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摘   要 

在這篇論文中，我們利用幾何奇異擾動理論研究來自

Hindmarsh-Rose 網路之同步化方程的多重穩定狀態。 我們的主要

結果如下: 首先，我們給出同步化 Hindmarsh-Rose 方程多重穩定狀

態的解釋，例如我們能下結論說在爆裂(bursting)解與具有 canard 現

象的週期解能共存。 其次，我們可以充分了解從初始狀態至穩定狀

態的過程。 最後，我們可識別出穩定狀態的吸引範圍。 這些都說

明了用幾何奇異擾動理論理解實際生物系統的全域動態性質是相當

有用的。 
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ABSTRACT 
 
 
 

In this thesis, geometric singular perturbation theory is applied to 
investigate multistate stability of synchronous equations derived from 
Hindmarsh-Rose Networks. Our main results contain the following. First, 
explanation of multistability of the synchronous Hindmarsh-Rose equation 
can be given. For instance, we are able to conclude among other things that 
a bursting solution and a periodic solution with canard explosion can 
coexistence. The transition from initial states toward stable states can be 
fully predicted. Finally, the attraction region with respect to each stable 
state can be identified. This illustrates the power of using singular 
perturbation theory to understand the global dynamical properties of 
realistic biological systems. 
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1 Introduction

The fundamental building block of every nervous system is the neuron. The be-
havior of even a single cell can be quite complicated [1], [2] and [3]. For instance, an
individual single cell may fire repetitive action potentials or bursts of action potentials
that are followed by a silent phase of near quiescent behavior [4]. In the last decades,
many biological neuron models have been proposed for an accurate description and
prediction of biological phenomena. The pioneering work in such direction is due to
Hodgkin and Huxley. To simplify such a model, simpler approximations, namely, the
second order systems such as the FitzHugh-Nagumo (FN) and Morris-Lecar neuron
models have been proposed. However, the second order models are not able to re-
produce some interesting phenomena such as terminating themselves by triggering
a set of stable firings. Hence, the Hindmarsh-Rose (HR) model was added a third
dynamical component, whose role is to tune the above subsystem over the mono-
and bistability regions in order to activate or terminate the neuronal response. The
third order system of HR has turned out to be accurate in capturing both qualitative
and quantitative aspects of experimental data [5]–[8]. Furthermore, major neuronal
behaviors such as spiking, bursting, and chaotic regime have been produced by such
HR model [1], [8] and [9].

Example of population rhythms include synchronous behavior, in which easy all
in the network fires at the same time, and clustering [10], [11], [12], [13] and [14], in
which the entire population of cells breaks up into subpopulations or blocks; every
cell within a single block fires synchronously and different blocks are desynchronyed
from each other. Neural synchronization has been suggested as particularly relevant
for neuronal signal transmission and coding in the brain. Brain [15]–[22] oscilla-
tions that are ubiquitous phenomena in all brain areas eventually get into synchrony
and consequently allow the brain to process various tasks from cognitive to motor
tasks. Indeed, it is hypothesized that synchronous brain activity is the most likely
mechanism for many cognitive functions such as attention, feature binding, learning,
development, and memory function.

In [23], a new phenomena of the multistate and multistage synchronization of HR
neurons with excitatory chemical and electrical synapses over the complex network
are analytical studied. In this thesis, we are to use geometric singular perturbation
theory to understand such phenomena of multistate synchronization. Specifically,
we shall consider the HR networks restricted on its synchronous manifold. The re-
sulting equation is to be termed synchronous equation with respect to HR networks.
Our main results contain the following. First, explanation of multistability of the
synchronous Hindmarsh-Rose equation can be given. For instance, we are able to
conclude among other things that a bursting solution and a periodic solution with
canard explosion can coexistence. The transition from initial states toward stable
states can be fully predicted. Finally, the attraction region with respect to each sta-
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ble state can be identified. This illustrates the power of using singular perturbation
theory to understand the global dynamical properties of realistic biological systems.

The thesis is organized as follows. In Section 2, we state some basic facts concern-
ing geometric singular perturbation theory and Hopf bifurcation. The synchronous
equation of HR networks and some known properties, observed by computer simula-
tions done in [23], are stated in Section 3. The main results of the thesis is contained
in Section 4.

2 Preliminaries

For ease of reference, we introduce the well-known geometric singular perturbation
theory. For more details we refer to [24] and [25].

2.1 Geometric Singular Perturbation Theory

2.1.1 Basic Setting

The equations under consideration are of the form{
x′ = f(x,y, ε),
y′ = εg(x,y, ε),

(1)

where ′ =
d

dt
, x ∈ Rn, y ∈ Rm and ε ∈ R is a small parameter (0 < ε ≪ 1) which

gives the equations a singular character.
The following statement is one of the basic assumptions:

Hypothesis 1. The functions f and g are both assumed to be Cr on a set U × I,
where U ⊂ Rn+m is open and I is an open interval, containing 0 and r ≥ 1.

From (1), let s = εt, then equation (1) is transformed to the following form{
εẋ = f(x,y, ε),
ẏ = g(x,y, ε),

(2)

where ˙ = d

ds
. The time scale given by s is said to be slow whereas that for t is fast.

In fact, as long as ε ̸= 0 the two systems are equivalent. Thus we call (1) the fast
system and (2) the slow system.
Letting ε −→ 0, that the limiting systems of (1) and (2) are, respectively,{

x′ = f(x,y, 0),
y′ = 0,

(3)
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and {
f(x,y, 0) = 0,
ẏ = g(x,y, 0).

(4)

Let N = { (x,y) ∈ U | f(x,y, 0) = 0}. In view of system (3), each point of N is a fixed
point and the system (3) has nontrivial dynamical behaviors on U\N . On the other
hand, system (4), defined only on N , usually has nontrivial dynamical behaviors on
N . We next define the concept of a set being normally hyperbolic

Definition 1. Let M0 ⊂ N . The set M0 is said to be normally hyperbolic if
Dxf(x̃, ỹ, 0) has exactly n eigenvalues λ with Re(λ)̸= 0 for any (x̃, ỹ) ∈ M0.

