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Two-Dimensional CNN with General Template

Global Patterns

student Hsing-Chi Hsu Advisors Dr.Song-Sun Lin

Department of Applied Mathematics
National Chiao Tung University

ABSTRACT

In this paper, we investigate how to extend 3x3 patterns to 4x4 patterns and

then we can use transition matrices created by Ban and Lin to study pattern gen-

eration problems. From the viewpoint of forbidden sets, if C, is a forbidden

pattern in 25,5, then we can find the forbidden set in Yias iS F(c)=F(c)u

F,(c,)w FK(c,)uF,(c), it means collecting all 4x4 patterns which C, located

in the first, second, third, and the fourth quadrant of 4x4 patterns respectively,

then we also can find the transition matrix. Therefore, in two-dimensional CNN
with general template, we have knew the admissible local patterns, then we can
find global patterns by the recursive formula of transition matrix, Furthermore,

we can use connecting operators to estimate a lower bound of spatial entropy.
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1 Introduction

Many systems have been studied as models for spatial pattern formation in bi-
ology,chemistry, engineering and physics.In Lattice Dynamical Systems(LDS), especially
Cellular Neural Networks(CNNs) which has been proposed by Chua and Young, the set of
global stationary solutions(global patterns) has received considerable attention in recent

years.The CNNs without input terms are of the form

dtd = —Tj;+ Z i f (Tisngre) +2, (i,) € 22, (1.1)
k| <1L,[e|<1
23(0) = 7 (1.2)

Here the nonlinearity f is a piecewise-linear function of the form
1
flo) = glaskdig e —1)). (1.3)

The numbers ay, |k| < 1,|¢| <A, k¢ & Z,are-arranged in a 3 x 3 matrix form, which is

called a space-invariant A-template

a1 ao,1 aj1
A= a-i1plirapo 10 (1-4)
a-1,-1 Go,—-1 @1,-1

The quantities x;; denote the state of a cell C; ;. If z;; > 1(resp. x;; < —1), then its
corresponding cell C; ; is called a positively (resp. negatively) saturated cell and the state
is called + (resp. -) state. A situation in which |z; ;| = 1 (resp. |z;;| < 1) is called a
transitional or marginal state (resp. or linear state). The output of a cell C; ; defined as
vi; = f(xi;), equals 1,-1 and z; ; when x; ; is a +,- and linear, respectively. The quantity
2z is called threshold or bias term which is related to an independent voltage source in an
electrical circuit.

Lattices play an important role in many scientific models, such as in modeling under-
lying spatial structures. Notable examples include models arising from biology,chemical
reaction and phase transitions,image processing and pattern recognition, and material

sclence.



As generally known, stationary solutions z = (z;;) of (1.1) are essential for under-
standing CNN systems; their outputs § = (f(z;;)) are called patterns. Juang and Lin
[12]used ”building block” technique to study the patterns generation and obtained lower
bounds of the spatial entropy for CNN with square-cross or diagonal-cross templates. For
CNN with general templates, Hsu et al [11] investigated the generation of admissible local
patterns and obtained the basic set for any parameter, i.e., the first step in studying the
patterns generation problem. Later, Ban and Lin [14] constructed the ”ordering matrix”
X, for Ygpxe to study the patterns generation and obtained recursion formulas for X,, for
Yorxne Where £ > 1 is a fixed positive integer and n < 2. The recursive formulas for X,,
imply the recursive formula for the associated transition matrices H,,(B) of Xosxne(B).

Motivated by the transition matrices in [1], this work introduce how to find global pat-
terns for each general template A and threshold z. First, we extension 3 x 3 admissible
local patterns to 4 x 4 admissible loeal patterns, when given a basic set for any parame-
ter. The method is considering tlhie forbidden set, means that if ¢, is a forbidden pattern in
Y3x3, we define Fy(cx), Fa(cy), Fs(ex) and Fy(ex ) be sets collecting 4 x 4 patterns with ¢,
located at left-down, left-up, right-dewmrand right-up respectively,then we can know that
the forbidden patterns in Y44 is Feg) = Ei(@) U Fa(ck) U F3(ck) U Fy(ck). Therefore, if
B¢ is a forbidden set of local patterns in 3,3, then U F(cy) is the set with all forbidden

cpEBC
local patterns in ¥4.4. Then, we can find out the transition matrix is o(Hs(cx)), cx € BS,

and using the method of Ban and Lin, global patterns can be found, and spatial entropy
l H,,

is known: h(B) = lim —og,o( )

n—oo n

The rest of this paper is organized as follows. Section 2 describes that the parameters

