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selected and it plays a key role in proving the stability for any
¢ > ¢, and for an arbitrary time-delay r > 0.
© 2009 Elsevier Inc. All rights reserved.

1. Introduction

In this series of study, we consider a class of time-delayed reaction-diffusion equation arising from
the population dynamics (see, for example [27])

v 9%v T
E_Dma? —l—dmv:e/b(v(t—r,x—y))fa(y)dy, t>0, xR, (1.1)
—0oQ

with the initial condition
v(s,X) =vo(s,x), se[-r,0], xeR, (1.2)

which describes the population distribution of single species with age-structure and spatial diffusion.
Here, v(t,x) denotes the total mature population at time t and location x. D;; > 0 is the diffusion
rate of the mature population in space, d, > 0 is the death rate of the mature population, and r > 0
denotes the maturation age. Let d;j(z) and D;(z) be the death rate and the spatial diffusion rate for
the immature population for age z € [0, r], respectively. Define ¢ > 0 and o > 0 as follows:

.
g=e hdi@dz 3pq a:fDi(z)dz. (1.3)
0

They represent the impact of the death rate of the immature and the effect of the dispersal rate of
the immature, respectively. If the mature population move more effectively than the immature, i.e.
Di(z) < Dy, then, according to (1.3) for «, we have

o <rDp. (1.4)

The function b(v(t, x)) is the birth function. As we know, the reaction term in a reaction-diffusion
equation, which is some what like the birth function in our equation (1.1), plays an important role
to depict the character of the equation. One interesting type of such a function is the Fisher-KPP’s
reaction function b(v) = v(1 — v) with bi-stable nodes v =0 and v =1 as the equilibria (see [4,
10,24,25]). The related nonlinear wave stability for the time-delayed reaction-diffusion equation was
studied by Smith and Zhao [25] by the upper-lower solution method. The other interesting type is the
reaction term with two nodes as the equilibria, but one is stable and the other one is unstable, for
example, the Nicholson’s blowflies birth rate b(v) = pve™ (see [6,8,11,14,15,20,21,26-29,33,34,37],
etc.). The related wave stability was then investigated in [15,20,21] by the technical weighted energy
method, because, as mentioned therein, the upper-lower solution method is defective in this case. For
such kind birth functions with one stable node and one unstable node, in this paper, as considered in
[14], we take the birth function as

pv
1+avd’

avi

bi(v) =pve™ or by(v)= (1.5)

where p >0, ¢ >0 and a > 0 are constants. Here, b;(v), as an exponential type, is a generaliza-
tion of the Nicholson’s blowflies birth rate as considered before, and b,(v) is the kind of important
rational-type function. Note that, for by(v) with q =1, it is the well-known Nicholson’s blowflies
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birth function, and the corresponding equation (1.1) is the so-called Nicholson’s blowflies equation
with diffusion. Lastly, fo(y) is the heat kernel

fa(¥) =

o0
2
e~% with / fu(y)dy =1 for all & > 0. (1.6)

—00

1
VAT o

When o — 0, namely D;(z) ~ 0, which means that the immature population is almost non-mobile,
by the property of the heat kernel we have

o0

lilr{) b(vit —r.x—y)) fa(y)dy =b(v(t —1,X)).

In this case, the nonlocal equation (1.1) is reduced to a local time-delayed reaction-diffusion equation
for o =0:

