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Chapter 1

Overview

1.1 introduction

here has been remarkable interestin the theory of solitons ever since the discovery

of the Inverse Scattering Method for the Korteweg-de Vries (KdV) equation (see,
for example, [1]) . Although the ISM has been extended to many nonlinear systems which
describe phenomena in many branches of science, the KdV equation still plays an impor-
tant role in the development of modern soliton theory (see, for example, [2]) . In particular,
many concepts were established first for the KdV equation and then generalized to other
systems in different ways. A convenient approach to formulate the KdV hierarchy relies
on the use of fractional-power pseudo-differential operators associated with the scalar Lax

operatorL, = 9% + u which was further generalized by Gelfand and Dickey [3] to the Nth
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KdV hierarchy that has a Lax operator of the fdtm = 0V + uy_ 10V "' + ... + vy .

During the past few years, several works have been published concerning the extensions
of the KdV hierarchy in Lax formulation, such as Drinfeld-Skolov theory [4] and super-
symmetric generalizations , etc. The common features of these extensions show that they
preserve the integrable structure of the KdV hierarchy and contain the KdV hierarchy as
reductions in some limiting cases. Recently, a new kind of extension called g-deformed
KdV(g-Kdv) hierarchy has been aroused much interest in the literature [5-8]. In this ex-
tension, two different approaches are commonly used in the study of g-KdV. One of them
proposed by Frenke [3] and the other:by Khesin; Lyubashenko and Roger (KLR)[4] . Ba-
sically, the deformation is performed on the Lax formulation by introducing a parameter
The partial derivative is replaced by the g-deformed differential operator (q-DO) such that
the deformed system recovers the ordinary KdV hierarchy gses to 1. So far, many
integrable structures associated with g-KdV hierarchies have been investigated, such as in-
finite conservation law [1], bi-Hamiltonian structure [2,3] , Virasoro and W-algebras [2-5] ,
soliton solutions [5-7], tau-functions [8] and Backlund - transformations [8 ], tau-function

, and etc..., here we focus on Darboux-Backlund transformations (DBTSs) for this system
are still unexplored. It is well known that the DBT is an important property for character-
izing the integrability of the hierarchy [9]. Thus, it is worthwhile investigating the DBTs

associated with the g-KdV hierarchy. Once this goal can be achieved, it will deepen our
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understanding of soliton solutions of the hierarchy.

1.2 history

When we first contact with soliton, we may ask what soliton is ? In fact, solitons are
nonlinear waves. As a preliminary definition, a soliton is considered as solitary, traveling
wave pulse solution of nonlinear partial differential equation (PDE). The nonlinearity will
play a significant role. For most dispersive evolution equations these solitary waves would
scatter inelastically and lose 'energy’ due to the radiation. Not so for the solitons: after a
fully nonlinear interaction, the solitary waves remerge, retaining their identities with same
speed and shape (figure.l1).

The term "soliton” was introducedin‘the 1960’s, but the scientific research of solitons
had started in the 19th century, while conducting experiments to determine the most effi-
cient design for canal boats, a young Scottish engineer named John Scott Russell (1808-
1882) made a remarkable scientific discovery, as he described in his "Report on Waves”
[10].

Following this discovery, Scott Russell built a 30’ wave tank in his back garden and
made further important observations of the properties of the solitary wave. Throughout
his life Russell remained convinced that his solitary wave (the “Wave of Translation”)

was of fundamental importance, It was not until the mid 1960’s when applied scientists
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began to use modern digital computers to study nonlinear wave propagation that the sound-
ness of Russell’s early ideas began to be appreciated. He viewed the solitary wave as a
self-sufficient dynamic entity, a "thing” displaying many properties of a particle. From
the modern perspective it is used as a constructive element to formulate the complex dy-
namical behaviour of wave systems throughout science: from hydrodynamics to nonlinear
optics, from plasmas to shock waves, from tornados to the Great Red Spot of Jupiter, from
the elementary particles of matter to the elementary particles of thought. Due to the work
of Stokes, Boussinesq, Rayleigh, Korteweg, de Vries, and many others we know that the
“great wave of translation” is a special formsoef.a.surface water wave. The equation de-
scribing the (unidirectional) propagation of waves on the-surface of a shallow channel was
derived by Korteweg and de Vries in.1895.  After performing a Galilean and variety of

scaling transformations, the KdV equation can be written in simplified form:

Uy + 6uty + Uppy = 0 (1.2)

One soliton solution of this nonlinear PDE:

u(z,t) = 1/2csech?[1/2v/c(x — ct + )] (1.2)

wherec is the speed of the soliton aridis the phase. This clearly represents the soli-
tary wave observed by John Scott Russell and shows that the peak amplitude is exactely

half the speed. Thus larger solitary waves have greater speeds. This suggest a numerical
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experiment: we start with two solitary wave solutions, with centers well separeted and dif-
ferent amplitude. Nowadays, many model equations of nonlinear phenomena are known to

possess soliton solutions such as

Sine — Gordonequation : Uy — Uy, + sinu = 0 (1.3)

NonlinearSchrodingerequation : i, — Uy + v|ul*u = 0 (1.4)

KadomstevPetviashvili( KP)equation = (ty — 6uty + Uyyy )z + 3ty =0 (1.5)

All the equation above also has beenremarkable interest in the theory of solitons.

1.3 background

In this thesis, the Darboux-Backlund transformations is investigated fartleformed
Korteweg-de Vries Hierarchy. Here we adept 2tKdV hierarchy that has a Lax operator
of the formL, = 92 + w19} + uo. lterating these elementary DBTs, we obtain one and
two soliton solutions [{y,u;) and (uél),u(ll))]. We also figure out the correction of one
and two solitons for the KdV hierarchy by lettiag= ¢ — 1 andg — 1(which will recovers

g-KdV to the ordinary KdV).
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1.4 Outline of the Thesis

This thesis is organized as follows: In Chapter 2, we recall the basic facts concern-
ing the ¢g-deformed pseudodifferential operators (g-PDO) and define the Nth g-deformed
Korteweg-de Vries (g-KdV) hierarchy. In Chapter 3, the concept of Darboux transforma-
tion and Lax equation are briefly introduced. We also construct the Darboux-Backlund
transformations (DBTSs) for theth g-KdV hierarchy, which preserve the form of the Lax
operator and the hierarchy flows. Iteration of these DBTs generatgsaha&logue of soli-
ton solutions of the hierarchy. In Chapter.4; the' casé\ict 2 andt = 1(g-KdV hierarchy)
is studied in detail to illustrate thedeformed formulation‘including one and two solitons
solutions and their correction for the KdV hierarchy.also be showed. Concluding remarks

are presented in Chapter 5.



Chapter 2

The Conception ofg-KdV

2.1 Q-Deformed Pseudodifferential Operator

I n this section we introduce some basic conceptio-deformedKdV hierarchy.
There are much difference between KdV ap&dV. For example, ing-deformed
KdV, the partial derivative),, is replaced by thg-deformed differential operator{DO)

d, such that

but, which will recover the ordinary differentiati@n, f(x)) asq goestal , We also let),*

denote the formal inverse o} Following we keep on introducing other useful formulae.
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the¢- shift operator is
0(f(x)) = flqx) (2.2)
the shift operatiord(f(z)) = f(qz) is just a scaling operation, which can be applied

correctly to multiplicatiord(f(z)g(z)) = f(qz)g(qx), and linear combination. Then it is

easy to show that andd, do not commute but satisfy

(00°(f) = ¢*6* (0,f) ke (2.3)
furthermore we have
(94(f9)) = 04)g 7 0(£)(949) (2.4)
which means
aqf = (aqf) + Q(f)ﬁq (2-5)

In general the following-deformed Leibnitz rule holds:

oo f= Z ), 0" (OO e (2.6)

k=0

where the;-number and the-binomial are defined by

(n), = (2.7)

(n),(n—1),..(n—k+1),
(1), (2), - (k),

whereo means composition of operators, definedbpy = (9,f) + 0(f)J,. In the coming

(k)g = ; (0)g=1 (2.8)

section, for any functiorf, will act aso, f = 9,(f) . For ag-pseudodifferential operator of
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the form

pP= i w) (2.9)

1=—00

we can separatf into the differential part

Py =) o, (2.10)
i>0
and the integral part
Po=) " wo, (2.11)
i<—1
The conjugate operatok” for Pis defined byP. = > (9;)'u; with ) = —9,07" =
—éa%,(aq—l)* = (0;)7' = —80,". We can write out the several explicit form fqr

derivatived, as

aqf T (8qf) + 9<f)aqv (2-12)
02 = (B21) + (a + D)O(0,)0, + 6*( )2, (2.13)
0y f = (0;F) + (¢ +q + 1095 £)0, + (¢ + g + 1)6*(9,)0; + 6°(f)d;.  (2.14)

We also denoté&, ' as the formal inverse df,, hence

8q—1f _ Z(—l)kq_k(k+1)/29_k_l(a[’;f)aq_k_l (215)

k>0

In particularﬁq—1 havs differnt form

O f =0, +0, 0 (0;f) 00" (2.16)
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For a set of functiongi, fs, ..., f., we define the g-deformd Wronskian determinant

Waolfi, fas s fn] @S

fi T

Oafr) o (9ef1)
Wilfi, for s fal = | | (2.17)

0af1) - (0af1)

Finally, theg-exponent E,(z) is defined following representation:
E,(z) = eXp(Z et | ) (2.18)

the form E,(x) will play a crucial role in proving the existence offunction of ¢-KdV

hierarchy.