, the detail is in section 3.

space can be divided into finitely many subregions such that in each region (1.1) has the
same mosaic patterns. Section 3 addresses the ordering matrix and transition matrix
of patterns in 4.4, and the rule putting 3 x 3 patterns into 4 x 4 patterns such that
transition matrices can be found in >4,4. Section 4 presents the application of connecting
operators to estimate a lower bound of spatial entropy and take an example to compare

with Juang and Lin’s ”building block” method.



2 Partition of the Parameters Space
In this section,according to [11],we partition the parameters space
PP ={(A,2): A isa 3x3 real matrix and » € R'} (2.1)

into finite subregions such that each region has the same mosaic pattern.

For a given mosaic solution Z, the state at cell C;; is +, i.e. z;; > 1, if and only if
(CL— 1) +z+ Z akjg,q_k,j_;_g > 0, (22)
|&,1€1<1,(k,6)#(0,0)
where a = ag . Similarly, if the state at cell C; ; is —, i.e. Z;; < —1, if and only if
(a—1)—z— Z g Uitk j+e > 0. (2.3)
|kl,[£]<1,(k,£)#(0,0)
2.1 General template

For a given general template, like (1.4)

denote
o= (al,b 1,05 @1,=1, 40,1, @0,<15:04—-1,1, @—1,0, afl,fl)a
and
Vo= (it 1,41 Vit g Yir 115 Yirg 15 Yij—15 Yim 1,4+ 15 Yim 1,4 Yim1,5-1)-
Vector a represents the surrounding template of A without center and vector V' represents

the surrounding outputs at cell C; ;. Therefore, V is called a local pattern associated with

(A, z). we have two sets of parallel straight lines{¢; }*, and {¢; }}_, in (z,a — 1) plane,

here
Liza)=(a-1)+z+a-V;
6 = {(z.0) : £] (z.0) = 0},
Li(za)=(a—1)—z—a-V
and

t; ={(z,a) : £; (2,a) = 0},



for j =1,---, N. In general it may happen that .- V; = « - V; for some 7 # j, and in this
case (; = and (] = (5.
If the values in template A are all different, there are 2% lines for both Ej and ¢}, and

denote the region
k) = {(zra = 1) £ (2,0) > 0> Ly (2.0) and Ly (,0) <0 < Ly,(2,a)}

which is bounded by/f ¢ and ¢,,¢. ., as in Fig. 1.

m) Tm-+ no’“n+

28

n

Fig. 1. Partition of (z,a — 1) plane.

2.2 Square-cross template

If template A is square-cross,e.g.



the 5+ 5 lines are denoted by

(f:(a=1)+2+4b=0, {;:(a—1)—2+4b=0,
0 (a—1)+2+20=0, £y :(a—1)—2+2b=0,
0 (a—1)+2=0, by :(a—1)—2=0,

0f:(a—1)+2-20=0, ¢, :(a—1)—2z—20=0,
Fila—1)+2—-4b=0, {5:(a—1)— 4b = 0.

Then the(z,a — 1) plane can be partition up to 36 subregions. For example, when b > 0,

we have the bifurcation diagram as in Fig.2, details can be found in [12].

a-1

Fig. 2. Partition of (z,a — 1) plane with b > 0.

2.3 Diagonal-cross template

If template A is diagonal-cross, e.g.,



the 5+ 5 lines are denoted by

24+ (a—1)+4c=0,

(a—1)
+ (a — )+2c—0, 05
tla-1)= by
z+ (a— )—20—0 I
+(a—1)—4c= 0z -

1) +4c =0,
1)+ 2c¢ =0,
1) =0,

1) —2c¢=0,
1) —4c¢=0

Then the(z,a — 1) plane can be partition up to 36 subregions like Fig.2.