2
Z;—:— mE;T‘Z/ +dmv =eb(v(t —r,%). (1.7)

The models (1.1) and (1.7) as well as related equations have been extensively studied recently,
see [1-31] and [33-37] and the references therein. The existence of traveling wavefronts for the local
equation (1.7) and the nonlocal equation (1.1) were obtained by So and Zou [29], So, Wu and Zou [26]
and Liang and Wu [14] using the method of upper-lower solutions. The boundedness and the asymp-
totic behavior for the critical wave speed with respect to the delay time r as well as the diffusion rate
D were analyzed by Wu, Wei and Mei in [33,34]. Furthermore, the stability of the traveling wave-
fronts was showed by Mei, So, Li and Shen [21], Mei and So [20] and recently in Lin and Mei [15].
For the local equation (1.7) with b(v) =bq(v) and q =1, i.e. the Nicholson’s blowflies equation, by
using the weighted energy method, Mei, So, Li and Shen [21] proved that the wavefronts are stable for
the wave speed ¢ > 2,/Dp(¢p —dpy) with a sufficiently small initial perturbation, but the case when
Cx << 2y/Dn(ep —dn) was left open, where c, > 0 is the critical wave speed. Later by using the
comparison principle together with the weighted energy method, Lin and Mei [15] further improved
it to ¢ > ¢, for the delay time r <« 1, because c, ~2,/Dn(¢p —dpn) as r < 1. The initial perturbation
is also improved to be arbitrarily large in a weighted Sobolev space by the comparison principle and
the squeeze technique. For the nonlocal equation (1.1) with b(v) =b;(v) and g =1, the stability was
obtained in [20] with a much strong restriction on the wave speed ¢ > 2,/Dy,, (3¢p — 2dp,). The main
goal in the present paper and our second paper [18] is to study the stability of all traveling wave-
fronts with ¢ > c, and arbitrary delay time r > 0. In this paper, we focus on the local equation (1.7)
and prove the stability of all wavefronts with arbitrary delay time r. Our approach is still the tech-
nical weighted energy method together with the comparison principle. But, inspired by Gourley [5]
(see also an extension to the nonlinear stability by Li, Mei and Wong [11]) and based on the property
of the critical wavefront speed, by selecting an ideal weight function and carefully taking the energy
estimates, we obtain the stability for all waves including those slower waves. No restriction is needed
for the delay time r and the speed c. For the nonlocal equation (1.1), the improved stability for all
wavefronts with ¢ > c, is the content of our second paper [18], where some new techniques are
introduced to overcome the difficulty of the energy estimates caused by the nonlocal integral term.

For research related to other models of population dynamics, we refer to [1-3,5,6,11-13,16] and
the references therein. See also the review articles [7,8] and the textbooks [32,35,36].

Notations. Throughout the paper, C > 0 denotes a generic constant, while C; >0 (i =0,1,2,...)
represents a specific constant. Let I be an interval, typically I = R. L2(I) is the space of the square
integrable functions defined on I, and H¥(I) (k > 0) is the Sobolev space of the L2-functions f(x)
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d ¢ s
defined on the interval I whose derivatives d—lf (i=1,...,k) also belong to L?(I). Lﬁ,(l) denotes the

weighted L%-space with a weight function w(x) > 0 and its norm is defined by

1/2
||f||LzW=< w(x>|f(x)|2dx) .
/

H’fﬁ,(l) is the weighted Sobolev space with the norm given by

—f®

)1/2

Let T > 0 be a number and B be a Banach space. We denote by C°([0, T]; B) the space of the -
valued continuous functions on [0, T]. L%([0, T]; B) as the space of the B-valued L?-functions on
[0, T]. The corresponding spaces of the B-valued functions on [0, co) are defined similarly.

1l = (Z/w(x}

The rest of the paper is organized as follows. In Section 2, we introduce the travelling wavefronts,
their properties and state the nonlinear stability theorem. In Section 3, after establishing the compar-
ison principle and some key energy estimates in the weighted Sobolev spaces, we prove the nonlinear
stability result.

2. Traveling wavefronts and stability theorem

It is easily seen that Eq. (1.7) has two constant equilibria vi, where

ep 1/q
for by(v): v_=0 and v+=< ln—) , (2.1)
dm
_ 1/q
for b(v): v_=0 and v+=<8p dm) . (2.2)
adm,

A traveling wavefront of (1.7) connecting with vy is a monotone solution v (t, x) = ¢ (x+ ct) satisfying

c¢'(§) — D" (&) + dmo (&) = eb(p (& — 1)),

(2.3)
¢(£00) = vy,

— |
where £ =x+ct and ' = T

By using the upper-lower solutions method as in [14,26,29], we can, similarly, prove the existence
of the traveling wavefronts.

Proposition 2.1 (Existence of traveling wavefronts). Assume that

ep

forb(v) =bi(v): 1<-=<el/, (2.4)
dm
forb(v) =by(v): either 1< £p < 1 ifg>1,
dn q—1
or1<2—p<oo ifo<q<1. (2.5)

m
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Fig. 2.1. The graphs of F.(1) and G(1) for c =c, and c¢ > c,, respectively.