Hypothesis 2. Let M0 ⊂ N . The set M0 is assumed to be a compact manifold and
is normally hyperbolic.

The set M0 will be called the critical manifold.

Since from Hypotheses 2, we have that Dxf(x̃, ỹ, 0) is invertible for any (x̃, ỹ) ∈
M0. By the Implicit Function Theorem, x can locally be solved for y, that is, x =
h0(y) for some smooth function h0. Since the set which is a graph of some smooth
function is easier to manipulate, we want to decompose M0 into a finite number of
its subset that is a graph of some smooth function and satisfies Hypotheses 2. (i.e.
M0 = M

(1)
0 ∪M

(2)
0 ∪ · · · ∪M

(k)
0 where M

(i)
0 is a graph of some smooth function and

satisfies Hypotheses 2 for i=1,2,. . . , k.
In order to simplify discussion, we consider that M0 is a graph of function satisfying
the following two hypotheses.

Hypothesis 3. M0 is normally hyperbolic and there are a compact subset K of Rm

and a function h0 defined on K such that M0 = { (x,y) ∈ U |x = h0(y)}.

Hypothesis 4. h0 is a smooth function on K and K is simply connected domain
whose boundary is an (m− 1)-dimensional C∞ submanifold.

In addition, we also assume that the following hypothesis holds.

Hypothesis 5. Dxf(x̃, ỹ, 0) has ℓ eigenvalues λ with Re(λ) < 0 and k(= n − ℓ)
eigenvalues λ with Re(λ) > 0 for any (x̃, ỹ) ∈ M0.

2.1.2 Fenichel’s Theorems

We give some definitions and some notations in order to state Fenichel’s Theorems.

Notation. The notation x · t is used to denote the application of a flow after time t
to the initial condition x. Similarly, V · t denote the application of a flow after time
t to a set V , and x · [t1, t2] is the resulting trajectory if the flow is applied over the
interval [t1, t2].

3



Definition 2. A set M is locally invariant under the flow from (1) if there exists a
neighbourhood V of M so that for all x ∈ M , x · [0, t] ⊂ V implies that x · [0, t] ⊂ M ,
similarly with [0, t] replaced by [t, 0] when t < 0.

Theorem 1. (Fenichel’s First Theorem, see e.g., [24])
Under the Hypotheses 1 and 2. Then for ε > 0 and sufficiently small, there exists
a manifold Mε that lies within O(ε) of M0 and is diffeomorphic to M0. Moreover
it is locally invariant under the flow of system (1), and Cr, including in ε, for any
r < +∞.

The manifold Mε will be called the slow manifold.

Theorem 2. (Fenichel’s First Theorem for graph version, [24])
Under the Hypotheses 1, 3 and 4. Then for ε > 0 and sufficiently small, there exists
a function hε, defined on K, so that Mε = { (x,y) |x = hε(y), y ∈ K} is locally
invariant under the flow of system (1). Moreover hε is Cr, for any r < +∞, jointly
in y and ε.

Remark. The diffeomorphism between Mε and M0 follows easily in this formulation
through the diffeomorphism of the graph to K.

Flow on Mε:
y′ = εg(hε(y),y, ε). (5)

In the alternative slow scaling we recast (5) as

ẏ = g(hε(y),y, ε). (6)

which has distinct advantage that a limit exists as ε → 0, given by g(h0(y),y, 0)
which naturally describes a flow on the critical manifold M0, and is exactly the second
equation in (2). Using this theorem and this resulting equation (6), the problem of
studying (1), at least on Mε is reduced to a regular perturbation problem.

Example. Consider the system

u̇1 = u2

u̇2 = u3

εu̇3 = u4

εu̇4 = u5

εu̇5 = u6

εu̇6 = −Au5 − u3 − cu2 − f(u1),

where A > 0, f(ϕ) = ϕ(ϕ− a)(1− ϕ), a < 1
2
, c: constant.

Let x =


u3

u4

u5

u6

, y =

[
u1

u2

]
then x is the fast variable and y is the slow variable.
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The critical manifold M0 can be taken as any compact subset of {u4 = u5 = u6 =
0, u3 = −cu2 − f(u1)} and will shall be large enough to contain any of the dynamics
of interest.
The eigenvalues of linearization at any point of M0, other than the double eigenvalue
at 0 are seen to be solutions of quartic equation µ4 +Aµ2 +1 = 0 which are not pure
imaginary if 0 < A < 2.

The equation for the slow flow on the critical manifold M0 are given by
{

u̇1 = u2,

u̇2 = −cu2 − f(u1).
The slow manifold Mε, which exists by virtue of theorem 1,is given by the equations

(u3, u4, u5, u6) = hε(u1, u2) = (−cu2 − f(u1), 0, 0, 0) +O(ε)

and the equations on Mε are
{

u̇1 = u2,

u̇2 = −cu2 − f(u1) +O(ε).

We know nothing of the flow off the slow manifold and this must now be addressed.
The slow manifold possesses accompanying stable and unstable manifolds that are
perturbations of the corresponding manifolds when ε = 0.

Theorem 3. (Fenichel’s Second Theorem, see e.g., [25])
Under the Hypotheses 1 and 2. Then for ε > 0 and sufficiently small, there exists
manifolds W s(Mε) and W u(Mε) that are O(ε) close and are diffeomorphic to W s(M0)
and W u(M0) respectively, and they are each locally invariant under the flow of system
(1), and Cr, including in ε, for any r < ∞.

We want to state Fenichel’s Second Theorem for graph version but we need a
detailed analysis and more notations. So we postpone this after Fenichel’s third
Theorem. The following is talking about a motivation for Fenichel’s third Theorem.
First, we observe that

W s(M0) =
∪

v0∈M0

W s(v0), W u(M0) =
∪

v0∈M0

W u(v0)

In other words, the manifolds W s(v0) and W u(v0) form collections of fibers for
W s(M0) and W u(M0), respectively, with base points v0 ∈ M0.
Second, a natural question to ask now, is whether the individual stable and unstable
manifolds W s(v0) and W u(v0) perturb to analogous objects ? —— Fenichel’s third
Theorem answers this question. In order to avoid difficulties we restrict ourselves to
a neighbourhood D of Mε in which the linear terms of (1) are dominant, and consider
only trajectories in W u(Mε) that have not left D in forward time (yet), and trajecto-
ries in W s(Mε) that have not left D in backward time. To facilitate this discussion,
we need a definition.

