5 l’ﬁjij?‘v B” N C” °
3 ~ AA”B”CHit% AABC ¥} P Y Anticevian

triangle °

Define :

P1-ceva conjugate to P2

1~ P1-P2 £} 17 AABC i%fﬁl%%#,‘ =" P1#P2-

2 ~ AAIBICI £§ AABC %} P1 iV Cevian
triangle » =" AA2B2C2 £} AABC ‘jafrP2 fY

Anticevian triangle °

| = |

3 31 A142 ~ BIB2 ~ C1C2 - 6Lkt AEP3 >

IR T Pl-ceva conj}igate to P2 — J

qiaﬂ' 3- 14 Pl-ceva conjugate to P2

3.1.3 Perspective triangles iy = |7

Define :

e AAIBICT AT AA2B2C2 » £ A1A2 ~

B1B2 ~ C1C2 = 75 o+~ %ﬁP’ 78 AA1BIC1

F[I AA2B2C2 £J Perspective triangles » P i £

center of perspective °

A1B1 ~ A2B2 % k~C3 > AIC1 ~ A2C2 % H°B3 »

BICT ~ B2C3UH0A3 » = BrH s » 5508

Q‘a‘ﬂ 3- 15Perspective triangles

£ perspectrix

23


http://mathworld.wolfram.com/Perspectrix.html

3.2 Construction M-configuration
321 P

< Polya Emﬁjz;fggm %] ﬁ)ﬁ,’% P2 = BT 3BT 4 SR T Fﬁjﬁgﬁlﬁ‘
L S RLEE S SRV FRIRIER 7 (% SRR Tl
-

W - GHPARIVIERA LR R8T AABC »
E#‘B (BC 38574 BCH> P E#‘ FIE’!‘C =

P E{RBC ST I FRE D

BQ=0QP=PR=RC > Eiif#

BO=QP=PR=RC > “ihlif P B

BP:PC =cosB:cosC ©

WD HP IS E[E ST JJIé/ S
 EpS F) "] cabri java iEAREr
RS ﬁ“?ﬁ:f%ﬁ[’ﬁ HIT T

W3- 17 % 2

24



WS R R P
1&[ s Jpe s =g Hjﬁ%ﬁk’%——] ) ﬁ4ﬁ$ ——— Altiudes ) .
Fﬁﬁﬁl .&FI J)'%?EEI = EJJ:A 1 E{"%‘FJ e Perpendicular Bisecty

— & Angle Bisectors

2[R Y o
—— Medians
Prag the buttons to
ind out the paint P

[ 3- 18 #%: 3

3.2.2 M-configuration ["Eq\%ﬂ

(- P 15 2H M-configuration [I9ERIVE ¢ (1)[5k -

L~ 3 A [=BC ) & 9HF R H -

A
2~ [=BC |1 5t [ A« |
3~ il AH % BCH P l

s e B\\\

4~ SSHIIE=BP ~ CPAYHI= Ll AB_~ ACH®

—

q%ﬁ' 3- 19M-configuration [H# 1

Q- R-
5-P~Q~ RIS o

P B -

[EET—- 0 (THCAABC 1 O £594& » H 5=

Uy AE’E!;FJ .‘I' EI“ BAD= CAH’_E"

EAD= EAH -

=5 © CLEAR B
\DZ-,LH-

ﬁ%ﬁ' 3-20 9} == Isogonal conjugatel
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(7T (T HAABC 1> H 554 0 H B
— SHESEFERE H > JJH ~ A~ B~ CHE -
¥ 1 CLEAR

™

Al 3-21H - A~ B~ CH [

(B - R

L~ A0 ¢4 BB BE ~ CE » Hf10

T[S EJ[Jﬁ:E?:cosC:cosB
2~ EI‘I‘Z&@F ~ A BAH =1€CAE, > |
BH'=CE » BC//H'E
3+ BC//H'E
BE :EC =cosC :cosB.= CH" BH"
4 A’E@BACEI'UHI%#[‘ BH'A’=" CH’A’
BH'A’= CHA Y
BE:EC=cosC:cosB=CH':BH'
BP:PC =cosB:cosC

BXHI

[jil 3- 22 M-configuration {&% 1 [V ZEf]
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liE