Then there exist a minimum speed ¢, = ¢4« (r, €, Dm, dm, p) > 0 and a corresponding number L, = A(c,) > 0
satisfying

Fe,(b) =Ge, (), FL () =Gl (M), (2.6)
where
Fe)=epe ™7, Ge(L) =ch — DppA? + dm, (2.7)

and (c4, \4) is the tangent point of F¢(\) and G (1), such that for all ¢ > c, the travelling wavefront ¢ (x + ct)
of Eq. (1.7) connecting v+ exists uniquely (up to a shift).

The graphs of F¢(1) and G.()\) are shown in Fig. 2.1 for c =c, and c > c,, respectively.
From the graphs, we can easily see that Fc(A,) = G¢(A4) for c =c, and Fc(Ay) < Ge(Ay) for ¢ > cy,
that is,

epe T — ¢, — Dm)hi +dn, forc=c,, (2.8)
epe ™" < chy — DmrZ +dm, for c>cy. (29)

By a straightforward calculation, it can be verified that the wavefront ¢ (¢) decays to the constant
state v_ as follows

lp€) —v_|=0Me Bl as & — —o0, (2.10)
where A1 = A1(c) is a c-depending function as showed in Fig. 2.1. It is also noted that
epe™ <ch— DA +dp, for c>cy, A€ (1, Asl. (2.11)
Thus, we define a weight function as

—21(x—xp—cr)
w(x) = {‘; . forx<xo+cr, (2.12)

R for x > xg +cr,
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where X is a positive number between A1 = A1(c) and Ay, = A, (Cy), i.e., A1 < A < Ay (cf. Fig. 2.1), and
the number xq is chosen to be sufficiently large such that (3.31) holds, i.e.,

min{ic + dm — DmA2, dm)

b'(¢(xo — cr) < & cosh(icr)

We can now state our main theorem.

Theorem 2.2 (Nonlinear stability). Let % satisfy (2.4) for b(v) = b1 (v), or (2.5) for b(v) = by(v), and let
b’ (v) be sufficiently small. For any given wavefront ¢ (x + ct) with the speed ¢ > c,, if the initial data satisfy

v_ < vo(s,x) < vy, for(s,x)e[—r,0] xR, (213)

and the initial perturbation vo(s, x) — ¢ (x + cs) is in C([—r, 0], H}N(R))' then the solution of (1.7) and (1.2)
satisfies

v_ <v(t,x) <vy, for(t,x) e Ry xR, (2.14)
and

v(t,X) — p(x+ct) € C([0, 00); HL, (R)). (2.15)
In particular, the solution v (t, x) converges to the wavefront ¢ (x + ct) exponentially in time, that is,

sup|v(t,x) —p(x+ct)| < Ce ™™, >0, (2.16)
XeR

for some positive number (4.

Remark 1.

1. As showed in Theorem 2.2, the wavefront stability holds for all wavefronts ¢ (x + ct) with ¢ > c,,
and for all delay time r > 0, which essentially improves the previous stability result for the wave-
fronts with speed ¢ > 2./D;; — €p in [21]. In another word, when the initial perturbation around
the wavefront at x — —oo is sufficiently small, the solution of (1.7) and (1.2) can be sufficiently
approximated by this specified traveling wavefront, which is very important and significant in the
physical application, as well as the issue of numerical simulation.

2. As the asymptotical profile, the wavefront ¢ (x + ct) satisfying vo(s,x) — ¢(x + cs) € HIW(R) is
uniquely selected. In fact, from the definition of the weight function (2.12) and the weighted
Sobolev’s space H},V(R), we have

feH, « Jw@feH < CR),
see also a proof in [19]. Thus, the condition vy(s, x) — ¢ (X +cS) € H‘l,v(R) implies that
[vo(s,x) —p(x+cs)| = 0(De ™, as x— —oo, se[-r,0], (217)

for A € (A1, A«], while, from (2.11), we know that, for any two wavefronts ¢ (x+ct) and ¢ (x+ct +
x1), where x; is a shift, the difference is

|p(x+cs) —p(x+cs+x)|=01)e M, asx— —oco, se[-T,0]. (2.18)
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Since A > A1, i.e., the decay of |vo(s,x) — ¢ (x + cs)| is much faster than |¢(x + cs) — ¢p(x + cs +
x1)|, the condition (2.17) determines a unique wavefront, which is the asymptotical profile of
the original solution v(t, x). In another word, once the initial perturbation around the wavefront
¢ (x +cs) at x > —oo decays faster than O(e—*1!), then the original solution v(t, x) to Egs. (1.7)
and (1.2) behaves exactly as this traveling wavefront ¢ (x + ct).