2.4 Double-cross template

If template A is the form

we denote the 50 lines by

o

+
611

+ .
612 .

+ .
613 .

(
2 (a

(

(

:(a—
0
o
of
0
o
o
0y -
o

+ .
’610 .

(a —
(a —
(a —
(a —
(a —
(a —
(a —
(a —

a —

a

a

—1
-1
-1

1) + 2 +4b4 de =0 U7
1) + z +4b . 2e=10T45 :
1) +z+4b'=9 "/
D4+z+4b—2c=0 4 :
I)+2z+4b—4c=0 {3 :
I)+24+2b+4c=0 {4 :
D424+20+2c=0 {7 :
1)+2+20=0 05
I)4+24+20—2c=0 4y :

) +z24+2b—4c=0 0
)+ z+4c=0 l
)+24+2c=0 1y
)+2=0 U5

—2—4b=0
—2z—4b+2c=0
—2z—4b+4c=0
—2—2b—4c=0
—2—2b—2c=
—2z—2b=
—2—=2b4+2c=0



(i (a=1)+2-2c=0 Oyt (a— z24+2c=0
lf:(a=1)+2z—4c=0 (5 (a— z24+4c=0
Ulo:(a—=1)+2—-2b+4c=0 {15:(a— z2+2b—4c=0
0 i(a—1)+2—=2b+2c=0 {;:(a— z2+2b—2c=10
l(a=1)+2-2b=0 (gt (a— z24+2b=0
o (a—1)+2-2b—2c=0 (1,

a— 2+2b+4c=0
(g :(a—1)+2z—4b+4c=0 [l :
(3 (a—1)+z—4b+2c=0 {5
l3:(a—1)+2—4b=0 oy
03

+ .
£25-

a— z+4b—4c=0

a— z+4b—2¢c=0

z+4b=0

1) -
1) -
1) -
1) -
1) -
a—1)—2+2b+2c=0
1) -
1) -
1) -
a—1)—
1) -

+z—4b—2c=0 /4y :(a— z2+4b+2c=0

( (
( (
( (
( (
( (
( (
lo:ila—=1)+2—-20—4c=0 Ly :(
( (
( (
( (
(a— (
( (

1)
a—1)+z—4b—4c=0 ly:(a—1)—2z+4b+4c=0
Then in each region of (b, ¢) planesas Fig. 5, thé:(z, a — 1) plane can be partitioned up to
26 x 26 subregions. For examplé, when b > 4¢ > 0,‘ we have the bifurcation diagram as in

Fig.6.

Fig. 5. Partition of (b,¢) plane.
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Fig. 6. Partition of (2, ="1) plahe with b > 4¢ > 0.

3 Ordering Matrices and Transition Matrices

This section describes two dimensional patterns generation, and the rule that 3 x 3
patterns putted into 4 x 4 patterns, then we can use pattern generation method to study
the spatial entropy of CNN with general template,square-cross template or diagonal-cross
template.

3.1 Ordering matrices for >, 4

For 2 x 2n pattern U = (ug),1 < k < 2n in Yoy9,,U is assigned the number

2n
i=1+) w2 (3.1)
k=1



As denoted by the 2 x 2n column pattern o,

Tonyi =

Uon—2 Un,
Uon—3 | U2n—1
U2 Uy
Uy Uus

In particular, when n = 2, as denoted byz; = 4,

8
=1+ Z 28_kuk
k=1

and

T~

k.
Up | U8
Us | U7
U™ 1" Uy
U U3

(3.2)

(3.4)

A 4 x 4 pattern can now be obtained by a horizontal direct sum of two 2 x 4 patterns, i.e,

Tiyip = Tiy D Tiy

where

8
@'k:1+228—jukj . 1<k<2.
j=1

Uie | Urg | U6 | U2g
Urs | Ur7 | U2s | U7
Uiz | Ur4 | U2 | U4
Uyl | U13 | U21 | U23

(3.5)

(3.6)

Therefore, the complete set of all 2!6 patterns in 34,4 can be listed by a 256 x 256 matrix