= HT = BAC V£ 535808 BCH P>

SYYIFEBP ~ CPRYF[I= 580 AB ~ ACH: Q »

R -
HI : B-Q-P-R-C £% AABC .V M-configuration °

ﬁ%‘[[ 3- 23 M-configuration [F§F 2

= ANy

1~ 3O [BBC I F3ELL

2 BACVET ST AAEILREGE /
\/ i
A'H' H) ;,E! I:[I H’}Ljﬂijzb\ H ,%TBC:_I/DE}&_J‘ o‘
B

« AH ™ BC% , SHIPH < 1 | K/
3+ A'H"BCLEIP  PH -

)/

H

4 ~ A”AH’= AH’A’ > PHA= AHA i 3- 24 M-configuration (e 2 U

A”AH’= PH’A » PH// AA"
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(3 =

BAC [V #5338 AD [ O 7 D Bl 3
BD ~ CD > {£0Q//BD > OR//CD% AB ~ AC

# QR [IIR [EBCRY=FFELL » C % L (=4

S P o [l : B-Q-P-R-C £} AABC [V
M-configuration ° °

& (Alexei,2003)

L~ M 5 BC 1B Y~ Z 53¥% Ca~Ba it BC
i L -

2+ OM :%acotA = la(cos B + cos €)eot:4

CaY =lasin B

W:%a—lacosB:lacosC

3~ Bl CaOX':
CaY —OM _ sin B—(cos B+ cos C)cot 4 [f 3- 26 M-configuration [ 3 1/

MY cosC Esd
_ sin Bsin A—(cos B+cos C)cos A
- cosCsin 4
_ —cos(A+B)—cosCcos 4
- cosCsin 4
_ cos C(1—cos A) _ I-cos 4 _ tané
cosCsin 4 sin 4 2

CaOX= MBA’ > F(SFCaO//B_A' > [FIE

BaO//CA'

28



(4)~" L] M-configuration fiu )~ 7& [Hg! :

AABC [ I'] B~C E@fﬁ.}%ﬁﬁm M-configuration :
1~ e = 1 (EBC IR 1= 5640 5 A ~

A”%!,‘o

25l A'H %2 BC LHT Aal » it - 7

M-configuration : B-Cal-Aal-Bal-C -

3l A"H S BC LH" Aa2 o

4~ [%A4a2C ~ Aa2B V1= 580 % AB ~ ACH*

qﬁﬂﬂ 3- 27 % M-configuration

Ca2 ~ Ba2 -
5 ~ B-Ca2-Aa2-Ba2-C 7["%59%% A

M-configuration °

Remark :
BCa2: BCal = (cos® B—cos’C):1

=& ¢ clear

323 FEIHE

STERE
[FAg- AL L FEERBICIP
i (EETES FPY ABQP ~ APRC 5 £

BQO=0QP=PR=RC -

il 3- 28 ST (efi 1
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[,LE{FM : A A

1~ [EBCHYFIZFFLLL » L1 =5 B0 -

2~ 1) O EL-S > BOELS (B O > L1 B [8Y R

Vi A’%#[‘o

3 i A'P LI O N HB B\/: /C

4~ SEH L2 BC L OR AR H
5illAB ~ AC - [ 3- 29 SR 1 (e

6 STHII=BP ~ CPAYI= 50 AB ~ ACH

Q ~ R ° ABQP + APRC H[[¥%Frsf o

S 2

THBEUZ BB - C - Q  HHI4BO > BC.
T [ER SRS S ABQPSAPRC - P i BC- / ’
B

b 2" BO=0QP=PR=RC:s

q%ﬂ' 3-30 %'“I'E}I'EQEH 2

B

;

= L0 [T R o

3+ [|BQ=QP=PR=RC

[’%I :
—_— . —_— A
1~ QEhEN~ » BOEY @& [ BCH" P
2~ ') C B3fEL= BC KR4 [ = (=CP Y
/‘E’\v<

[p' 3- 31 (e 2 (B
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ETETEE
THAEYUZRIB QR
i ¢ {EM-configuration B-Q-P-R-C Q i

q%ﬂ' 3-32 %'“I'E}I'EQEH 3

EF

1~ 1) QEREe » BOELS M aip » ¢ QR (_
IEFRT

2~ fIBP o 3 R [EBP I = S

3~P¥L (535 C -
4 ~ [ B-Q-P-R-C £% M-configuration <

Sl

[ 3-33 %*r%?f‘qﬁf 3 iEE
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3.3 M-configuration J{fI14#V