3. Regarding the condition b’(v;) < 1, actually it is natural. In fact, we can easily check that, for
b(v) =b1(v),

d q
1) = ?m[] —1n<%> } -0, as % — el

Thus,

bj(vy) =0, for Z—p =el/a,
m

In this case, the wavefront strength |[v, — v_| is the largest, and the wavefront is called the
strongest wave. So we prove the stability for the strong wavefronts.
Similarly, for b(v) = by(v4), we have

d? ep —dm ep q
’ m
bz(v+):%|:1—(q—1) a i|—>0, asaeqj, forg>1,
and thus
Ep q
! =0, for —=——, 1.
b(ve) or =g 4>

3. Proof of main theorem
First of all, we state the following two lemmas which are given in [15].
Lemma 3.1 (Boundedness). Let
v =0<vo(s,X) <vy, for(s,x)e[-r,0] xR. (3.1)
Then the solution v (t, x) of the Cauchy problem (1.7) and (1.2) satisfies
v <v(t,x) <vy, for(t,x)€[0,00) xR. (3.2)

Lemma 3.2 (Comparison principle). Let v(t, x) and v(t, x) be the solutions of (1.7) and (1.2) with the initial
data v (s, x) and vo(s, x), respectively. If

v_ <vo(s,x) <Vo(s,x) <vy, for(s,x)e[-r,0] xR, (3.3)
then

vo <v(t,x) <V(t,x) <vy, for(t,x)e Ry xR. (3.4)
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As in [11,15], we will use the comparison principle and the weighed energy method to prove
Theorem 2.2. Let the initial data vo(s, x) be such that v_ < vo(s,x) < vy for (s,x) € [-r,0] x R, and
define

+ _
VO_(S’ 0= m,aX{VO(S’ X, &+ o)}, for (s, x) € [r, 0] x R. (3.5)
Vg (s, %) = min{vo(s, X), p(x +cs)},
Obviously,
vo < Vs, x) <vols,x) < Vgr(s, X)<vy, for(s,x)e[-r,0] xR, (3.6)
Vo <V (s, X%) <px+cs) < V0+(s,x) < vy, for (s,x)e[—r,0] x R. (3.7)

Let V*(t,x) and V—(t,x) be the corresponding solutions of (1.7) and (1.2) with the initial data
VaL (s,x) and V (s, x) respectively, i.e.,

WE Ve +dnVE=eb(VE(t—1,%), (t,x) €Ry xR
at m axz m - ’ ) ) -+ ’ (3.8)
VES, ) = Vs, %), XxeR, se[-r,0].
By the comparison principle (Lemma 3.2), we have
Vo<V x) < vt x) VT, x) <vy, for (t,X) e Ry xR, (3.9)
VoSVt X) <px+ct) <VT(t,x) <vy, for (t,x) € Ry x R. (3.10)
We will now prove the stability result (Theorem 2.2) in three steps.
Step 1. The convergence of V1 (t, x) to ¢ (x + ct).
Let £ :=x+ct and
u(t, &)=Vt x)—px+ct),  ug(s,&):=Vy(s.x) — p(x+cs). (3.11)
Then by (3.10) and (3.7), we have
u(t,§) =0, up(s, &) >0. (3.12)
From Eq. (1.7), u(t, &) satisfies
du  du 8%u ,
=+ C— = Dm_— +dnu —eb'(¢(& —cr))u(t —r,§ —cr)
at & & (3.13)
=eQt—r,§—cr), (8 Ry xR,
u(s, &) =uo(s,§), (s,6)€[-r,0] xR,
where
Q(t—r,& —cr)=b(® +u) —b($) —b'(p)u (3.14)

with ¢ =¢(E —cr) and u=u(t —r,& —cr).
Let w(&) > 0 be the weight function defined in (2.12). Multiplying (3.13) by e2“tw(€)u(t, £), where
> 0 will be specified later in Lemma 3.4, we obtain
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{%ez“twu2 }t + { %ez’“cwu2 — Dme**wuug L + Dme** wug + Dme®  w'uug
+ {—%% +dm — /L}ezmwuz — ee*"wub' (¢ (& —cn))u(t — 1,6 —cr)
=ee’™wuQ(t —r,& —cr). (3.15)