2.2 Theg-KdV in Lax form

In fact, we can define the Nih-KdV hierarchy in Lax form, as
Ol = [B,, L], n=1,2,3, .. (2.19)

with
L=0Y+un-10) " + ... + uq, (2.20)

B, =L (2.21)
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where the coefficients; are functions of the variablds;, ¢, ¢,, ...) but do not depend
On(tN, th, th, )

In fact, we can rewrite the hierarchy equations (2.19) as:
athn - 8tan - [Bm Bm] = 07 (222)

which is called the zero-curvature condition and is equivalent to the whole set of equations
of (2.19). If we can find a set of functior{s;;,i = 0,1,..., N — 1} and, hence, a corre-
sponding Lax operataok (or B,,) satisfying (2.19) or , then we have a solution to the Nth
g-KdV hierarchy.

For the Lax operator (2:20); we can formally expdid" in powers ofd, as

follows

LN S 0580+ 510, + ... (2.23)

such that (LY/M)N = L, which gives all thes; beingq-deformed differential polynomials

in {u;}. Especially, for the coefficient af) ', we have
UnN_1 = Sg + 9(80) + ...+ eNil(So). (224)

The Lax equations (2.19) can be viewed as the compatibility condition of the linear

system

Lo =\ (2.25)

atn ¢ - (B7L¢)7 (226)



12 Chapter 2 : The Conception of qg-KdV

where ¢ and)\ are called the wave function and eigenvalue of the linear system, respec-
tively. Our purpose is to solve, and u; of theq— KdV equation, but it is really difficult to
achieve, hence we start doing linear system. Wave function is just assist when we perform
DBT . In order to keep the linear system unchangea operator and wave-function have

to change at the same time undeBT'.



Chapter 3

Elementary Darboux Transformation

for the ¢-KdV

3.1 Darboux Transformations and Linear Equations

In this section we talk about some basic conceptiori3arboux transformation[11]. Con-

sider theSturm-Liouville equation
V., +ul =\ (3.1)

we denote the fixed solution of (3.1) taken at the paint A\, by ¥, Uy = Wy (x, \)

and definer; to be the logarithmic derivative o, that means; = ¥, ;. Now the

13
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Darboux transformation(DT)¥ — W[1] of the arbitrary solution of (3.1) is defined by

o= (L ogw o, Yoy WD)

3.2
dx \Ifl \Ijl ' ( )

whereW (¥, V) = ¥, ¥, — ¥,, ¥ is the usuaWronskian determinant. It can be
proved that the functio[1] satisfies the differential equation

— W, [1] + u[1]P[1] = AU[1] (3.3)

2
u[l] =u— 201, =u— 2d—2 In ¥,y (3.4)
dx

In other wordsDarboux’s theorem declares thgturm-Liouville equation (3.1) is covari-
ant with respect to the action Bfarboux transformation
U — Y1), u— all]
The important of th&arboux theorem lies in the possibility of obtaining another solv-
able equation (3.3) starting from the solvable equation (3.1). This will be illustrated by
several examples. In fact, by varyingin (3.2) we recover all the solutions of (3.3). This

possibility leads to nontrivial resuls even in the simplest case-6f0.

3.2 Darboux Transformation for the ¢-KdV

In this section, we would like to construbarboux transform for the Nthy-KdV hier-

archy. To attain this purpose, let us consider the following transformation. Sufipisse
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pseudo-differential operator, and
L— LW =117 BM = (LOy/N (3.5)

so that

21w = 1,10 (3.6)

still holds for transformationg.ax operatorL(!) , thenT is called a gauge transformation
operator of thej-KdV hierarchy.

Theorem 3.1 The operator 7' is.a,gauge transformation, if

(TanoT_l)Jr:TanoT_1+§TToT_1 (3.7)

whereT is any reasonable-PDO andT—"denotes its inverse. In order to obtain the new
solution(L™) from the old ong L) , the gauge operatdf cannot be arbitrarily chosen. It
should be constructed in such a way that the transformed Lax opdratqreserves the
form of L and satisfies the Lax equation (2.19). From the zero curvature condition (2.22)

point of view, the operatoB,, should be transformed according to
B, — BY =TB, T 40, TT! (3.8)

which will, in general, not be a purgDO although theB,, does. However, if we choose
the gauge operatdr such thatB\" , as defined by (3.2), is also a purehDO, thenB.”

represents a valid new solution to the Nth g-KdV hierarchy. This is the goal we want to
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achieve in this thesis. Motivated by tlieBT's for the ordinaryKdV [12] (or Kadomtsev-

Petviashvili (KP) [13-14]) hierarchy, we can construct a qualified gauge opéefats

follows:
T, = 6(¢1)8q¢;1 = aq — Qq, (39)
where
_ (0g¢1)
1= —¢1 , (3.10)

whereg, is a wave function associated with the linear system (2.24).Under the gauge trans-

formation7; , new "eigenfunction” can begot by the:way

U = T (8 V=N(0,05)7= 01 (3.11)

It is not hard to show that the transformed Lax operatdlis a purelyg-DO with order
N and the Lax equation (2.19) transforms covariantly,d,eL® = [(LO)YY LM]. The
transformed coefficientéuf»l)} can then be expressed in termgaf} and¢;. On the other
hand, for a given generic wave functien# ¢, its transformed result can be expressed in

terms of¢; and itself.

Theorem 3.2Under the gauge transformatioftL= T'(¢;) o LoT~!(¢,), new "eigen-

function” of the L) is

¢ — o = (T(¢) - ¢) = —L—— (3.12)
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Then following previous processes we can apply N times iterations oDBiEs by
using theDBT, triggered by the gauge operators T. For example, by iteratindBie
triggeredby the gauge operatbywe can express the solution of thigh ¢-KdV hierarchy
through theg-deformed Wronskian representation. This construction startswitlave
functionse¢, ¢s, ...¢, Of the linear system (2.25) and (2.26). Using say, to perform the
first DBT, then allg; are transformed t¢§1) = (T1¢;). Obviously, we havaﬁgl) = 0. The
next step is to perform a subsequ@®®&T triggered bygb;l) , which leads to the new wave
functions¢§2) with ¢§2) = 0. Iterating this process such that all the wave functions are
exhausted, then an n-step DBT triggered by the gauge opérater (0, — a%”_l))(ﬁq —

a2y (9, — ay) is obtained, where!”’= (9,6%) /6" .

It is easy to see thaf, is an'nth-orderg-DO of the form7,, = 0; + an_lé)g‘l +
---apg With a; defined by the conditions (7,,¢;) = 0, j = 1,2,...,n. Following
Cramer’s formula, it turns out that; = —Wq(i) (01, D2, .oy Ou) /[ Wolb1, P2, ..., pn] Where
Wq(i) is obtained fromiV, with its i—th row replaced by(9; 1), ..., (9; ¢»). This implies

that then-step transformed wave fuctiai™ (¢ # ¢,) is given by

Wq[¢17¢27 7¢n7¢}

(n) _ _
#r = To) = W1, b2, ..., 0]

(3.13)
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and the n-step gauge operaidr) can be expression as

$1 On 1
(0y01) (0"¢y,) O
(n) _ 1 q p ,
! Wolor, ¢2, ..., n] (3.14)
(Ogd1) (Od,) O

where it should be realized that in the expansion of the determinant by the elements of
the last columng have to be written to the right of the minors. Furthermdre,= \¢

holds automatically under the BT we constructed: .In the next section we will construct

nontrivial from trivial one.



Chapter 4

The e correction of one of one and two

solitons

his chapter is devoted to illustrating the DBTs for the case: g-deformed KdV hi-
erarchy N= 2 and¢= 1 . First, construct from the trivial solution (that means
u; = ug = 0)we will get one and two soliton solutions @fKdV equation. Finally, in

the end of this chapter we figure out theorrection of one and two solitons.

4.1 One soliton solution ofg-KdV

First, for N=2 andt= 1 we let

19



20 Chapter 4 : The € correction of one of one and two solitons

and the Lax equations

atlL = [Lzlr/27 L]a (42)

define the evolution equations for andu,. In particular, for the1— flow, we have
Onur = (g — 1)0nug (4.3)

Oy = (Dguo) — (9s0) — (Dg55) (4.4)

which is nontrivial and recovers the ordinary case gees to 1. For higher hierarchy flows,
the evolution equations far, andu, become more complicated due to the noncommutative
nature of they-deformed formulation.