[ o (R RO o R Cabri fORBR BRI O

ESCU

B-Ca-Aa-Ba-C £} AABC [V M-configuration >
[ AACaBa . 9f #£ [E¥ a3 AABC V9t [ O
%{h b : i AAaBaCa ="~ Ha

EsidE

a: pH{sE= A -

b: —?J Ha fL A AaBaCa.fiu=" -~ [] BaHaCa=
n— BaAaCa=n—- BAC=n- CaABa.ﬁ@r
Ha i AABaCa iUyt 5 [Ei > F ][] AAaBaCa L

Ep = %Y, BaHa = CaHa ﬁY Ha 7 AJY

el e o
E'Jj JJHQE‘L_[_‘O

REMARK a :
AACaBa ~ ABCbAD ~ ACBcAc 7 9} £ [ #%
AABC V9t #[E O &HF

REMARK b :

AAaBaCa > AAbBbCb > AAcBcCc fi="-= Ha -
HbHe RS f9= £ kL AABC S| 1 AUi
Y

qéﬁ' 3- 36 M-configuration proposition3
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(EEN
AAaBaCa V9t fF[Etl= Oa Z] O ' H FHHEE -

REMARK ¢ :
AAaBaCa ~ AAbBbCb ~ AAcBcCc I 9t F et

Oa~Ob~Oc = K isL: &' 7 OH fiufli= 5Lt -

st © CLEAR

B Ac Ab Aa C

q%ﬁ' 3- 38 M-configuration proposition5

T2 ABCaAaf 1= ,%g;g—p@@\r—%lg@pa,b » [filfs

fio-- 7 SHACBaAaH HiPac -

HIl - BPa,b ~ CPa,c a5 % Pa o

[l = APb,a ~ CPb,c 7@ HPb > APc,a -

BPc, b Pe -

q%ﬁ' 3- 39 M-configuration proposition6
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(ECIN
APaPbPc fl AABC $f P U4 -

q%ﬁ' 3- 40 M-configuration proposition7

3.4  M-configuration === ¥/ HU-<

A% Kimberling(1998) {19]° | » 3128 X(O2)F + i1 17 M-configuration
SIS B P IS

X(92) :
S W= FY = = A5 Msconfiguration «
B-Ca-Aa-Ba-C > C-Ab-Bb-Cb-A > :

A-Bce-Ce-Ac-B > il A4da s BBb ~» €Cec : ~ 75k

L= |l RIS X(92)

S  BCa=Cada= AaBa = BaC

BAa: AaC =cosB:cosC » fﬁjfﬁf
@ : B_bA —cosC:cos A q%ﬂ 3-41X(92) (Kimberling,1998)

ACc:CcB=cosA:cosB -

F'1 Ceva’s Thm [ =& A4da ~ BBb ~ CCc » =

B A B

X(92) : CEVAPOINT OF INCENTER AND CLAWSON POINT
X(92), Trilinear : csc 2A : csc 2B : csc 2C
X(92), Barycentric - sec A : sec B : sec C
X(92) = isogonal conjugate of X(48)
X(92) = isotomic conjugate of X(63)
=4 F1(http://faculty.evansville.edu/ck6/tcenters/)

34



Clawson point X(19):

1 ~ Homotheic center of the orhtic triangle (=
EL= £7Y)  and extangents triangle(} /=
F1)

2 ~ AABCRUt B [E= = (=~ JE e #+D ~ E -
F~ G H I+ B iDE » FG ~ HIZ 54y
FYECRA B> CZ B JIAA’ - BB -
CC'= B E’![" [FEEFE £ clawson
point  (Yiu, 2000)

qiaﬂ' 3- 42 Clawson point X(19)

X(63) : Isogonal conjugate of X(19)

qiaﬂ' 3- 43 X(63) : Isogonal conjugate of
X(19)

X(92) : Isotomic conjugate of X(63)