Xo =[x, 4,|With 4 x 4 pattern x;, ;, as its entries in

9
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- -
- - - -
.
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o|lo|lo| o o|lo|lo|l o o ol o ol o ol o o|lo| o
—|— OO
olo| ol o —~|o| o] o o ol o —| wlfo | o —| ~| «
oo |0o|o
o| o o|lo ol o] o|lo o o|lo QU P 22 = | ~| —
ol ~|o|o o ~|o|lo o o| o o —|olle ol «—| o
o« |O|o ©ol°e|lo|lo elelolo o ol o olo|lolo olo|lo
oo |o|o ool oo —| Q| oo o ol o ST | e ~| ~| -
ol ol oo ol ol oo o o|o oS e| ol o ~ | ~| «
~| ool —| ool -~ ol o ~| =lolo ~| ol o
—|O|0|o olo|lo|lo olo|lolo o ol o olo|ole olo|lo
oo |0|o
ol o| ol o ~| o] ol o o ol o || o] o —| ~| «
ol o| o|lo ol o oo o o|lo ol ol o|lo —| | -
o|o|lo| o o|o|o|o o o| o o|o|o|o o| ol o
[ b b o Qo] o ©lo| o o o| o o o lo| o o2 lo
oo |o0|o ool ol o —olol o = ol o -~ alo - =] <
ol ol o|o ol o o|lo o o|lo ol ol o|o —| ~| —
oo|0|o —|O|0|O o oo —|— OO ~|— |
oo |0|o oo |0|o (@ oo oo |o0|o ||

(3.7)

and

(3.8)

X(xihiz)

i.e, we are counting local patterns in ¥4,4 by going through each row successively in Table

(3.7). Correspondingly, X5 can be referred to as an ordering matrix for ;4. Similarly,

a 4 x 4 pattern can also be viewed as a vertical direct sum of two 4 x 2 patterns, i.e,

(3.9)

Yivio = Y D Yjas

10



where

(3.10)

usgi

Urg

Ugl

Us]

U4

Us;

U2y

Uy

(3.11)

<l<2

8
1+ Z 28_kukl, 1
k=1
[Yj1.5.) can be obtained for ¥.4. i.e, we have

Ji

and

A 4 x 4 matrix Y,

[o]ofofo]

[ofolo[1]

[ofo[o[1]

[o]ofo[1]
[ofolo[1]

[o]olofo0]
[ofolol 0]

[ofololdl

~| «~| o] © ~| ~| «~| © ~| ~| o| «~ ~| ~| «—| «~ —| 7| -
~ |~ o| o ~ |~ o| o ~ |~ o| o ~ |~ o| o ~ || -
~| | ol o ~| | ol o ~| | ol o ~| | ol o ~| | -
—| | o|lo —| | o|lo —| | o|o —| | o|lo MR
. .
.
. .
.
. .
. .
. . .
. .
~| ~| o] o ~| ~| ~| © —| ~| o] « bl I o —| ~| «—
olo|ol o olo|ol| o olo|lo| o ele|lo|le o|lo| «
ol o| ol o ol | ol o ol ol ol o elelele ol o| «
ol ol o|lo ol olio| o ol @ oo elelee o| o| «
ol v ol & olFlv| o o~ o — o «~| «| « o| «—| «—
o|o| oo olo|o| o olo|lol o o|lo|o| o o|lo| «
ol o| oo SFSH S, S ol o| of o olo| ol o o|lo| «
o o| oo o8|l oo o| ©o|lo|o ol o o|lo o| of «
—| oo o —| o «| o ~ | olio| « —| o —| — —| o| «
olo|o| o olo|lo| o ololol o olo|lo| o o|lo| «
olo| ol o ol olo|lo olo| ol o ol o| ol o o| o «
ol o| o|lo ol ol o|o ol o o|lo ol ol oo o| o| «
o| ol o|lo ol o ~| o o| o o| « o| o «| « o| o| «
o|lo|lo|lo olo|lo|o olo|lo|lo olo|lo|o olo| «
olo| ol o ool ol o o|lo| o] o olo| ol o olo| «
ol o|lo|o ol ol oo ol ol oo ol ©o|l oo o| O «—
o[ bl ] =[] <[]
EE o2 °9 EE =
|~
EE ol ol EE B
|~
EE olo olo EE