We now perform the DBT to the-Lax operator (4.1)

L— LW = T LT = 0 + u{0, + uf", (4.5)
with
)
7, - (0, - ) (4.6)
1

then the transformed coeffients become (which prove i\phEendix A)

ugl) = 0(u) — oy + 6%(ay) (4.7)
ul) = B(ug) + (Dyur) + (g + 1)8(Dy01) — aruy + Byl (4.8)

where
o = Gf1) (4.9)

$1
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This is the new solution of (4.3) and (4.4). Sinteis a wave function associated with the
Lax operator (4.1), i.e.L¢1 = Ai1¢y, one can easily verify thatuy + (9,a1) + aqug +

0(a1)on = A and equations (4.7) and (4.8) can be simplified as

ul! —uy = 2(g — 1)(u — o) (4.10)
ulV — up = 0,(uy + oy + 0(ay)) (4.11)

Furthermore by the gauge operafowe can obtain.,"
05 = T(ds) 20,0, — 016 (4.12)

also¢2 satisfies the equatiof,") ¢ = )@2
The soliton solutions can be eonstructed from the trivial one(that meaasu, = 0), so

we solve 92¢ = p*¢ to obtain the simplest wave-function . Then we can get the following

solution
¢ = Ey(pz) exp Zp "tk r1) + 7By (—pr) exp(— ZP2 THokia) (4.13)
k=0 k=0
with
= (1— C])k k
E(z) =expl) = 4.14

wherey; are constants antl, denotes thg-exponential function which satisfié@sE, (px)=pE,(px)
. Equation (4.13) is resembling to the equation satisfied by exponential function in calcu-

lus. We can assume that the eigenfunction has the farpi f(q,x) ) with the series
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f(q,z) = S ar(q)z". It is not hard to determine the coefficients(q) by substituting it
k

into agqs = p*¢ . In fact, theg-deformed exponential function (4.14) is well-known.
Because we start from the trivial one that meaps= «; = 0, equation (4.10) and (4.11)

will become

ugl) _ (92(041> —ay = 92((al1¢1)> . (aQ¢1)
O 1
1 Ey(*p1z) exp(pit1) — piy By(—a*piz) exp(—pit)
Eqy(¢®p1x) exp(pit1) + 11 Eq(—¢*p1z) exp(—pity)
(
(

pE,(prz) exp(pity) — pry Eg(—pix) exp(—pity)
Ey(prz) exp(pit1) + 1 Eq(—p1z) exp(—pit1)
271 Ey(*pit) By (=p1#) = 21 Ey(—¢°pr12) By (p1v)

Eq(qulif)[Eq(pll") exp(2p1t1) + 71Eq<_p1x)] e 71Eq(—(]2p133)[71Eq(—p1~T) exp(—2pit1) + Eq(plﬂf)]

and
ul’ = (q+1)0(9,01) + 0(ar)uf”

= 4+ D8O,((0,00) o) + 62y (g2 221)) _ L),

B PiEq(p1z) exp(pity) — pivi Eg(=p1z) exp(—pit1)

= @+ D( Eq(qp1x) exp(pith) + 11 Eq(—gpix) exp(—pity)

_ piEy(gpiz) exp(pit1) — pini Eg(—ap1v) exp(—pit1)
E,(qpx) exp(pit1) + 11 Ey(—gpiz) exp(—pit1)

y ( E,(p1z) exp(pit1) — pri By (— plm)exp(—pltl)_ ugl) ))
Ey(p1w) exp(pit1) + 71 Eq(—p17) exp(—pit1) (g+1)

with

¢1 = Ey(prz) exp(pity) + 71 Ey(—p1w) exp(—pit1) (4.15)
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p1Ey(prx) exp(pit1) — pivi Eg(—p1x) exp(—pith) (4.16)
Ey(p1z) exp(pit1) + 11 Eq(—p1z) exp(—pit1)

o =

alsog; satisfies the equatiobg; = A\ ¢,

4.2 Two soliton solutions ofg-KdV and further discussion

By the same processes as we used before we can get the two soliton solution. Compare
to the one soliton, two soliton solution is much complicated when we calculating. First of

all, We have to perform the DBT tosthe Lax.operator. Then equation (4.1) will become

LW — L@ = EOEOY - =92 4 D5, 4 o (4.17)
with
(1) (angz(l)) .
T = (9, — 50 ) Vil (4.18)

see the detail idppendix B. Then the transformation coefficient becomes

u? = 0(u”) - oV + 6%(a") (4.19)
ug? = 0ug) + (0pu”) + (¢ + DO0,0") — au +6(aV)uf?  (4.20)
with
(1)
1(1) _ (0495 )7 ¢>§” =T(¢;) Vi#1 (4.21)

o)
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This is the solution of the equation (4.3) and (4.4), we can also simplify (4.19) and (4.23)

as
u? = 03(ay) — B(ay) — oV + (i) (4.22)
u? = 0y(0(cr) + 0% (1) + ot +0(ai)) (4.23)

and then put (4.14) and (4.15) into (4.22) and (4.23). Then they become

o = () g0, (aﬁ;)) + 6%%> (4.24
and
with
40 ) = 06— s — 00 o,

= (piEq(piw) exp(pit1) — pivilly(—pix) exp(—pit1))—
(p1Ey(p1) exp(pit1) — piyiEy(—=piz) exp(=pit1)) (Ey(pir) exp(pit1) + 7iFy(—pix) exp(—pit1))

(Eq(p1z) exp(pit1) + 71 Eq(—p1z) exp(—pit1))
and
o Gy 1 1

@ = ¢§1) = (Zsl(l) [8q((aq¢i) - O‘lQbi)] = —(angz) Zaid;

[04((0g0:) — (Fga1) i — O(r)(044)]

Also 4" satisfies the equatiob® ¢! = \;¢\", i # 1. The detail result of two soliton are
too complicate so we put it iAppendix C.

Following we discuss some other facts about the solutiop-aéformed KdV. Using
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the facts that

Oty = (L ¢1) = (9,01) + sods (4.26)

from the equation (2.24), wheN = 2 we can get
Uy = 9(80) + So (427)

we can rewrite (4.11) as

ul = g + 8,01 In $,6(y). (4.28)

Theorem 4.1Let ¢; be wave functions‘associated with the Lax operator (4.1). Then,
under the DBT, the transformed coefficients are given by

(1)

uy’ —up = x(q — 1)(u(()1) — Up) (4.29)

Equations (4.29) effectively represent the one-step transformations. To obtain the n-step
DBT, we just need to iterate the corresponding one-step transformations successively by

inserting the triggered wave function (3.13), into the logarithm in Equations (4.28).

Theorem 4.2Let ¢; wave functions associated with the Lax operator (4.1). Then under

the successive DBT of Theorem 4.1, the n-step transformed coefficients are given by

u{” —uy = 2(q — 1)(u§” — up) (4.30)
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with
ul" = ug + 0,00 MW, [h1, ..., 10 (Wydr, ... 1)) (4.31)
Equations (4.31) provide us with a convenient way to construct new solutions from the old

ones. Especially, starting from the trivial solutian (= v, = 0), we can obtain nontrivial

multi-soliton solutions just by putting the wave functions into the formulas .

4.3 Thee expansion of soliton solution

In this section we discuss tleexpansion of one and two soliton for the KdV hierarchy
by lettinge = ¢ — 1 andq — 1. By thedefinition of thei-deformed differential operator

and Taylor series expand we have

o, f(x) = L @)+ T () e + f—”<x> — @) S ;@)xe (4.32)

Let
Uy = Ugp + ULy + ... (4.33)
So1 = Sop + ESg1 + ... (4.34)

SO

0(s0) = so(qr) = seo(x) + OuSoo * T€ + So1 - € + ... (4.35)
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Then from the equation (4.27) we get

Ul = Uqg + €Ul = 2800(1‘) + 395800 - T€+ So1 - 2¢+ ... (436)

because all the; are g-deformed differential polynomials in;, sqg andsy; become fol-

lowing representation:

1
So0 = §u10 (437)
and
1 Lo (4.38)
So1 = 2“11 4513 2U10 .

Now the evolution (4.4) becomes

aﬂUQ = atl (Uoo + 6“01) = (8quO) N (6380) “w (8(133)

1 1
= Opugy — 53§U10 - §U103xU10
1 1 1 1 1 1 1

+  €(Oyupr — éafuoo - éaiun + Zazulo - Zagulo - éulla:pulo - §U108xul1 + Zuloamulo)

then we have the equation whay), andug; are
1, 1
Onugo = Ortgo — 5(91“10 - 5“103@«“10 (4-39)
and
1 1 1 1. 1 1

Onug = axum—53§U00—Eagull—i‘zagulo—Zaiulo—éullazulo—§U108xU11+ZU1081U10

(4.40)
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Also the evolution equation (4.3) becomes

8t1(u10 + EUH) =X - €- 8ﬂ (uOO + €U01) (441)
then we have
atlulo = O (442)
and
1.5 1
Onupy = - (aacUOO ] 5895%10 K §U103xulo) (4-43)

Now we figure out the correction of one solitonsolution. Let
ug ) = u§0> + eugl) + .. (4.44)

After calculating, we get the result

L0 _ PE(pa) explpit) — pon Ey(—piz) exp(—pith)
. Ey(p1x) exp(pity) + 1 Ey(—pix) exp(—pit:)
(p12) exp(pity) —
(p1) exp(pith)

P Ey(—p1x) exp(—pit1)
+ 1 Ey(—p1z) exp(—pit1)
271 Eq(p17) Eg(—p17) — 271 Ey(—p12) Ey(p17)