ﬁ%ﬁ' 3- 44 X(92) : Isotomic conjugate of
X(63)
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41 BpE Ak
1 -~ line

SR linets 4 7 PrERLE [ 5 B P
SRR (7 _FSTRL A ([ 7 SR )

q‘;ﬁ' 4- 2 line Zf=1

q%‘ﬂ 4-1line 5

1~ [EPLP2 U= 3500 x@iiihte -

> [ERELERIRPL - P2t
i
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. 2~ HI P sk R
2~ IJehbE-= cPLERS B > & xifiirh® E' C@‘P E feliTf
;I o

Q1 > Q2fI] 01,202 H|FE s -

2 ~ segment

xR line o VR RHTEIAVES )

m
a P2
P1 M T
S
,'// \“
! \‘
.IJI 4
: |
'. Ch! ;
4 | !
1 W .'.j
\\ 1l ("
4
\\ \ //
AS - ]1 ’f
e -
1]
q%.']' 4- 3 u-segment _Fﬁgg" W ;

3 - triangle

u-triangle

77 N
q*é,‘[[ 4- 4 u-triangle

q‘;ﬂ' 4- 5 triangle S
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4 ~ circle

 EA PR RGREPL ~ P2 > HL [ IP1EREIhyperbolic center » P27 [E] - -

P2

/P "

[ﬁ' 4- 6 u-circle +5

[ﬁl 4- 7 circle Zf1

< [EP1~ P2V 1= S xfih D » 3l BD

—

2~ P [Elfio=r L P2 (= PD 02

g -
;RE\ ° i
Y.

3 PR HTC o 1 CHE [ CP

I"E—[E[I o -
4~ FJBICEIELT [P hu-center's
T %{ﬂ;’lﬁu-circle °

h

SRR P2 50 L OPT -

2~ PR OPL=5 [ SR 0

AlEsC ] Eheircle o
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5 ~ u-center

ik B HE V- u-circle » [lfJu-centerfliy B Ip[IfV[ELS o

m
r
0 p
L
C
.
M 0 x

q%ﬂ 4- 8 u-center 5

&

I~ T JOFRE S [ fUlalin (T B2t

HE

I

(EE > (MO = ixiii -
2 (=PO:F i MO » H (AP [HLE -
3P FROFSEY Q0 I JQEEEN S PO

FLF % MOEC - HICHRRAEfio

hyperbolic center (u-center)
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42 SREETTE

1 ~ perpendicular at point (st — %!,fl@g‘ [LESS)

ﬁ%‘ﬂ 4- 9 perpendicular at point =4

qé‘ﬂ 4- 10 perpendicular at point Zf*1

1~ r LB RS Lo e & fﬁm s PC2H}S

rIAV 6L Sl e A C2
2~ IJC2Eb[EN > PC2 LS
XHIEPE’:\ A-~Bo

3+ H[l APB 5 -

Z/[Ij—qg\l

ﬁ‘éﬁ' 4- 11 perpendicular from point _F5

q‘;ﬂ' 4- 12 perpendicular from point FT*EI

I~ 4P'EEP{fu- line mfio™ g -

i
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2 ~ HI3#P ~ P'fvu- line n[JFE AT «

3 ~ perpendicular to two lines (== ﬁl pHED El FI‘JEI}RE\)

q%.']' 4- 13 perpendicular to two lines =4

ﬁ%‘ﬂ 4- 14perpendicular to two lines =1

I 4]CIZC2fLu- lines M nfiJfgil & »

BIC1 ~ B2C2 = fixiffi -
2~ MBI B2 1K
BIN L C2M Pt #°Nj

3+ [(&PN Xl » = LERP > I | PC1 % @;

IJI ILE:[E'II_T\ mj.j Q

4~ I'|PER[ENS > PQE A e s SR E

~
Tj\ o
.