By the Cauchy-Schwarz inequality |xy| < %xz + 21—3 y? for any § > 0 and then taking 8 = 2, we have

/

2

w D w’

|Dme*  w'uug | = Dpme** wiuz - —v| < Dme** wuf + Tmezl‘t(—) wu?.
w w

Applying the above inequality to (3.15), we obtain

1 1 cw D (W \?
—e?Mtwu?t 1 —e?Mewu? — Dpe*Mwuug b 4 {—= — +dp—pu— — — ) et wu?
2 ¢ 2 £ 2w 4 \w

— se* wub' (¢ (& — cr))u(t —r,& —cr)

<ee?™MwuQ(t—r, € —cr). (3.16)

Integrating (3.16) over R x [0, t] with respect to & and t yields

t f ’ 2
ez“tH”(f)“iey +//e2”7{—c% +2dm — 2 — DT’“(‘:/VV((;)) }w(%‘)uz(f,fi)dédf
0 R

t

- 28//62’”W($)b/(¢(%' —cn))u(t, §u(t —r, & —cr)dédr
0 R
t

< [ luo(0) erv +2ef/e2f”w(g)u(r,s)Q(r —r,& —cr)dédr. (317)

0 R

Using (2.1) and (2.4) for b(v) = b1(v), or, (2.2) and (2.5) for b(v) = by(v), a straightforward computa-
tion gives

1—a(@—1g¢1

’ o _ q ,a¢q / _ p[
b} (¢) =p(1 —aqep?)e >0, or by(¢p)= 1+ ap)2 20

for v_ < ¢ < v, with the corresponding constant equilibria v4 given in (2.1) or (2.2), which gives
0<b(¢p)<p, forv_<p<v,. (3.18)
Furthermore, using the Cauchy-Schwarz inequality again, we obtain
[2ee’*Tw(E)b' (¢ (& —cr))u(T, E)u(t —r,& —cr)

< e Tw(E)b (¢(& — cr))[nuz(r, £)+ %uz(r —T£— cr)]



504 M. Mei et al. / ]. Differential Equations 247 (2009) 495-510

for any positive constant 7, which will be specified later in Lemma 3.3. Thus, by the change of vari-
ables (see [15,21] for details), the third term on the left-hand side of (3.17) can be bounded as follows:

t

25//ezl”w(§)b’(¢>($ —en)u(r, &u(t —r, & —cr)dédt

0 R

t
<sn// e TwED (¢ — cn)u? (T, £)dedT
0 R

t
+ % /‘/ezl”w(é)b/@)(é —cn))u*(t —r,& —cr)dédr

0 R
t
—en [ [erwen (o -l odedr
0 R
t—r
[ [ ermwe +enp (s @), dedr
—r R

t
<en / / MWD (¢ — cn)uP (T, §)dé dT
0
t
o [ [ e +enb (s @) 6 dedr
0 R

0
2I“//ezl”w(;g + b/ (¢(&))ud(r, &) dE dr. (3.19)

—r R

Substituting (3.19) into (3.17), we then have
e u| 7 +ff > By w (E)W(EUP (T, &) dE dT
t
< |luo(0) “L2 +28// e TwE (T, £)Q (T —1,& —cr)dédr
0

+ %e“f / / 21T W(E + crb (¢ (€))ud(s. £) dE d, (3.20)

—r R
where

w(& +cr)
w(§)

By (€)= A (§) — 244 — %(ezl” — )b (68)) (321)
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and

2 & w(&+cr)
—enb’ - —-————") . (322
) —em(oe - en) - S MEEDy (pie). 322

Ap () i= —c ) Dm (W'(‘f)