Ey(p12)[Eq(p17) exp(2pit1) + 11 Eq(—p12)] + 11 Ey(—p12) [71 Eq(—p17) exp(—2pit1) + Ey(p17)]
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and

uﬁ) _ p1E,((1+e)?prz) exp(pits) — i Ey(—(1 4 €)*prx) exp(—pitr)
Ey((1+ €)?pix) exp(pity) + 1 Eq(—(1 + €)?p1x) exp(—pit1)
_ piEy(pix) exp(pith) — pn Ey(—pix) exp(—pit1)
Ey(px) exp(pit1) + 11 Ey(—pr1x) exp(—pit1)
o 829%3771
e(2p1(z+t)) + 2y + 7126(—2131(:c+t))
= 2xpisech’(pi(v+1t) — hl;l)

By the same processes we can also,get the. result a@%utet
u(() ) = u(%) = eu(()l) + .. (4.45)

then we have

(1) o P1Eu(P17) exp(pity) = pimn Ey(=pr1x) exp(=pit)
E,(p1x) exp(pit1) + 1By (—gqp1x) exp(—pit1)
1l (gp1x) exp(pity) — pivi Ey(—pix) exp(—pit1)
Eq(piz) exp(pit1) + 11 Eq(—p12) exp(—pith)
(plEq(pﬂi) exp(pit1) — piniEy(—piz) exp(=pit1) uly )
Ey(p1z) exp(pitr) + 1 Ey(—p1x) exp(—pit1) (2+¢)

8pin
e(2p1(z+1)) 4 2*}/1 + 7%6(72171(1%&))
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and

u(()ll) = (24 €)0(0,a1) + 9(al)u§1)

(aq 1)

_ 0,0 00
= 21 00,(04n) - 7)) + 0Py g2 211)) . 211)>
— @talz PLE(p12) exp(pity) — pini By (—p1x) exp(—pit)
((1 + €)prw) exp(pit1) + V1 Eq(—(1 + €)p1x) exp(—pit1)
E (1 + e)prx) exp(pit1) — pryi Eg(—(1 + €)prz) exp(—pit1)
E,((1+ e)prz) exp(pit1) + 11 Eq(—(1 4 €)p1z) exp(—pit1)
P1Eg(p1z) exp(piti) — pinEy(—priz) exp(—pit1) ufy) ))
Ey(p1z) exp(pit1) + 71 Eq(—pr1z) exp(—pit) (2+¢)
4p%f716(2p1(33+t))( 71 + 4p1rylx + 6(2p1($+t)) — 4p1$6(2p1(x+t)))
e@PL@+0) | 3e(pietD) 41302¢Cp1(a+0) | A3

X

Note thatuly) 'Y, u{) andu{} are the'one saliton solution of (4.40), (4.41), (4.43) and
(4.44). Equations}) is the one soliton solution of ordinary KdV and}) is the ¢-KdV
correction for the KdV.

Next we can write the correction of two soliton solution. As the same process above we

let
u§2) = u%) + eu(()zl) + ... (4.46)
then we have
O/ p1E(p1) exp(pit1) — pin Eqg(—p1x) exp(—pity)

) exp(pit1)
E,(p1z) exp(pit1) + 11 Ey(—p1z) exp(—pit1)
pE,(p1z) exp(pit1) — pry Ey(—piz) exp(—pit)
Eq(p1z) exp(pit1) + 11 Ey(—piz) exp(—pit1)
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and

Pox) exp(pit1) — pry Eg(—(1 + €)*prz) exp(—pity)
)’p1iz) exp(pit1) + 11 Ey(—(1 + €)*pix) exp(—pit1)
)p1z) exp(piti) — p1y1Ey(—(1 + €)pix) exp(—pit1)
)p1x) exp(pits) + 1 E(—(1 + €)prx) exp(—pit1)

2) b1 Eq(

8 2
= nen = 2pisech’(pi(z +1) -

Iny
e@p1(@tt)) 4 2y + H2e(=2p1(z+1)) )

2

ay’ = [((p7 = p))(Eq(pr) Eq(psx) exp((ps + pi)t1) + 11 Eq(—p12) Eq(pix) exp((pi — p1)t)

+ NViE(—p17) Eg(—pi) exp(E{ps + ) )8) + 7 Ey(—piv) Ey(prz) exp((p1 — pi)t1)))

p1(Eq(gprix) exp(pity) = Bo(=¢*p1x) exp(—pit1))
E,(¢*p1x) exp(prty) + Vidlgl—6*p1) exp(—p1t1)

X (Eqy(pir) exp(pit1) — 1Byl=p12) exsp(=pit1))]
+~ [(p1 + pi) Eg(p1x) Eq(pi) exp((p1 + pi)t1) + (i1 + pivi) Eg(—p12) By (pi)
exp((pi + p1)t1) + nvi(p1 — pi)) Ey(=p12) Eg(—pix) exp(—(p1 + pi)t1)

+  (=7i(pi + 1)) Eq(=pix) Eg(p1) exp((p1 — pi)t1)]

and by the same processes we can also get the resuéf)oﬂ_et

u(()Q) = u(%) + eu(()21) + ... (4.47)

the formu{?) andu’ are too complicated , so we put it detailAppendix D. Howeveru 2

Y, u?) andul?) are the two soliton solution of (4.40), (4.41), (4.43) and (4.44). Equation



32 Chapter 4 : The € correction of one of one and two solitons

u?) is the two soliton solution of ordinary KdV and?) is the¢-KdV correction for the
KdVv.

Finally we discuss vision of wave functionp. First we let

(b = Qbo + 5¢c (448)

Since allg satisfy the linear systerhgp = \¢ we have
02 + w10y + ug) © [po + £¢c] = Ao + €]

that implies
92 + gag + 208 + (urp + et (0 + gxag) + (g0 A Bttor )] [@0 + £0e] = M [do + £00]

so we have

)\1¢o = 85% s u100x¢o + U00¢0 (449)

and
Mo = %8§¢0 + xaz% + U110, ¢, + %xuloazﬁbo + 10900+ aiﬁbc + dettgo + 10,0 (4.50)
Also we let the one step transformed wave functiéh as
o) = ¢l 4+ eglV (4.51)
which satisfy L) (1) = \¢() that means

102 +uV0, + u) o [ + 2pM] = MgV + e6V]
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implies
02+ 507 + cad? + (uy) -+ 2ulg) (9 + 5202) + (g -+ cufy Mo + 0] = Al + el
The left hand side equal to

(PN + uly) Duio + ult) o)

1
+ ( 82¢1)+x83¢1)+u11)8 gb(l)—l—qu(1)82¢(1)+u(1)¢1)+82¢ +¢ Uoo +u10 x¢1))

so we have

M{1E QOGO + 0 b (452)

and

1 1

AL = 50300 +0020(0uny Or ST 020 uig 94+ 050+ ot +ulg Dao )
(4.53)

Next we put in the trivial solution{, = u; = 0). By applying Binomial theory to the

g-exponent it will become following representation:

= 1)k€kxk 1,
- — (1 — - 4.54
- ; k(—ke — ... — Cket—1 — )) e 4 ) (4.54)

S0
Ey(prz) = e*(1 — je(p12)?)

Eq(pix) = e*(1 — je(pix)?)
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wherep? is the eigenvalue correspondingdo andp? is the eigenvalue corresponding

to ¢;. According to the equation (4.54), equation (4.15) becomes

O1 = ¢ +edn

= (- elma) explpats) + (1 = e(pio)?) expl(-pit)

1 1
= e"exp(pit1) + e’ exp(—pit1) + 5(—Z(P1$)26x exp(pit1) — Z(plﬂf)zﬁex exp(—pit1))

then we have

P10 = €” exp(pat1) + e exp(—pit1) (4.55)
and
1 2 x 1 2 x
o1 = —Z(Pll") e’ exp(pit1) — Z(plff) Y1€” exp(—pit1) (4.56)

Note thatg, still satisfies the equatiohg, = p?¢,, so from equation (4.49) and (4.50) we

have

P%<Z510 = 65@510 (4-57)

and

1
p?¢11 = 8§¢11 + §8§¢10 + 378;3(?10 (4.58)
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Next we claim the: expansion ofﬁgl), i#1 .Let

oM = o)) 4 eqly
X - €
= (0, + 755) - (Ey(piz) exp(pit1) + v Eq(—piz) exp(—pit1))

(0, + 5-02) - (Ey(pr) exp(pits) + 11 B, (—piar) exp(—pit1))
Ey(p17) exp(pit1) + 1 Ey(—p17) exp(—pit1)

X (Ey(pir) exp(pit1) + Vi Eq(—pix) exp(—pit1)

(—4 + ep?z?)
4(6101 (z+t1) + o eP1 (x+t1))

((pit+p1)(z+t1)) ((pispa)(@+t1) ((p1—pi)(z+t1)) ((p1+pi)(z+t1)

X (—pie — mpie )+ yipie + nvipie”

((pit+p1)(z+t1)) ((pi=pr){x+t1)) ((p1+pi)(z+t1) )