1~

[Ft [ line » E Ry ify e AL
[llﬁ’Lw-"ﬁ[ -y R [ ,E’?—'[gr,lﬁl—& IE[ JE"?LL';_'ZJR

AELH -
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4 ~ two limiting parallel u-lines (7" /= 55L)

qéﬂ' 4- 15 two limiting parallel u-lines —4f

1~ AZBS || Fbmfius - T Ripuasps

(' PA |1 56 xR«

2~ S ARLASCUSHIR HI
.:57 i
Fm ffuline s 5L
3+ SEBAYT R E A
A

s

o gy .
5 ~ two tangents to u-circle from point (ENf — B ([ E=TI560)

ﬁ%ﬁ' 4- 16 two tangents to u-circle from point F4

ﬁ%ﬁ' 4- 17 two tangents to u-circle from point =1

1 ~ OfL[EYcfivEuclidean center » A'LLA%fx
I 5 -
2 3HO ~ A~ A LSS ¢

1~ yHA =5 fpolar
2~ [EsLigpolar  [H1 9}~ B »
HPt o

—hR
—
-
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3% AA"
[ KT ~ T o
4~ HIT~T'5S
RIS

ﬁ'—’«fz\jf{‘\P%ﬂ[" I') O_P E’fxﬁl =

155 B u-lines AT ~ AT

Ul

3~

P EARLAY= [ P cirelel iy
“ET1 ~ T2 » {Hline PT1 ~ PT2[]55

S5 TI ~ Tzéiﬂm—“’i%gro

6 ~ Angle bisecter ( 7T 5

J7L)

I~

2~ A (Erfis A i l#REl!‘ ‘“ i

* PSEA S S [ EEREYu-line ]
T ST

I‘.'LE:
‘ : ﬁ‘;ﬁ[ 4- 19 Angle bisecter 1
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1

B0 5% AB o 2 (S5 AB [F[ PR CD ~ EF » i CF ~ DE % AB¥°G ~
H - [[IP4% GH ff| 1B

il 4- 20 & L) il 4- 21 gL 1 il 4- 22 8 LRI

A ]

I~ =Gl LCD » GJ LEF » HKU'ER; HL LCD - )

_ o s,
PA=PB=x - E= =

= el : 3
2~ [JJACGI~AEKH » CG/EH = GIJHK > AFGI~ADHL >

GF/HD = GJ/HL » APGI~APLH > GI/HL = PG/PH >

[l 4- 23 i I

APGI~APHK > GJ/HK = PG/PH -

3~ [PG’/PH" = GI/HL % GJ/HK = GI/HK * GJ/HL = CG/EH * GF/HD =

(4G *GB)/(BH * HA) = (x~ PG)(x + PG)/(x~ PH)(x + PH) = (x* ~ PG )/(x* ~PH )

PG=GH
Reference: http://mathworld.wolfram.com/ButterflyTheorem.html

http://www.cut-the-knot.com/pythagoras/Butterfly.shtml
L. Bankoff(1987), The Metamorphosis of the Butterfly Problem, Mathematics
Magazine, v 60, issue 4 , 195-210
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2 ~ Pappus’ Theorem

LLAHE = (AL~ A2~ A3 L2 DA = [B1~ B2~ B3 [[[[ 4182 ~ A2B1 ¢ |1 >

AIB3 ~ A3BIGRIP2 » A2B3 ~ A3B2 L RIP3 » P1 ~ P2 ~ P3= Rk 7L -

a - %

N

ﬁ‘;ﬁ[ 4- 24Pappus’ Theorem

ﬁ‘;ﬁ[ 4- 25 Pappus’ Theorem F4

P - 5 APQR > REIELBIP12A2 ~ A1P13B3 -
A3P23B2 ~ A1A2A3 ~ BI1B2B3 > i Menelaus 2R/ fi*

P12~ P13 ~ P23 = Rt -

Reference:

[j' 4- 27 Pappus’  Theorem "]

3 ~ Pascal Theorem

#\A1,A2,A3,B1,B2B34 [ [ 41B2 - A2BI ©B¥P1> A1B3 ~ A3BI L EiP2> A2B3 -
A3B2 % PIP3 > P1~ P2~ P3Z P L

q%.\' 4- 28 Pascal Theorem

ﬁ‘;ﬁ[ 4- 29 Pascal Theorem 4

qig‘[[ 4- 30 Pascal Theorem 51‘{}'[

Reference: http://www.cut-the-knot.com/Curriculum/Geometry/Pascal.shtml
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4 ~ Desargues' Theorem

I') O SRERYH = PURY = 1% AABC R AABC » # T KR H A'B' « AB LHiC”