Definition 3. The forward evolution of a set V ⊂ D restricted to D is given by the
set

V ·D t ≡ {x · t |x ∈ V and x · [0, t] ⊂ D }.
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Figure 1: A diagram for Fenichel’s Third Theorem.

Now, we sate Fenichel’s Third Theorem.

Theorem 4. [Fenichel’s Third Theorem]1
Under the Hypotheses 1, 2 and 5. Then if ε > 0 and sufficiently small then for
every vε ∈ Mε there are an ℓ-dimensional manifold W s(vε) ⊂ W s(Mε) and an k-
dimensional manifold W u(vε) ⊂ W u(Mε), that are O(ε) close and diffeomorphic to
W s(v0) and W u(v0) respectively.
Moreover, they are Cr for any r, including in v and ε.
The families {W s(vε) |vε ∈ Mε } and {W u(vε) |vε ∈ Mε } are invariant in the sense
that

W s(vε) ·D t ⊂ W s(vε · t)
if vε · s ∈ D for all s ∈ [0, t] (t > 0) and

W u(vε) ·D t ⊂ W u(vε · t)

if vε · s ∈ D for all s ∈ [t, 0] (t < 0).

The idea is, that the order in which the flow after time t is applied to a base point
and the fiber of a base point is constructed does not matter, as depicted in this figure
(1).

In the unperturbed setting (1) with ε = 0, the decay in forward time of points in
W s(M0) to M0 is clearly to the base point v0 of their fiber, where the decay rate as
t → ∞ is exponential, since all associated eigenvalues have nonzero real part.

The fibers give a very useful matching between the points in W s(Mε) and partners
they have in Mε. One can then see that the decay of points in W s(Mε) to Mε is
actually to the base point of the fiber, this gives a decay result with ”asymptotic
phase”; similarly for points in W u(Mε).

Preparation for statement of Fenichel’s Second Theorem for graph version

Suppose that M0 satisfies the Hypotheses 1, 3 and 4. Without loss of generality, we
can assume that h0(y) = 0 for all y ∈ K. Indeed, we can replace x by x̂ = x− h0(y)

1we may refer to [25], P. 376
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and recompute the equations. For each y ∈ K, there are subspaces S(y) and U(y),
corresponding, respectively, to stable and unstable eigenvalues. Since the eigenvalues
are bounded uniformly away from the imaginary axis over K, the dimensions of S(y)
and U(y) are independent of y. Let dimS(y) = ℓ and dimU(y) = k. Since K is
simply connected by hypothesis 4, we can smoothly choose bases for S(y) and U(y).
Changing the coordinates to in terms of these new bases, we can set x = (a,b), where
a ∈ Rℓ and b ∈ Rk, so that our equations have the form

a′ = A(y)a + F1(x,y, ε),
b′ = B(y)b + F2(x,y, ε),
y′ = εg(x,y, ε),

(7)

where σ(A(y)) ⊂ {λ |Re(λ) < 0} and σ(B(y)) ⊂ {λ |Re(λ) > 0}. Both F1 and
F2 consist of any higher order terms in x, y for each ε; to be precise, we have the
estimates |Fi| ≤ γ(|x| + ε), i = 1, 2 and γ can be taken to be as small as desired by
restricting to a set with |a| and |b| small.
With this notation established, we can determine W s(Mε) and W u(Mε) as graphs
and give the following restatement of theorem 3.

Theorem 5 (Fenichel’s Second Theorem for graph version). 2

If ε > 0, but sufficiently small, then ,for some ∆ > 0,

(a) there is a function a = hs(b,y, ε) defined for y ∈ K and |b| ≤ ∆, so that
the graph W s(Mε) = {(a,b,y) | a = hs(b,y, ε)} is locally invariant under (7).
Moreover, hs(b,y, ε) is Cr in (b,y, ε) for any r < +∞.

(b) there is a function b = hu(a,y, ε) defined for y ∈ K and |b| ≤ ∆, so that
the graph W u(Mε) = {(a,b,y) |b = hu(a,y, ε)} is locally invariant under (7).
Moreover, hu(a,y, ε) is Cr in (a,y, ε) for any r < +∞.

These theorems also apply when ε = 0 and provide the stable and unstable man-
ifolds of the known critical manifold, the existence of which is also guaranteed by
the usual stable and unstable manifold theorems at critical points. These latter two
theorems then assert that these manifolds, W s(Mε) and W u(Mε), are perturbed from
W s(M0) and W u(M0) respectively. Theorem 1 can be concluded from Theorem 3 by
taking the intersection of W s(Mε) with W u(Mε). Locally, the Implicit Function The-
orem gives the intersection as a graph, and these functions can be patched together
since K is a compact set. Moreover, we need only give the stable manifold, as that
of the unstable manifold follows immediately by a reversal of time.

2.2 Hopf Bifurcation

In this subsection, we review Hopf Bifurcation. For more details we refer to [26].
2we may refer to [24], P. 63
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2.2.1 Basic assumptions

First, we consider a continuous-time system depending on a parameter.

ẋ = f(x, µ), x ∈ Rn, µ ∈ R, (8)

where f is smooth with respect to both x and µ. If x = x0 be a hyperbolic equilibrium
in the system for µ = µ0 then under a small parameter variation the equilibrium moves
slightly but remains hyperbolic. In general, there are only two ways in which the
hyperbolicity condition can be violated. Either a simple real eigenvalue approaches
zero and we have λ1 = 0, or a pair of simple complex eigenvalues reaches the imaginary
axis and we have λ1,2 = ±iω0, ω0 > 0 for some value of the parameter.

Definition 4. We say that a fixed point of the system (8) has the Hopf (or Poincaré–
Andronov–Hopf ) bifurcation at µ = µ0 if a fixed point of the system (8) at µ = µ0 has
λ1,2 = ±iω0, ω0 > 0 and a small perturbation at µ = µ0 results in stable or unstable
limit cycle from the fixed point.