(3.12)

According to [14],the relation between Xs and Y, can be explored. we can discover

11



that X, can be represented by y;, ;, as

Y11

Y117

Y1,15-16+1

Y15-16+1,1

Y15-16+1,17

Y15-16+1,15-16+1

Y1,16

Y1,32

Y1,162

Y15-16+1,16

Y15-16+1,32

Y15-16+1,162

Y16,1

Y16,17

UY16,15-16+1

Y162,1

Y162,17

Y162,15-16+1

Y16,16

Y16,32

Y16,162

Y162,16

Y162,32

Y162,162

In (3.13), the indices ji, j» are arranged by two Z-maps successively, as

I5x16+1 —>  15x16+2 ——>

More precisely,X, can be decomposed by

Y2;15-16+1 Y2;15-164-2

12

16x16

1 — 2 =S iEsg —> 16
17 s 18— 4

167

(3.13)

(3.14)

(3.15)



and

Yk 1

Yk17

Yk,15-164+1 Yk,15-16+2

Yk,2 Yk,16
Yk18 Yk,32
Yk,162

416x16

(3.16)

where X is arranged by a Z-map (Y2y) in (3.15) and each Ys is also arranged by a

Z-map (yy;) in (3.16).Therefor, the indices of y in (3.13) consist of two Z-maps.

Now, we can state recursion formulas for higher ordering matrix X,, = [Zpi1i, 167 x 167

as follows.

Proposition 3.1 ([14])

For any n > 2, Saxon = {Yjyjoeijn > Where 45 oy = Y15 ® - - BYjo_1js 1 < Jr <

162 and 1 < k < n. Furthermore, the ordering. matrix X,, can be decomposed by n Z-maps

successively as

Yoijiog =

forl <k <n-—2, and

Yn;j1~~jn—1 =

Yoiji o gr1516+41

yj17"'

Yjr,e fn—1,17

Yiv, o jn—1,15-16+1

Yn;l Yn;2 Yn;16
Yn;17 Yn;lS Yn;32
Yn;15-16+1 Yv15-16+2 Yn;162
Yoo it Yoo gns2
Yo, et Yoiji, - gu.18
Yn;j1,~-~jk,15'16+2

Jn-1,1 Yju, e gn-1,2

Yjr,e jn—-1,18

Yir,e syn—1,15-16+2

13

Yo,
Yn;j17“

Yn;jl,"

Yji o
Y-

Yjq o

Jk,162

Ik, 16

Jk-32

»Jn—1,16

Jn—1,32

2Jn—1,162




3.1.1 General 3 x 3 patterns
Definition 3.2 X3,3 is the set of all 3 x 3 patterns with two different symbols,i.e,

11| lox | lia
Yaxs = | 1o | loo | lo |: 4 €10,1}
Coy1 | lo-1 | b1

For ¢; € Y343, ¢; is assigned the number
i=1+011+200+2% 1+ 2% + 2% +2%0g 1+ 200 11 + 270 10 +28%0 ;.
Definition 3.3 Given ¢ € Y543,

(i) ¢ is located in the first quadrant(right-up) of the 4 x 4 pattern in (3.5)
Let

U5 = 50,0, Uty = 5—1,—1, Uy7 = €—1,07 Uig = f—l,h

Ugg = 60,71, Ugq = 31,—1, Uz = €0,17 Uo7 = 51,0, Ugg = 51,1-

and let

by = {1+0_11+20_ 1 0+2%u1+2%u15+ 241 1 +2%u13+ 25Uy +2"uyy 1wy € {0,1}}
and

ko = {14011 +2010+2%01 +2%00 0+ 2401 1 +2Pug3+ 2% 1 +27ugy 1 uy; € {0,1}}

Then we define
F1(6k> = {l’,’l’iQ 11 € /ﬁ,ig € ]{32}

be the set of all patterns with index ; satisfy k; and iy satisfy kg in Ygy4.