+ pe — Mpie e TPy ypre”

then we have

o _ 1
10 (epl (z+t1) + fylep1 ($+t1))

> (pie((pi+p1)(x+t1)) + e @) gy o(r=p) (@4i0) oy o= (1w (i)

((pitp1)(z+t1) ((pi—p1)(z+t1)) (p1—pi)(z+t1)) ((p1 +pi)(z+t1))

—  pre )+ ypre — yipre( +nvyipie

and

) epia®
11 4<€p1 (z+t1) + ,.}/16171 (a:+t1))

% (_pie((Pi+P1)($+t1)) _ ,Ylpie((m—pl)(:c+t1)) + %pie((m—pi)(fc-i'tl)) + 71%]91,6—((1714-1%)(%"151)

+ ple((pri-pl)(fﬂ-i-tl)) _ leple((Pi—pl)(x-i-tl)) + %ple((m—m)(r-*-tl))_,yl%ple—((pl-ﬁ-m)(ff-i-tl) )
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alsoo.") satisfies the linear systefV ¢\ = p26!") i + 1. So from equation (4.52), (4.53)

we get
2
2, _ 5241 8pim .
Y2 sz‘o - az¢z() + e(2p1(af+t)) n 271_’_ 7%6(—2p1(a:+t)) aa:¢z()
8pim
T eC@ni(a+t) 4 24, + 7126(_2131(,;“))@0 (4.49)
and
2
2,(1) _ Loo 3 (1) 8piam (1)
2
2 (1) 8pimi (1)
+ am 11 + 6(2P1($+t)) + 271 + 7%6(_2P1(33+t)) ¢11 (450)



Chapter 5

Conclusions

5.1 Summary

I n this thesis, the elementary Darboux‘and Backlund transformations fpidisirmed

KdV hierarchy, has been performed. Which preserve the form of the Lax operator
and are compatible with Lax equations. Iterated application of these elem@&Bary
produces new soliton solutions (tau-functions) of ¢ki€dV hierarchy come out of given
ones. Most important of all we figure out theexpansion of one and two soliton solution
successfully. When we lgt— 1 they will recover to the solution of ordinary KdV. Besides
we also let: = ¢ — 1, this correction term serve as thekdV correction for the KdV. It

may be useful for some solid state problem.

37
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5.2 Future Works

In the future we will strive to apply our work to real matters such as solid state crystal
problem. Althought in this thesis we have done first ord@xpansion of one and two
solitons, the two or three orderexpansion still under working. Specially thekdV is just

a reduction of the-KP by imposing the conditioZ."), = LY, we try to generalized our

work to theg-deformed KP We hope we can complete these questions in the future.
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Appendix A

The Transformed coefficient

In this apendix we will show how we get the resultdf’andu” as equation (4.5),(4.6).
Since we have

LY =TLT ' = LWT =TL

then R.H.S is equal to

<8q — %—?l))(ﬁg + Ulaq + Uo)

= aq:} + (Q(U1) - (825—¢1))83 + ((aqU/l) + 9(“0) _ (aq¢1)u1)aq + ((3qu0) o (aq¢1)u0)

1

and L.H.Sis

~—
~—

(@3 + "0, + )0, — (%
_ 83’ + (ugl) _ 92((82?1)))82

(—9(82 (8ng )) _ (U(aq (aq¢1)> (1) (aq¢1>>

7 ¢
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from the equation above we can gé{)andugl) the coefficient ob? of both side is

1

right : 0(uy) — (agf” — Bso + 6(s0)) — au,

Left: u") - 92(—@2?1))

SO

b = () — 1) g2 ),

= 0(so + 0(s0)) — a1 + 0*(ay)

uj

and the coefficient o, of both side is

right : (1) + 8(ug) — (Pe21)

¢ M
Left: u(()l) — (g + 1)0(0{1%—?1)) _ ugl)g((aglbl))

so we also have

ug) = (g -+ D0@,0n) — vy 0(0n) Ff@ynr) +60) — arn



Appendix B

Darboux transformation for the gauge

operator T

If we want to construct the two soliton solution from one soliton solution, we need to apply
Darboux transformation again.In this process whiét i # 1 (if i = 1 thenT(¢;) =

gl) = 0) is needed to be known. Then we can get new gauge opdrétany usinggzﬁgl).
Following we show how to construct thé" and7(® .

as the result of things we mention before, we know
T = 8(1 — (Bl)

so we have

7O =9, — !V (B.2)
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here we need to know what" is. In fact

(1)
agl) _ (a;(?f) ) (B.3)
and
o = (T¢:) = (9y01) — auy, i1 (B.4)
SO
1 (aquz(l)) 1 1
al!) = s = i@ -ddl = s 0u(900 By 6=l Oy
(B.5)
in which
(0g01) = (0,22 ) — o, ABEEE 6(@,01)0(7 o (8.6)

1

we substitution (B.6) into (B.5) we get the final resultaﬁ), then we can figure out what

T s,



Appendix C

The solution of two.soliton

In this appendix we will show the resultof)anduf). We already have equation (4.24),(4.25).

(Dg1) CEANICES (9y0t")
w? = 0 (0 =) — 055 =0) - G W(W) (C.1)

and

@ # oo (0401) (Dgt1), | (0,0) . (9,01))
u02—8q(9(¢—11)+02( ¢11)+ ¢§1) +0( qzs1(1)

) (C.2)
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when we puty; andgbf) in those equations they will become

w? = 2B (@’ pa)By(~pix) — 20 B0 o) Bi(p )]
+ [Ef(¢*pi2) Ey(qpiz) exp(2pity) b (=’ prv) Eq (gp1)
+ N E(¢p12) Ey(—ap1) + 71 Eg —@ prafEG(E qpyv) exp(—2pity)]
— (07 = P))(Eq(p1) exp(pity) + N Eq(=p1z) exp(—pit1)) (Ey(pix) exp(pity) + 7iEy(—pi)]
+ (o = i) QEq(p12) By (pir) exp(2pith) — 2917 Eq(—p12) Eq(—pix) exp(—2pit1))
+ (014 i) 2By (piw) Eg(—prx) — 29i Eg(p17) Eg(—pix))]
+ (0 = 2D (Eg(a*pr) exp(prts) + N Ey(—a*pix) exp(=pit1) ) (By(q*pix) exp(pitr) + 1By (—¢*pi)]
+ (P = pi) QE(6p12) By (@°piz) exp(2pits) — 217 By (=¢*p12) Ey(—q°pi)

eXP(—Qpltl)) + (Pl + pz')(2V1Eq(q2pﬂ)Eq(—q2p1$) - 2%Eq(q2p1$)Eq(—q2piI))]

p1Ey(qp1z) exp(pity) — pi Eq(—qpix) exp(—pit1)
E.q(p1z) exp(pity) + 1 Eqy(—qpiz) exp(—pit1)

P Ey(@Ppre) exp(pitr) — pin Eg(—¢*prx) exp(—pity)
Eqy(@*prx) exp(pit1) + 11 Ey(—¢*piz) exp(—pity)
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and

W = N B ) B i) = 20 By ) B (o10)
+ [Ey(@’pra) Eq(apix) exp(2pits) + 71 Ey(—¢°pra) Eq(qpi o)
+ NE(¢°p12) Ey(—ap17) + 71 Eq(—°p12) Ey(—qp1x) exp(—2pit1)]
— (Y = P))(Eq(p1) exp(pity) + 1 Ey(—p1z) exp(—pit1)) (Ey(piw) exp(pity) + viEqy(—pi)]
+ (0 = i) QEq(p12) By (pir) exp(2pity) — 2917 Eq(—p12) Eq(—pix) exp(—2pit1))
+ (o1 4 p) 2By (pir) Eg(—prx) — 29i By (p13) Eq(—pix))]
+ (07 — ) (Eg(a*pr2) exp(prta)stonE, (24°p1x) exp(—pit1))
(Ey(¢*pix) exp(pit1) & i By(=4 piz)] expl—pit1)]

- [(p1 - pi)(QEq(q2p1$)Eq(q2piﬂf) eXP@Pltl) - 2’71%Eq(—q2p1$)Eq(—q2pi$€)

exp(—2p1t1)) + (p1 + i) 2N Ey(@®piv) By (—¢*prx) — 27 Eq(°pra) Ey(— ¢ pix) )]

p1Ey(qpix) exp(pit1) — piyi Eq(—agp1z) exp(—pity)
Eyq(p1) exp(pit1) + 1 Ey(—gpiz) exp(—pit1)

P1Ey(@Ppiz) exp(piti) — ;i Eq(—¢®piz) exp(—pit1)
Ey(@*p1z) exp(piti) + 1 Ey(—¢*piz) exp(—pits)




Appendix D

The e expansion ofu?