We suppose that the system (8) satisfy the following assumptions.

Assumption 1. Assume that (0, 0) ∈ Rn×R is the fixed point of (8), i.e., f(0, 0) = 0.

Assumption 2. Assume that Dxf(0, 0) has two purely imaginary eigenvalues with
the remaining n− 2 eigenvalues having nonzero real parts.

2.2.2 Example

Example. Consider the following planar system depending on one parameter µ:{
ẋ = −y + µx− x(x2 + y2),

ẏ = x+ µy − y(x2 + y2),
(9)

This system has the equilibrium (0, 0) for all µ with the Jacobian matrix

A =

[
µ −1

1 µ

]
having eigenvalues λ1,2 = µ ± i. For µ = 0, the linearized equations of system (9)
have a center, and as µ varies from negative to positive, the fixed point changes from
a stable focus to an unstable focus. Thus the system (9) has a Hopf bifurcation at
µ = 0.
In polar coordinates, {

ṙ = µr − r3,

θ̇ = 1.

We see that at µ = 0 the system has a stable focus at origin and for µ > 0 the system
has a stable limit cycle

γµ(t) =
√
µ (cos t, sin t).

8



2.2.3 Center manifold reduction

Under assumptions 1 and 2, by the center manifold theorem, we know that the
orbit structure near (x, µ) = (0, 0) is determined by the vector field (8) restricted to
the center manifold. This restriction gives us a one-parameter family of vector fields
on a two-dimensional center manifold. On the center manifold the vector field (8) has
the following form[

ẋ1

ẋ2

]
=

[
Reλ(µ) −Imλ(µ)

Imλ(µ) Reλ(µ)

][
x1

x2

]
+

[
g1(x1, x2, µ)

g2(x1, x2, µ)

]
, (10)

(x1, x2, µ) ∈ R×R×R and where g1 and g2 are nonlinear in x1 and x2 and λ(µ), λ(µ)
are the eigenvalues of the vector field linearized about the fixed point at the origin.
Let λ(µ) = α(µ) + iω(µ) then, by assumption, we have α(0) = 0 and ω(0) ̸= 0.

2.2.4 Preparation for statement of the Poincaré–Andronov–Hopf Bifur-
cation theorem

We transform (10) into normal form. The normal form was found to be

ẋ = α(µ)x− ω(µ)y + (a(µ)x− b(µ)y)(x2 + y2) +O(|x|5, |y|5),
ẏ = ω(µ)x+ α(µ)y + (b(µ)x+ a(µ)y)(x2 + y2) +O(|x|5, |y|5).

(11)

In polar coordinates (11) is given by

ṙ = α(µ)r + a(µ)r3 +O(r5),

θ̇ = ω(µ) + b(µ)r2 +O(r4).
(12)

Because we are interested in the dynamics near µ = 0, it is natural to Taylor expand
the coefficients in (12) about µ = 0. Equation (12) becomes

ṙ = α′(0)µr + a(0)r3 +O(µ2r, µr3, r5),

θ̇ = ω(0) + ω′(0)µ+ b(0)r2 +O(µ2, µr2, r4).
(13)

where ′ denotes differentiation with respect to µ and we have used the fact that
α(0) = 0.

2.2.5 The Poincaré–Andronov–Hopf Bifurcation theorem

Theorem 6. [The Poincaré–Andronov–Hopf Bifurcation Theorem] 3

Consider the full normal form (13).
Then, for µ sufficiently small, Case 1, Case 2, Case 3, and Case 4 described below
hold.

3we may refer to [26], P. 384
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Case 1: α′(0) > 0, a(0) > 0.
In this case the origin is an unstable fixed point for µ > 0 and an asymptotically
stable fixed point for µ < 0, with an unstable periodic orbit for µ < 0.
Case 2: α′(0) > 0, a(0) < 0.
In this case the origin is an asymptotically stable fixed point for µ < 0 and an unstable
fixed point for µ > 0, with an asymptotically stable periodic orbit for µ > 0.
Case 3: α′(0) < 0, a(0) > 0.
In this case the origin is an unstable fixed point for µ < 0 and an asymptotically
stable fixed point for µ > 0, with an unstable periodic orbit for µ > 0.
Case 4: α′(0) < 0, a(0) < 0.
In this case the origin is an asymptotically stable fixed point for µ < 0 and an unstable
fixed point for µ > 0, with an asymptotically stable periodic orbit for µ < 0.

3 Synchronous Equations in Hindmarsh-Rose Net-
works

To derive synchronous equations in Hindmarsh-Rose Networks, we begin with the
introduction of the Hindmarsh-Rose equation which governs the dynamics of single
neuron. The equation has the following form.

ẋ = f(x) + y − z + q,

ẏ = −y − 5x2 + 1,

ż = µ(b(x− x0)− z),

(14)

where f(x) = ax2 − x3 and a, b, q, x0 and µ are parameters. Moreover, µ is small
parameter (0 < µ ≪ 1). We are now in a position to consider a network of excita-
tory HR neurons with bidirectional electrical coupling and unidirectional excitatory
chemical coupling. The equations of motion are the following. For i = 1, . . . , n,

ẋi = f(xi) + yi − zi + q + σ
n∑

j=1

gijxj − gs(xi − v)
n∑

j=1

cijp(xj),

ẏi = −yi − 5x2
i + 1,

żi = µ(b(xi − x0)− zi),

(15)

where
G =: (gij),

n∑
j=1

gij = 0 for all i,

C =: (cij), cij = 0 or 1, cii = 0,
n∑

j=1

cij = k for all i,

D =: (dij), and dij =

{
−k if i = j,
cij if i ̸= j,

gs is the strength of chemical coupling, v is the synaptic reversal potential, p(xj) =

10



1

1 + e−λ(xj−θs)
is the chemically synaptic coupling function, k represents the number

of chemical signals each neuron receives, and σ is the coupling strength for electrical
synapses via gap junctions.
We next describe the synchronous equation of HR network (15). On the synchronous
manifold { (x1, y1, z1) = (x2, y2, z2) = · · · = (xn, yn, zn) = (x, y, z) }, dynamics of HR
network is governed by the following equations:

ẋ = f(x) + y − z + q − kgs(x− v)p(x)

ẏ = −y − 5x2 + 1,

ż = µ(b(x− x0)− z),

(16)

where f(x) = ax2−x3, p(x) = 1
1+e−λ(x−θs)

and a, b, q, x0, µ, v, λ and θs are parameters.
Moreover, µ is small parameter (0 < µ ≪ 1).
In [23], it was reported numerically that synchronous equation (16) generate some
various mutisatable states as the parameter kgs varies. Specifically, with the choice
of the parameters a = 2.6, b = 4, q = 4, x0 = −1.6, v = 4, λ = 10, θs = −0.25
and the small parameter µ = 0.01, they are able to observe the following mutistable
states with various range of kgs, which are summarized in Table 1.