2dp — —
we) 2 \w@

Using (2.1) and (2.4) for b(v) = by(v), or (2.2) and (2.5) for b(v) = by(v), another straightforward
computation shows

_ pagg?~'[1+q—a(@— D¢l
(1+ag1)3

b{(¢) = —paqe?' (2 — agp?)e " <0, or by(¢)= <0

for v_ < ¢ < v4 with the corresponding constant equilibria vy given in (2.1) or (2.2). This implies
b"(¢) <0, forv_<¢<vy,. (3.23)

Thus, by (3.23) and the Taylor’s formula, we have
"ex
Qt—r,&—cr)y=b(¢p+u)—b(g)—b(p)u= %uz <0, (3.24)

where ¢ is some function between ¢ and ¢ + u = V1 (t, x). With the help of (3.24) and the fact that
w > 0, u > 0, we immediately obtain

t

28//62’”w($)u(t, £)Q(t —r,& —cr)dedr <0. (3.25)
R

0

Finally, substituting (3.25) into (3.20), we obtain

t
ezﬂfuu(t)Hsz +//eZWBn,M,W(g)w(g)uz(r,g)dgdr
0 R

0
< Juo @75, + %ez’” f f eHTW(E + b’ (¢(9))up(s. §) dg de

LAY
0
<c1<}|u0(0)||izw +/ Juo|7:, dr) (3.26)

for some positive constant C.
The most important step now is to prove By ; w(£) > C > 0 for some constant C. For this we need
the following key lemma.

Lemma 3.3. Let = e~>". Then
Apw(E)=2C2>0, §E€R, (3.27)

for some positive constant C.



506 M. Mei et al. / ]. Differential Equations 247 (2009) 495-510

Proof. Case 1: £ < Xo. From (2.12), we have w(£) = e 2*¢ =%~ and w(& + cr) = e 2*¢—%0)_ Notice
that, b’(¢) is decreasing for ¢ € (v_, v) (since b”(¢) < 0 as shown in (3.23)) and ¢ (§) is increasing
for £ € (—o0, 00). Thus, b’(¢(£)) is decreasing in £. This implies

0 <b'(¢(x0) <b'(¢(8)) <b'(¢(& —cr) <b'(¢(~00)) =b"(v-) =p. (3.28)

Notice also i =e~*". We then obtain

D g, _
A (§) = 2hc +2dm — (=20 — enb ($(€ — cr) - D 6©)e 2
> 2AC + 2dm — 2DA® —enp — %pe’zm

= 2(cA +dm — DmA? — epe™)

=:C3>0, (3.29)

where we used (2.11) for the last step.
Case 2: xo < & < xp + cr. In this case, we have w(&) = e 2*E—%0~) and w(& + cr) = 1. Since

b'(¢(£)) is decreasing in &, i.e., b'(¢(xo +cr)) < b'(¢(§)) <b'(#(x0)) < b'(¢p(§ —cr)) <b'($(x0 — c1)),
and using the fact e2*¢—%—" < e0 =1 due to & — xo — cr < 0, we then obtain

Apw(&) = 2hc + 2dm — 2DmA? — b/ (¢ (& —cr)) — %b’((p(g))em*"r“)

> 24¢ + 2dm — 2D A% — enb’ (¢ (o — 1)) — %b’(d)(x[; —cn)

1
= 2AC 4 2dy — 2D A% — 2eb’ (¢ (xo — c1)) (g + %>

= 2)C + 2dp — 2DmA% — 2eb’ (¢ (xo — cr)) cosh(rcr)

=: C4. (3.30)

Now we need to prove C4 > 0. In fact, since b’(v4) < 1 (we assume it as a sufficient condition in
Theorem 2.2, see also Remark 1 for the explanation), we may take

min{ic + dm — DmA2, dm)
& cosh(Acr)

b'(vy) <
Let xo be sufficiently large such that
[b'(v) = b'(¢(x0 — )| « 1.
In that case, we have

min{Ac +dm — DmA2, din}

g cosh(xcr) (3.31)

b'(¢(xo —cn)) <

With this help, we further obtain from (3.30) that

Apw (&) =2[Ac+dpy — D% — &b’ (¢ (xo — cr)) cosh(rcr)] = C4 > 0. (3.32)
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Case 3: &€ > xg + cr. In this case, w(§) = w(& +cr) = 1. Since b’ (¢ (§)) is decreasing in &, we have