(i) ¢ is located in the second quadrant(left-up) of the 4 x 4 pattern in (3.5)
Let

U7 = 5070, U2 = 5—1,—1, Uig = 50,—1, Uiy = 5—1,0, Ui = €—1,1, Uig = 50,1,

14



Ugo = 51,717 Ugs = 51,0, Uge = 51,1-

and let

kp = {14+0o1+2000+2%0 1 1+2%0_1 0+2% 1 +2%u13+2%0_ 1 1 +2"uy; uy; € {0,1}}
and

Ky = {1+ ugs + 2uay + 22011 + 2%01 o + 2%y + 2%u93 + 290, 1 +27ug; : uy; € {0,1}}

Then we define

F2(6k> = {l’il@ 11 E k)l,ig € k‘g}

be the set of all patterns with index 4, satisfying k; and iy satisfying ko in Y4.4.

(ili) ¢ is located in the third quadrant(left-down) of the 4 x 4 pattern in (3.5)
Let

Uig = 5070, Ui = 5—1,—1, Ui = 5—1,0, Uiy = 50,—1, Uis = 6—1,1, Urr = go,l,

U1 = €~1,—17 U9y = 51,07 Ugs = 51,1,

and let

ki = {14+uig+2001+2%u16+2%0_114+2%0 0+2°0 1 +2%0 1 o+2"u_y 1 1wy, € {0,1}}
and

ko = {1+ ugg + 2ugr + 2%uge + 2301 1 + 2% ung + 2Pugz + 2501 0 + 2701 1 uy; € {0,1}}

Then we define

F3<6k> = {xil’h : le € kl,ig c ]{?2}

be the set of all patterns with index 4, satisfying k; and iy satisfying ko in Y4.4.
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(iv) ¢ is located in the fourth quadrant(right-down) of the 4 x 4 pattern in (3.5)
Let

Ugg = 50,0, Uz = 5—1,—1, Uig = 5—1707 U7 = 5—1,1,

Ug1 = 50,717 U3 = 51,71, Ugqg = 51,07 Ugq = 51,0> Ugs = 50,1, Uo7 = 61,1-

and let

ki = {1+uig+20_11+2%ui6+2%u15+20 1 0+2°0 1 1 +25uyp+2"uy; ugy € {0,1}}
and

ko = {1+ uas+ 2011 +2%uss +2%0o 1 +24 1 0 +2°01 1 +2%00,04+270p 1 : ug; € {0,1}}

Then we define

F4(Ck) = {x’ilﬂé T l{il,iQ € ]{32}

be the set of all patterns=with index #; satisfying k; and iy satisfying ko in Y4.4.

Definition 3.4 we define F'(cy) he the set collecting all patterns in Fy(cg), Fa(ck), F3(ck)
and Fy(cg), i€,
F(Ck) = Fl(Ck) U FQ(Ck) U Fg(Ck) U F4(Ck)

Now,given an admissible basic set B € Y3, 3,we know the forbidden basic set B¢ = ¥3435—B
in Y3.3,and we have the following theorem

Theorem 3.5 If B is an admissible basic set in X343, then the forbidden basic set in
Daxa is

cpeBC

Proof. By definition 3.4, F'(¢;) is the set that collect all 4 x 4 patterns which 3 x 3 pattern
¢ 1s located in it. Because ¢, € B¢, i.e ¢ is a forbidden pattern in Y33, patterns in F'(cy)

are forbidden in >4.4. Therefore, U F(cy) is the set collecting all 4 x 4 patterns which

cpeBC
are forbidden in > 4.
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3.2 Transition Matrices

3.2.1 Transition matrices for Y,,4. Given a forbidden basic set F C Y444, horizontal

and vertical transition matrices Hy and V5 can be define by

Hy = [hillé] and Vy = [Uj1j2]>

two 256 x 256 matrices with entries either 0 or 1 according to following rules:

hi”’Q =0 if Tiyie € F

hiyio =1 if X4, € Yaxa — F
and

Vijo =0 if yjjp €F

Ujija = 1 Zf Yj1j2 € E4><4L - F

Obviously, hji, = vj,4,, Where (i, ig)Jand" (jy.j2) are related according to 3.1. Here, Hy

is also called the transition matrix for B, and .can-be defined by

V1,1 e V1,16 N V16,1
V1,17 - V1,32 ¥ V16,17
V1,15-16+1 T V1,162 s U16,15-16+1
Hg = Hg(B) =
V15-16+1,1 o0 Ulsa16+1,16 0 V1621
V15-1641,17 *tr Uis16+41,32 V162,17
V1516+1,15-1641  * " V15.16+1,162 "  V162,15-16+1