Table 1: The dynamics of synchronous equation (16) with various range of kgs. The
multi-stability of (16) is observed with kgs ∈ [0.809, 0.85].

kgs kgs < 0.808 0.809 ≤ kgs ≤ 0.813 0.814 ≤ kgs ≤ 0.85 kgs ≥ 0.87
Stable regular bursting Stable regular bursting

Types Stable regular bursting Stable steady state
Stable periodic solution Stable steady state

4 Dynamics of Synchronous Equations

In view of equation of (1), we first note that the corresponding fast and slow
variables in (16) are, respectively, x = (x, y) ∈ R2 and y = z ∈ R. Consequently, the
fast limiting system of (16) has the following form ẋ = 2.6x2 − x3 + y − z + 4− kgs(x− 2)

1

1 + e−10(x+0.25)
,

ẏ = −y − 5x2 + 1,
(17a)

ż = 0, (17b)
where z is regarded as a parameter. To apply geometric singular perturbation theory
to equation (16), we shall construct a suitable critical manifold as well as the local
and global geometric properties of the fast limiting system (17).
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4.1 Critical manifolds

In this subsection, we shall choose critical manifolds with respect to equation (16).
Let

Nkgs = {(x, y, z) ∈ R3 | 2.6x2−x3+y−z+4−kgs(x−2)
1

1 + e−10(x+0.25)
= 0 and−y−5x2+1 = 0}.

For each fixed z, Nkgs contains the set of the equilibriums of the fast subsystem Eq.
(17a). The geometric singular perturbation theory needs to define a critical manifold
from Nkgs which satisfies Hypotheses 1, 2 and 5 of Eq. (16).
Let (x, y, z) ∈ Nkgs then

y = 1− 5x2

z = 2.6x2 − x3 + (1− 5x2) + 4− kgs(x− 2)
1

1 + e−10(x+0.25)

= −2.4x2 − x3 + 5− kgs(x− 2)
1

1 + e−10(x+0.25)

Let (x0, y0, z0) ∈ Nkgs and let x̃ = x− x0, ỹ = y − y0, z̃ = z − z0.

˙̃x = ẋ = 2.6x2 − x3 + y − z + 4− kgs(x− 2)
1

1 + e−10(x+0.25)

= 2.6(x̃+ x0)
2 − (x̃+ x0)

3 + (ỹ + y0)− (z̃ + z0) + 4− kgs((x̃+ x0)− 2)
1

1 + e−10((x̃+x0)+0.25)

= 2.6(x̃2 + 2x0x̃+ x2
0)− (x̃3 + 3x2

0x̃+ 3x0x̃
2 + x3

0) + (ỹ + y0)− (z̃ + z0)

+ 4− kgs(x̃+ x0 − 2)
1

1 + e−10((x̃+x0)+0.25)

= −x̃3 + (2.6− 3x0)x̃
2 + (5.2x0 − 3x2

0)x̃+ ỹ − z̃ + (2.6x2
0 − x3

0 + y0 − z0 + 4)

− kgs(x̃+ x0 − 2)
1

1 + e−10((x̃+x0)+0.25)

˙̃y = ẏ = −y − 5x2 + 1 = −(ỹ + y0)− 5(x̃+ x0)
2 + 1

= −ỹ − 5x̃2 − 10x0x̃+ (−y0 − 5x2
0 + 1) = −ỹ − 5x̃2 − 10x0x̃

˙̃z = ż = 0.

To determine the stability and bifurcation points of a critical manifold which is a
subset of Nkgs , consider the linearized equation of above system

˙̃x

˙̃y

˙̃z

 =


5.2x0 − 3x2

0 −
kgs(1+e−10(x0+0.25))+10kgs(x0−2)e−10(x0+0.25)

(1+e−10(x0+0.25))2
1 −1

−10x0 −1 0

0 0 0




x̃

ỹ

z̃


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det


5.2x0 − 3x2

0 −
kgs(1+e−10(x0+0.25))+10kgs(x0−2)e−10(x0+0.25)

(1+e−10(x0+0.25))2
− λ 1 −1

−10x0 −1− λ 0

0 0 −λ


= −λ det

 5.2x0 − 3x2
0 −

kgs(1+e−10(x0+0.25))+10kgs(x0−2)e−10(x0+0.25)

(1+e−10(x0+0.25))2
− λ 1

−10x0 −1− λ


= −λ[λ2 + (3x2

0 − 5.2x0 +
kgs(1 + e−10(x0+0.25)) + 10kgs(x0 − 2)e−10(x0+0.25)

(1 + e−10(x0+0.25))2
+ 1)λ

+(3x2
0 + 4.8x0 +

kgs(1 + e−10(x0+0.25)) + 10kgs(x0 − 2)e−10(x0+0.25)

(1 + e−10(x0+0.25))2
)]

Now, we consider the characteristic equation of the linearized equation that is im-
portant to determine the stability and bifurcation points of the corresponding critical
manifold.
Let

Dkgs(x0, λ) = λ2 + (3x2
0 − 5.2x0 +

kgs(1 + e−10(x0+0.25)) + 10kgs(x0 − 2)e−10(x0+0.25)

(1 + e−10(x0+0.25))2
+ 1)λ

+(3x2
0 + 4.8x0 +

kgs(1 + e−10(x0+0.25)) + 10kgs(x0 − 2)e−10(x0+0.25)

(1 + e−10(x0+0.25))2
),

Skgs(x0) = 3x2
0 − 5.2x0 +

kgs(1 + e−10(x0+0.25)) + 10kgs(x0 − 2)e−10(x0+0.25)

(1 + e−10(x0+0.25))2
+ 1

and

Pkgs(x0) = 3x2
0 + 4.8x0 +

kgs(1 + e−10(x0+0.25)) + 10kgs(x0 − 2)e−10(x0+0.25)

(1 + e−10(x0+0.25))2

then the sum of the roots of Dkgs(x0, λ) is −Skgs(x0) and the product of the roots of
Dkgs(x0, λ) is Pkgs(x0) for any x0 ∈ Nkgs .