In this appendix we will show the expansion oiaff). We already have equation (4.25), by

letting ¢ — 1 ands = ¢-1. Then we have
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[4(=p}exp(dpre)pryi + piexp(dprx)p}yi + pleap(22(pi — p1))yips

plexp(2x(p; + p1))ypi + pi * ep(dpra)pryi + plexp(dprx)piyi — prexp(2x(pi — p1))ip)
piexp(2z(p; + p1))pim — 6piexp(2pix)piyi — dprexp(=2pix)yiv — 2p;eap(—4p1a) Y
8p;exp(2prx)yimn — 8pjexp(—2p1x)1iv: + 5pPexp(2z(ps + pr))np; — 2piexp(—2x(p;)

2piexp(—2x(p; + p1))viv? — dptexp(2piz )11y + Splexp(2x(p; — p))Vip; + 16pivipiyi

10p7 exp(2p;x) i} + 4D3D17: 3 = Ap1ean(—2pix)yi Y] — 3piexp(2x(pi + pr))pim
3yvpterp(2x(pi — p))pi o preep(=Ap )3 iy — pjexp(—4pix)yip1yi + b eap(4pre)n
piexp(—Aprx)yiplyi R piesp(=2piT)iyip: — piexp(—2p1x)yip™yi + prexp(2pix)pP 1
pi * exp(2p1)y1yips — 2piexp(2z(p; — p1))vi — 2piexp(4pix)y; — 2piexp(—2p1x)Yip1vi
2ptexp(—=22(ps — p1))nip} + Ipferp(—=2pre) i pivi + 2p exp(—2p1x) v/ prvi
2p}exp(2p1x)Vip1y: — 12p}7i77 — 2pieap(2z(p; + 1)) — 8piniyi — Apiexp(2pix);

2plexp(2pix)pryin + 4vipiexp(—2pix) Vit + Ipiexp(2piz)pP i

2ptexp(—2x(p; + p1))Vivip: + 3vip’exp(—2pma)pivy; + 3ptexp(2p1x)pinyi))
[(exp(piz) + yrexp(—pix))?/(—piexp(x(p; + p1)) — piexp(x(p; — p1))n + vipiexp(z(p:))

vipiexp(—x(p; + p1))71 + prexp(x(p; + p1)) + prexp(x(pi — p1))yi — Niprexp(z(p; — p1))

viprexp(—z(p; + p1) * %)?))]
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and

u(()zl) = 1/36(990xpSexp; (z(—4p1 + 3p;))V;

— 90pTexpi (z(3p; — 2p1))a*yi + 5767 plexpy(—z(2py + pi) )77

— 17287 plexpi (—x(4p1 + )77 — 288pfexpi (z(—4p1 + 3p:)) 1Pt

+ 11529 prexpy (z(—2p1 + pi) )77 + 288pfexp: (x(3p; + 4p1))pimn

— 1728~} pleapi (—a(p; — 4p1))m + 45pieapi (v(—4p1 + 3pi))a* 7

— 576077 pexpi (—piz)y? + 1728p7expi (z(4ps + pi))vim + 9pteap: (z(3p; + 4p1))’n
— 1152zpexp (—x(—6py + p;))V? + 4446pSexp; (x(2p1 + 3p;))x?

— 1152zy;p8expy (x(6p1 + p;)) + 576 piexp (=m(2p1 +pi))72

+ 1ddpiexp (x(6p1 + pi))vipi + 288ptewpi(=a(=6p1 + p:) )} p?

+ 54p8~Sexp (3x(—2p1 + pi))x — ISy Peapi Br(=2p1 +p)) 2>

+ 720pTexpy (z(3p; — 2p1))via? — 1152vipPexpi(z(3p; — 2p1))pd

+ 5767 piexp(z(3p; — 2p1))y: — 1728ptexp: (3pix)ip;

— 576pSexp; (—x(—2py + pi))V2YE + 1728piexp: (3pix)Vip:

- 288]9?@1?1(—95(6171 +Pi))716%‘2 + 576019?%1?1 (pi) i

+ 28877 pleapi (—x(4pr + pi))7; + 14dpiexpy (= (—6p1 + pi) )7;pi

+1ddpiexp (—x(—6p1+pi))piyi +144ptexp (x(6p1+pi)) 37 pi— 43207 pleap: (—a(—2p
+pi))7i + 5T6pTexp (x(pi — 4p1))vi + 4320p]expr (x(—2p1 + pi) )71

+288v7piexpi(—2(4p1 + pi))yi + T020apSewp: (3pix )y + 90pferp (3psa) sy
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+ 1152ptexpi (z(3p; — 2p1))vips + 288ptexp: (x(3p;

+4p1))pim + 5767 prexpr (z(p; — 4p1))7;

+ 576pTeap (x(4py + pi))vin + 1728pYexpy (x(p: — 4p1))177i

+ 1152pfexpy (z(2p1 + pi))V2A7 + 288p)expy (a(—6p1 + pi)) V5

— 45pTexpi (x(2p1 + 3p;))2’yi — 288pieap: (z(—4p1 + 3p:)) V7 p;

+ 288y plexpy (x(—4py + 3p;))vi — 1152p2expy (z(2p1 + 3p;) )pivi — 144p2exp (z(6p; +
pi))Vip} — 288pexpy(x(3p; + 4p1))pivi — 28847 pieapy(—x(—6p1 + pi))p1

+288pZexpi (—x(—6p1 + p:))pivE — T2plexp (x(3p; + 4p1) ) a? + 4716zpSexp, (x(3p; —
2p1))7i + 14dpiexp (—x(—6py 4 pi)) il 288pexp: (x(3p; + 4p1))vim

— 864p{a”exp: (3pix)y} — 144pgerpu(@(6py +pi))piyi + 1152ptexp: (v(2p1 + 3pi) )pint +
4320p7exp1 (x(2p1+p:))7i vi—570p; eap1 (T (Ap1+pu) )71 —576p expy (¢ (3pi—2p1))vipi —
216plexp, (x(—4py + 3p;))via? + 1152pTexp, (x(—2p1 + pi))vivi + 1206xpSexp; (z(3p; +

Ap1)) 1 —288ptexpi (—x(pi—4p1) )y ni+ 14477 plexpr (—2(—6p1+p;) )pi+432pT exps (v(2p1+
3pi))YViaw? —576pSexpy (—x(—2p1+p;) ) V32 +288v piexpr (x(—4p1+3p;) ) pi—576pSexp: (x(2p1+
3pi) )iV +576zptexp; (x(6p1+p;) ) pivi—240vipiexp: (z(3p;—2p1) ) yipix® —184ptexp; (x(4p:+
pi))flf2p§%%

— 14402 plexp (—z(=2p1 +pi) ) yip1 + 11520zp2exp, (pix)vin2 pi + 648~ piexp: (x(p; —
Ap1))2®pvi + 2142z pleap (x(p; — 4pr))pivi + 21697 piexp (—(3p; + 4p1))z*2]p} +

432viptexpy (x(2p1+3p;) )2l —3168v{piexp (—x(2p1+p;) ) V2 pi+2304xpiexp (—x(2p +
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i)V iEpi—T236xplexp (3pix) Vi pl+4608zy2pdexp: (—x(4pi+p;) )V ip1+736pSexp: (x(—2p1+

pi))yivipie? — 1162pTeap; (x(dpy + pi))pivivi + 2Tp8exp (—a(—2p1 + pi) )vivipia® —

152pia®expy (= (pi—4p1))yi n—992pexpy (2 (2p1+pi) Nipia® i+ 115297 pieapy (—x(4p1+
Pi))Vip1—864pSexpy (=2 (2p1+pi) )iy pin® = 129671 plewps (= (2py+pi) )77 pi—864p] w”eapy (—3piw) vy} —
27p8z3exp (x(dpy + pi))p?viv + 64pterpr (pix)viyipia? — 11290 plalexp (—x(4py +

i) —2304pterpy (—piw) v} it 57627 pieap: (—o(6p1+pi) )7} p; —4446apfexp: (v(2p1+
3pi))Vipt — 329 piexp(3x(=2p1 + pi))a*yipi + 12672zptexpi (z(dpy + pi))pimyi +

2Tpinyexpr (x(—4p1+3pi) )2’ pi +54p]expi (—x (2p1+pi) )1 i pia’ +1232y pleap (pix) 2 pivi—
184p8a2exp (—x(—4p1+3p:) )13 pi— 169802 expa(Ba(—2py+p; ) ) vip2 w2 +27pS a3 expy (—x(pi—
Ap1))yim — 1440piexpi (—x(2p1 + p))Viwp; +4608xpieip: (z(—2p1 + pi))yivip: +

27plexpr (—x(—4p1 + 3p;) ) 12393 ps — 23040mplerpr(piz)y; v — 144~ plerp, (x(—2p; +
pi))pii+864pTaep: (3piw) 1y p; —2466xptexpy (<2 (—2p1+p:) )i Vi pi+11529] plexpi (—2(3pi—
2p1))vipt + 192pSexpr (3pix)vivipix® — B4plexp: (3pix)x3yip; — 1314xpiexp, (x(3p; +

4p1) ) pi1+54pSerpy (—x(—4p1+3p;) ) w13 +2304y7 plexpy (2 (pi—4p1 ) )y pi+576xplexp: (x(—6p+
i)Vt — 169 pieapi (3x(—2p1 +pi) )vipia® + 12672apieap: (—x(pi — 4p1)) Vi pim —
40572zp2expy (x(—2p1+pi) ) Vit —3312p3exp: (z(2p1+ps) ) piviyi+32piexp, (x(—6p+
Ppi))ipivia® +16pteap (x(6pi+pi) )97 P +1152zpTexp: (—a(—6p1+p;)) 7] pi+240piexp: (z(—2p1+