A'C' ~ Eﬁ»rg@” » B'C' ~ B_cw%gA” CHIA” B O B

[ﬁ' 4- 31 Desargues' Theorem

I'4- 32 Desargues' Theorem F4

q&#ﬂ 4- 33 Desargues' Theorem =1

qéﬂ'4— 34 Radical center

ﬁ?ﬁ' 4- 35 Radical center 4

ﬁ?ﬁ' 4- 36 Radical center STLE'I

Reference: http://www.cut-the-knot.com/Curriculum/Geometry/RadicalCenter.shtml

6 ~ Isogonal

AABCH= £ 5380 4 [ 50— B ¥ 38 FRUPHI il AP ~ BP ~ CP )
FIISERE T ST RG] > = AR T [ﬁj— FI!TP’ » 7 £ Isogonal conjugate °
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[F(‘[[ 4- 40 ex_Isogonal conjugate

Reference: http://www.cut- 'q-.q

¥ |

qé‘[' 4- 42 ex_Isogonal conjugate Sf*
Fl

U L,f"": lum/Geometry/Conjugality.shtml

-

http://mathworld.w

7 ~ Isotomic

soonalConjugate.html

1 com/ls
LGOI 1S
THEE NN

FUAABCH] 1= U ML~ M2~ M3 > R oy {30~ %’![—T\fiiéil_ﬁgp%![—, i@%ﬂ’ .
BP -~ CP 7% = 384°Q1~Q2-Q3 > STHIFEQL ~ Q2 ~ Q3% M1~ M2~ M3 $FHQL” ~

Q2’ ~ Q3 51 401" ~ BQ2' ~ CQ3' » = iAWt~ BEP’ » #iF}Isotomic conjugate °

q&l[ 4- 43Tsotomic conjugate

ffil 4- 44Isotomic conjugate

[F(‘[[ 4- 45Isotomic conjugate =

Reference: http://www.cut-the-knot.com/Curriculum/Geometry/Conjugality.shtml
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1 ~ Miquel

AABC= & Q[? - %l!m' ,B'.C' EJHAABCE{U} fMiquel circles 75 Hﬂxﬁ} AC'H',
BA"C-I" 73” CEJ At),l,j&'?%—{ Miquel's theorem,_: f[E{Miquel Circles—d{\jifs\l'ﬁj_‘ %l!l—, Lul“ [ Ej
FiMiquel point °

[ﬁ' 4- 46 Miquel q%ﬂ' 4- 47 Miquel —4 q%‘[[ 4- 48 Miquel S

Reference: http://mathworld.wolfram.com/MiquelsTheorem.html
2 s el

AABC [’ Jﬁ[ﬁ— %ﬁP %=

E' P S e el

IF D~E~F> [']*== %!ﬁ‘g[gjl—dz\ B D ~
o T PSR R, [ 2

il 4- 49 H =5 L il 4- 50 HE= L B i 4- 51 S LR

Reference: http://sylvester.math.nthu.edu.tw/d2/gc-04/spherical-geometry/6.html
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3 » Symmetry midpoint

Lines of the same color are symmetrical with respect to a midpoint. 7 4 1 =1k 5

1Rl o 2

A

ﬁ'éﬁ' 4- 52 Symmetry midpoint

q‘?ﬂ' 4- 53 Symmetry midpoint -

qg;[[ 4- 54 Symmetry midpoint ZF[

Reference: http://sylvester.math.nthu.edu.tw/d2/ec-04/spherical-geometry/3.html

4 ~ Fermat point

T
|

W% .l" TF, i N - h—— T . e
AABC 3 Il = 35 (== £ AACE ~ABCD ~ AABF il AD ~ BE - CF = 5%

ji/:\_‘ | P> L L Ak 3 E@, Fermaltpo%r-n] -"l
TEEAE TR S
:

PA+PB+ PC = CF =BE = AD > P t3Z[= "Fly

D

ﬁ?ﬁ' 4- 55 Fermat point

ﬁ‘a\' 4- 56 Fermat point -

qsh‘[[ 4- 57 Fermat point FT{}'I

Reference: http://www.cut-the-knot.com/Generalization/fermat point.shtml
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