From the Figure 2-5, we have
R+− for x5 < x0 < x6.

C++ for x3 < x0 < x4.

C−− for x7 < x0 < x3 or for x4 < x0 < x8.

R−− for x0 < x5, for x6 < x0 < x7 or for x8 < x0.

The number of characteristic roots with positive or negative real parts of Dkgs(x0, λ) =
0 with x0 in different regions, where R−−(R++) denotes two negative(positive) real
roots, R+− denotes one positive and one negative real roots, C−−(C++) denotes two
complex roots with negative(positive) real part.
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Figure 2: −Skgs(x0) and Pkgs(x0) for kgs = 0.8.
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Figure 4: −Skgs(x0) and Pkgs(x0) for kgs = 0.83.
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Figure 5: −Skgs(x0) and Pkgs(x0) for kgs = 0.88.
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Let

M0(kgs; δ) = { (x, y, z) ∈ R3 |

2.6x2 − x3 + y − z + 4− kgs(x− 2)
1

1 + e−10(x+0.25)
= 0, −y − 5x2 + 1 = 0,

x ∈ [−2, 2.5] butx /∈
6∪

i=3

B(xi; δ) }

be a critical manifold which satisfies the Hypotheses 1, 2 and 5 of Eq. (16) from Nkgs

for some 0 < δ ≪ 1 then we can apply Geometric Singular Perturbation Theory to
Eq. (16).

4.2 Dynamics on the fast subsystem (17a)

In this subsection, we consider the dynamics on the fast subsystem (17a) with
fixed kgs and treat z as the bifurcation parameter in [−5, 8].

4.2.1 kgs = 0.8

First, we consider kgs = 0.8. When z varies, we discover twelve types of dynamical
behaviors in numerical simulation. The tables (2 – 4) are the range of these types.

Table 2: The dynamics of the fast subsystem (17a) with various range of z. x4 ≈
1.2554(z ≈ −0.1653), x5 ≈ −1.6(z ≈ 2.9520).

z −5 ≤ z < −0.1653 −0.1653 < z < 2.9520 2.9520 < z ≤ 3.2 3.3 ≤ z ≤ 3.4
Types Type I (see Figure (6(a))) Type II (see Figure (6(b))) Type III (see Figure (6(c))) Type IV (see Figure (6(d))

Table 3: The dynamics of the fast subsystem (17a) with various range of z. 4.2 <
zHB1 < 4.3.

z 3.5 ≤ z ≤ 4.1 zHB1 4.3 ≤ z ≤ 4.8 4.9 ≤ z ≤ 5.2
Types Type V (see Figure (6(e)) Type VI (see Figure (6(f)) Type VII (see Figure (7(a)) Type VIII (see Figure (7(b))
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Table 4: The dynamics of the fast subsystem (17a) with various range of z. 5.2 <
zHB2 < 5.3, x3 ≈ 0.47396(z ≈ 5.5744) and x6 ≈ 0.026356(z ≈ 6.4836).

z zHB2 5.3 ≤ z < 5.5744 5.744 < z < 6.4836 6.4836 < z ≤ 8
Types Type IX (see Figure (7(c)) Type X (see Figure (7(d)) Type XI (see Figure (7(e)) Type XII (see Figure (7(f))
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(b) Type II; z = 2 has only one unstable fixed
point and only one stable periodic orbit
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(f) Type VI; zHB1 is a parameter for Homoclinic
Bifurcation, where 4.2 < zHB1 < 4.3.

Figure 6: For kgs = 0.8, x− y plane for z is a parameter.
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(c) Type IX; zHB2 is a parameter for Homoclinic
Bifurcation, where 5.2 < zHB2 < 5.3.
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Figure 7: For kgs = 0.8, x− y plane for z is a parameter.
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4.2.2 kgs = 0.81

Second, we consider kgs = 0.81. When z varies, we discover thirteen types of
dynamical behaviors in numerical simulation. The tables (5 – 8) are the range of
these types.

Table 5: The dynamics of the fast subsystem (17a) with various range of z. x4 ≈
1.2511(z ≈ −0.1081), x5 ≈ −1.6(z ≈ 2.9520).

z −5 ≤ z < −0.1081 −0.1081 < z < 2.9520 2.9520 < z ≤ 3.31 3.32 ≤ z ≤ 3.46
Types Type I (see Figure (8(a))) Type II (see Figure (8(b))) Type III (see Figure (8(c))) Type IV (see Figure (8(d))

Table 6: The dynamics of the fast subsystem (17a) with various range of z. 4.2 <
zHB1 < 4.3.

z 3.47 ≤ z ≤ 3.56 3.6 ≤ z ≤ 4.2 zHB1 4.3 ≤ z ≤ 4.8
Types Type V (see Figure (8(e)) Type VI (see Figure (8(f)) Type VII (see Figure (9(a)) Type VIII (see Figure (9(b))

Table 7: The dynamics of the fast subsystem (17a) with various range of z. x3 ≈
0.47836(z ≈ 5.5730), x6 ≈ 0.026473(z ≈ 6.5021) and 5.2 < zHB2 < 5.3.

z 4.9 ≤ z ≤ 5.2 zHB2 5.3 ≤ z < 5.5730 5.5730 < z < 6.5021
Types Type IX (see Figure (9(c)) Type X (see Figure (9(d)) Type XI (see Figure (9(e)) Type XII (see Figure (9(f))