Apw(€) = 2dm — b (p (€ — cr)) — %b’(qs@))

> 2y — e/ (¢ (x0 — c1)) — %b/(m —cn)

= 2dy — 2eb’(¢ (X0 — cr)) cosh(icr)
= C5 > 0,

because of (3.31).
Finally, let

C; :=min{Cs, Cy4, Cs}.
Then (3.29), (3.32) and (3.33) imply (3.27). O
Lemma 3.4. It holds that
Bunw()>0, &€ (—00,00),
for 0 < < 1, where 1 > 0 is the unique root of the following equation

Cy— 21 — %(eZW —1)=o.

Proof. As shown in Lemma 3.3, we have 0 < b'(¢(§)) < p for & € (—o0, 00), and

—2Acr
e < 1, for %' g X0,
w cr
% ={ 2 Ex0—M <0 =1 for xg <& <xg+cr,
1, for & > xg +cr.

It follows immediately that

Bl ©) = A €)= 20 (- 1)b’(¢<s>)%
>C2_2[.L— %(62/“‘_]) -0

forO<pu<pi. O

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

By dropping the positive term [; [, €27 By, w(§)w(§)u?(t,£)dé dt in (3.26), we obtain the first

basic energy estimate.

Lemma 3.5. It holds that

0
ezut”u(t)”i%v gCl(”uo(O)Hi%v +/ ”uo(r)”i%v d‘r), t>0.
—r

(3.38)
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Next, differentiating (3.13) with respect to &, and multiplying it by e2/! w(&)ug (t, £), then integrat-
ing the resultant equation with respect to (t, &) over [0, t] x R, and using the basic energy estimates
(3.38) in Lemma 3.5, we can similarly prove the second energy estimate.

Lemma 3.6. It holds that

0
2 Jug )] < Cs(Hug(O) I +/ Juo ), dt) (339)
—r
for some positive constant Cg.

Combining Lemmas 3.5 and 3.6, and noting w(&) > 1 for all £ € R, from the definition of w, we
obtain the following decay rate.

Lemma 3.7. It holds that
1
2

0
Jut©] < )], <C76““<Huo<0> Iog, + [ Tuoo)ly df) S0 )

where C7 = max{+/C1, +/Cg}.
Using Sobolev embedding theorem H!(R) — C%(R), we finally have the following stability result.
Lemma 3.8. It holds that

sup|V (£, x) — ¢ (x + ct)| = supu(t, £)| < Cge ™™, >0, (3.41)
xeR £eR

for some positive constant Cg.

Step 2. The convergence of V ~(t, x) to ¢ (x + ct).
Let £ =x+ct and

u(t,&) =¢(x+ct)— V7 (t,x), uop(s, &) = (x+cs) — Vg (s, x). (3.42)
As in Step 1, we can similarly prove that V ~(t, x) converges to ¢ (x + ct).
Lemma 3.9. It holds that

sup|V (£, x) — ¢ (x + ct)| = supu(t, £)| < Coe ™™, >0, (3.43)
xeR £eR
for some positive constant Cq.

Step 3. The convergence of v (t, x) to ¢ (x + ct).
Finally, we prove that v(t,x) converges to ¢ (x + ct) as follows.
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Lemma 3.10. It holds that

sup|v(t,x) — ¢ (x+ct)| < Croe ™, >0, (3.44)
XeR

for some positive constant Cyp.

Proof. Since the initial data satisfy V (x,s) < vo(x,s) < V(}L (x,s), from Lemma 3.2, it can be verified
that the corresponding solutions of (1.7) and (1.2) satisfy

Vot x) <vit,x) <VT(t,x), (t,x)eRy xR.
Thanks to Lemmas 3.8 and 3.9, we have the following convergence results,

sup|V=(t,x) —p(x+ct)| < Coe ™™, sup|VT(t,x) — p(x+ct)| < Cge M.
xeR

xeR

Combining these inequalities, the squeeze technique gives

sup|v(t,x) — ¢ (x+ct)| < Croe ™, >0,
XER

for some positive constant Cqg. This completes the proof. O
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