PR a® + 128plexpy (x(—2p1 + pi))yivia® + 1152pSexpy (—x(dpy + pi))viay; —

324xpiexp, (—pix)yip3n? + 18pSexpi (3piw)x3yip? + 16piexp (x(2p1 + 3pi) ) yipix?y3 —
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Iptexpi (x(2p1 +3pi))v°y7p} + 9677 piexp (x(p; — 4p1) )i pia® — 648plaewp: (v (—4p: +

3pi)) 1 pi+9216xpierp: (v(2p1+pi))vivi+6912zpierp: (3pix)yivi+33129]pjexp: (—z(—2p1+
pi))vipt — 1152zplexp; (—x(—6p1 + p;))vip1 — 32pixexpy (x(3p; + 4p1))vin

— 691222 pSexpy (—x(4p1+p;i)) Ve +240p2exp, (x(2p1+pi) ) V32 p5a? — 32ptexp (z(4p, +
pi))a*yipim + 34567 ptexpi (x(pi — 4p1))vipie + 4608xyiplexp: (z(3p; — 2p1))vi +
2790z p}expy (2(2p1+pi) )i 03y +128ptexpy (2 (3ps+4p1) ) yipiy +81plexp (x(—4p1 +

3pi) )23y pi—16ptexpy (3x(2p1+p:))vip; x246807 7 plexp: (x(pi—4p1) )2 p}vi+288~7 plexpy (—x(6p1+

)5 p1—4608zpieap (2(2p1+pi) )Ni; pit 320pewp (pi)vin i +9ptexp (—x(3pi—
2p1))a’yiyip! + 128pSexp (x(2pi + Spa))mwaipia?, — 16ptexp: (x(2p1 + pi))Vipiey —
9677 pyw*expr (—x(pi—4p1) )piaa+2160pteepi (—x (=2p1+pi) )viv; i +4608zpfexp (—(2pi+
i)y +108xplexp (—3pix) 7138 +2032pTerp (= (2p1 +pi) )yi v a® +64pTexp (x(3pi—
2p1))yivie® —432y{ptexp (—2(2p1+3pi) )7 pia’ + 1424pTeaps (—x(—2p1+pi) )yi ey} —
41058xp2exp: (x(2p1+pi) )Vipty—27p8expr (x(2p1+3p;) )23y p? — 9677 prexpy (x(—4py +
3pi) ) vipsa?+324xpexpr (pix ) piyivi—11682xplexpy (x(4p1+pi) ) p2yivi—128p3exp: (x(4py1+
pi))a?pirion — 99027 piexpi (—w(—4py + 3pi) )pim — 1440p}expi (z(2p1 +pi) )1ty —
64pTexpr (z(2p1 +3p;))vix?y? — 8064pTexp (x(4p1 +p;)) 2 piys +4608zpSexp (x(2p; +
3pi))vini + 5T6ayiptexpy(z(—6p1 + pi))vipi + 432pfexpi(—(2p1 + pi))nipirie® +
1728} piexpy(=3pix)yipt — 277 pia’expr (—w(4py +pi) )77 p? +8640xpieap: (z(—2p1 +

pz‘))’ﬁ’)’?p? - 1152172)?635171(%(3]% + 4p1))vipin + 46085527?655171(—37(—2]?1 + pi))’Y%’Y? +
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23047 plexpr (x(pi—A4pr)) 2y —5T6apiewp: (v (6p1+p;) )vip; —32pfexpr (—2 (pi—4p1) )7 w*pini+
1152z prexp: (—a(6py + pi))vip; — 864piaexpr(pix)yipivi + 1152xpiexp: (x(3p; +

Ap1) )i =18y piadexpy (—3piw)y; pi+2880piexp (—pix )y pini +5767; p expr (— 2 (3pi—

2p1)) Pt +28877 piexpr (v (pi—4p1) )pivi—28877 peap: (—x (3pi+4pr) )y p; +115297 prewp: (—x (dpi +
pi))ipi+990xy7 plewp: (—a (3pi+dp:)) v} pi +9540xplexp: (x(—2p1+pi) )71 vi+1314pSerp (—z(pi—
4py)) i+ 1445 piexps (—x(6p1+pi) )7 pi—2Tplexpy (x(4py+pi) )1 yipia® —216pepy (x(3pi+
Ap))a?piv — 4932z} piexpr (—x(2p1 + 3p;) )Vt + 128pia*expr (v(p; — 4p1))ipii —

64873 p2exp; (—x(3pi+4p1) )i pix?+4284xpsexp (x(—2p1+p;) ) Vivipi—d4pSerp: (x(—2p1+

i) )V 1ip; 2 +45504xp; expy (—a(—2p1 1))y piof =:4608wp exp (—x (pi—4p1) ) v7pin +
4608zp}expy (z(4p1+pi) ) y1p1yi+3456pterpy (@(dpi+p:)) P! e +864pSexp: (—x(—2p1+
Pi))VivEpir —2592p] expr (—pix) vy a? v =32pterpr (x(6pi=+p;) )2’ plyi+1152ptexp: (—x(pi—
Ap1))yinp? =27 plexpy (x(—6p1+pi)) 2> Yipi+ 1230zl expy (—pix ) Vi 42T}z eapy (2 (4p1+
pi)vipim — SAptexpy (=2 (2py + pi) )vivipia® — 17280apleap: (—x(—2p1 + pi) )P +

288y piexpy (x(pi—4p1) )2 pi+576xpiexpy (—x(—6p1+p;) ) Vip? —128v) plexp, (x(—4p,+

3pi) )yipia® —320piexp (3px )y vip)a® —27pSa expy (—x(pi—4p1) )V i —288pleap (z(3pi+

4p1)) 1 —=576pTeap: (x(2p1+3p;) )7 —162xpfexpy (v (—6pi+pi)) 1 p}yi—24077 plexpy (—x(2p1+
pi))x*yip} + 1152zplewpr (—a(—6p1 + pi))vip} + 240p7expi(v(2p1 + pi))yipivie® —

AT70xy; prexp: (—z(4p1+pi) )V pi+45504xp}expr (—x (2p1+p;i) ) VipivEi+64p]exp (—x(2p1 +

i) ViE e+ 1152p5expy (x(6p1+p;) ) vip1e—3132zptexpr (—x (2p1+pi) ) Yipiv2 +324p3viexpr (—x(2p1+
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3pi))2; pi+4608y7pjexp: (—pix)yipi —864pieap: (x(2p1+3p;) )ria’ pi—4608zp]exp: (v (pi—
Ap1))11p17i—5767ipiexpi (pix)piyi+4932zpteapy (—x (2p1+pi) )7177 — 23047 piexpy (—piw) Vi pi—
864y piexpy (x(p; — 4p1))p2y; + 2Tpexpy (x(2p1 + pi) ) V2P ay; + 2142zpPexp (2 (2py +
3pi) P32 +167 plexp (x(3pi—2p1) ) vipd a2 —1638xyipiexp: (x(pi—4py ) ) p3yi—128pSexp, (—x(—2p1+
pi)Vivipir® + 288piexpy(x(dpy + pi))pinye — 2970z plexp (—x(4py + pi))viv) +
45vipSexp (—x(3p; + 4p1)) 233 + 43273 plexpr (—3pix)vipia? + 3294xpiexp (—x(p; —
Ap1))vipin —bdpiz’expryi— 7367 plexpi (—2(2p1+3pi) )y pia® +1152zpleap: (—x(pi—
4p1)) i n+32v7pieapr (—x(4pi+pi)) v 2 +216pfep (—a(pi—dpr) )2 iy +3297pleapr (x(—4p1+
3pi))yia® — 144pteap: (v(—2p1 +p))iagmictk 3297 pieapy (x(—4p1 + 3p;))vipir®
— 324piytexp (—3psa) ey} pi +ddplexpi(=pir) 17’ p; — 432y plexp (—pix) x>y} pi +
28873 pZexpy (—x(—4p1+3p;) iy 135202 p*expy (—pix) Vi pl— 99022 piexp, (—x (6py +
pi))Vipi+16ptexp (x(—2p1+pi)) 17 Py v° +162xp,expy (3x(—2p1+p;) )71 pi+288piewp: (z(3pi+
Ap1))vimps — 162pYexpi (—x(3p; + 4p1))2yy; — 115297 piexpi(—a(p; — 4p1))mip1 —
3202 plexpy (—pix) 2 Vip2 416223 piexpr (—x(—4p1+3p;) ) piy — 4608y  plexp, (—x (4py +
pi))ay} i +576277piexpr (= (6p1+pi) )yipi+54pta’exp: (—piw)riyi i +97pleap: (—x(3p;+
Ap1))yipia® — 648piaPexp (x(—Apy + 3pi))yip; + 864ripiexp(—a(dpy + pi))pi —
16pPexp: (—a(6p1+pi))r*1piv; +2160pieap (—(2pi+p)) vl pini —1152pteap: (—a(pi—