According to [14], transition matrix has following proposition:

proposition 3.6 ([14])

V16,16

V16,32

V16,162

V162,16

V162,32

V162,162

(3.17)

Let H be a transition matrix given by (3.17). Then for higher order transition matrices

H,,,n > 3, we have the following three equivalent expressions
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(I) H,, can be decomposed into n successive 16 x 16 matrices as follows:

Hn;l
Hn;17

Hya5.1641

M39150 5 Jks 1

Hyj, oo 32

Hpjy g, =

Hypj, o 151641
for1 <k <n-—2and
Ujy o eejin—1,1

H _ vjl,"',jn—1,17
nJ1dn—1

| Vi1, dn-1,151641
Furthermore,
Uk,1Hn—1;1

Uk,17Hn—1;17

| Uk,15-16+1Hn71;15~16+1
(II) Starting from
H,y

H
H, — 17

i Hisq641
with )
P

H, — hi17

Pia51641

18

Hn;lﬁ

Hn;32

[—[n;162
Hyj, - g6
Hyj, ... jia2

Hypiji e 16> |

Uji, - jn—1,16

Uji, jn—1,32

Ujy, 1 jn—1,162

Uk,16Hn—1;16

Uk,BQHn—l;?)Q

Vk,162 Hn71;162

Hig
Hsy

H162

hi.16

I, 32

hi 162




H,, can be obtained from Hl,,_; by replacing H; by Hj o Hs.

(111)
Hy, = (Hp—1)167-1x167-1 © (Egn-2 @ Ha),
where Fjg is the 16% x 16% matrix with 1 as its entries.
Proposition 3.7 ([14])

Given a basic set B C X 44. Suppose p, be the largest eigenvalue of the associated

transition matrix H,,. Then the spatial entropy

h(B) = lim 9P

n—00 n

3.2.2 Transition matrices for general 3 x 3 patterns.

Now, we would like to find transition matrices in Y343.Given a pattern c, € Y343, we
define
Hy(cg) = [hiyig) -and Valer) = [v),5],

two 256 x 256 matrices with enfries.either 0 er 1 according to following rules:

h
h

ivip — 0 Zign € F(ck)
ivig = 1 if @i, € Yyxa — Fler)
and

Viia =0 if Y, € Fleg)

Vjio =1 if yjjo € Yaxa — F(ck)
Obviously, h;,i, = vj,,, where (i1,42) and (ji,j2) are related according to 3.1
Consider an admissible basic set B C Y343, then we have the following theorem
Theorem 3.8 If B is an admissible basic set in 3.3, then the transition matrix is

Hy = o (Ha(ck))

cp€ B¢

here the Hadamard product of A o B means that for any two n x n matrices A = (a; )

and B = (b;;), Ao B = (ai; - bi;).
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Proof. By the definition of transition matrix, Hy = [h;, ;,] is a 256 x 256 matrix with

entries

hi G0 — 1 2 Liii € FC
o I i where F = U F(cy),
h’il,iQ - O Zf x’il,’iQ S f cLEBC

and by definition of Hs(cy), it is easy to know Hy = o(Hy(ck)), cx € BC.

If we have found the transition matrix of the admissible basic set B C Y343, we can

use proposition 3.6 to find H,, and proposition 3.7 to know the spatial entropy.

4 Connecting Operators and Computation of Spatial
Entropy

4.1 Connecting operators

According to [15],the ordering matrix X, » allowsthe elementary patterns to be tracked
during the reduction from H" 5 to H}', then they found connecting operators to estimate
of spatial entropy.

Definition 4.1 For m > 2, define

Cm;l,l e Cm;1,256
Cm;2,1 e C'm;2,256

C, =
Cm;256,1 e C(2567256
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Sm;l,l

Sm;l,l?