Table 8: The dynamics of the fast subsystem (17a) with various range of z.

z 6.5021 < z ≤ 8
Types Type XIII (see Figure (9(g))
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(a) Type I; z = −0.5 has only one stable fixed
point
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(b) Type II; z = 2 has only one unstable fixed
point and only one stable periodic orbit
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(c) Type III; z = 3.2 has three fixed point and
only one stable periodic orbit
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(d) Type IV;z = 3.4
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(f) Type VI; z = 3.8

Figure 8: For kgs = 0.81, x− y plane for z is a parameter.
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(a) Type VII; zHB1 is a parameter for Homoclinic
Bifurcation, where 4.2 < zHB1 < 4.3
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(b) Type VIII; z = 4.6
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(d) Type X; zHB2 is a parameter for Homoclinic
Bifurcation, where 5.2 < zHB2 < 5.3
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Figure 9: For kgs = 0.81, x− y plane for z is a parameter.
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4.2.3 kgs = 0.83

Third, we consider kgs = 0.83. When z varies, we discover twelve types of dy-
namical behaviors in numerical simulation. The tables (9 – 11) are the range of these
types.

Table 9: The dynamics of the fast subsystem (17a) with various range of z. x4 ≈
1.2423(z ≈ 0.0075), x5 ≈ −1.6(z ≈ 2.9520).

z −5 ≤ z < 0.0075 0.0075 < z < 2.9520 2.9520 < z ≤ 3.4 3.5 ≤ z ≤ 3.8
Types Type I (see Figure (10(a))) Type II (see Figure (10(b))) Type III (see Figure (10(c))) Type IV (see Figure (10(d))

Table 10: The dynamics of the fast subsystem (17a) with various range of z. 4.3 <
zHB1 < 4.4.

z 3.9 ≤ z ≤ 4.3 zHB1 4.4 ≤ z ≤ 4.6 4.7 ≤ z ≤ 5.2
Types Type V (see Figure (10(e)) Type VI (see Figure (10(f)) Type VII (see Figure (11(a)) Type VIII (see Figure (11(b))

Table 11: The dynamics of the fast subsystem (17a) with various range of z. 5.2 <
zHB2 < 5.3, x3 ≈ 0.48731(z ≈ 5.5691) and x6 ≈ 0.026702(z ≈ 6.5393).

z zHB2 5.3 ≤ z < 5.5691 5.5691 < z < 6.5393 6.5393 < z ≤ 8
Types Type IX (see Figure (11(c)) Type X (see Figure (11(d)) Type XI (see Figure (11(e)) Type XII (see Figure (11(f))
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(b) Type II; z = 2 has only one unstable fixed
point and only one stable periodic orbit
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(c) Type III; z = 3.2 has three fixed point and
only one stable periodic orbit
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Figure 10: For kgs = 0.83, x− y plane for z is a parameter.
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(a) Type VII; z = 4.6
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(c) Type IX; zHB2 is a parameter for Homoclinic
Bifurcation, where 5.2 < zHB2 < 5.3
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(f) Type XII; z = 7

Figure 11: For kgs = 0.83, x− y plane for z is a parameter.

24



4.2.4 kgs = 0.88

Finally, we consider kgs = 0.8. When z varies, we discover eleven types of dynam-
ical behaviors in numerical simulation. The tables (12 – 14) are the range of these
types.

Table 12: The dynamics of the fast subsystem (17a) with various range of z. x4 ≈
1.2194(z ≈ 0.3047), x5 ≈ −1.6(z ≈ 2.9520).

z −5 ≤ z < 0.3047 0.3047 < z < 2.9520 2.9520 < z ≤ 3.5 3.6 ≤ z ≤ 3.7
Types Type I (see Figure (12(a))) Type II (see Figure (12(b))) Type III (see Figure (12(c))) Type IV (see Figure (12(d))

Table 13: The dynamics of the fast subsystem (17a) with various range of z. 4.3 <
zHB1 < 4.4, 5.1 < zHB2 < 5.2.

z 3.8 ≤ z ≤ 4.3 zHB1 4.4 ≤ z ≤ 5.1 zHB2

Types Type V (see Figure (12(e)) Type VI (see Figure (12(f)) Type VII (see Figure (13(a)) Type VIII (see Figure (13(b))

Table 14: The dynamics of the fast subsystem (17a) with various range of z. x3 ≈
0.51063(z ≈ 5.5511) and x6 ≈ 0.027245(z ≈ 6.6321).

z 5.2 ≤ z < 5.5511 5.5511 < z < 6.6321 6.6321 < z <≤ 8
Types Type IX (see Figure (13(c)) Type X (see Figure (13(d)) Type XI (see Figure (13(e))
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(a) Type I; z = −0.5 has only one stable fixed
point
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(b) Type II; z = 2 has only one unstable fixed
point and only one stable periodic orbit
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(c) Type III; z = 3.2 has three fixed point and
only one stable periodic orbit
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(f) Type VI; zHB1 is a parameter for Homoclinic
Bifurcation, where 4.3 < zHB1 < 4.4

Figure 12: For kgs = 0.88, x− y plane for z is a parameter.
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(a) Type VII; z = 4.6
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(b) Type VIII; zHB2 is a parameter for Homoclinic
Bifurcation, where 5.1 < zHB2 < 5.2
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(d) Type X; z = 6
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(e) Type XI; z = 7

Figure 13: For kgs = 0.88, x− y plane for z is a parameter.
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4.3 Numerical results for various of kgs

In this subsection, we show some pictures which associates with a solution orbit
of Eq. (16).
(I) First we consider the case that kgs < 0.808. From table (1), the attractor is unique
regular bursting. In numerical simulation, we choose kgs = 0.8 with two distinct ini-
tial values x(i)

0 = (x
(i)
0 , y

(i)
0 , z

(i)
0 ), i = 1, 2 (See Figures 14 and 15), where z

(1)
0 in Type

I (see Figure (6(a)) and z
(2)
0 in Type VII (see Figure (7(a)).