2

Ap1))ayEpin —36540zy2plerp: (—pix ) yipt —2160piexp: (x(—2p1+p;) ) vivipd —2160piexp: (z(2p1+

Pi))Vii P —bT6ptexpy (pix)viyipi—432pF expr (—x(—2p1+pi))vipi ey} +2016pTexp: (—x(pi—
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Ap1) Vi + IpyaPexpr (—x(—4py + 3pi))m} + 3168ptexpy (—a(—2p1 + pi))vivipi +
248piexps (—x(pi—4p1))x* Y pim+27py ewp (2 (—6p1+p;)) 2 piyi—1360p) exp: (—pix)vipiyi e’ —
4608p?exp: (pix )y piyit+-8lplexpr (v (2p1+3p:) ) x* i pit-2Tp vy epr (—a (6p1+pi) )2 piyi +
12672zp}texpr (x(pi—4p1) )V p2vi—9VpSeap: (—3x(2p1+p;) ) 2373 —23292xpexp, (—x(2p1+
PVIPIVE+992pS eaxpy (— 2 (3pi—2p1) )i ipia®+14148xplexp: (pix) v i+ 1152} plewp: (—x(2p1+
3pi))vipi + 160vipiexp (x(2p1 + 3pi))vipja® + 2628xptexpy (—x(2p1 + pi) )Vivipi +
5760xpexpy (v(2py + pi) )¥ip1vi — 16128xpiexpr (—pix) iy p; + 1152y piexp (v(3pi —

2p1))vipi — 135pFa’expi(—a(=2p1 + pi))Viv7 — 27072zpiexp (x(2py + pi))Vivip} —

54pSexp (3pix)x®yip} + 1152pfeaxp: (x(pi— Apapaipic: #5765 exp: (2 (3p; — 2p1))vi +

115297 pleap: (v(—4p1+3p;)) vy +16295peaps ((==6pr+pi)) vy —54piryerp: (—3z(2p1+

)2y pi+-8640xptexp: (v (2p1+pi) Vi vips AP ptepi (—x (6p1+pi) )y pi—128pSeap: (—x(2p: +
i) vivipia® + 184plexp (x(4pr + pi))a*piny: — 990xpiexp (x(—4pr + 3pi))vipt +

27p8expr (x(2p1+pi) ) Vivip? 23 +54plexp (—x(2p1+pi) ) vivipir® +990zplexp, (x(—4p +

3pi) )i pi+A32pF erpy (2 (—2p1+p;) )vipia?yi—90pTerp: (—x(2p1+3p;) )72 vi w° —9792wpiexp (—x(2p1+
PP — 2Tpiexpy (—x(dpr + pi)) e’ yipiy — 1627 pieap (=3 (2p1 + pi))vipi +

27p8expi (x(3p; + 4p1))x3y1p? — 135pSx3expy (x(2p1 + pi))viy: + 864p2expi(—x(p; —
Ap))vipin — 17280aplexpy(x(2p1 + pi))vivi + 2304zyiplewp (x(3pi — 2p1))vipi +

54ptexp (2(3pi—2p1)) i p; —990piexp: (x(—4p1+3p;) ) vy7 pi—723627] pewp: (—3pix)vipi —

81plexpr (—x(—2p14pi) )y e pi—6807 T pSexpr (x(pi—4p1) ) a?piyi—45ptexp: (—x(3pi—
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2p1))7iatyE + 9216xpSeap (x(—2p1 + pi) )i} + 288pteap (z(4py + pi))vipim
+4122apleap (—x(—2p1+pi)vivd +72pteap: (2 (3pi+4p1))piay — 2Tplexp: (x(3p; +

Apy)) v pi+6912aplexpy (—pix)vivy; —144plexp: (x(2p1+pi)) ViV pi—2628xp? expy (x(—2p1+
pi))iptyi 54t plexp (=3x(2p1-+pi) ) oy +1152pTeapy (2 (2p1+3pi) )y vivi— 3277 pleap ((pi—
Ap1))a*ip} + 16p7expy (v(—6p1 + pi))yipia®y — 27pi 7 exp (=32 (2py + pi)) 2] p7 +
Iptexp: (—a(—4pi+3p;))x* 117 p}—184plexp (v (4p1+pi) ) vix* 1 +68077 plexp (—2 (3pi+

4p1))2?yipi + 320plexpy (pix)a®yipiy: + 576xpiexpix)yiply + 144plexp (—z(6py +

P))NPIY; — 1697p7expr(—2(—6py + p;))pia® + Aldapiexpi (—x(6p1 + pi))7Wpivi —

8647y prexpy (v(pi—4p1))v; v} — 17280z yapfewps (2 (2p1+pi) )7 +45504xp}exp: (x(2p1+

P))Vipty — 216pfeap (—x(pi 4pr))a* 5 piyy + Sdap}erp: (3x(—2p1 + pi))V0ps

— 444623 prexp: (—x (3pi—2p1 P2+ 9y pPerpi( =32 (2p1+p:) )V pl a3 +115242 pleap, (—x (pi—
4p1))pin—5760xp] expy (x(—2p1+p;) ) 7117 —6912zpl ey (x(4p1+pi) )i +4608piexpy (—a (pi—
4Ap1))zyipin — 81 piaterpy (= (4py + pi))vipi — 5T6apiexpr (z(6p1 + pi))pivi

— 61677 plexp (—x(4py + pi)) 222 p3 + 270ptxexp, (—pix)viv? — 1678 plexpy (x2(—6py +

pi)VEpiat +2Ty piadexps (2 (pi—4p1))piyi+8730aplewp: (2(2p1+pi) )Nivi—27072xpiexp: (x(—2p1+
pi))Vivip; + 1314xpiexp (—x(4py + pi))yivip: + 2096p]expy ((—2p1 + pi))via*y +
32p?6xp1(x(3pi+4p1))71%p2-x2—27%])12690191(ﬂc(pi—4p1))vfp?x3+135vfp§x3exp1(—x(4p1+

i) —4932piexp (x(3p;—2p1 )z pi4+-16ptexp (x(2p1+pi) )vivipsa? — 144~y pleap (x(—6p1+

)P — 162xpiexpy (—x(3p; — 2p1))Vivipi — 990z pieap (—x(3p; + 4p1))yipt +
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216p5 ey (x(4p1+pi) )2 pi Y — 99022 piexpr (—x(pi—4p1) )pi —81plaexpr (—x (3pi—

2p1)) v — 81pinieap: (2 (3pi + 4p1)) i pi — 40pTeap: (—x(—4py + 3p;))y1via® —

2304pTexpy (z(dpr+pi)) a2 pimn+54pTexp (—x(2p1+3p;) ) 2?12 pi—192p8 expy (—pix) Vv pic® +
18pfexp (x(3p; — 2p1))xyip? + 2304pSexp (x(4py + pi))ayiv + 864plexp (x(4py +

i) )P+ 1818xpleap: (x(pi—4p1) v vi+1677pieapy (x(—6pi+pi) )y pia® +16227 7 piexpy (v (—6pi+
Pi))pii—160piexp: (x(2p1+pi) )yipiyin® —6912zpfewp: (v (pi—4p1))v77i—1098pTewp: (—z(—4pi+
3pi))amip? — 1447 ptexp: (x(—6p1 + pi))vip} — 27piexp: (=2 (3p; — 2p1)) v pia’ i —

96p2exp; (z(3pi+4p1) ) vipd w2y —1296ptexpr (—x(—2p1+p;i) ) V2vipi+108zyipSerp: (—x(2p1+
3pi))7; 5767 piexp: (x(3pi—2p1))a*p} =64pirtempala (4pa+pi) )vi 11 +27p] expy (—2(pi—
Apr))*yipim — 2487 piexpr (—a(3pi=t dpa))yPe® £ 135pfeap: (x(pi — 4p1)) e’y —

288piexpy (x(6p1+pi))p1 — 1152pFexpi(a(2pi +pi) )i 5i=288pS expr (= (pi—4p1) ) i1 —

43202 plexpy (—x(2p1 +pi) ) Vi + 576pZexpy (x(2p1 + 3p;) ) p3y2 — 27p IV ey (3 (—2p, +

pi))°pi + 1440ptexp: (—x(=2p1 + p))vivi'p7 + 27piexpi (2 (—4p1 + 3p;))na®y)'p? —

1728p2expy (x(—2p1+p;) ) Vip3vi—21672p?expr (—x(—4p1+3p:) ) pi 2 +8177 pladexp (z(pi—
Ap1))vipi — 1152xpiexps (—x(4pr + pi))yivipi — 115297pteapy (—a(6py + pi))v;/pie —

2142piexpy (v(2p1+3p:) ) aipit-324apieap (3pix )y pi+-1152xpiewp: (—x (4p1+pi) )77 pi) / (expr (1) +
%690}91(—2?1@)3/(_1%6@?1 (x(pz +p1)) — Pi€TPh (x(]?z - ]91))71 + %‘pieﬂﬁpl(—ﬁ(pz‘ - p1)) +

vipiexpr (—x(p; +p1)) 1 +prexpr (z(p;i +p1)) +prexpr (—x(pi — p1))vi — aprexpr (x(p; —

p1)) — mprexpr(—x(pi + p1))7i)?)
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