Smi1,15-1641

Smi15-1641,1

Smi15-1641,15-16+ 1

where

Cm;aﬁ =

Ao, 15-16+1

Sm;1716

Sm;1,32

Sm;1,162

Smi15-1641,16

Sm;15-16,162

A 16

Qo162

aip

(@] E4m—2 x4m—2 ®

A15.16+1,8

Sm;16,1 Sm;16,16
Sm;16,17 Sm;16,32
Sm;16,15-16+1 Sm;16,162
Sm;162,1 Sm;162,16
Sm;162715~16+1 Sm,162,162
m—2
‘/2;1 T ‘/2;16
‘/2;15-16+1 e ‘/2;162

16,8

1623

and C,, 1 can be found from C,, by a recursive formula,

Proposition 4.2 ([15])

For any m > 2 and 1 < o, 3 < 256,

Cm+1;aﬁ =

Proposition 4.3 ([15])

aa,lcm;l,ﬁ

aa,17Cm;17,6

a'a,15~16+10m;15~16+1,,6

@a,lﬁcm;w,ﬁ

Ga,32Cm;32,5

aa,162cm;162,5

For any m > 2, let S,,.o5 be given as in (4.1) and (4.2). Then

Xm7n+1;a;ﬁ = Sm;aﬂXmm;ﬁ’
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or equivalently, the recursive formula holds,
m—1 1
llil (Sm;a16)ler(n?n;16

16m-1 0
=1 (Smas2) ki a0

i 16m-1 )
=1 (Sm;al)lem,n;l

16m-1 )
=1 (Smser) ki) pa7

16m—1 0
(Sm;a162 )kl Hm,n;162

16mt @
i =1 (Sm;oz15~--16+1)lem,n;15~16+1

The connecting operator C,, is employed to estimate the lower bound of entropy, and

in particular, to verify the positivity of entropy.

Proposition 4.4 ([15])
Let (8105 - - - Bxf1 be diagonal cycle. Then for any m > 2,

1
o Sm;ﬁkﬁl)

h(HQ) > m—klogp(sm;ﬂ1ﬂzsm;ﬁzﬁs :

4.2 Computation of spatial-entropy
Now, we use the property of ”connecting operators” to estimate a lower bound of spatial

entropy. We Example 4.4 Consider CNN with square-cross template A,in region [4, 4]p~¢

,the forbidden local patterns inX, are
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using above method, we can find Hs,and find

(11011101
00110011
11011101
11111111
00000000
11111111
00000000

S Corr 11111111
11011101
00110011
11011101
111 1 141
1 & oErHAE NS %
00 1114111
B ek i t?
11 T

- o o O O

e =R == e R e R

—_

- o o O O

e =R == e R e R

—_

—_ = = = —_ = = =

—_

_ = O = —_ = = = O

—_

—_ =

=

—_ = = = —_ = = =

—_

G G U G U U S G G S

—_ = =

the largest eigenvalue of Cy; is 13.0153, so a lower bound of spatial entropy is

We also can compute a lower bound of spatial entropy on the other regions by the

same method.the result is followings:

/

o916 flm, n] = [5,4]
a2 i flm,n] = [5,3]
log13 . o
W(m,n)) > {5 Z,f[m’n] -
2 ifm,n] = [4,3],
logd ifm,n] = [5,2],[
| 2 iffmn) = [3,2), |

and



See[12],they used ”building block” technique to study the patterns generation and obtain

lower bounds of the spatial entropy;,

log2 if[m,n|=[5,5]
logld 3 =4

log4 .

el if5=3

log4 .

= iff=2,a=5
ol ifp=2,a=4

\ b jf3=2,a=3

him,n] >

where o« = mazx{m,n}, 5 = min{m,n}

In this example, we compare the estimation of spatial entropy with two different methods,
when we take m = 2 to find (5,1 and compute the maximum eigenvalue, we discover the
lower bound of spatial entropy is bettér thian the results with ”building block” method
in subregions [5,2], [4,2],[3, 2], [253], [2,4]rand[2, 5], but the others are not, since we use
m = 2 which is not big enought We believethat'if e take m > 6 to compute, the lower
bound could be better than [12]; and for general temiplate, we can compute a lower bound

of spatial entropy with pattern generation metheod.
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