(II) Second we consider the case that 0.809 ≤ kgs ≤ 0.813. From table (1), the
attractors have only two types regular bursting and periodic solution. In numerical
simulation, we choose kgs = 0.81 with two distinct initial values x(i)

0 = (x
(i)
0 , y

(i)
0 , z

(i)
0 ),

i = 1, 2 (See Figures 16 and 17), where z
(1)
0 in Type XI (see Figure (9(e)) and z

(2)
0 in

Type I (see Figure (8(a)).
(III) Third we consider the case that 0.814 ≤ kgs ≤ 0.85. From table (1), the attrac-
tors have only two types regular bursting and steady state. In numerical simulation,
we choose kgs = 0.83 with three distinct initial values x(i)

0 = (x
(i)
0 , y

(i)
0 , z

(i)
0 ), i = 1, 2, 3

(See Figures 18, 19 and 20), where z
(1)
0 in Type V (see Figure (10(e)), z(2)0 in Type I

(see Figure (10(a)) and z
(3)
0 in Type XII (see Figure (11(f)).

(IV) Finally we consider the case that kgs ≥ 0.87. From table (1), the attractor is
unique steady state. In numerical simulation, we choose kgs = 0.88 with two distinct
initial values x(i)

0 = (x
(i)
0 , y

(i)
0 , z

(i)
0 ), i = 1, 2 (See Figures 21 and 22), where z

(1)
0 in

Type VII (see Figure (13(a)) and z
(2)
0 in Type I (see Figure (12(a)).

Note:

1. for kgs = 0.8, we have x3 ≈ 0.47396, x4 ≈ 1.2554, x5 ≈ −1.6, x6 ≈ 0.026356,
x7 ≈ 0.037626 and the unstable fixed point is roughly (0.020838, 0.99783, 6.4834).

2. for kgs = 0.81, we have x3 ≈ 0.47836, x4 ≈ 1.2511, x5 ≈ −1.6, x6 ≈ 0.026473,
x7 ≈ 0.037649 and the unstable fixed point is roughly (0.02553, 0.99674, 6.5021).

3. for kgs = 0.83, we have x3 ≈ 0.48731, x4 ≈ 1.2423, x5 ≈ −1.6, x6 ≈ 0.026702,
x7 ≈ 0.037694 and the unstable fixed point is roughly (0.034704, 0.99398, 6.5388).

4. for kgs = 0.88, we have x3 ≈ 0.51063, x4 ≈ 1.2194, x5 ≈ −1.6, x6 ≈ 0.027245,
x7 ≈ 0.037803 and the unstable fixed point is roughly (0.056546, 0.98401, 6.6262).
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Figure 14: For kgs = 0.8, a solution orbit of Eq. (16) with initial values x
(1)
0 = 1.48,

y
(1)
0 = −9.952, z(1)0 = −3.0828.
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Figure 15: For kgs = 0.8, a solution orbit of Eq. (16) with initial values x
(2)
0 = 0.7,

y
(2)
0 = −1.45, z(2)0 = 4.5209.
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Figure 16: For kgs = 0.81, a solution orbit of Eq. (16) with initial values x(1)
0 = 0.04,

y
(1)
0 = 0.992, z(1)0 = 6.5009.
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Figure 17: For kgs = 0.81, a solution orbit of Eq. (16) with initial values x(2)
0 = 1.48,

y
(2)
0 = −9.952, z(2)0 = −3.0776.
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Figure 18: For kgs = 0.83, a solution orbit of Eq. (16) with initial values x
(1)
0 = 0.8,

y
(1)
0 = −2.2, z(1)0 = 3.948.
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Figure 19: For kgs = 0.83, a solution orbit of Eq. (16) with initial values x(2)
0 = 1.48,

y
(2)
0 = −9.952, z(2)0 = −3.0672.
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Figure 20: For kgs = 0.83, a solution orbit of Eq. (16) with initial values x
(3)
0 =

0.039603, y(3)0 = 0.99412, z(3)0 = 6.5427.
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(d) Projection on x− y plane

Figure 21: For kgs = 0.88, a solution orbit of Eq. (16) with initial values x(1)
0 = −0.38,

y
(1)
0 = 0.278, z(1)0 = 5.1569.
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Figure 22: For kgs = 0.88, a solution orbit of Eq. (16) with initial values x(2)
0 = 1.48,

y
(2)
0 = −9.952, z(2)0 = −3.0412.

4.4 Analysis and conclusions

First, by The Poincaré–Andronov–Hopf Bifurcation Theorem, we have a Hopf
bifurcation at kgs ≈ 0.8131 and there exists stable periodic solution to kgs < 0.8131
(see Figure (23)).

Second, from subsection 4.1, we have

M0(kgs; δ) = { (x, y, z) ∈ R3 |

2.6x2 − x3 + y − z + 4− kgs(x− 2)
1

1 + e−10(x+0.25)
= 0, −y − 5x2 + 1 = 0,

x ∈ [−2, 2.5] butx /∈
6∪

i=3

B(xi; δ) }

is a critical manifold which satisfies the Hypotheses 1, 2 and 5 of Eq. (16) from Nkgs

for some chosen 0 < δ ≪ 1 (e.g. δ = 0.0001) then we can apply Fenichel’s Second
Theorem (theorem (3)) to Eq. (16). From subsection 4.2, we have the stable and
unstable manifold of the equilibriums of the fast subsystem Eq. (36). So we know
what are W s(M0) and W u(M0). Thus by Fenichel’s Second Theorem (Theorem (3)),
there exists manifolds W s(Mε) and W u(Mε) that are O(ε) close and are diffeomorphic
to W s(M0) and W u(M0) respectively, and they are each locally invariant under the
flow of system (16), and Cr, including in ε, for any r < ∞. The large scale behaviors
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that usually involve bursting can be explained (Figure 14, 15, 17, 18, 19, 21 and 22).
This illustrates the power of using Singular perturbation theory to understand the
global dynamical properties of realistic biological systems.
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Figure 23: The eigenvalues (λ1 = x1 + iy1, λ2 = x2 + iy2 and λ3 = x3 + iy3) of
equilibrium of (16) to kgs. Reλ2 = 0 and Reλ3 = 0 at kgs ≈ 0.8131.
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